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Preface to the Second Edition

I am extremely gratified by the wide acceptance of the first edition of this textbook. It
confirms that there was a need for a textbook to cover the basic theory of finite difference
schemes for partial differential equations, and I am pleased that this textbook filled some
of that need.

I am very appreciative that SIAM has agreed to publish this second edition of the
text. Many users of this textbook are members of STAM, and I appreciate the opportunity
to serve that community with this improved text

This second edition incorporates a number of changes, a few of which appeared in
later printings of the first edition. An important modification is the inclusion of the notion
of a stability domain in the definition of stability. The incompleteness of the original
definition was pointed out to me by Prof. Ole Hald. In some printings of the first edition the
basic definition was modified, but now the notion of a stability domain is more prevalent
throughout the text.

Assignificant change is the inclusion of many more figures in the text. This has made it
easier to illustrate several important concepts and makes the material more understandable.
There are also more tables of computational results that illustrate the properties of finite
difference schemes.

There are a few small changes to the layout requested by STAM. Among these are
that the end-of-proof mark has been changed to an open box, [, rather than the filled-in box
used in the first edition.

I did not add new chapters to the second edition because that would have made the
text too long and because there are many other texts and research monographs that discuss
material beyond the scope of this text.

I offer my thanks to the many students who have taken my course using the textbook.
They have encouraged me and given a great many suggestions that have improved the
exposition. To them goes much of the credit for finding the typographical errors and
mistakes that appeared in the first edition’s text and exercises.

My special thanks is given to those former students, John Knox, Young Lee, Dongho
Shin, and Suzan Stodder, for their many thoughtful suggestions.

John C. Strikwerda
March 2004



Preface to the First Edition

This text presents the basic theory of finite difference schemes applied to the numerical
solution of partial differential equations. Itis designed to be used as an introductory graduate
text for students in applied mathematics, engineering, and the sciences, and with that in
mind, presents the theory of finite difference schemes in a way that is both rigorous and
accessible to the typical graduate student in the course. The two aims of the text are
to present the basic material necessary to do scientific computation with finite difference
schemes and to present the basic theory for understanding these methods.

The text was developed for two courses: a basic introduction to finite difference
schemes for partial differential equations and an upper level graduate course on the theory
related to initial value problems. Because students in these courses have diverse back-
grounds in mathematics, the text presumes knowledge only through advanced calculus,
although some mathematical maturity is required for the more advanced topics. Students
taking an introduction to finite difference schemes are often acquainted with partial differ-
ential equations, but many have not had a formal course on the subject. For this reason,
much of the necessary theory of partial differential equations is developed in the text.

The chief motivation for this text was the desire to present the material on time-
dependent equations, Chapters 1 through 11, in a unified way that was accessible to students
who would use the material in scientific and engineering studies. Chapters 1 through 11
contain much that is not in any other textbook, but more important, the unified treatment,
using Fourier analysis, emphasizes that one can study finite difference schemes using a
few powerful ideas to understand most of their properties. The material on elliptic partial
differential equations, Chapters, 12, 13, and 14, is intended to be only an introduction; it
should enable students to progress to more advanced texts and implement the basic methods
knowledgably.

Several distinctive features of this textbook are:

e The fundamental concepts of convergence, consistency, and stability play an impor-
tant role from the beginning.

e The concept of order of accuracy of a finite difference scheme is carefully presented
with a single basic method of determining the order of accuracy of a scheme.

e Convergence proofs are given relating the order of accuracy of the scheme to that of
the solution. A complete proof of the Lax—Richtmyer equivalence theorem, for the
simple case of constant coefficient equations, is presented using methods accessible
to most students in the course.

e Fourier analysis is used throughout the text to give a unified treatment of many of the
important ideas.

e The basic theory of well-posed initial value problems is presented.

e The basic theory of well-posed initial-boundary value problems is presented for both
partial differential equations and finite difference schemes.

Asuggested one-semester introductory course can cover most of the material in Chap-
ters 1,2,3,5,6,7,12, 13, and 14 and parts of Chapters 4 and 10. A more advanced course
could concentrate on Chapters 9, 10, and 11.

Xi



xii Preface to the First Edition

In many textbooks on finite difference schemes, the discussion of the von Neumann
stability condition does not make it clear when one may use the restricted condition and
when one must use the general condition. In this text, theorems showing when the restricted
condition may be used are stated and proved. The treatment given here was motivated by
discussions with engineers and engineering students who were using the restricted condition
when the more general condition was called for.

The treatment of accuracy of finite difference schemes is new and is an attempt to make
the method for analyzing accuracy a rigorous procedure, rather than a grab-bag of quite
different methods. This treatment is a result of queries from students who used textbook
methods but were confused because they employed the wrong “trick” at the wrong time.
Because many applications involve inhomogeneous equations, I have included the forcing
function in the analysis of accuracy.

The convergence results of Chapter 10 are unique to this textbook. Both students
and practicing computational engineers are often puzzled about why second-order accurate
schemes do not always produce solutions that are accurate of second order. Indeed, some
texts give students the impression that solutions to finite difference schemes are always
computed with the accuracy of the scheme. The important results in Chapter 10 show
how the order of accuracy of the scheme is related to the accuracy of the solution and the
smoothness of the solution.

The material on Schur and von Neumann polynomials in Chapter 4 also appears in a
textbook for the first time. Tony Chan deserves credit for calling my attention to Miller’s
method, which should be more widely known. The analysis of stability for multilevel,
higher order accurate schemes is not practical without methods such as Miller’s.

There are two topics that, regretfully, have been omitted from this text due to lim-
itations of time and space. These are nonlinear hyperbolic equations and the multigrid
methods for elliptic equations. Also, it would have been nice to include more material
on variable grids, grid generation techniques, and other topics related to actual scientific
computing. But I have decided to leave these embellishments to others or to later editions.

The numbering of theorems, lemmas, and corollaries is done as a group. That is, the
corollary after Theorem 2.2.1 is numbered 2.2.2 and the next theorem is Theorem 2.2.3.
The end of each proof is marked with the symbol B and the end of each example is marked
with the symbol O.

Many students have offered comments on the course notes from which this book
evolved and they have improved the material immensely. Special thanks go to Scott
Markel, Naomi Decker, Bruce Wade, and Poon Fung for detecting many typographical
errors. I also acknowledge the reviewers, William Coughran, AT&T Bell Laboratories;
Max Gunzberger, Carnegie-Mellon University; Joseph Oliger, Stanford University; Nick
Trefethen, Massachusetts Institute of Technology; and Bruce Wade, Cornell University, for
their helpful comments.

John C. Strikwerda
April 1989



Chapter 1

Hyperbolic Partial Differential
Equations

We begin our study of finite difference methods for partial differential equations by con-
sidering the important class of partial differential equations called hyperbolic equations. In
later chapters we consider other classes of partial differential equations, especially parabolic
and elliptic equations. For each of these classes of equations we consider prototypical equa-
tions, with which we illustrate the important concepts and distinguishing features associated
with each class. The reader is referred to other textbooks on partial differential equations
for alternate approaches, e.g., Folland [18], Garabedian [22], and Weinberger [68]. After
introducing each class of differential equations we consider finite difference methods for
the numerical solution of equations in the class.

We begin this chapter by considering the simplest hyperbolic equation and then extend
our discussion to include hyperbolic systems of equations and equations with variable
coefficients. After the basic concepts have been introduced, we begin our discussion of finite
difference schemes. The important concepts of convergence, consistency, and stability are
presented and shown to be related by the Lax—Richtmyer equivalence theorem. The chapter
concludes with a discussion of the Courant-Friedrichs—Lewy condition and related topics.

1.1  Overview of Hyperbolic Partial Differential Equations
The One-Way Wave Equation

The prototype for all hyperbolic partial differential equations is the one-way wave equation:

u; +auy =0, (1.1.1)

where a is a constant, ¢ represents time, and x represents the spatial variable. The
subscript denotes differentiation, i.e., u, = du/dt. We give u(t,x) at the initial time,
which we always take to be 0—i.e., u(0, x) is required to be equal to a given function
uo(x) for all real numbers x —and we wish to determine the values of u(¢, x) for positive
values of ¢. This is called an initial value problem.

By inspection we observe that the solution of (1.1.1) is

u(t,x) = ug(x — at). (1.1.2)
(Actually, we know only that this is a solution; we prove later that this is the unique solution.)

1



2 Chapter 1. Hyperbolic Partial Differential Equations

The formula (1.1.2) tells us several things. First, the solution at any time 7y is a
copy of the original function, but shifted to the right, if a is positive, or to the left, if a is
negative, by an amount |a|fg. Another way to say this is that the solution at (¢, x) depends
only on the value of & = x — at. Thelines in the (¢, x) plane on which x — at is constant
are called characteristics. The parameter a has dimensions of distance divided by time
and is called the speed of propagation along the characteristic. Thus the solution of the
one-way wave equation (1.1.1) can be regarded as a wave that propagates with speed a
without change of shape, as illustrated in Figure 1.1.

Figure 1.1. The solution of the one-way wave equation is a shift.

Second, whereas equation (1.1.1) appears to make sense only if u is differentiable,
the solution formula (1.1.2) requires no differentiability of ug. In general, we allow for
discontinuous solutions for hyperbolic problems. An example of a discontinuous solution
is a shock wave, which is a feature of solutions of nonlinear hyperbolic equations.

To illustrate further the concept of characteristics, consider the more general hyper-
bolic equation

uy +auy + bu = f(t, x),

1.1.3
u(0, x) = ug(x), ( )

where a and b are constants. Based on our preceding observations we change variables
from (¢, x) to (7,&), where T and & are defined by

T =1, & =x—at.
The inverse transformation is then
t=rt, x =£& +ar,

and we define u(t, &) = u(t, x), where (7,&) and (¢, x) are related by the preceding
relations. (Both u and & represent the same function, but the tilde is needed to distinguish
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between the two coordinate systems for the independent variables.) Equation (1.1.3) then
becomes

o _ ot n 0x
It 8rut 8rux

=u; +auy = —bu+ f(r,& +ar).

So we have

ou N
— = —bu + f(r,§ +ar).
ot

This is an ordinary differential equation in 7 and the solution is

i(t, &) = ug(§)e "™ + /T f(o, & +aoc)e " go.
0

Returning to the original variables, we obtain the representation for the solution of equation
(1.1.3) as

f
u(t, x) = ug(x —at)e ™ + / fls,x—a(— s))e_b(’_s) ds. (1.1.4)
0

We see from (1.1.4) that u(z, x) depends only on values of (¢', x") such that x' — at’ =
x —at, i.e., only on the values of # and f on the characteristic through (¢, x) for
0<t <t
This method of solution of (1.1.3) is easily extended to nonlinear equations of the
form
ur +au, = f(t,x,u). (1.1.5)

See Exercises 1.1.5, 1.1.4, and 1.1.6 for more on nonlinear equations of this form.

Systems of Hyperbolic Equations

We now examine systems of hyperbolic equations with constant coefficients in one space
dimension. The variable u is now a vector of dimension d.

Definition 1.1.1. A system of the form
u; + Auy + Bu = F(t, x) (1.1.6)

is hyperbolic if the matrix A is diagonalizable with real eigenvalues.

By saying that the matrix A is diagonalizable, we mean that there is a nonsingular
matrix P suchthat PAP~ ! isa diagonal matrix, that is,

al 0
PAP ! = = A.
0 ag



4 Chapter 1. Hyperbolic Partial Differential Equations

The eigenvalues a; of A are the characteristic speeds of the system. Under the change of
variables w = Pu we have, in the case B = 0,

we + Awy = PF(t,x) = F(t, x)

or
w; +a;w, = f1(t, %),

which is the form of equation (1.1.3). Thus, when matrix B is zero, the one-dimensional
hyperbolic system (1.1.6) reduces to a set of independent scalar hyperbolic equations. If
B is not zero, then in general the resulting system of equations is coupled together, but
only in the undifferentiated terms. The effect of the lower order term, Bu, is to cause
growth, decay, or oscillations in the solution, but it does not alter the primary feature of the
propagation of the solution along the characteristics. The definition of hyperbolic systems
in more than one space dimension is given in Chapter 9.

Example 1.1.1. As an example of a hyperbolic system, we consider the system

us +2u, +v, =0,
vy + uy +2v, =0,

(2),+ (3 2)(0), =0

1 if|x| <1,
0 if|x|>1,

which can be written as

As initial data we take
u(0, x) = uo(x) = {
v(0,x) =0.
By adding and subtracting the two equations, the system can be rewritten as
u+v)+3u+v), =0,

w—v)+ W—v),=0
or

wt1 + 3w}( =0, w! (0, x) = up(x),
w4+ w2 =0, w0, x)=uo(x).

. . 1 1 . . ..
The matrix P is (1 1) for this transformation. The solution is, therefore,

wl(t,x) = wé(x — 31),

w(t, x) = wi(x —1)
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or

u(t, x) = Sw' +w? = Iuo(x —3t) +up(x — 1)1,

u(t, x) = s(w' —w?) = L luo(x = 36) —uo(x — 1)1.

These formulas show that the solution consists of two independent parts, one propagating
with speed 3 and one with speed 1. O

Equations with Variable Coefficients

We now examine equations for which the characteristic speed is a function of 7 and x.
Consider the equation
u; +a(t,x)uy =0 (1.1.7)

with initial condition u(0, x) = ug(x), which has the variable speed of propagation a(z, x).
If, as we did after equation (1.1.3), we change variables to 7 and &, where v =t and &
is as yet undetermined, we have

In analogy with the constant coefficient case, we set

X
— =a(t,x) = a(r, x).
17 a(t,x) =a(r, x)
This is an ordinary differential equation for x giving the speed along the characteristic
through the point (t,x) as a(r,x). We set the initial value for the characteristic curve
through (7, x) to be &. Thus the equation (1.1.7) is equivalent to the system of ordinary

differential equations
du

d_ =(), ﬁ(o,é) =L{()($),
T (1.1.8)
dx
— =a(t,x), x(0) =§.
dt

As we see from the first equation in (1.1.8), u is constant along each characteristic curve,
but the characteristic determined by the second equation need not be a straight line. We
now present an example to illustrate these ideas.

Example 1.1.2. Consider the equation
U +xu, =

0,
u(O,x):{l if0<x<l1,

0 otherwise.
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Corresponding to the system (1.1.8) we have the equations
du dx
0

EI EIX, X(O)Zs

)

The general solution of the differential equation for x(t) is x(7) = ce®. Because we
specify that £ is defined by x(0) = &, we have x(t) = & €7, or & = xe™'. The equation
for u shows that u is independent of 7, so by the condition at t equal to zero we have
that

u(r, &) = uo(§).
Thus

u(t,x) =i(z, &) = up(&) = up(xe™).

So we have, for ¢ > 0,
1 if0<x<eél,

u(t,x) = {

0 otherwise. O

As for equations with constant coefficients, these methods apply to nonlinear equa-
tions of the form
ur+a(t, x)ux = f(t, x,u), (1.1.9)

as shown in Exercise 1.1.9. Equations for which the characteristic speeds depend on u,
i.e., with characteristic speed a(t, x, u), require special care, since the characteristic curves
may intersect.

Systems with Variable Coefficients

For systems of hyperbolic equations in one space variable with variable coefficients, we
require uniform diagonalizability. (See Appendix A for a discussion of matrix norms.)

Definition 1.1.2. The system
U+ A, x)uy + B(t, x)u = F(t, x) (1.1.10)
with
u(0,x) = uo(x)

is hyperbolic if there is a matrix function P(t,x) such that

ai(t, x) 0
P(t,x)A(t,x) P~ (1, x) = A(t, x) = L
0 aq(t, x)

is diagonal with real eigenvalues and the matrix norms of P(t,x) and P~(t,x) are
boundedin x and t for x € R, t > 0.
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The characteristic curves for system (1.1.10) are the solutions to the differential
equations

i

dr

Setting v = P(t, x)u, we obtain the system for v:

vy + Avy = P(t,x) F(t,x) + G(t, x)v,

=a(t,x),  x'(0)=¢"

where
G = (P, + AP, — PB)P™",

In terms of directional derivatives this system is equivalent to
dv'
dt lalong xi

d
= fi(t, x) + Zg;(t, x)vj.
j=1
This formula is not a practical method of solution for most problems because the ordinary

differential equations are often quite difficult to solve, but the formula does show the
importance of characteristics for these systems.

Exercises
1.1.1. Consider the initial value problem for the equation
w +auy = f(t, %)
with (0, x) =0 and

Fltx) = {1 if x 29,
0 otherwise.
Assume that a is positive. Show that the solution is given by
0 ifx <0,
u(t,x) =14 x/a ifx >0andx —at <0,
t ifx >0and x —at > 0.

1.1.2. Consider the initial value problem for the equation
u; +auy = f(t, x)
with u#(0, x) =0 and

1 if—-1<x<1,
f.x= {O otherwise.
Assume that a is positive. Show that the solution is given by
x+1)/a if—1<x<landx —at < -1,
t if—1<x<1land—-1<x —at,
u(t,x) =1 2/a ifx >1and x —at < —1,

(I—-x+at)/a ifx>1land -1 <x—art <1,

0 otherwise.
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1.1.3. Solve the initial value problem for

1
u,—i—]—ux:O.
1+§cosx

Show that the solution is given by u(#, x) = ug(&), where £ is the unique solution
of
E—i—%siné =x+%sinx—z.

1.1.4. Show that the initial value problem for (1.1.5) is equivalent to the family of initial
value problems for the ordinary differential equations

du -

—=f@&+ar,n)

dt
with (0, £) = up(&). Show thatthe solution of (1.1.5), u(z, x), isgivenby u(t, x) =
i(t,x —at).

1.1.5. Use the results of Exercise 1.1.4 to show that the solution of the initial value problem
for
U +uy = —sin®u

is given by

u(t, x) = tan~! ( tanfuo(x — 1] >

1+ ttanfug(x — t)]

An equivalent formula for the solution is

u(t, x) = cot™! (cotfug(x — )] +1).

1.1.6. Show that all solutions to
urtauy =1+u’

become unbounded in finite time. That is, u(¢, x) tends to infinity for some x as ¢
approaches some value t*, where #* is finite.

1.1.7. Show that the initial value problem for the equation
u; + (1 +x2>ux =0

is not well defined. Hint: Consider the region covered by the characteristics origi-
nating on the x-axis.

1.1.8. Obtain the solution of the system

u +uy +ve =0, u(x,0) =up(x),
vy +uy — v =0, v(x, 0) = vo(x).
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1.1.9. Show that the initial value problem for (1.1.9) is equivalent to the family of initial
value problems for the system of ordinary differential equations

dii 3 N

dr [z, x(z), u), u(0,&) = uo(8),
T

dx

- =a(t, x(1)), x(0) =&.
T

The solution to (1.1.9) is given by u (¢, x(§)) = u(¢, &).

1.2 Boundary Conditions

We now consider hyperbolic partial differential equations on a finite interval rather than on
the whole real line. Most applications of partial differential equations involve domains with
boundaries, and it is important to specify data correctly at these locations. The conditions
relating the solution of the differential equation to data at a boundary are called boundary
conditions. A more complete discussion of the theory of boundary conditions for time-
dependent partial differential equations is given in Chapter 11. The problem of determining
a solution to a differential equation when both initial data and boundary data are present
is called an initial-boundary value problem. In this section we restrict the discussion to
initial-boundary value problems for hyperbolic equations in one space variable.

The discussion of initial-boundary value problems serves to illustrate again the im-
portance of the concept of characteristics. Consider the simple equation

u;+au, =0 with0<x <1, r>0. (1.2.1)

If a is positive the characteristics in this region propagate from the left to the right, as shown
in Figure 1.2. By examining the characteristics in Figure 1.2, we see that the solution must
be specified on the boundary at x equal to 0, in addition to the initial data, in order to be
defined for all time. Moreover, no data can be supplied at the other boundary or the solution
will be overdetermined.

If we specify initial data u(0, x) = up(x) and boundary data u(z, 0) = g(¢), then
the solution is given by

uo(x — at) if x —at > 0,

u(t,x) = {

gt — a'x) ifx—ar <0.

Along the characteristic given by x —at = 0, there will be a jump discontinuity in u if
up(0) isnotequal to g(0). If a is negative, the roles of the two boundaries are reversed.
Now consider the hyperbolic system

ul a b ul
GG e

on the interval 0 < x < 1. The eigenvalues, or characteristic speeds, of the system are
easily seen to be a +b and a —b. We consider only the cases where a and b are
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A
/

Figure 1.2. Characteristics for equation (1.2.1).

positive. If we have 0 < b < a, then both characteristic families propagate to the right,
as shown in Figure 1.3. This means that the entire solution, both components u! and uz,
must be specified at x equal to 0, and no data should be specified at x equal to 1. Notice
that the slope of the characteristic in these figures is the inverse of the speed. Thus the
characteristics with the slower speed have the greater slope.

The most interesting case is where 0 < a < b, since then the characteristic families
propagate in opposite directions (see the right-hand side in Figure 1.3). If system (1.2.2) is
put into the form (1.1.6), it is

ul +u? a+b 0 ul +u?
<u1—u2>t+( 0 a—b) <u1_u2)x—0. (1.2.3)

Certainly one way to determine the solution uniquely is to specify u! + u? at x equal
to 0 and specify u' —u? at x equal to 1. However, there are other possible boundary
conditions; for example, any of the form

u' 4+ u? =ozo(u1 —uz) + Bo(t) atx =0,

1

, L (1.2.4)
u —u=o(u +u”)+p1@) atx=1,

will determine the solution. The coefficients g and «; may be functions of ¢ or constants.
As examples, we have that the boundary conditions

ul(t,0) = Bo(1),
u? (1, 1) = Bi (1)
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a+b

Figure 1.3. Characteristics for system (1.2.3).

can be put in the form
ul (1,00 + u?(1,0) = — (@' (¢, 0) — u*(z, 0)) + 2o (1),
W', D) +u*@, ) = ul'@, D) —uP@, 1) +2B1@0),

which are equivalent to the conditions in (1.2.4) with «p and «; equal to —1 and 1,
respectively.

Boundary conditions that determine a unique solution are said to be well-posed. For
the system (1.2.2) the boundary conditions are well-posed if and only if they are equivalent
to (1.2.4). The boundary conditions (1.2.4) express the value of the characteristic variable
on the incoming characteristic in terms of the outgoing characteristic variable and the data.
By incoming characteristic we mean a characteristic that enters the domain at the boundary
under consideration; an outgoing characteristic is one that leaves the domain. We see then
that specifying ! or u? at x equal to 0 is well-posed, and specifying u! or u? at x
equal to 1 is also well-posed. However, specifying u! — u? at x equal to 0 is ill-posed,
as is specifying u' + u? at x equalto I.

For a hyperbolic initial-boundary value problem to be well-posed, the number of
boundary conditions must be equal to the number of incoming characteristics. The pro-
cedure for determining whether or not an initial-boundary value problem is well-posed is
given in Chapter 11.

Example 1.2.1. To illustrate how the solution to a hyperbolic system is determined by
both the initial and boundary conditions, we consider as an example the system

by
(3 1)( 2) =0 (1.2.5)
5 2/ N/«

1

()7
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on the interval [0,1] with the initial conditions
ul(O, x)=0 and u2(0, X) = Xx.
The eigenvalues of the matrix in (1.2.5) are 2 and —1, so this system requires one
boundary condition on each boundary. We take boundary conditions
w'@, 0=+ and u'(t,1)=0.
The two families of characteristic curves are given by
t—2x=%& and t+4+x =5,

where different values of &; and &, give the different characteristic curves. The charac-
teristics are displayed in Figure 1.4.
The system (1.2.5) can be rewritten as

<u1+u2> (2 O><u1+u2> . (126
+ = oo
u —u?/, 0 -1 u —u?/

and this shows that the characteristic variables w! and w? are

w!'=u'+u® and w?=u'—u>
The inverse relations are

w w —w
MZT and MZZ—.

The equations satisfied by w' and w? are
w! 42wl =0 and w? —w?=0.
The initial conditions for w!' and w? are
w'©,x)=x and  w?0,x) = —x.
In the characteristic variables the boundary conditions are

w'(t,0) = —w?(,00+2t and w1 =wl(, D). (1.2.7)

Figure 1.4. Characteristics for Example 1.2.1.
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We now use this data to determine the solution in the interior. In region 1 of Figure
1.4, the solution is determined by the initial conditions. Thus, using the characteristics and
the initial data we obtain

w'(t,x) = w0, x —21) = x — 21,
wz(t,x) = wz(O,x +t)=—(x+1t)=—x—1.

Using the inverse relations, we have

1 2
1, t, 3
Wt x) = w (7, x) + w7, x) _ 3.
2 2
wl(r, x) — w?(@, x) _ 1

X — <.
2 2

uz(t, x) =

1

In region 2, the values of w! are determined since the characteristics for w' enter

from region 1. Thus, the formula for w! is the same for regions 1 and 2:
wl(t, x) = x — 21.

The values of w? in region 2 are determined by the values from the characteristics
emanating from the boundary at x = 1. The boundary condition there is (from (1.2.7))

wit, ) =—w'@t, 1) =—(1-21) = -1 +21,
and extending to the interior we have
Wt x) =wrx+r—1,1)=—142(x+7—1) = =3+ 2x +2t.

Thus in region 2

1 wh, x) + w2, x)  (x —2t) 4+ (=3 +2x +2¢) 3 3
u (t,x) = = = —Z 4+ —x,
2 2 2 2
! —w? —21) — (=34+2x+2 1
uz(t,x)zw t,x)—w (I,JC)= (x—2t) = (=3+2x + t)=§__x_2t.
2 2 2 2

Notice that both ' and u? are continuous along the line x +¢ = 1 between regions 1
and 2.
In region 3, the values of w? are the same as in region 1:
wz(t, X)=—x —t.

The boundary condition at x = 0 from (1.2.7) is

wl(t,0) = —w?(z, 0) + 2.
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Thus at x =0,
wl(t,0) = —w?(@, 0) + 21 = 3t.

Extending this into the interior along the characteristics gives

wl(t x)—w1 t—le =3 t—lx ——§x+3t
U 277 2°) 2 '

Thus, from the inverse equations, in region 3

—3x+3t+(—x—1) 5
2 =Tyth

—%x+3t —(=x—1)
2

ul(t,x) =

u*(t, x) =

1
=—- 2t.
4x +

In region 4, the values of w! are determined by the characteristics from region 3,
and the values of w? are determined by the characteristics from region 2. Thus

3
wl(t,x) = —Ex + 3¢,

wz(t, x) = —3+2x + 2t,

and so
ul(tx)——3+lx+5t
R
2(t, x) S
u X) = - — =X —I.
’ 2 4 2

Similar analysis can determine the solution in all the regions for all ¢. O

Periodic Problems

Besides the initial value problem on the whole real line R, we can also consider periodic
problems on an interval. For example, consider the one-way wave equation (1.1.1) on the
interval [0, 1], where the solution satisfies

u(t,0) = u(t, 1) (1.2.8)

for all nonnegative values of 7. Condition (1.2.8) is sometimes called the periodic boundary
condition, but strictly speaking it is not a boundary condition, since for periodic problems
there are no boundaries.

Aperiodic problem for a function u (¢, x) with x intheinterval [0, 1] isequivalent to
one on the real line satisfying u(¢, x) = u(t, x + £) forevery integer £. Thus, the function
u(t, x) is determined by its values of x in any interval of length 1, such as [—%, %].

A periodic problem may also be regarded as being defined on a circle that is coordi-
natized by an interval with endpoints being identified. In this view, there is a boundary in
the coordinate system but not in the problem itself.
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Exercises

1.2.1.

1.2.2.

1.2.3.

1.2.4.

1.2.5.

Consider system (1.2.2) on the interval [0, 1], with a equal to O and b equal to
1 and with the boundary conditions u' equal to 0 at the left and u' equal to 1
at the right boundary. Show that if the initial data are given by u'(0, x) = x and
u2(0, x) = 1, then the solution is u'(r, x) = x and u?(t,x) =1 — ¢ forall (¢, x)
with 0 <x <1 and 0 <1t.

Consider system (1.2.2) on the interval [0, 1], with a equal to 0 and b equal to 1
and with the boundary conditions u' equal to 0 at the left and u' equal to 1+ ¢
at the right boundary. Show that if the initial data are given by u'(0, x) = x and
u2(0,x) = 1, thenfor 0 < x +r < 3 the solution is given by

< * ) if0<r<1-—x,
1—1

ul(t, x) 2 +t—1\ .
(uz(t,x)>: <2—x—2t) ifl—x<t<1+x,

3x .
<3(1—t)) ifl+x<t<3—x.

Consider system (1.2.2) on the interval [0, 1], with a equaltoOand b equalto 1 and
with the boundary conditions u! equal to O at both the left and the right boundaries.
Show that if the initial data are given by ul (0,x) =x and u2(0, x) = 1, then for
0 <t <1 the solution is given by

(ul(tx)) <1it) if0<x<1-—t1¢,

s —
u(t, x) <x—1) ifl—t<x<1.
2—t

Show that the initial-boundary value problem of Exercise 1.2.3 has the solution for
1 <t <2 given by

) (3ft) ifo<x<rt—1,
(u%x))z

(x_1> ifr—1<x<1.
2t

Consider system (1.2.2) on the interval [0, 1], with a equal to 1 and b equal to
2 and with the boundary conditions u' equal to O at the left and u' equal to 1
at the right boundary. Show that if the initial data are given by u!(0, x) = x and
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uz(O, x)=1, thenfor 0 <t <1+ %x the solution is given by

("") it0 <t <min(dx, 1 - ),
Ix
) if ix <t <1-nx,

1
(u (t,x)): 2x — 1 ) ifl—xftf%x,
u?(t, x) ‘

5
t+§x—1 ) . . |
if max(3x,1 —x) < <min(3 —x, 1 + 3x),

b+
4 1
1f§—x§t§1+§x.

1.3 Introduction to Finite Difference Schemes

We begin our discussion of finite difference schemes by defining a grid of points in the
(t, x) plane. Let & and k be positive numbers; then the grid will be the points (#,, x,,;,) =
(nk, mh) for arbitrary integers n and m as displayed in Figure 1.5. For a function v
defined on the grid we write v}, for the value of v at the grid point (z,, x,,). We also use
the notation u],, for u(t,, x,) when u is defined for continuously varying (¢, x). The
set of points (#,, x,,) for a fixed value of n is called grid level n. We are interested in
grids with small values of 7 and k. In many texts the quantities that we call 4 and k are
represented by Ax and At¢, respectively.

. . . . .
. . . . .
L] . . ] ]
k
k
. . . . . . .
k
. . . . . . . .
k
. ) ) ) . . . .
h h h h h h

Figure 1.5. The finite difference grid.
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The basic idea of finite difference schemes is to replace derivatives by finite differ-
ences. This can be done in many ways; as two examples we have

u(ty +k, xp) —ultn, xm)

k
u (tn + k, X)) —ulty — k, xp)
~ T .

au
E(l‘ns Xm) =

That these are valid approximations is seen from the formulas

u(t+e,x)—u(t,x)
&

U ¥y =i
— (t,x) = lim
ot e—=0

o ou(t4e,x)—u(t—e¢,x)
= lim )
e—>0 2¢

relating the derivative to the values of u. Similar formulas approximate derivatives with
respect to x.

Using these approximations we obtain the following five finite difference schemes
for equation (1.1.1). Many other schemes are presented later.

n+l _ .n vt =t

U, k Uy, ta m+lh m =0, (1.3.1)

n+l _ .n T
Um - Um +qn p m=l _ 0, (1.3.2)

n+l _ .n v — "
vy - Upy ta m+12h m-l _, (1.3.3)

ol yn—l v =
n Uyt el (1.3.4)

Un+1 _ l Un + vn vn _ vl’l
m 2 ( ;:+1 mfl) +a m+]2h m-1 _ 0. (1.3.5)

We refer to scheme (1.3.1) as the forward-time forward-space scheme because forward
difference approximations are used for both the time and space derivatives. Similarly,
(1.3.2) and (1.3.3) are referred to as the forward-time backward-space scheme and forward-
time central-space scheme, respectively. The scheme (1.3.4) is called the leapfrog scheme
and (1.3.5) is called the Lax—Friedrichs scheme.

The method of deriving these five schemes is very simple. This is one of the sig-
nificant features of the general method of finite differences, namely, that it is very easy to
derive finite difference schemes for partial differential equations. However, the analysis of
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finite difference schemes to determine if they are useful approximations to the differential
equation requires some powerful mathematical tools. Moreover, to develop very efficient
and accurate schemes requires more work than went into obtaining the schemes (1.3.1)-
(1.3.5). Nonetheless, the finite difference method is notable for the great variety of schemes
that can be used to approximate a given partial differential equation.

Given this short list of schemes, we are naturally led to the question of which of them
are useful and which are not, as indeed some are not. This is a basic question, and we spend
some time and care in answering it. In fact, the question can be answered on several levels.
We first answer it on the most primitive level, determining which schemes have solutions
that approximate solutions of the differential equation at all. Later, we determine which
schemes are more accurate than others and also investigate the efficiency of the various
schemes.

Each of the schemes (1.3.1)—(1.3.5) can be written expressing v;,'fl as a linear com-
bination of values of v atlevels n and n — 1. For example, scheme (1.3.1) can be written
as

v,'jfl = +ar) v, —arv, |,

where A = k/h. The quantity A will appear often in the study of schemes for hyperbolic
equations and will always be equal to k/h. Those schemes that involve v at only two
levels, e.g., n+ 1 and n, are called one-step schemes. Of the schemes just listed all
except the leapfrog scheme (1.3.4) are one-step schemes. Given the initial data v,%, a
one-step scheme can be used to evaluate v}, for all positive values of n.

The leapfrog scheme (1.3.4) is an example of a multistep scheme. For a multistep
scheme it is not sufficient to specify the values of v in order to determine v” for all
positive values of n. To specify completely the means of computing a solution to a multistep
scheme, either we must specify v on enough time levels so that the scheme can be employed
or we must specify a procedure for computing the values of v on these initial time levels.
For example, to use the leapfrog scheme we could specify the values of v,?l and v,ln for
all m, or we could specify that scheme (1.3.1) would be used to compute the values of v,il
from the values v%. In either case the leapfrog scheme (1.3.4) would be used to compute
vy, for n greater than 1.

When we refer to the leapfrog scheme we do not always distinguish between these
two ways of initializing the computation. As we show in Section 4.1, many of the properties
of the leapfrog scheme are independent of the method used to initialize the solution. Since
the usual practice is to use a one-step scheme to initialize the first time level, we usually
assume that the initialization is done in this way. This is illustrated in Example 1.3.2. The
subject of how to initialize multistep schemes in general is considered in more detail in
Section 4.1.

Example 1.3.1. Before we proceed with the analysis of finite difference schemes, we
present the results of some computations using two of the schemes just presented. We use

the initial-boundary value problem

ur +u, =0 on —2<x<30<t
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with initial data

1— x| iflx] < 1,
0 if x| > 1.

IA

up(x) = {

On the boundary at x equal to —2, we specify that u is zero.
The first computation uses the Lax—Friedrichs scheme (1.3.5) with A = 0.8 and A
equal to 0.1. At the right-hand boundary we use the condition vﬁl = vﬁ_ll, where

xy = 3. For our initial data we take v,% = uo(x;;). The computation proceeds using the
formula

vt = % (V1 Fomy) — %A (V1 = Vi)

to find the values of vfn“ for all values except those at the endpoints of the interval. A
graph of the solution at # = 1.6 is shown in Figure 1.6. In the figure the exact solution to
the differential equation is given by the solid line and the solution of the scheme is shown
as the curve with the circles. The figure shows that the finite difference scheme computes a
reasonable solution, except that the computed solution does not maintain the sharp corners
of the exact solution. A smaller value of /, with the same value of XA, improves the shape
of the computed solution.

0.5

Figure 1.6. A solution of the Lax—Friedrichs scheme, ). = 0.8.

A similar calculation but using A = 1.6 is shown in Figure 1.7 at t = 0.8. The figure
shows that for this case the computed solution is not well behaved. As the computation
proceeds for larger values of 7, the behavior becomes worse. Also, if the grid spacing is
decreased, with A fixed at 1.6, the behavior does not get better and in fact becomes worse.
The explanation for this behavior is given in the next chapter. O
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05

|

2

Figure 1.7. A solution of the Lax—Friedrichs scheme, ) = 1.6.

05

Figure 1.8. A solution computed with leapfrog scheme, A = 0.8.

Example 1.3.2. The leapfrog scheme (1.3.4) with A = 0.8 gives much better results than
does the Lax—Friedrichs scheme for the same initial-boundary value problem in Example
1.3.1. The computational results are displayed in Figure 1.8. Notice that the resolution of
the peak in the solution is much better in Figure 1.8 than in Figure 1.6. The leapfrog scheme
has a less smooth solution than does the Lax—Friedrichs; however the small oscillations do
not detract significantly from the accuracy. In Section 5.1 we discuss methods of removing
these oscillations. At the right-hand boundary, vz’,l‘H is computed as it was for the Lax—
Friedrichs scheme.
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As discussed before, the leapfrog scheme requires that another scheme be used to
calculate the values at the time level with n equal to 1. For the calculations shown in
Figure 1.8, the forward-time central-space scheme (1.3.3) was used. O

Computer Implementation of Finite Difference Schemes

To implement any of the finite difference schemes (1.3.1)—(1.3.5) or similar finite difference
schemes in a computer program, values of the solution v}, should not be stored beyond the
time steps in which they are needed. A simple way to do this is to use two one-dimensional
arrays vold and vnew, each of which is indexed by the spatial grid indices. The values
of vnew (m) and vold (m) correspond to van and vj,, respectively. For each value of
n, vnew, corresponding to v"**!, is computed using vold, corresponding to v”. After
vnew has been computed for all m, then vold must be reset to vnew, and the time step
is incremented to the next value. For the leapfrog scheme the array vnew can be used to
store both v"~! and v"*!,

Any values of the solution that are to be saved or plotted may be written to a file as
they are computed. It is not advisable to save past values beyond the time they are needed
in the computation.

A more convenient way to store the solution for schemes (1.3.1)—(1.3.5) is to use a
two-dimensional array, such as v (nmod, m), where nmod is equal to n modulo 2. The
values of v (0, - ) are used to compute the values of v (1, - ), which are used to compute
v (0, -),and so on. This method avoids the need to reset arrays such as vold, which was
set equal to vnew in the method described previously.

Here is a sample of pseudocode for the Lax—Friedrichs scheme.

# Supply initial data

now = 0
new = 1
time = 0
loop on m from O to M ! Set initial data

v(now,m) = u0(x(m))
end of loop on m
loop for time < TIME_MAX

time = time + k ! This is the time being computed.
n_time = n_time + 1
v(new,0 ) = beta(time) ! Set the boundary value.
loop on m from 1 to M-1

v(new,m) = (v(now, m-1) + v(now,m+1))/2

- axlambda*( v(now,m+1) - v(now,m-1))/2
end of loop on m
v(new,M ) = v(new,M-1) ! Apply boundary condition.

now = new ! Reset for the next time step.
new = mod(n_time, 2)
end of loop on time
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For periodic problems on the interval [0, 1] with h = 1/M and grid points x,, =

mh, it is useful to store values at xo and at x,s, even though these values represent the
same point in the periodic problem.

Exercises

1.3.1.

1.3.2.

For values of x in the interval [—1, 3] and ¢ in [0, 2.4], solve the one-way wave
equation
ur +uy =0,

with the initial data

2 . 1
cos“mx if |x| < 5,
u(o,x)={ = 3

0 otherwise,

and the boundary data u(z, —1) = 0.
Use the following four schemes for 4 = 1/10, 1/20, and 1/40.

(a) Forward-time backward-space scheme (1.3.2) with A = 0.8.
(b) Forward-time central-space scheme (1.3.3) with A = 0.8.
(c) Lax—Friedrichs scheme (1.3.5) with A = 0.8 and 1.6.

(d) Leapfrog scheme (1.3.4) with A = 0.8.

For schemes (b), (c), and (d), at the right boundary use the condition v’jjl =

v”M"'_ll, where xj); = 3. For scheme (d) use scheme (b) to compute the solution at
n=1.

For each scheme determine whether the scheme is a useful or useless scheme.
For the purposes of this exercise only, a scheme will be useless if |v], | is greater than
5 for any value of m and n. It will be regarded as a useful scheme if the solution
looks like a reasonable approximation to the solution of the differential equations.
Graph or plot several solutions at the last time they were computed. What do you
notice about the “blow-up time” for the useless schemes as the mesh size decreases?
Is there a pattern to these solutions? For the useful cases, how does the error decrease
as the mesh decreases; i.e., as i decreases by one-half, by how much does the error
decrease?

Solve the system
up + 3t — uy + 3t + Dwy + Ju =0,
w; + %(t + Duy + %(ZI — Dwy — %w =0
by the Lax—Friedrichs scheme: i.e., each time derivative is approximated as it is for

the scalar equation and the spatial derivatives are approximated by central differ-
ences. The initial values are

u(0, x) = max(0, 1 — |xJ),
w(0, x) = max(0, 1 — 2|x]).
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Consider values of x in [—3, 3] and ¢ in [0, 2]. Take & equal to 1/20 and A equal
to 1/2. At each boundary set u = 0, and set w equal to the newly computed value
one grid point in from the boundary. Describe the solution behavior for ¢ in the
range [1.5,2]. You may find it convenient to plot the solution. Solve the system in
the form given; do not attempt to diagonalize it.

1.3.3. Solve the system
ur + 3 = uy + 50+ Dw, =0,

wy + 3 + Duy + 32 — Dwy =0

by the Lax—Friedrichs scheme as in Exercise 1.3.2, using the same initial data. An
examination of the computed solution should show how to obtain the analytical
solution to this problem.

1.3.4. Numerically solve the equation in Exercise 1.1.5 using the initial data and intervals
of Exercise 1.3.1. Use the leapfrog scheme with A = 0.5 and 4 = 1/10, 1/20, and
1/40. Use the forward-time central-space scheme to compute the first time step.
The boundary condition at x = —1 is u(¢, —1) = 0.

1.4 Convergence and Consistency

The most basic property that a scheme must have in order to be useful is that its solutions
approximate the solution of the corresponding partial differential equation and that the
approximation improves as the grid spacings, & and k, tend to zero. We call such a
scheme a convergent scheme, but before formally defining this concept it is appropriate to
extend our discussion to a wider class of partial differential equations than the hyperbolic
equations. We consider linear partial differential equations of the form

P(als ax)u = f(tsx)v

which are of first order in the derivative with respectto ¢. We also assume for such equations
or systems of equations that the specification of initial data, u(0, x), completely determines
a unique solution. More is said about this in Chapter 9. The real variable x ranges over
the whole real line or an interval. Examples of equations that are first order in time are the
one-way wave equation (1.1.1) and the following three equations:

ur — buyy +au, =0,
Ut — Cgxx + bityyxx =0, (1.4.1)

Us + cugy + auy = 0.

Definition 1.4.1. A one-step finite difference scheme approximating a partial differential
equation is a convergent scheme if for any solution to the partial differential equation,
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u(t, x), and solutions to the finite difference scheme, v, such that v,% converges to
uo(x) as mh convergesto x, then v, convergesto u(t,x) as (nk, mh) converges to

(t,x) as h,k converge to 0.

This definition is not complete until we clarify the nature of the convergence of v)},,
defined on the grid, to u(t, x) defined for continuously varying (¢, x). We discuss this
convergence completely in Chapter 10. For multistep schemes the definition assumes that
some initializing procedure is used to compute the first several time levels necessary to
employ the multistep scheme. For the case that the data are specified on these first time
levels, the definition is altered to require v, for 0 < j < J toconverge to up(xy).

As illustrated by Figures 1.6 and 1.8, the Lax—Friedrichs scheme and the leapfrog
scheme with A equal to 0.8 are convergent schemes. These figures show that the solution
of the difference scheme is a reasonable approximation to the solution of the differential
equation. As h and k are decreased, the solutions of the schemes become better ap-
proximations. The Lax—Friedrichs scheme with A = 1.6 is not convergent. As & and k
decrease, with A equal to 1.6, the solution of the scheme does not approach the solution
of the differential equation in any sense. As can be seen in Figure 1.7, the behavior of a
nonconvergent scheme can be quite poor.

The convergence of the Lax—Friedrichs scheme is also illustrated in Figure 1.9, which
shows a portion of Figure 1.6 along with the results for 4 = 1/20 and h = 1/40. The three
plots show thatas A gets smaller, with A = 0.8, the solution of the finite difference scheme
approaches the solution of the differential equation.

Proving that a given scheme is convergent is not easy in general, if attempted in a
direct manner. However, there are two related concepts that are easy to check: consistency
and stability. First, we define consistency.

0.5 L

Figure 1.9. Lax—Friedrichs scheme convergence.
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Definition 1.4.2. Given a partial differential equation, Pu = f, and a finite difference
scheme, Py pv = f, we say that the finite difference scheme is consistent with the partial
differential equation if for any smooth function ¢(t, x)

Pp—Pepdp—0 as k,h— O,
the convergence being pointwise convergence at each point (t, x).

For some schemes we may have to restrict the manner in which £ and & tend to zero
in order for it to be consistent (see Example 1.4.2). When we refer to a smooth function we
mean one that is sufficiently differentiable for the context.

Also, note that the difference operator Py, when applied to a function of (¢, x) does
not need to be restricted to grid points. Thus, a forward difference in x applied at a point
(t,x) is

¢, x +h)— ¢, x)
p .

We demonstrate the use of this definition and the notation by presenting two examples,

showing that two of the schemes in the above list are consistent with the equation (1.1.1).

Example 1.4.1. The Forward-Time Forward-Space Scheme. For the one-way wave

equation (1.1.1), the operator P is % + a% so that

P = +apx.

For the forward-time forward-space scheme (1.3.1), the difference operator Py is given
by
n+1
Py =

_¢:ln+a ;l1+1_¢’fn,
k h

where
¢, = ¢ (nk, mh).

We begin with the Taylor series of the function ¢ in ¢ and x about (#,, x,). We have
that
Ot =+ kp + 3k + O(K),

O =B+ hoy + Sh P + O,

where the derivatives on the right-hand side are all evaluated at (#,, x;,), and so
Pend = ¢+ agx + 3kdu + zahdc + O(K) + O (h?).
Thus
P$ — Ping = 3k — yahees + O(K*) + O(h?)
— 0 as (k,h) — O.

Therefore, this scheme is consistent. OJ
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When analyzing consistency it is convenient to use the “big oh” and “little oh” nota-
tion, as we have done in the preceding example. In general, if ¥ and G are functions of
some parameter ¢, we write

F=0(G) as o — 0,

<K

for some constant K and all « sufficiently small. We write
F =0(G) as oa— 0,

if F/G converges to zero as « tends to zero. In particular, a quantity is O (k") if it is
bounded by a constant multiple of 4" for small 4. A quantity is o(1) if it converges to
zero at an unspecified rate.

Example 1.4.2. The Lax—Friedrichs Scheme. For the Lax—Friedrichs scheme the differ-
ence operator is given by

11
Pind = ;'1'1+ 2 (¢Zn+1 + ‘1’31—1) +a¢:z+12_h¢7n—1'

We use the Taylor series
Bt = O Ehdc + 3h° G £ G e + O,
where, as before, the derivatives are evaluated at (z,, x,;) and we have
L@+ Oh) =+ 302 G+ OGY)
and

n _ 4N
S = o g bra + O,

Substituting these expressions in the scheme, we obtain
— 1 1,12
Pk,h¢ —¢t+a¢x+§k¢n—§k h ¢xx
+ éahz Gxxx + O (/’14 + K~ tht + k2) .

So Pypp — P — 0 as h,k — 0; ie, it is consistent, as long as k~1h? also tends
to 0. O

Consistency implies that the solution of the partial differential equation, if it is smooth,
is an approximate solution of the finite difference scheme. Similarly, convergence means
that a solution of the finite difference scheme approximates a solution of the partial differ-
ential equation. It is natural to consider whether consistency is sufficient for a scheme to
be convergent. Consistency is certainly necessary for convergence, but as the following
example shows, a scheme may be consistent but not convergent.
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Example 1.4.3. Consider the partial differential equation u, + u, = 0 with the forward-
time forward-space scheme (1.3.1):

n+1 n n _
Un — Un + Um+1 U -0
k h
The scheme may be rewritten as
k
UZ_H — " e

m h (vlrol1+l - v’r;l)

(1.4.2)
(142 — Ao,

where we have set A = k/h as usual. In Example 1.4.1 this scheme was shown to be
consistent. As initial conditions for the differential equation we take

) {1 if—1 <x <0,
up(x) =
0 elsewhere.

The solution of the partial differential equation is a shift of u( totherightby 7. In particular,

for ¢ greater than 0, there are positive values of x for which u(#, x) is nonzero. This is
illustrated in Figure 1.10.

x
uz0, v0

Figure 1.10. Consistency does not imply convergence.

For the difference scheme take the initial data

0 {1 if =1 <mh <0,
v, =
0 elsewhere.
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As equation (1.4.2) shows, the solution of the difference scheme at (z,, x,;,) depends only
on x, for m’ > m at previous times. Thus we conclude that v, is always O for points
Xm to the right of 0, that is,

v =0 form > 0, n > 0.

n
m
Therefore, v}, cannot converge to u(t, x), since for positive ¢ and x, the function u is
not identically zero, yet v)}, is zero.

Notice that we conclude that the scheme is nonconvergent without specifying the
type of convergence, but clearly, a sequence of functions that are all zero—i.e., the vj, for
m > 0 —cannot converge, under any reasonable definition of convergence, to the nonzero
function u. O

Exercises

1.4.1. Show that the forward-time central-space scheme (1.3.3) is consistent with equation
(1.1.1).

1.4.2. Show that the leapfrog scheme (1.3.4) is consistent with the one-way wave equation
(1.1.1).

1.4.3. Show that the following scheme is consistent with the one-way wave equation (1.1.5):

+1 n+1 n n
il g (O — vl — "
m mop Sl m oy Tm mel) o gn (1.4.3)

k 2 h h

1.4.4. Show that the following scheme is consistent with the equation u; + cu;,+

au, = f:
n+1 n n+l _ n+l _ . n n n _an
Un  —Un +Cvm+l Un—1 " Vm+1 + Vg _l_avm—H Um—1 _ fn
k 2kh 2h "

1.4.5. Interpret the results of Exercise 1.3.1 in light of the definition of convergence. Based
on the cases run in that exercise, decide which of the schemes are convergent.

1.5 Stability

Example 1.4.3 shows that a scheme must satisfy other conditions besides consistency before
we can conclude that it is convergent. The important property that is required is stability.
To introduce this concept we note that, if a scheme is convergent, as v}, converges to
u(t, x), then certainly v}, is bounded in some sense. This is the essence of stability. The
following definition of stability is for the homogeneous initial value problem, that is, one
in which the right-hand-side function f is 0.
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Before giving the definition of stability we need to define a stability region. For many
schemes there are restrictions on the way that & and k should be chosen so that the scheme
is stable, and therefore useful in computation. A stability region is any bounded nonempty
region of the first quadrant of R? that has the origin as an accumulation point. That is, a
stability region must contain a sequence (ky, #,) that converges to the origin as v tends to
infinity. A common example is a region of the form {(k, &) : 0 < k < ch < C} for some
positive constants ¢ and C. An example of a stability region is displayed in Figure 1.11.

Figure 1.11. Stability region.

Definition 1.5.1. A finite difference scheme Py v}, =0 for a first-order equation is
stable in a stability region A if there is an integer J such that for any positive time T,
there is a constant Ct such that

] J o]
hY " s> < Crhy " Y ol (15.1)
m=—oQ j=0 m=—o0
for 0 < nk < T, with (k,h) € A.

Before proceeding with our discussion of stability, we introduce some notation that
will be of use in understanding inequality (1.5.1). We first introduce the notation

0 1/2
lwl, = (h > |wm|2> (15.2)

m=—0o0

for any grid function w. The quantity |w||, is called the L? norm of the grid function
w and is a measure of the size of the solution (see Appendix B for a discussion of function
norms). In many problems the L? norm is a measure of a physically significant quantity
such as the energy of the system. With this notation the inequality (1.5.1) can be written as

J ‘ 1/2
"l < <CTZ ||vf||%;) :

J=0



30 Chapter 1. Hyperbolic Partial Differential Equations

which is equivalent to

J
" la < C3 Y 1w/ lIn (15.3)
Jj=0

for some constant C7.. Inequalities (1.5.1) and (1.5.3) express the idea that the norm of the
solution at any time ¢, with 0 <¢ < T, is limited in the amount of growth that can occur.
The growth is at most a constant multiple of the sum of the norms of the solution on the
first J + 1 steps.

We may take J equal to zero for one-step schemes and also for multistep schemes
incorporating an initializing procedure for computing the solution for the first several time
steps, as discussed earlier in this section. We include the possibility of J being positive to
include multistep schemes with data specified on the first J 4 1 levels. It will be shown
that the stability of a multistep scheme is not dependent on the method of initialization.

To demonstrate whether or not the estimate (1.5.1) holds for a particular scheme can
be quite formidable unless we use methods from Fourier analysis, which is discussed in
the next chapter. In Section 2.2 a relatively simple procedure, von Neumann analysis, is
presented for determining the stability of difference schemes.

For certain rather simple schemes we can determine sufficient conditions that ensure
that the scheme is stable. This is done by establishing the stability estimate (1.5.1) directly.

Example 1.5.1. We will prove a sufficient condition for stability for the forward-time
forward-space scheme (1.3.1) by considering schemes of the form

n+1 __ n n
U = vy, +13vm+1’

of which the forward-time forward-space scheme is a special case. We will show that the
scheme is stable if ||+ |8| < 1. The analysis is similar for the forward-time backward-
space scheme (1.3.2). We have

o0 oo

1,2 2
Yo=Y lavy + Bl

m=—00 m=—00

o0
2 2 2 2
< 3l + 20l BIVA IV |+ 1BV

m=—0oQ

o0
2 2 2 2 2 2
< >0 lallop P+ lalIBIup P + [ P + 1B 1

m=—0oQ

where we have used the inequality 2xy < x2 + y%. The sum can be split over the terms
with index m and those with index m + 1 and the index can be shifted so that all terms
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have the index m :

o o0
= D laPlnlP +lallBllvg >+ D lallBllvy > + 18P P
m=—00 m=—090
o o0
= D laPlplP +laliBllvn?+ > laliBllvg? + 1817 lv >
m=—00 m=—090
o
= > (Il +20llBl +18P) 10,
m=—00
o0
= (al+18D> Y lvpl*
m=—0Q

This shows that we have the relation

o0 o0

DO < el + 18D D (vl

m=—0oQ m=—0oQ

and since this applies for all n, we have that

oo oo

Yool < el + 18D Y hI*.

m=—0o0 m=—0o0

If |a| + |B]| is at most 1 in magnitude, then the scheme will be stable. Thus, schemes of
the form given above are stable if |«| + |B| < 1.

For the forward-time forward-space scheme (1.3.1) the condition ||+ |B| <1 is
that |1 4+ aA| + |aA| is at most 1. Thus we see that this scheme is stable if —1 < aX < 0.
In Section 2.2 we show that this is also a necessary condition. O

The concept of stability for finite difference schemes is closely related to the concept
of well-posedness for initial value problems for partial differential equations. As before,
we restrict our discussion to equations Pu = f that are of first order with respect to
differentiation in time.

Definition 1.5.2. The initial value problem for the first-order partial differential equation
Pu = 0 iswell-posed if for any time T > 0, there is a constant Ct such that any solution
u(t, x) satisfies

/ lu(r, x)|*> dx < CT/ lu(0, x)|* dx (1.5.4)

—0o0 —00

for 0 <t <T.
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A discussion of the concept of a well-posed initial value problem is given in Chapter 9.
It is shown that only well-posed initial value problems can be used to model the evolution of
physical processes. The methods of Fourier analysis that are introduced in the next chapter
will be useful in the study of well-posed initial value problems.

In Chapter 9 we discuss stability and well-posedness for the inhomogeneous prob-
lems, Py v = f and Pu = f, respectively. As we show, the inhomogeneous equations
can be treated using the estimates (1.5.1) and (1.5.4) by use of Duhamel’s principle. Thus
a scheme is stable for the equation P pv = f if it is stable for the equation Py pv = 0.

The Lax-Richtmyer Equivalence Theorem

The importance of the concepts of consistency and stability is seen in the Lax—Richtmyer
equivalence theorem, which is the fundamental theorem in the theory of finite difference
schemes for initial value problems.

Theorem 1.5.1. The Lax—Richtmyer Equivalence Theorem. A consistent finite differ-
ence scheme for a partial differential equation for which the initial value problem is well-
posed is convergent if and only if it is stable.

A proof of this theorem is given in Chapter 10. The Lax—Richtmyer equivalence
theorem is a very useful theorem, since it provides a simple characterization of convergent
schemes. As discussed earlier, determining whether a scheme is convergent or nonconver-
gent can be difficult if we attempt to verify Definition 1.4.1 in a rather direct way. However,
the determination of the consistency of a scheme is quite simple, as we have seen, and de-
termining the stability of a scheme is also quite easy, as we show in Section 2.2. Thus
the more difficult result—convergence—is replaced by the equivalent and easily verifiable
conditions of consistency and stability. It is also significant that the determination of the
consistency and stability of schemes involves essentially algebraic manipulations. A com-
puterized symbolic manipulation language can be useful in determining consistency and
stability. By contrast, a direct proof of convergence would rely on concepts in analysis.
Such a proof would have to begin by considering any solution u of the differential equation
and then it would have to be shown that given any &, there exist 2 and k small enough
that the solution of the scheme is within ¢ of u. The Lax—Richtmyer theorem allows us
to dispense with all this analysis.

The preceding discussion of Theorem 1.5.1 has focused on the half of the theorem
that states that consistency and stability imply convergence. The theorem is useful in the
other direction also. It states that we should not consider any unstable schemes, since none
of these will be convergent. Thus the class of reasonable schemes is precisely delimited as
those that are consistent and stable; no other schemes are worthy of consideration.

The Lax—Richtmyer equivalence theorem is an example of the best type of mathemat-
ical theorem. It relates an important concept that is difficult to establish directly with other
concepts that are relatively easy to verify and establishes this relationship very precisely.
Notice that if we had only the half of the theorem that showed that consistency and stability
implied convergence, then it would be conceivable that there were unstable schemes that
were also convergent. If we had only the other half of the theorem, stating that a consis-
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tent convergent scheme is stable, then we would not know if a stable consistent scheme
is convergent. The usefulness of the Lax—Richtmyer theorem arises both from the ease of
verifying consistency and stability and from the precise relationship established between
these concepts and the concept of convergence.

Exercises
1.5.1. Show that schemes of the form

n+l __ n n
U _avm+1 +lem—l

are stable if || + |B] is less than or equal to 1. Conclude that the Lax—Friedrichs
scheme (1.3.5) is stable if |aA| is less than or equal to 1.

1.5.2. By multiplying the leapfrog scheme (1.3.4) by v+! 4+ v”=1 and summing over all
values of m, obtain the relation

o
1 1 +1
Z op T P+ T 1P+ arop o — ot o)
m=—00
o0
1,2 1 1
= Y loplP 4 P arp i = vn .
m=—00

Show that the leapfrog scheme is stable for |ai| < 1.

1.5.3. By multiplying scheme (1.4.3), with f equal to 0, by v;’n"’l + v} and summing
over all values of m, obtain the relation

'S}
Z 1— | n+1|2 )”vn+lvn+l
2 2 m m+1

m=—0o0
o
A ai
=3 (1) e+ St
2 2 m+
m=—0o0
Conclude that the scheme is stable for ai < 1.

1.5.4. By multiplying scheme (1.4.3), with f} equal to 0, by v;’;fl +v), _, and summing

over all values of m, obtain the relation

o]

ai ai
> P (1- %) g,

m=—00
ai
= Z | AL <1—7> Uy Ui 1 -
m=—oQ

Conclude that the scheme is stable for aA > 1.
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1.6 The Courant-Friedrichs—Lewy Condition

The condition that the magnitude of aA be at most 1 is the stability condition for many
finite difference schemes for hyperbolic systems in one space dimension when X is a
constant. This has been the stability condition for the Lax—Friedrichs scheme (1.3.5)
(see Exercise 1.5.1) and for the forward-time forward-space scheme (1.3.1) when a is
negative and the forward-time backward-space scheme (1.3.2) when a is positive (see
Example 1.5.1). We now show that this condition is a necessary condition for stability for
many explicit schemes for the equation (1.1.1).
An explicit finite difference scheme is any scheme that can be written in the form

n+1 __ . n' . /
vyt = a finite sum of v with n’ <n.

All the schemes we considered so far are explicit; we examine implicit (i.e., nonexplicit)
schemes later. We now prove the following result, which covers all the one-step schemes
we have discussed.

Theorem 1.6.1. For an explicit scheme for the hyperbolic equation (1.1.1) of the form
v”;1+1 =av, | + Buy, +yv, . with k/h = A held constant, a necessary condition for
stability is the Courant—Friedrichs—Lewy (CFL) condition,

lar] < 1.

For systems of equations for which v is a vector and o, B, and y are matrices, we must
have |a;\| < 1 for all eigenvalues a; of the matrix A.

Proof.  First consider the case of a single equation. If |aA| > 1, then by considering
the point (¢, x) = (1, 0) we see that the solution to the partial differential equation depends
on the values of ug(x) at x = —a. But the finite difference scheme will have v6‘ depend
on v?n only for |m| < n, by the form of the scheme. This situation is illustrated in
Figure 1.12. Since h = 271k, we have Imlh < A~ lkn =271, since kn =1. So vg
depends on x only for |x| < 271 < |a|. Thus v(')' cannot converge to u(1,0) as h — 0.
This proves the theorem in this case.

For the case of a system of equations, we have that u(1, x) depends on uy(x) for x
in the interval [—a, a], where a is the maximum magnitude of the characteristic speeds
a;. If |a;jA] > 1 for some characteristic speed a;, then we can take initial data that are
zeroin [—2~!, A~1] but not zero near a;. Then u(1l, x) will not be zero, in general, and
yet vg with nk = 1 will be zero. Thus v" cannot converge to u(1, -), and the theorem
is proved. O

A similar argument can be used to show that there is no explicit, consistent scheme for
hyperbolic partial differential equations that is stable for all values of 1 (with A constant
as h,k — 0). We obtain the following theorem, first proved by Courant, Friedrichs, and
Lewy [11].

Theorem 1.6.2. There are no explicit, unconditionally stable, consistent finite difference
schemes for hyperbolic systems of partial differential equations.
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Figure 1.12. The grid for an unstable scheme.

The numerical speed of propagation for a scheme of the form considered in Theorem
1.6.1is h/k = 2! since information can propagate one grid spacing in one time step.
The CFL condition can be rewritten as

A7l > al,

which can be interpreted as stating that the numerical speed of propagation must be greater
than or equal to the speed of propagation of the differential equation. This is the basic idea
of these theorems. If the numerical scheme cannot propagate the solution at least as fast as
the solution of the differential equation, then the solution of the scheme cannot converge to
the solution of the partial differential equation.

We now present two implicit schemes for the one-way wave equation (1.1.1). These
schemes are consistent and stable for all values of A and thus illustrate that Theorem 1.6.2
does not extend to implicit schemes. The two schemes are the backward-time central-space
scheme

n Un+1 _ o+l

U:ln“l’l—l)m +a m+1 m—1 :O (161)
k 2h e

and the backward-time backward-space scheme

Vi Um 1

ptl -
=0 1.6.2
A +a ; ( )

for a positive. We are not concerned at this point with how to solve for the values v,’,’fl
given the values at time level #n; this topic is considered in Section 3.5. It is easy to check
that both of these schemes are consistent schemes for (1.1.1). In Section 2.2 we show that

the scheme (1.6.1) is stable for all values of a and A.
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Example 1.6.1. We now show that the backward-time backward-space scheme (1.6.2) is
stable when a is positive and A is any positive number. This shows that Theorem 1.6.2
does not extend to implicit schemes.

We first write the scheme (1.6.2) as

a1+ a)»)v”‘H =, +ak v"+1

If we take the square of both sides, we obtain
(4 an? [P < lop, P+ 2ak vy | ot 1+ @) lupt) 2

< (1 +aM)|L* + (@ + @)H 2.

Taking the sum over all values of m, we obtain
o
A+an? Y P < +an) Z W12+ (ar + (@r)?) Z vt 2
m=—0oQ m=—0o0 m=—0oQ
Subtracting the last expression on the right-hand side from the left-hand side gives the

estimate
o0 oo

12 2
A =R N LA b
m=—00 m=—00

showing that the scheme is stable for every value of A when a is positive. O

We point out that even though we can choose A arbitrarily large for scheme (1.6.2)
and still have a stable scheme, the solution will not be accurate unless A is restricted to
reasonable values. We discuss the accuracy of solutions in Chapter 3, and in Section 5.2
we show that there are advantages to choosing |aA| small.

Exercises

1.6.1. Show that the following modified Lax—Friedrichs scheme for the one-way wave
equation, u; + au, = f, given by
11 ai
v =5 (Vs T 0) — m(%ﬂ — V1) S,
is stable for all values of A. Discuss the relation of this explicit and unconditionally
stable scheme to Theorem 1.6.2.

1.6.2. Modify the proof of Theorem 1.6.1 to cover the leapfrog scheme.
1.6.3. Show that schemes of the form

n+l n+1
av,’y + Bu, T =,

are stable if ||01| — | ,8|| is greater than or equal to 1. Conclude that the reverse
Lax—Friedrichs scheme,
1 n+1 n+1 n
2 ( Uit + Uy 1) — Un U:;:&-]l — U:lntll
+a =0,
k 2h
is stable if |aX| is greater than or equal to 1.




Chapter 2

Analysis of Finite
Difference Schemes

In this chapter we present and develop the basic properties of Fourier analysis, which is
an important tool for analyzing finite difference schemes and their solutions. In this and
subsequent chapters this tool is used to study many important properties of finite difference
schemes and their solutions. We use Fourier analysis throughout this text to study both
finite difference schemes and partial differential equations.

2.1 Fourier Analysis

The tool that we will use most extensively in our study of stability and well-posedness is
Fourier analysis. We will use Fourier analysis on both the real line R and on the grid of
integers Z or hZ, whichisdefinedby hZ = {hm : m € Z}. For afunction u(x) defined
on the real line R, its Fourier transform #(w) is defined by

i(w) = Xy (x)dx. (2.1.1)

1 o
— e
V2r f_oo
The Fourier transform of u is a function of the real variable w and is uniquely defined
by u. The function i is an alternative representation of the function u. Information about
certain properties of u can be inferred from the properties of . For example, the rate at
which # decays for large values of w is related to the number of derivatives that u has.

The Fourier inversion formula, given by

u(x) = ox jw)dw, (2.1.2)

1 o
— e
V2 /;oo
shows how u can be recovered from #. The Fourier inversion formula expresses the
function u as a superposition of waves, given by ¢'®*, with different amplitudes i(w).
We will postpone for now the discussion of what conditions u(x) must satisfy so that
(2.1.1) and (2.1.2) are well defined. Notice that #(w) may be complex valued even if u(x)
is real valued.

Example 2.1.1. As an example of the Fourier transform, consider the function

e ™™ ifx >0,

u(x):{
0 ifx <O.

37
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‘We have that
1 1

1 /OO
N e X = —— .
V2 Jo 2 l+iw

The validation of the formula (2.1.2) requires the use of the residue calculus; see
Appendix C.O

ﬁ(x) — —iwxe—x

In a similar fashion, if v is a grid function defined for all integers m, its Fourier
transform is given by

—imé&

(&) = Um 2.1.3)

1 o
——= > e
27T m=—0o0
for & € [—m, 7], and v(—m) = 0(x). The Fourier inversion formula is given by

e

1 .
== e H(&) dE. (2.1.4)

Um

Fourier analysis on the integers Z is the same as the study of Fourier series representa-
tions of functions defined on an interval. From the perspective of Fourier series one usually
starts with a function 0(£) defined on the interval [—m, ] and shows that it can be
represented as a series such as (2.1.3) with coefficients v,, given by (2.1.4). In our study
of finite difference schemes it is more natural to start with the grid functions v,, and
regard the formula (2.1.4) as a representation of the grid function. The two approaches
are mathematically equivalent. The Fourier inversion formula (2.1.4) has an interpretation,
analogous to (2.1.2), as expressing v as a superposition of waves.

If the spacing between the grid points is 7, we can change variables and define the
transform by

0(§) = e Sy h (2.1.5)

-
WK

m=—0oQ

for & € [—m/h, w/h], and then the inversion formula is

. imh& 5 (&) dE. (2.1.6)

1 w/h
=— e

V2 /n/h
An important consequence of the preceding definitions is that the L? norm of u,

which is
1/2

lull2 = (/_Z|u(x>|2dx) ,

is the same as the L2 norm of iu(w), ie.,

/ |u(x)|2dx=/ ()] do. (2.1.7)

—00 —00
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(See Appendix B for a discussion of function norms.) Also, for the discrete transform we
have equality for the L? norm of v, as defined in (1.5.2), and the L? norm of 9, ie.,

w/h S
||ﬁ||i=f BEPdE = > |vml*h = |lv]l}. (2.1.8)
—n/h — 00

The relations (2.1.7) and (2.1.8) are called Parseval’s relations. Using Parseval’s relations
one can show that the Fourier transform is defined for all functions in L2(R) and L2(hZ).
For proofs of Parseval’s relation for functions in L2(R) the reader is referred to texts on
Fourier analysis, such as Titchmarsh [61] and Goldberg [23]. Other applications of Fourier
analysis are discussed in the book by Kérner [31].

We can give an indication of the proof for Parseval’s relation for functions in L?(hZ)
quite easily. Starting with the left-hand side of equation (2.1.8) and using the definition of
the transform, we have

0]

7/h 7/h 1 .
A2 — ~ 2d :/ ~ —zmh& m h d
1512 /_ﬂ/hw(sn £ _n/h”@)_m Y ey, hdg

m=—0o0

1 0 T/h .
= e > / /he_lmhéﬁ(é)dé Um h
—7T

m=—0oQ

i 1 /ﬂ/h
= — €M (&E) d§ vy h
Moo V2T S/ h

o
—_— 2
= Y Upvm h = vl

m=—0oQ

The only step in this derivation that needs justification is the interchange of the integration
and summation operations. This is not difficult, and readers familiar with real analysis can
easily fill in the details.

Parseval’s relation will be used extensively in our study of stability. It allows us to
replace the stability estimates (1.5.1) and (1.5.3) by the equivalent inequality

J
19" 1n < C5 > 197 1In
Jj=0

for the transform of the grid function. In the next section we study the stability of schemes
by examining the effect of the scheme on the transform of the solution.

It should also be pointed out that there is not a relation equivalent to Parseval’s relation
if the norm is the maximum norm (see Exercise 2.1.7). Because there is no such relation,
the Lax—Richtmyer theorem is not valid in the maximum norm, at least in a straightforward
way, as is shown in Section 10.5 (see Exercise 10.5.2).



40 Chapter 2. Analysis of Finite Difference Schemes

Figures 2.1 and 2.2 show two examples of functions and their Fourier transforms.
In Figure 2.1 the function exp(—|x|) is displayed with its transform. The function is the
one that has the sharp peak at x = 0; the transform is the smooth function and is given in
Exercise 2.1.1. Because of the discontinuity in the derivative of the function, the Fourier
transform decays more slowly than the exponential; see Exercise 2.1.3.

In Figure 2.2 the function exp(—x?) is displayed with its transform, which is also
given in Exercise 2.1.1. The function has the narrower graph; the transform has the wider
graph. The transform has the same basic shape, being proportional to exp(—x2/4), but
is wider. In general, functions with a narrow spike such as the function shown here have
wider transforms, and vice versa.

08
0.6 -

04

Figure 2.1. The function e~ and its Fourier transform.

We now present some examples of functions and their Fourier transforms.

Example 2.1.2. We take the grid function given by

1 if|x,l <1,
if |x,| =1,

1
Lm 2
0 if|x,|>1

1

on a grid with spacing h. For the case where h = M~ for some integer M, we
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. . _x2 . .
Figure 2.2. The function €™ and its Fourier transform.

have by (2.1.3)

(1 1 oo .
b(E) = ( ché 4= thS) + efzmhé
V2 2 v m=Z(A:41)
h - hosin(M — $)h
= ——cos
2w 2 sin %hé
h h  sin Mhé cos 1hE — cos Mhé sin Lhé
= ——cos& + 2 1 2
2 2 sin 5h§

h
= sin& cot hé

~ Vm

Parseval’s relation then asserts that

1 1\2 M-l
2—§h=2h<§> +ho >
m=—(M-1)
h? 1
- sin” & cot® —hé dE.
2 —m/h 2

This result can also be verified by direct evaluation of the integral using contour
integration. O
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Example 2.1.3. For our second example we take the grid function given by
—a|mlh

Uy =e

for any positive constant «. We have for the transform

1
i}(é) — e—lmhée—ot\m|h h
V2 m:z—oo

h 00 —00
— 1+ Z e*imhéefalmlh + Z e*imhéefalm\h
V2m m=1 m=—1
h e—(@=i&)h e~ (@+i&)h
= 1+ - + -
N3 | e @ iDh " | _ g (@tibh
h 1 — e 2h

= V27 (1 — 2e=9h cos hE + e—2ahy

By Parseval’s relation we have that

5 h] +e*2ah
vl = T o2k’

2 pr/h _ —2ah 2
o = 5 [ — dt.
27 J_gyn \1 —2e=%" cos hg + e=2h

This result can also be verified by direct evaluation of the integral using contour
integration. O

Fourier Analysis and Partial Differential Equations

We conclude this section by using the tools of Fourier analysis to study partial differential
equations. In the next sections we use similar tools to study the stability of finite difference
schemes. If we differentiate the Fourier inversion formula (2.1.2) we obtain

ou 1 O re
a(x) = —m/ e iw ii(w) do,
—o0

and from this we conclude by (2.1.1) that the Fourier transform of the derivative of u(x)
is iw i(w), ie.,

o

(—)(a)) =iw i(w). (2.1.9)
0x

The relation (2.1.9) shows the real power of the Fourier transform: under the trans-
form the operation of differentiation is converted into the operation of multiplication. The
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coupling of calculus, i.e., differentiation, with algebra, i.e., multiplication, gives us ma-
chinery to solve more easily many difficult problems in the theory of differential equations
and difference schemes. The important results of the next section on stability and those of
Chapter 9 on well-posedness use the Fourier transform to reduce questions about schemes
and differential equations to questions in algebra; for example, we show in Section 4.3 that
a multistep scheme is stable if the roots of a certain polynomial are all inside the unit circle.

An important consequence of (2.1.9) is that, by Parseval’s relations, u(x) has L?
integrable derivatives of order through r if and only if

o0
/ A+ o) li(w)|? do < co.
—0oQ

This is because
0" u(x)
0x

2 00
dx:/ || i(w)|? do .

o0
\/;OO —0oQ
We define the space of functions H”, for each nonnegative value of r, as the set of
functions in L2(R) such that the norm

00 1,2
lull e = (f 1+ [0l (@) dw)

—00

is finite. Notice that the norm on H° is the same as the L2 norm.
We also define the expression || D"ul| by

ron2 Ry
1D ull” = u(x)

oo | 0X"

2
dx

o0
_ / 0l (7@ do,

—0o0

where the integral over x is defined only when r is an integer, but we define ||D"u| by
the last integral when r is not an integer.

We now apply Fourier analysis to the initial value problem for the one-way wave
equation (1.1.1). We begin by transforming only in the spatial variable. We obtain for
i(t, w) the equation

i = —iaw U, (2.1.10)

which is an ordinary differential equation in ¢. This equation is easily solved and, using
the initial data, the solution is

0(t, w) = e iy (w).

We now show that the initial value problem for (1.1.1) is well-posed according to
Definition 1.5.2. By the use of Parseval’s relation and this last relationship, we immediately
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obtain, using |e™19?"| =1,

/oo lu(t, x))? dx = /OO li(t, ®))? do

—00 —0o0
o] . o] oe]
=/ le ™9 o ()] dw=/ liig(w)|* dw=/ luo(x)|* dx.
—00 —00 —00
(2.1.11)

The equality of the first and last integrals in (2.1.11) can be easily established by the solution
formula (1.1.2), however the method of (2.1.11) can be used to prove results for more
general partial differential equations. A more general discussion of well-posed initial value
problems occurs in Chapter 9. Much of the analysis uses the same ideas used in (2.1.11),
which are to switch to the equation for the Fourier transform, obtain some estimates for
the norm of the transform, and then use Parseval’s relation to obtain information about the
solution of the partial differential equation.

The Fourier Transform in Higher Dimensions

The Fourier transform is defined for higher dimensions by the formula

1
- (ZJT)N/Z

i(w) / e 1%y (x) dox, (2.1.12)
RN

where both x and @ are variables in R". The inner product w - x is the usual inner
product in R". The inversion formula is given by

1 iwx A
ulx) = W/I;Ne i(w)dow.

Similar formulas hold for the discrete transforms; they are
~ 1 —ihm-& N
(€) = W Z e’ Um h
meZN

for & e[—n/h, n/h]N, and the inversion formula is

1 /= ihm-& ~
Up = ——— e (&) dE.
" QOON2 Y

Parseval’s relation also holds for higher dimensions.

Almost all the techniques we use for one-dimensional problems carry over to higher
dimensions without much difficulty. We restrict much of our analysis to the one-dimensional
case for simplicity, leaving the higher dimensional cases to the exercises.
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Exercises

2.1.1.

2.1.2.
2.1.3.

2.14.

2.1.5.

2.1.6.

2.1.7.

Check the following list of transforms and determine for which values of r they are
in H" :

u(x) i(w)
ol [2_1
71+ w?
e—axz/Z Le—w2/2a

Ja

2
xe—lxl T e
7 (14 w?)?
2
x|e~ ¥l /3 L
7 (14 w?)?

x% e ifx >0,
u(x) =

0 ifx <0

1 r'+a)
V2 (1 +iw)ite

Show that if u isin H", then % isin H™1,

Show that if #(w) satisfies the estimate
i (@)] < Ce™,

then u(x) is an infinitely differentiable function.

Use an argument similar to that used in (2.1.11) to show that the initial value problem
for the equation u; = u,y, is well-posed.

Use an argument similar to that used in (2.1.11) to show that the initial value problem
for the equation u; + u, + bu = 0 is well-posed.

Show that if the function u(x) isin L2(R) and its transform satisfies
lii(w)| <

1+ o’

for some constant C, then the first and second derivatives of u exist and are bounded
functions.

Show that if u(x) isin L'(R), then @i(w) is a continuous functionon R. Show that
lilloe < m)~Y2|lull;. (See Appendix B for the notation.) Prove an equivalent
relation for grid functions.
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2.1.8. The Schwartz class S is defined as the set of all C*° functions f on R such that

for each pair of integers (a, 8) the function (1 + |x|%) (%)ﬁf(x) is bounded.
Show that the Fourier transform of a function in S is alsoin S.

2.1.9. Finite Fourier Transforms. For a function v, defined on the integers, m =
0,1,..., M — 1, we can define the Fourier transform as
M—1
g =Y e 2mmMy,  for=0,....M—1.
m=0
For this transform prove the Fourier inversion formula
| M-l
_ 2iglm/M A
vn = e b,
=0
and the Parseval’s relation

M—1 1 M—1

2 _ & )
D loml? =2 D7 Il
m=0 £=0

Note that v, and ¥y can be defined for all integers by making them periodic with

period M.
2.1.10. Finite Fourier Transforms. If M is an even integer, one can define the cosine and
sine transforms of a function v,, defined for the integers m =0,1,..., M — 1 by
defining

M
m=0
M—1
2wl M
ﬁ2=Zsm<7§Wm> v, forl=1, ,7—1
m=0

Show that v, as defined in Exercise 2.1.9 satisfies
M
O¢ = 05 — iD; f0rl:0,...,7,
~ N L AS M
Vg =V _p +ily_, forl=?+1,...,M—1,

and then show that

1 . R 2 < 2mlm\ L (2mem\ .
U = M(US + (=" 0) + M ; cos <T) Uy + sin (7) v;

form=0,...,M—1.
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2.1.11. Use the multidimensional Fourier transform (2.1.12) to prove that the initial value
problem for the equation
u; +aux +buy, =0

is well-posed. (See (2.1.11).)

2.1.12. Prove the “uncertainty principle” inequality:
o o0 R o o0 R
[ irwra [ iferdo<d irwpax [ oo do.
—00 —00 —00 —0o0

Deduce that both the function and its transform cannot be concentrated at the origin.

2.2 Von Neumann Analysis

An important application of Fourier analysis is the von Neumann analysis of stability of
finite difference schemes. With the use of Fourier analysis we can give necessary and
sufficient conditions for the stability of finite difference schemes. The resulting method is
easier to apply and is more generally applicable than are the methods used in the examples
at the end of Chapter 1.

We illustrate the method by considering a particular example and then discussing
the method in general. Through the use of the Fourier transform the determination of the
stability of a scheme is reduced to relatively simple algebraic considerations. We begin by
studying the forward-time backward-space scheme

pitl g vy — v
+ =0, 2.2.1
K T @2.1
which can be rewritten as
o = (1 —anl Far v, (2.2.2)

where A = k/h. Using the Fourier inversion formula (2.1.6) for v", we have

no_ 1 I imhg an
o = E/ﬂ/he 8" (&) ds.
and substituting this in (2.2.2) for v}, and vﬁl_l, we obtain
ntt _ 1 m/h imhé —ihEan
v, = E/n/he [(1 —ak) +ake ]v (&) dé¢. (2.2.3)

Comparing this formula with the Fourier inversion formula for v"*!,

+1 L e g
VT = —/ e!™s T (E) dE,
" N2 J—n/h 5 ds
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and using the fact that the Fourier transform is unique, we deduce that the integrand of
(2.2.3) is the same as that in the inversion formula. We then have that

ﬁn-‘rl(s) — I:(l —(1)\.) +a}\'e—ih§:i| {)n(%-)
(2.2.4)
= g(h&) 0" (&),

where
g(h&) = (1 — a)) + are ™5,

The formula (2.2.4) shows that advancing the solution of the scheme by one time step is
equivalent to multiplying the Fourier transform of the solution by the amplification factor
g(h&). The amplification factor is so called because its magnitude is the amount that the
amplitude of each frequency in the solution, given by 9" (£), is amplified in advancing the
solution one time step. From (2.2.4) we obtain the important formula

0"(8) = g(h&)"1°(8). (2.2.5)

Note that the superscript on v is an index of the time level, while on g it is a power.

By means of the Fourier transform every one-step scheme can be put in the form
(2.2.5), and this provides a standard method for studying the wide variety of schemes. All
the information about a scheme is contained in its amplification factor, and we show how to
extract important information from it. In particular, the stability and accuracy of schemes
is easy to determine from the amplification factor.

We now use formula (2.2.5) to study the stability of scheme (2.2.1). This analysis is
analogous to that displayed in equation (2.1.11) to study the well-posedness of the initial
value problem for equation (2.1.10). By Parseval’s relation, (2.1.8), and (2.2.5),

w/h

Y e[ iR

m=—00 —n/h

w/h
_ / TP ©)F de.

—7T/

Thus we see that the stability inequality (1.5.1) will hold, with J =0, if | g(h&)|*" is
suitably bounded. We now evaluate |g(h&)|. Setting 6 = h&, we have

g =1 —a)) +are ™ = (1 —ar) +arcos® — iaksiné.

To evaluate |g(0)|> we add the squares of the real and imaginary parts. We also make use
of the half-angle formulas for the sine and cosine functions. These are

1 —cos¢g = 2 sin? %(p and sing = 2sin %(p cos %(p.
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‘We then have
18> = (1 —ar +arcosO)? +a’r?sin’ 0

= (1 — 2axsin® $0)? + 4 a®A? sin® 16 cos? 10

(2.2.6)

=1 —4a) sin® %9 + 46,2 sin* %9 + 4a*)? sin? %9 cos® %9
221

=1—4ai(l —ak)sin” 50.

We see from this last expression that |g(6)| is bounded by 1 if 0 < aA < 1; thus by
(2.2.9),

et w/h
Ryl s [ e

m=—00 n/

o
=h Y Il

m=—00

and the scheme is stable by Definition 1.5.1.

Figure 2.3. The image of g(0) for the forward-time backward-space scheme.

Figure 2.3 shows the set of points marked out by g(6) as 6 varies for the case
with ai = 0.8 . These points lie within the unit circle because the scheme is stable. By
consistency we must always have g(0) = 1.

However, if a) is not in the interval [0, 1] and A is fixed as 2 and k tend to zero,
then |g(0)| is greater than 1 for some values of 6, and the scheme is unstable, as we
show next.
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The Stability Condition

The exact condition for stability of constant coefficient one-step schemes is given in the
next theorem. Although in the example we have just considered, the amplification factor
g was a function only of 0 = h&, in general g will also depend on & and k. Also,
we have considered schemes only for equation (1.1.1), and yet our definition of stability,
Definition 1.5.1, applies to more general partial differential equations that are first order in
the differentiation with respect to time. To allow for more general equations, we have to
allow the magnitude of the amplification factor to exceed 1 by a small amount.

Theorem 2.2.1. A one-step finite difference scheme (with constant coefficients) is stable in
a stability region A if and only if there is a constant K (independent of 6, k, and h )
such that

g0, k, h)| <1+ Kk (2.2.7)

with (k,h) € A. If g(0,k, h) isindependent of h and k, the stability condition (2.2.7)
can be replaced with the restricted stability condition

lg@| < 1. (2.2.8)

This theorem shows that to determine the stability of a finite difference scheme we
need to consider only the amplification factor g(h&). This observation is due to von Neu-
mann, and because of that, this analysis is usually called von Neumann analysis.

Before proceeding with the proof of this theorem, we consider some examples that
use the special condition (2.2.8).

Example 2.2.1. We consider the forward-time forward-space scheme (1.3.1), for which
gh&) =1+ar— akeihg,

where a is positive and A is constant. This formula is obtained in the same fashion as
(2.2.4); we have that

Igl* = 1 +4ar(1 + ak) sin® 16.

If X is constant, then we may use the restricted stability condition (2.2.8), and we see that
|g| is greater than 1 for 6 not equal to 0, and therefore this scheme is unstable. Recall
that by Example 1.4.3 we know that this scheme is not convergent.

If a is negative, then the forward-time forward-space scheme is stable for —1 <
ar 0.0

We needn’t write out the integrals and obtain expressions such as (2.2.3) to obtain the
amplification factor g. A simpler and equivalent procedure is to replace v/, in the scheme
by g"¢!™® for each value of n and m. The resulting equation can then be solved for the
amplification factor.
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Example 2.2.2. We use the forward-time central-space scheme (1.3.3),

_vn

v m—1 -0
- 9

n+1 n n
v v 1
m m +a m—+

k 2h

to illustrate this procedure. Replacing v}, by g"e!™? | the preceding expression is trans-
formed to

gn+leim0 _ gneimﬂ gnei(erl)Q _ gnei(mfl)e
a
k + 2h
17 —if
n im0 8~ 1 e’ —e
= = O’
g'e ( 3 +a o )

which gives the amplification factor as
g=1—iaksinf

with A = k/h. This method of obtaining the amplification factor is certainly easier than
the earlier analysis.
If A is constant, then g is independent of # and k and

18(0)> = 14 a’x? sin’6.

Since |g(#)] is greater than 1 for 6 not equal to O or 7, by Theorem 2.2.1 this scheme
is unstable. O

The determination of the amplification factor by replacing v, by g"e™? is not to
be regarded as merely looking for solutions of the difference scheme that have the form
V" = g"e™?. The replacement of v by g"e™’ is a shortcut in the method used at the
beginning of the section, in which we proved that all solutions of the one-step difference
scheme were given by formula (2.2.5), and this proof gave the form of the amplification
factor. That same procedure can be applied to any one-step scheme to determine the form
of the amplification factor. A rearrangement of the manipulations used to determine the
amplification factor shows that the two procedures are equivalent in determining the form
of the amplification factor.

Example 2.2.3. As an example of a scheme that requires the more general condition (2.2.7),
we consider the modified Lax—Friedrichs scheme for

u;+auy —u =0, (2.2.9)

given by
n+l _ 1 (,n n n o
Um 2 (vm—H + vm—l) + avm+l Um—1 _
k 2h "

This scheme has the amplification factor

g6, k,h) =cosf —iaksinf +k
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and
1g1? = (cos O + k) + a®A%sin’ 0
< (14+k)?

if lai| < 1. Notice that since (2.2.9) has solutions that grow with ¢ (see Section 1.1), any
consistent, stable scheme for (2.2.9) must have |g| larger than 1 for some values of 6. O

' As the examples show, the amplification factor g(6, k, h) is an algebraic function
of ¢/?, and it is a continuous function of all of its arguments. We will always assume that
g0, k, h) is a smooth function of all of its arguments.

Proof of Theorem 2.2.1.  We have, by Parseval’s relation and the definition of g,
that

w/h
)12 =f lg(h, k, h)[*"0°(&)|* dt.

—n/h

If |g(h&, k, h)| <1+ Kk for (k,h) € A, we have

w/h
AL sf (KR O P e

-7/

= (1 4+ K™ [°)3.

Now n < T/k, so

14+ K" < (1+ Kk)T/k < KT,

Therefore, [[v"], < eXT |00, whichis (1.5.1), and thus the scheme is stable in A.

We now prove that if inequality (2.2.7) cannot be satisfied for (k, h) € A for any
value of K, then the scheme is not stablein A. To do this we show that we can achieve any
amount of growth in the solution; i.e., we show that the stability inequality (1.5.1) cannot
hold.

If for some positive value C there is an interval of 6 ’s, 6 € [61, 62] and (k, h) € A

with |g(@, k, h)| > 1 4+ Ck, then we construct a function v,% as

) 0 it hE ¢ [01, 621,
'U =
Vh6 — 6171 if hE € [61, 6],
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Notice that |[0°]|; is equal to 1. Then

w/h
Bl =f lsths k. mP"1008) 1 dg

02/ h o h
= lg(h&, k, )| ——— d&
/el/h 8 0, — 0

v

(1 + Ck)*"

1

27C 1,02
—e v
2 o™l

v

for n near T /k. This shows the scheme to be unstable if C can be arbitrarily large. Thus
the scheme is unstable if there is no region in which g(6, k, 1) canbe bounded as in (2.2.7).
The proof of condition (2.2.8) is very easy and is similar to the proof of Theorem 2.2.3, so
we omit the proof here. [I

Corollary 2.2.2. If a scheme as in Theorem 2.2.1 is modified so that the modifications
result only in the addition to the amplification factor of terms that are O (k) uniformly
in &, then the modified scheme is stable if and only if the original scheme is stable.

Proof. If g is the amplification factor for the scheme and satisfies |g] < 1 + Kk,
then the amplification factor of the modified scheme, g’, satisfies

gl =g+ O0Wk) < 1+Kk+Ck=1+K'k.

Hence the modified scheme is stable if the original scheme is stable, and vice versa. [
The use of Theorem 2.2.1 and Corollary 2.2.2 allows one to determine the stability
of all the schemes we have discussed so far, with the exception of the leapfrog scheme,
which is not a one-step scheme. Stability for the leapfrog scheme and other multistep
schemes is discussed in Chapter 4.
The following theorem shows how to reduce further algebraic manipulation in eval-
uating |g| and determining the stability of a scheme.

Theorem 2.2.3. A consistent one-step scheme for the equation
U +auy +bu =0

is stable if and only if it is stable for this equation when b is equal to 0. Moreover, when
k = Ah and )\ is a constant, the stability condition on g(h&,k, h) is

1g(6,0,0)| < 1. (2.2.10)
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Proof. Because of consistency it is easy to see that the lower order term bu con-
tributes to the expression for g only terms that are proportional to k. By Corollary 2.2.2
the removal of these terms does not affect the stability of the scheme.

Using the Taylor series in k and &, we must have

g0, k,h) =g(0,0,0)+ O(h) + O(k),

and if h = A~ 'k, then the terms that are O(h) are also O(k). Moreover, since 6 is
restricted to the compact set [—m, w], the O (k) terms are uniformly bounded. Thus by
Corollary 2.2.2 the stability condition is

1g(6,0,0)] < 1+ Kk

for some constant K. But the left-hand side of this relation is independent of k, and
the inequality must hold for all small positive values of k. We have, therefore, that the
preceding estimate holds if and only if

1g(6,0,0)] = 1.

This same reasoning proves the last assertion of Theorem 2.2.1. 0

Because of Theorem 2.2.3 we usually write g as a function only of hé&, i.e., g(hf),
and do not display the dependence on & and k. It is important to realize that the stability
condition (2.2.10) cannot be used in all cases.

Note that the stability condition (2.2.7) is equivalent to

lgl?> < 1+ K'k 2.2.11)
for some constant K’. If (2.2.7) holds, then
lg)> < 1+2Kk+k*> < 1+ Q2K + ko) k.
Similarly, if (2.2.11) holds, then
gl < (1+K'K)" < 14+ 1K'k

For many schemes it is easier to work with |g|* rather than with |g| itself.
We now present several examples to illustrate the various ideas discussed in this
section.

Example 2.2.4. We perform von Neumann analysis for the Lax—Friedrichs scheme of
Example 2.2.3. The scheme is stable if and only if the scheme is stable without the undif-
ferentiated term. For this case

g(6) =cosfB —iak sinb,

and
1g1? = cos? 6 + a’A? sin® 6 (2.2.12)

We see that |g(6)] is less than or equal to 1 if and only if |aA| < 1. Thus the Lax—
Friedrichs scheme with A constant is stable if and only if |al| < 1. As shown in Example
1.4.2, the Lax—Friedrichs scheme is consistent only if k~1h? tends to zero with k and h.
We have that k~'h% = kA2, and thus if A is constant and |aA| < 1, the scheme is both
stable and consistent. O
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Figure 2.4. The image of g(0) for the Lax—Friedrichs scheme.

Figure 2.4 displays the set of points of g(@) for the Lax—Friedrichs scheme. Compare
this with the set shown in Figure 2.3. Notice that the graph of g(6) touches the unit circle
in two places. It touches at both 1 and —1, because g(w) = —1 for the Lax—Friedrichs
scheme.

Example 2.2.5. Some schemes are easier to understand or implement if they are written as
two separate steps. We now give an example of this, using the forward-time central-space
scheme with a smoothing operator for the one-way wave equation. The scheme is

B = v — Lah (vl — v ) RS (2.2.13)

n+l _ 1 /~n+1 ~n+1 ~n+1
v, = Z(va + 20,7 +v,")).

To apply von Neumann analysis to this scheme, we could eliminate all reference to the
intermediate quantity 9, obtaining an equation for v”-*! in terms of v, for m’ ranging
from m — 2 to m + 2. We use an equivalent and simpler procedure, which is to replace
all occurrences of 3'+! by gg"e™? as well as the usual replacement of v, by g"e™?.

Notice that we also ignore the f,; term in the stability analysis. We obtain
g=1—iaksinf
and

g %(1 + cos6)g = g cos® %0.

We then obtain

lgl* = g1*cos® 160 = (1 + a®A? sin” 0) cos* 16 .
If we take A to be constant, then the stability requirement is that g have magnitude at
most 1. For stability we must satisfy

(1 +a*2*sin?#)cos* 16 < 1
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or
(1 +4a*)*sin® 10 cos® 10) cos* 10 < 1,

which is equivalent to
4a%)? sin? %9 cos? %9 cos? %9 < 1- cos? %0
= (1 — cos’ %9)(1 + cos? %9)

= sin® }6(1 + cos® 10).

Canceling the common nonnegative factor of sin? %9, we obtain the condition
4a®)\2 cos® %6’ <1+ cos? %6’,

which must hold for all values of 6. We first consider the particular case of 6 equal to 0,
obtaining the necessary condition that

a’a? < 1. (2.2.14)

We now show that this condition is also sufficient, i.e., that 6 equal to O is the “worst
case.” Assuming that (2.2.14) holds, and using the fact that cos? %9 is at most 1, we have

4a*2* cos® 16 < 2cos? 10 < 1+ cos? 16 .

Thus the forward-time central-space scheme with the smoother (2.2.13) is stable if and only
if

1
lar| = —.
2

This scheme is not recommended for use in actual computation. For example, it requires
more work per time step than does the Lax—Friedrichs scheme, and the time-step limitation
is more severe. The forward-time central-space scheme (1.3.3), without the smoother, is
unstable; see Example 2.2.2. O

Example 2.2.6. An interesting example of the relation between consistency and stability is
a scheme for the equation
Uy +auxxx == f (2215)

obtained by applying the ideas of the Lax—Friedrichs scheme (1.3.5). The scheme is
vt = Ll A up ) = Sakh T, — 200+ 20—l y) +kf (2.2.16)

This scheme is consistent with equation (2.2.15) if k~1h? tends to zero as h and k tend
to zero; see Exercise 2.2.3. This is similar to the result for the Lax—Friedrichs scheme as
discussed in Example 1.4.2.
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The amplification factor for the scheme (2.2.16) is
g(0) = cos 6 + 4akh™i sin 0 sin® 16,
and it is easily shown (see Exercise 2.2.3) that the scheme is stable only if
4)alkh™3

is bounded.

The consistency condition, that k~1h? tend to zero, and the stability condition, that
4akh—3 be bounded as k and & tend to zero, cannot both be satisfied. Thus, this scheme
is not a convergent scheme, since it cannot be both consistent and stable. O

Exercises

2.2.1. Show that the backward-time central-space scheme (1.6.1) is consistent with equation
(1.1.1) and is unconditionally stable.

2.2.2. Show that if one takes A = k!/2, i.e., k = h?, then the forward-time central-space
scheme (1.3.3) is stable and consistent with equation (1.1.1). (See Example 2.2.2.)

2.2.3. Verify the consistency and stability conditions of scheme (2.2.16) as given in Exam-
ple 2.2.6.

2.2.4. Show that the box scheme

1 ' u
b [(vf,;rl oty — o + v;}m)] + 57 [(”31111 —yy L, — Uﬁ,)] _
is consistent with the one-way wave equation u; + au, = f and is stable for all
values of A.

2.2.5. Show that the scheme

n

n+l n n _ n n o _
Un = — Up U2 3vm—H + 3vm Um—1 n
+a = fn

k h3

is consistent with the equation (2.2.15) and, if v = kh=3 is constant, then it is stable
when 0 <av < 1/4.

2.2.6. Determine the stability of the following scheme, sometimes called the Euler back-
ward scheme, for u; + auy = f:

n+1/2 ai

U =0y, — 7(%“ —ul )+ ko,
il _ o Ghnk12 12y ont
U _vm_7(0m+l VU )+ fm :

The variable v"!/2 is a temporary variable, as is ¥ in Example 2.2.5.
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2.2.7. Using von Neumann analysis, show that the reverse Lax—Friedrichs scheme of
Exercise 1.6.3 is stable for |aA| greater than or equal to 1.

2.3 Comments on Instability and Stability

An examination of the solutions of unstable finite difference schemes shows that instability
is related to high-frequency oscillations. An example is seen in Figure 1.7 for the Lax—
Friedrichs scheme applied to the one-way wave equation with aA equal to 1.6. The ampli-
fication factor for this scheme has magnitude given by |g(0) |2 = cos? 0 + a?A?sin? 6. The
maximum value of |g(0)]| is attained at 6 equalto /2, where |g| is 1.6. An examination
of the ratios of the norms ||v" ||, / [Vl or of the ratio of the maximum magnitudes of

v" shows that these ratios are close to 1.6.

Moreover, the pattern of the instability in Figure 1.7 shows the strong presence of
the frequency h~'m/2 associated with 6 equal to 7/2. Notice that 6 equal to /2
represents waves such as v,, = ¢ sinmm /2, which have a wavelength of 44 on a finite
difference grid. The forward-time central-space scheme (1.3.3) shows a similar pattern,
since it also has the maximum of |g(f)| attained at 6 equal to 7 /2.

The forward-time forward-space scheme (1.3.1) is unstable for a positive, and it
attains the maximum value of |g(0)| at 6 equal to 7; see Example 2.2.1. The pattern of
the instability associated with this scheme is different than that associated with the two other
schemes just mentioned; see Exercise 2.3.1. The instability is represented by disturbances
of the form v,, = ¢(—1)" = e cosmm, with a wavelength on the grid of 2h.

Instability is seen to be the rapid growth of high-frequency modes in the solution of
the finite difference solution. It follows, then, that instability is evident sooner with initial
data that contains larger amplitudes for its high frequencies. Based on the properties of
the Fourier transform in Section 2.1, we conclude that instability will be evident sooner
with initial data that is not smooth. This is indeed the case, as is easily demonstrated (see
Exercise 2.3.2).

An important point that is related to the previous discussion is that instability is
essentially a local phenomenon. This can be seen somewhat in Figure 1.7, where the
oscillations arise at the points where the derivative of the solution is discontinuous. Of
course, the oscillations caused by the instability propagate to other regions, which can
ultimately make the disturbance seem to be global in extent.

The proof that instability is first seen at points of discontinuity requires a good under-
standing of Fourier analysis. It is also somewhat difficult to define the problem correctly.
Since this topic is not germane to our goal of understanding convergent and stable schemes,
we will not pursue it.

Understanding the nature of instabilities can help distinguish between the effects of
a programming error and the instability of a finite difference scheme. The effects of a
programming error can be quite global and not confined to regions in which there is a
discontinuity. The effects of instability will be oscillatory and will be most noticeable in
regions where the solution is least smooth.
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Stability Conditions for Variable Coefficients

The analysis of stability as done in the previous section does not apply directly to problems
with variable coefficients. Nonetheless, the stability conditions obtained for constant co-
efficient schemes can be used to give stability conditions for the same scheme applied to
equations with variable coefficients. For example, the Lax—Friedrichs scheme applied to
u; +a(t, x)uy =0 is

vt = 2y v )) — dalte, )AL, — V). 2.3.1)

The stability condition for this scheme is that |a(#,, x;,)|A < 1 be satisfied for all values
of (t,, x;,) in the domain of computation.

The general procedure is that one considers each of the frozen coefficient problems
arising from the scheme. The frozen coefficient problems are the constant coefficient
problems obtained by fixing the coefficients at their values attained at each point in the
domain of the computation. If each frozen coefficient problem is stable, then the variable
coefficient problem is also stable. The proof of this result is beyond the scope of this text;
the interested reader may wish to refer to the works of Kreiss [32], Lax and Nirenberg [36],
Michelson [41], Shintani and Toemeda [56], Yamaguti and Nogi [70], and Wade [67].

If the stability condition as obtained from the frozen coefficient problems is violated
in a small region, the instability phenomena that arise will originate in that area and will
not grow outside that area; see Exercise 2.3.3.

Numerical Stability and Dynamic Stability

The term stability is used in a number of contexts in applied mathematics and engineering,
and it is important to distinguish between the several uses of this term. The stability
of Definition 1.5.1 can be called the numerical stability of finite difference schemes. In
applied mathematics it is common to study dynamic stability, which refers to the property
of a system in which small variations from a reference state will decay, or at least not grow,
with time. Dynamic stability refers to the behavior of solutions as time extends to infinity,
whereas the numerical stability of a scheme always refers to the behavior of solutions over
a finite interval of time as the grid is refined.
To compare these two concepts, consider the equation

U +auy +bu =0 (2.3.2)

for x in R and t > 0. If the value of b is positive, then the equation can be said to be
dynamically stable since any solution will decay as ¢ increases. If b is negative, then
it is dynamically unstable, since solutions grow without bound as ¢ increases. (See the
discussion relating to equation (1.1.3) to verify these assertions.) For a finite difference
scheme for (2.3.2), the numerical stability is independent of the value of b, as shown by
Theorem 2.2.3. One can use any convergent scheme to compute solutions to (2.3.2) for
any value of b; however, a numerically unstable scheme applied to a dynamically stable
equation will not compute convergent solutions.
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Exercises

2.3.1.

2.3.2,

2.3.3.

Use the unstable forward-time forward-space scheme (1.3.1) for u; + u, = 0 with
the initial data
I —|x| if x| =1,

0 otherwise

up(x) = {

on the interval [—1,3] for 0 <7 < 1. Use a grid spacing of 0.1 and A equal
to 0.8. Demonstrate that the instability grows by approximately |g(w)| per time
step. Comment on the appearance of the graph of v/, as a function of m. Use the
boundary condition u(z, —1) = 0 at the left boundary and use vX,[H = v’,{,;:ll at the
right boundary.

Use the unstable forward-time central-space scheme (1.3.3) for u; + u, = 0 with

the following two sets of initial data on the interval [—1,3] for 0 < ¢ < 4:
L—|x| if x| <1,
0 otherwise

(@) up(x) = {

(b) up(x) = sin x.

Use a grid spacing of 0.1 and A equal to 0.8. Demonstrate that the instability
is evident sooner with the less smooth initial data (a) than it is for the smooth data (b).
Show that the growth in the instability for each case is approximately |g(7/2)|. For
(a) use the boundary condition u (¢, —1) = 0, and for (b) use the boundary condition
u(t,—1) = —sin(1 +1¢). Use v”M+] = v”A,IJr_]l at the right boundary.

Solve the initial value problem for equation
uy + (1 4+ 13 —0)A+x)uy = 0

on the interval [—1, 3] with the Lax—Friedrichs scheme (2.3.1) with A equalto 0.8.
Demonstrate that the instability phenomena occur where |a(z, x)A| is greater than
1 and where there are discontinuities in the solution. Use the same initial data as
in Exercise 2.3.1. Specify the solution to be 0 at both boundaries. Compute up to
the time of 0.2 and use successively smaller values of / to show the location of the
instability.



Chapter 3

Order of Accuracy of Finite
Difference Schemes

In this chapter we study schemes based on how accurately they approximate partial dif-
ferential equations. We present the Lax—Wendroff and Crank—Nicolson schemes, both of
which are second-order accurate schemes. A convenient method for deriving higher order
accurate schemes, as well as a convenient notation, is provided by the symbolic difference
calculus. We also discuss the effect of boundary conditions on the stabilty of schemes. The
chapter closes by presenting the Thomas algorithm for solving for the solution of implicit
schemes.

3.1 Order of Accuracy

In the previous two chapters we classified schemes as acceptable or not acceptable only
on the basis of whether or not they are convergent. This, via the Lax—Richtmyer equiva-
lence theorem, led us to consider stability and consistency. However, different convergent
schemes may differ considerably in how well their solutions approximate the solution of the
differential equation. This may be seen by comparing Figures 1.3.6 and 1.3.8, which show
solutions computed with the Lax—Friedrichs and leapfrog schemes. Both of these schemes
are convergent for A equal to 0.8, yet the leapfrog scheme has a solution that is closer to the
solution of the differential equation than does the Lax—Friedrichs scheme. In this section
we define the order of accuracy of a scheme, which can be regarded as an extension of the
definition of consistency. The leapfrog scheme has a higher order of accuracy than does
the Lax—Friedrichs scheme, and thus, in general, its solutions will be more accurate than
those of the Lax—Friedrichs scheme. The proof that schemes with higher order of accuracy
generally produce more accurate solutions is in Chapter 10.

Before defining the order of accuracy of a scheme, we introduce two schemes, which,
as we will show, are more accurate than most of the schemes we have presented so far. We
will also have to pay more attention to the way the forcing function, f(¢, x), isincorporated
into the scheme.

The Lax-Wendroff Scheme

To derive the Lax—Wendroff scheme [37] for the one-way wave equation, we begin by using
the Taylor series in time for u(t 4+ k, x), where u is a solution to the inhomogeneous

61
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one-way wave equation (1.1.1),
k2
u(t + ke, x) = u(t, ) + ki, ) + w80 + O,
We now use the differential equation that u satisfies,
uy = —auy + f,
and the relation
Uy = —Qugs + fr = aPurx — afc + fi

to obtain

a’k? ak? 2
u(t +k,x) =u(t,x) —ak u, (t,x) + U (t,x) +kf — fo + ?fz + OK>).

Replacing the derivatives in x by second-order accurate differences and f; by a forward
difference, we obtain

u(t + k, x) =u(t, x) M ) —ult x — )

2h
n a?k® u(t,x +h) — 2u(t, x) + u(t, x — h)
2 h?
k ak> [ft.x+h)— f(t,x —h)]
—|f@+k, t, - —
+3[f e+ + f.0] == >
+ O(kh?) + O (k).
This gives the Lax—Wendroff scheme
ai a)\?
ol =yt T(UgH*l — v+ T(vfn‘i’l —2v, + v, _)
(3.1.1)
k aki
+ z(f,:,’Jrl + f) — T(frZ_H = 1)
or, equivalently,
o — +av§%+1 U1 ﬁ Vg1 = 205 + v )
k 2h 2 h?
(3.1.2)

1 k
= SUR ) = Uy = )

Figure 3.1 shows a comparison of the Lax—Wendroff scheme and the Lax—Friedrichs
schemes for the computation used in Example 1.3.1. The solution for the Lax—Wendroff
scheme is shown with circles; it is the one that has the greater maximum. In general, the
solution of the Lax—Wendroff scheme is closer to the exact solution, which is also shown.
Notice that the solution to the Lax—Wendroff scheme goes below the x-axis, while the
solution of the Lax—Friedrichs scheme is always on or above the axis.
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05 |-

Figure 3.1. Comparison of the Lax—Wendroff and Lax—Friedrichs schemes.

The Crank-Nicolson Scheme

The Crank—Nicolson scheme is obtained by differencing the one-way wave equation (1.1.1)
about the point (# + k/2, x) to obtain second-order accuracy. We begin with the formula

" (t N %k,x) _ u(t +k,x) —u(t, x) L o).

k

We also use the relation

+ 0®k?)

1
Uy (t + -k, x

) _ux(t 4k, x) un(t, x)
5 =

2

2

2h + 2h

_1|:u(t+k,x+h)—u(t+k,x—h) u(t,x+h)—u(t,x—h):|
+ 0% + 0(h?).
Using these approximations for u; + auy, = f about (t + k/2, x), we obtain

n+1 n n+l _  n+l n o n+1 n
U = — Uy +avm+1 Uin—1 + Um+1 Un—1 — fm + fm

k 4h 2

(3.1.3)
or, equivalently,

ai air
—

k
7 U1 T U + 2 m—1 z(f,ﬁ“ + /). (3.1.4)

A comparison of the Crank—Nicolson scheme and the backward-time and central-
space scheme (1.6.1) is given in Figure 3.2.
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Figure 3.2. Comparison of two implicit schemes.

The solution for the initial data and exact solution is a saw-tooth curve and the exact
solution is shown in the figure. The solution of the Crank—Nicolson scheme is shown with
circles and is the solution closer to the exact solution. The solution to the backward-time
central-space scheme is shown with squares marking the discrete points. In general, the
Crank—Nicolson scheme has more accurate solutions than does the backward-time central
scheme.

As we see from these two schemes that we have derived, a scheme for the partial
differential equation Pu = f can be written in general as Py ,v = Ry f in a natural
way, where each expression Py v and Ry f evaluated at a grid point (#,, x,,) involves
only a finite sum of terms involving v”;: , or f ’Z: respectively. We are now able to give
our first definition of the order of accuracy of a scheme.

Definition 3.1.1. Ascheme Py pv = Ry f thatis consistent with the differential equation
Pu = f is accurate of order p in time and order q in space if for any smooth function

(1, x),
Pin¢ — RenPo = O(k?) + O(h?). (3.1.5)

We say that such a scheme is accurate of order (p, q).

If we compare this definition with Definition 1.4.2, we see that consistency requires
only that Py ¢ — P¢ be o(1), whereas Definition 3.1.1 takes into consideration the
more detailed information on this convergence. The operator Ry j is required to be an
approximation of the identity operator by the requirement that P j be consistent with P.
The quantity Py ¢ — Ry p P¢ is called the truncation error of the scheme.

Example 3.1.1. We illustrate the use of this definition by showing that the Lax—Wendroff
scheme (3.1.2) is accurate of order (2,2). We have, from (3.1.2),

Pind = :ln-H_ I”:l_"_a mtl ~ P _ﬁ(¢§1+1_2¢$+¢2—1)

p o > ) (3.1.6)

and . L
n n a n n
Renf = S U™+ 1) = Uy = o) - (.1.7)
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As before, we use the Taylor series on (3.1.6) evaluated at (#,, x,,,) to obtain

k a’k ) 5
Pk,h¢=¢t+§¢tt+a¢x_T¢xx+0(k )+ O(h”). (3.1.8)

For a smooth function f(z, x), (3.1.7) becomes

k ak 5 2
Rinf=f+ Eft - fo + O”) + O(h”),
andif f = ¢; + apy = P¢, thisis

k k ak a’k ) )
RinPo = ¢ +agy + §¢n + Ea¢xt - 7¢xt - T¢xx + O(k") + O(h?)

2k
= ¢ +apy + Iid)n _ brx + OK?) + O(h?),

2 2
which agrees with (3.1.8) to O (k%) + O (h?). Hence the Lax—Wendroff scheme (3.1.2) is
accurate of order (2,2). O

n
m?

We also see from this analysis that the Lax—Wendroff scheme with Ry, f; =
ie.,

ai a’x?
=, - 5 (V1 = V1) T —5— (U = 205 v g) +h S (B3.19)
is accurate of order (1, 2).

Notice that to determine the order of accuracy we use the form (3.1.2) of the Lax—
Wendroff scheme rather than (3.1.1), which is derived from (3.1.2) by multiplying by &
and rearranging the terms. Without an appropriate normalization, in this case demanding
that Px pu be consistent with Pu, we can get incorrect results by multiplying the scheme
by powers of k or h. Anequivalent normalization is that Ry ; applied to the function that
is 1 everywhere gives the result 1, i.e.,

Repl=1. (3.1.10)

Definition 3.1.1 is not completely satisfactory. For example, it cannot be applied
to the Lax—Friedrichs scheme, which contains the term k’lhzqﬁxx in the Taylor series
expansion of Py p¢. We therefore give the following definition, which is more generally
applicable. We assume that the time step is chosen as a function of the space step, i.e.,
k = A(h), where A is a smooth function of 42 and A(0) = 0.

Definition 3.1.2. A scheme Py v = Ry f with k = A(h) that is consistent with the
differential equation Pu = f is accurate of order r if for any smooth function ¢(t, x),

Pend — RenPo = O(h").



66 Chapter 3. Order of Accuracy of Finite Difference Schemes

If we take A(h) = Ah, then the Lax—Friedrichs scheme (1.3.5) is consistent with the
one-way wave equation according to Definition 3.1.2.

Symbols of Difference Schemes

Another useful way of checking for the accuracy of a scheme is by comparing the symbols
of the difference scheme to the symbol of the differential operator. Using the symbol is
often a more convenient method than that given in Definitions 3.1.1 and 3.1.2.

Definition 3.1.3. The symbol pi (s, &) of a difference operator Py, is defined by

Pk’h(eskneimhé) — Pk,h(S, E)eskneimhé.

That is, the symbol is the quantity multiplying the grid function e**"e!™hé

on this function with the difference operator.

after operating

As an example, for the Lax—Wendroff operator we have

sk

. 2
k
+ P inne 4245

1
-2
p Y ) sin Ehé

Dr,n(s, &) =

and )
5.6) = 2 1 1) — 9K G ne
ren(s, &) = = - — .
LA 2 2h

The normalization (3.1.10) means

rk.n(0,0) = 1.

Definition 3.1.4. The symbol p(s, &) of the differential operator P is defined by

P(esteiéx) — p(s, %.)esteiéx.

)

That is, the symbol is the quantity multiplying the function e’
function with the differential operator.

e!*§ after operating on this

In checking the accuracy of a scheme by using Taylor series and Definition 3.1.1, it is
seen that the derivatives of ¢ serve primarily as arbitrary coefficients for the polynomials
in & and k. The powers of the dual variables s and £ can also serve as the coefficients
of h and k in the definition of accuracy, as the following theorem states.

Theorem 3.1.1. A scheme Py v = Ry [ thatis consistent with Pu = f is accurate of
order (p, q) if and only if for each value of s and &,

Pih(s, &) — rin(s, £)p(s, §) = OK”) + O(h7), (3.1.11)

or equivalently,
Prh(s, &)

p(s, &) = O(kP) + O(h?). (3.1.12)
Tin(s, &)
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Proof. By consistency we have for each smooth function ¢ that
Prngp — Po
tends to zero as & and k tend to zero; see Definition 1.4.2. Taking
B, x) = e'lels*,

we have that
Pk.h(s, &) — p(s, &) = o(1) (3.1.13)

for each (s, &).
From Definition 3.1.1 for the order of accuracy and using this same function for
¢ (t, x), we have—by the definition of the symbol—that

Pk (s, &) — i n(s, E)p(s, &) = O(kP) + O(h?),

which is (3.1.11). Hence from (3.1.13) and (3.1.11) we have that
ren(s, ) =1+ 0(1), (3.1.14)

and by dividing (3.1.11) by r¢ (s, £), we obtain (3.1.12).

To show that (3.1.12) implies (3.1.5), we again have by consistency that (3.1.14)
holds, and hence (3.1.11) holds also. To obtain the Taylor series expansion for Py ¢, we
note that if

Pin(s. ) = > Ak, h)s(i£),

£,j=0

then
a€+j¢
attoxs’

Pinp = Y Agjk, h)

£,j>0
Therefore, (3.1.5) follows from (3.1.12). O

Corollary 3.1.2. Ascheme Py pv = Ry f with k = A(h) thatis consistentwith Pu = f
is accurate of order r if and only if for each value of s and &

DPi,h (s, &)

— p(s.E) = O(h). 3.1.15
(s E) p(s, §) (h") ( )

In practice, the form (3.1.11) is often more convenient than is (3.1.12) or (3.1.15) for
showing the order of accuracy.

In Chapter 10 we show that if a scheme is accurate of order r, then the finite difference
solution converges to the solution of the differential equation with the same order, provided
that the initial data are sufficiently smooth.
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Example 3.1.2. As an example of using Theorem 3.1.1, we prove that the Crank—Nicolson
scheme (3.1.3) is accurate of order (2, 2). From (3.1.3) we have that

e —1 | ek 41 sinhe
Pkn(s, §) = r tia— I

and
esk +1

Ten(s, &) = >

The left-hand side of (3.1.11) for this case is

ek —1 ek 4 1sinhe  eF 41
K T T 2

(s +ia&). (3.1.16)

We could use Taylor series expansions on this expression, but the work is reduced if we
first multiply (3.1.16) by e~**/2. Since ¢~**/2 is O(1), multiplying by it will not affect
the determination of accuracy. We then have

esk/Z _ e—sk/Z L esk/Z + e—sk/Z sin h%’ esk/Z + e—sk/Z
ta —

k 2 h 2

(s +iak).  (3.1.17)

The Taylor series expansions of the different expressions are then

oSk/2 _ psk/2 3,2

s k
- 0 (k“),
X s+ o +
skj2 4 —sk/2 22
¢ +ze =1+S8 +0(k4>,

and

e O (),

Substituting these expansions in (3.1.17) we obtain
s3k2 ) Sszz ) %-3],12

s+iak + oy +ia 3 ia 5

2k2
- (1 + %) (s +iag) + O (K + h* + Kh%)

+0 (k4 Ty k2h2)
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Thus, the Crank—Nicolson scheme is accurate of order (2, 2).

Using Taylor series expansions directly on (3.1.16) instead of (3.1.17) would have
resulted in terms of order /4 and k in the expansion. These terms would have all canceled
out, giving the same order of accuracy. Working with equation (3.1.17) greatly reduces the
amount of algebraic manipulation that must be done to check the order of accuracy. Similar
techniques can be used on other schemes. O

Order of Accuracy for Homogeneous Equations

For many initial value problems one is concerned only with the homogeneous equation
Pu = 0 rather than the inhomogeneous equation Pu = f. In this case one can determine
the order of accuracy without explicit knowledge of the operator Ry ;. We now show how
this is done. It is important to make sure that our treatment of this topic applies to schemes
for systems of differential equations as well as to single equations.

We begin by extending the set of symbols we have been using. Thus far we have con-
sidered symbols of finite difference schemes and symbols of partial differential operators,
but we will find it convenient to extend the class of symbols.

Definition 3.1.5. A symbol a(s,&) is an infinitely differentiable function defined for
complex values of s with Re s > ¢ for some constant ¢ and for all real values of &.

This definition includes as symbols not only the symbols of differential operators and
finite difference operators, but also many other functions. Symbols of differential operators
are polynomials in s and &, and symbols of difference operators are polynomials in e**
with coefficients that are either polynomials or rational functions of e'#¢.

Definition 3.1.6. A symbol a(s, &) is congruent to zero modulo a symbol p (s, &), written

a(s,§) =0mod p (s, §),

if there is a symbol b(s, &) such that

a(s,§) =b(s, ) p (s, §).

We also write

a(s,§) =c(s,§) mod p (s, §)
if
a(s, s) - C(Sv g) = 0 mOd p (S’ ‘S;:)

We can now define the order of accuracy for homogeneous equations.

Theorem 3.1.3. Ascheme Py pv =0, with k = A(h), that is consistent with the equation
Pu = 0 is accurate of order r if

Pin(s, &) = O(h") mod p (s, §). (3.1.18)
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Proof. By Definition 3.1.6 the relation (3.1.18) holds if and only if there is a symbol
Tx.n(s, &) such that
Prn(s,8) = Fin(s,§)p (s, &) = O(h").

Since p (s, &) is a linear polynomial in s with coefficients that are polynomials in &
and since py (s, £) is essentially a polynomial in e’ with coefficients that are rational
functions of ¢%, it is not difficult to show that there is a symbol ry ,(s, &) such that

Tih(s, &) =Trn(s, &) + O(h")
and ry (s, &) is a polynomial in e** with coefficients that are rational functions of /.
The replacement of 7 5 (s, &) by ri (s, &) is not strictly necessary for the proof, but it is
important from the point of view of constructing an actual difference operator Ry ; whose
symbol is rx (s, &) and that can actually be used in computation.

If we wish to use the Taylor series method of Definition 3.1.1 for checking the accuracy
of homogeneous equations, then we can proceed in a way analogous to Definition 3.1.6 and
Theorem 3.1.3. Equivalently, we can show that if

P = O(h")

for each formal solution to P¢ = 0, then the scheme is accurate of order r. By saying
a formal solution, we emphasize that we do not require knowledge of the existence of
solutions or of the smoothness of the solution; we merely use the relation P¢ =0 in
evaluating Py p¢. As an example, for the Lax—Wendroff scheme for the homogeneous
equation (1.1.1), we have

2
St + k) = $(t, %) + kn (1, %) + ’%qsn(t, ¥+ 06

k2
= 9(t.x) + k[—ag. (1, )] + 5 (Phus ) + O)
= 6,0~ T (B x + )~ gt x — )]

242
+ % [p(t, x +h) —2¢(t, x) + ¢ (1, x — )] + O(K>) + Okh?).

Using this last expression in the formula for Py, given by (3.1.6) we see that the Lax—
Wendroff scheme is second-order accurate. In this derivation we have used the relations

¢y = —ay

and

2
¢tt = _a¢xt =a ¢xx-
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From the preceding expression we obtain the scheme (3.1.1) without the terms
involving f.

As is seen in Chapter 10, even for the homogeneous initial value problem it is im-
portant to know that the symbol ry , (s, &) exists in order to prove that the proper order of
convergence is attained.

We use symbols to prove the following theorem, proved by Harten, Hyman, and
Lax [29], about schemes for the one-way wave equation and other hyperbolic equations.

Theorem 3.1.4. An explicit one-step scheme for hyperbolic equations that has the form

o
vptt = " vy (3.1.19)

f=—00

for homogeneous problems can be at most first-order accurate if all the coefficients oy are
nonnegative, except for the trivial schemes for the one-way wave equation with al = ¢,
where £ is an integer, given by
n+l _ . n
Uy =V, (3.1.20)

Proof. 'We prove the theorem only for the one-way wave equation (1.1.1). As shown
in the discussion of Section 1.1, this is sufficient for the general case. The symbol of the
scheme (3.1.19) is
ek = Y ageitht

k

If we allow for a right-hand-side symbol r¢ (s, &) =1+ O (k) + O(h), the accuracy of
the scheme is determined by considering the expression

Pin(s, &) =

ek Y elthE

. -1+ 0Kk)+O0Mh)(s +iak).

If this expression is to be bounded as k tends to 0, we must have that this expression is
finite when s and £ are 0. This implies that

o0
Z ap = 1. (3.1.21)
l=—00
The terms in s to the first power agree, and the coefficients of ks will cancel only if

ren =1+ 3sk+ OEk) + O(h).

The only occurrence of terms with the monomial s&ék appears in the product of r , with
s +ia&, and these will cancel only if ryp =1+ %k(s —ia&) + O(h). Moreover, the
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term O (h) must actually be O (h?), since there is no term of the form sh coming from
the symbol of the scheme. The terms to the first power of & are

and this expression must be zero if the scheme is to be first-order accurate. This gives the

relation
o0

> b= —an (3.1.22)

{=—00

Next consider the terms that are the coefficients of £2. They are

To have second-order accuracy this expression must also be zero, giving

o0
> £ =ah2 (3.1.23)

{=—00

We now use the Cauchy—Schwarz inequality on these three relations (3.1.21),
(3.1.22), and (3.1.23), for the coefficients of the scheme. We have, starting with (3.1.22),

e¢]

Z ol

{=—00

00 2 o) %
< ( Z Ol@) ( agﬁz) = |aA|.
l=—00 {=—00

Since the first and last expressions in this string of inequalities and equalities are the same,
it follows that all the expressions are equal. However, the Cauchy—Schwarz inequality is
an equality only if all the terms with the same index are proportional. This means there
must be a constant ¢ such that

Y Jara

{=—o00

lai| =

N —

Jog b =cJoyg forall £,

and this implies that at most one o is nonzero. It is then easy to check that the only way
these relations can be satisfied is if aX is an integer, and the resulting schemes are the
trivial schemes (3.1.20). This proves the theorem. [J

An examination of equations (3.1.21), (3.1.22), and (3.1.23) shows that the Lax—
Wendroff scheme is the explicit one-step second-order accurate scheme that uses the fewest
number of grid points. (See Exercise 3.1.1.)
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One consequence of this theorem is that schemes such as we are discussing that are
more than first-order accurate will have oscillatory solutions. For example, as shown in
Figure 3.1 the solution to the Lax—Wendroff scheme goes below the x-axis. This is the
result of some of the coefficients in the scheme (the «; ) being negative. The Lax—Friedrichs
scheme has all coefficients nonnegative (when |aA| < 1) and it has a positive solution as
illustrated in Figure 3.1.

Schemes of the form (3.1.19) for which all the coefficients are nonnegative are called
monotone schemes. Monotone schemes have the property that the maximum of the solution
does not increase with time and, similarly, the minimum does not decrease. The theorem
says that monotone schemes can be at most first-order accurate.

Order of Accuracy of the Solution

We have spent some time on rigorously defining the order of accuracy of finite difference
schemes, and the importance of this concept is that it relates directly to the accuracy of the
solutions that are computed using these schemes. The order of accuracy of the solution of
a finite difference scheme is a quantity that can be determined by computation. For our
purposes here and in the exercises, it is sufficient to define the order of accuracy of the
solution of a finite difference scheme as follows. If we have an initial value problem for
a partial differential equation with solution u(z, x) and a finite difference scheme, we use
the initial data of the differential equation evaluated at the grid points as initial data for the
scheme, i.e., v% = u(0, x,,,). We also assume that the time step is a function of the space

step, i.e., k = A(h). We then determine the error at time ¢, = nk by

Error(ty) = [lu(ta, ) — v"[In

1/2
= (th(rn,xm)—v;:,F) :
m

where the sum is over all grid points. The order of accuracy of the solution is defined to be
that number r, if it exists, such that

(3.1.24)

Error(z,) = O(h").

In Chapter 10 it is shown that for smooth initial data, the order of accuracy of the
solution is equal to the order of accuracy of the scheme. Moreover, for those cases in which
the data are not smooth enough for the accuracy of the solution to equal that of the scheme,
it is shown how the order of accuracy of the solution depends on both the order of accuracy
of the scheme and the smoothness of the initial data.

Table 3.1.1 displays results of several computations illustrating the order of accuracy
of solutions of several schemes.

The schemes are applied to a periodic computation to remove all effects of boundary
conditions. The value of A was 0.9 for all computations. Columns 2 and 4 show the error
as measured by (3.1.24) for the initial value problem for the one-way wave equation with
a =1 and initial data

up(x) = sin(2wx) for—1<x<1.
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The error in the solution was measured at time 5.4. The first time step for the leapfrog
scheme was computed with the forward-time central-space scheme.

Notice that the order of the error for the first-order accurate, forward-time backward-
space scheme tends to 1 and that for the second-order accurate leapfrog scheme tends to 2.

Table 3.1.1
Comparison of order of accuracy of solutions.
Forward ¢ backward x Leapfrog scheme
h Error Order Error Order

1/10 6.584e-1 5.945¢e-1
1/20 4.133e-1 0.672 1.320e-1 2.17
1/40 2.339e-1 0.821 3.188e-2 2.05
1/80 1.247e-1 0.907 7.937e-3 2.01
1/160 6.445e-2 0.953 1.652e-3 2.26

The order of accuracy of the solution, as given here, is dependent on the initial data
for the scheme and on the norm. For example, if the error is measured as the maximum
value of |u(¢, x,,) — v, |, then the order of accuracy of the solution can be different than,
and usually not more than, the order obtained by the preceding definition. This topic is
discussed in more detail in Chapter 10.

Table 3.1.2
Comparison of order of accuracy of solutions.
Lax—Wendroff Lax—Friedrichs

h Error Order Error Order
1/10 1.021e-1 2.676e-1
1/20 4.604¢e-2 1.149 1.791e-1 0.579
1/40 2.385e-2 0.949 1.120e-1 0.677
1/80 1.215e-2 0.974 6.718e-2 0.738
1/160 6.155e-3 0.981 3.992e-2 0.751

Table 3.1.2 displays results of several computations with a solution that is not smooth
enough to give the solution the same order of accuracy as that of the scheme. Columns 2
and 4 show the error as measured by (3.1.24) for the initial value problem for the one-way
wave equation with @ = 1 and initial data

1o (x) = { 1 —2|x] if |x] <1/2,

0 otherwise.
The value of A was 0.9 for all computations and the error in the solution was measured
at time 5.4. For this exact solution, the Lax—Wendroff scheme has solutions that converge
with an order of accuracy 1, while the Lax—Friedrichs scheme has solutions with order of
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accuracy 0.75. Convergence estimates proved in Chapter 10 give the rate of convergence
of solutions if the initial data are not smooth.

Exercises

3.1.1.

3.1.2.

3.1.3.

3.14.

3.1.5.
3.1.6.

Using equations (3.1.21), (3.1.22), and (3.1.23), show that the Lax—Wendroff scheme
is the only explicit one-step second-order accurate scheme that uses only the grid
points Xx,,—1, X, and x,,4+1 to compute the solution at x,, for the next time step.

Solve u; +uy =0, -1 <x <1, 0<t <12 with u(0,x) =sin27x andpe-
riodicity, i.e., u(t, 1) = u(¢, —1). Use two methods:
(a) Forward-time backward-space with A = 0.8,

(b) Lax—Wendroff with A = 0.8.

Demonstrate the first-order accuracy of the solution of (a) and the second-order

accuracy of the solution of (b) using 7 = %, %, %, and %. Measure the error in

the L? norm (3.1.24) and the maximum norm. (In the error computation, do not
sum both grid points at x = —1 and x = 1 as separate points.)

Solve the equation of Exercise 1.1.5,

U +uy = —sinzu,

with the scheme (3.1.9), treating the — sin® u term as f(t, x). Show that the scheme
is first-order accurate. The exact solution is given in Exercise 1.1.5. Use a smooth
function, such as sin(x — ), as initial data and boundary data.

Modify the scheme of Exercise 3.1.3 to be second-order accurate and explicit. There
are several ways to do this. One way uses

Um

2 n+l _ 2. n : n n+1 n 2
sin = sin” v,, + sin 2v,, (vm - vm> + 0 (k ) .

Another way is to evaluate explicitly the f; term in the derivation of the Lax—
Wendroff scheme and eliminate all derivatives with respectto ¢ using the differential
equation.

Determine the order of accuracy of the Euler backward scheme in Exercise 2.2.6.
Show that the scheme discussed in Example 2.2.6 has the symbol

e’k — cos h& ) sin? %hé sin h&

e B

and discuss the accuracy of the scheme.
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3.2 Stability of the Lax-Wendroff and Crank-Nicolson
Schemes

In this section we demonstrate the stability of the Lax—Wendroff and Crank—Nicolson
schemes. The stability analysis of the Lax—Wendroff scheme is informative because similar
steps can be used to show the stability of other schemes. From (3.1.1) the Lax—Wendroff
scheme for the one-way wave equation is

a?)?

n+l _ . n n n n
Un = (vm+1 - va + vm—l)'

n n
U — 7(vm+1 - vm—l) +
Notice that we set f = 0 as required to obtain the amplification factor. We substitute

g" ™ for v,’}l/, and then cancel the factor of g”e/”?, obtaining the following equation
for the amplification factor:

A ) 2,2 .
g(e) — 1 _ a_(el9 _eflg) + a_(ele _2+€719)
2 2
=1—iaksin® —a*2*(1 — cosf)
2,221 . .
=1—2a°\"sin 59 —iaAsinf.

To compute the magnitude of g(#) we compute |g(0)|> by summing the squares of
the real and imaginary parts:

2
12(6)[% = (1 — 24232 sin? %9) + (arsin)?. (3.2.1)

To work with these two terms we use the half-angle formula on the imaginary part, obtaining

2 2
12(0)[% = (1 — 24222 sin? %9) n (Zak sin 16 cos %9)
= 1 — 4a*)\?sin? %9 + 4a*)*sin* %9 + 4a%)? sin? %9 cos? %9 .
4

Notice that two terms have a2A? as a factor and one has a*1* as a factor. We combine

the two terms with a%A2 first, and then factor the common factors as follows:
1g@) =1 —4a*+?sin*> 10(1 — cos® 16) + 4a*3* sin* 16
=1 —4a%\?sin* %9 + 4a*)* sin* %9 (3.2.2)
= 1—4a%2 (1 - %) sin* 0.

From this form for |g(9)|> we can see that it is less than or equal to 1 only if the
quantity to the right of the first minus sign is nonnegative. All the factors except 1 — a?A?
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are certainly nonnegative. To insure that |g(6)| is always at most 1, we must have this
quantity nonnegative; i.e., the Lax—Wendroff scheme is stable if and only if |aA| < 1.
For the Crank—Nicolson scheme from (3.1.3) we have
vt — g " ot = = _0
k ¢ 4h -
where we have set f = 0 as required in obtaining the amplification factor. Substituting
g”/eim,(9 for v:’n/ , and then canceling, we obtain

g—1+ geiG_ge—i9+ei0_e—i9_0
K 4h e
Or,
1
g—1+ardlising =0,

from which we obtain the following expression for the amplification factor:
1-— i%a)» sin 0

80) = —F—.
I +izaAsin®

As the ratio of a complex number and its conjugate we have immediately that |g(0)| = 1.
Alternatively,

1+ (axsin6)?

1+ (%ak sin@)2

This scheme is stable for any value of A; it is unconditionally stable.

HOES

Exercises
3.2.1. Show that the (forward-backward) MacCormack scheme

Ot = ol — arl Ly — Vb)) kS,

vptth =L @p + ot —ar @it - oD + ke
is a second-order accurate scheme for the one-way wave equation (1.1.1). Show that
for f =0 itis identical to the Lax—Wendroff scheme (3.1.1).

3.2.2. Show that the backward-time central-space scheme (1.6.1) is unconditionally stable.

3.2.3. Show that the box scheme

|
= [(ufn“ + oty — @+ v;;m)]

a
+ 7 [(U,r;,ill —upthy + (A UZ)] (3.2.3)

1
= (BE 4 s+ 47)

is an approximation to the one-way wave equation u; + au, = f that is accurate
of order (2, 2) and is stable for all values of .
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3.2.4. Using the box scheme (3.2.3), solve the one-way wave equation
u; + uy = sin(x —r)

on the interval [0, 1] for 0 <t < 1.2 with u(0,x) =sinx and with u(¢,0) =
—(1 4 1¢)sint as the boundary condition.

Demonstrate the second-order accuracy of the solutionusing A = 1.2 and h =
%, zL f), and %. Measure the error in the L2 norm (3.1.24) and the maximum
norm. To implement the box scheme note that v +s given by the boundary data,

"1 can be determined from v"+1 and the other values.

and then each value of Vi

3.2.5. Show that the following modified box scheme for u; + au, = f isaccurate of order
(2,4) and is unconditionally stable. The scheme is

n+1 n+1 n+1 n+1
E(_vm—&—Z + 9vm—&-l + 9vm - vm—l)

ai

+ 75 U 270, = 270 )

1 n n n n

= E(—Umﬂ +9v, 9, — v )

ak

= 28 T Uma2 + 2705 = 2705 + v _p)
k

Tl oL T - ok

= fms2 T s +9Sm — fu)-

3.3 Difference Notation and the Difference Calculus

To assist in our analysis and discussion of schemes we introduce some notation for finite
differences. The forward and backward difference operators are defined by

8y vy = Al Om 3.3.1)

h

and . ’
S vy = anH (3.3.2)

respectively. We will occasionally use the notation 8,4 and &,_ for these operators and

define '
n+ n
Un  —Un

8[+ U,{ln = X
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for the forward difference in ¢; we similarly define §;_.
The central (first) difference operator §y or dyo is defined by

Unm+1 — Um—1

1
Sovm = 5(8+vm +8-vm) = oh

or, more succinctly,
80 = 384 +8-).

The central second difference operator is 848_, which we also denote by §2. We have

Um+1 — 2V + Un—1
h? ’

82vm =
and also
82 =84 —8_)/h.

We now demonstrate the use of this notation in deriving fourth-order accurate ap-
proximations to the first and second derivative operators. By Taylor series we have

du h*d%u h? d?\ du
Su=—+——+00hH=(1+—— ) —+0x*
o=+ eost (h™) <+6dx2)dx+ (h™)
(3.3.3)
h? ,\ du 4
=(14+—=8)—+ 00",
( W ) v ou
where we have used
<f =8 f+ 00
dx? ’
We may rewrite the formula (3.3.3) for Sou as
d n o\
P (1+%62) sou+omh. (3.3.4)
dx 6

. 2 . . . .
The inverse of the operator 1 + %82 is used only in a symbolic sense. In practice, the

inverse is always eliminated by operating on both sides of the expression with 1 + %82.
Applying this formula to the simple equation

du
—= f, (3.3.5)

we have the equation
-1

h2
(1 + 382) Sou(xm) = f (xm)
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to fourth order. From this we have

h2
Sou(xp) = (1 + gaz) f(xm)

or
Un+1 — Um

_ 1
- L= fut ¢ et = 2+ fn)

1
= g(fm_H +4fm + fm—l)'

Notice that replacing the right-hand side with only f;, is a second-order accurate formula.
This formula will be used in Chapter 4.
Another fourth-order difference formula may be derived by using the formula

d h?
Sou = =+ L 8280u + O (h*),
dx 6

which may be rewritten as
h? du
1— —8 ) ou = — + O(h*).
( 5 ) ou=——+ (h™)

Applied to (3.3.5) we obtain the fourth-order approximation

h?
(1 - F(s )60vm = fin

or
—Um42 + 8vmy1 —8vm—_1 + v ¥
12h oo
For the second-order derivative we have the two formulas
d? h? 2 B 2 4
— =14+ —=6 ) o 3.3.6
2 <+12 ) + O(h™) (3.3.6)
and
d? h* 2\ 2 4
—=(1-—=65°)$6 o). 3.3.7
- ( 12 ) +ou (3.37)

It is of some use to develop the formalism relating differences to derivatives. Let
0=20, = %. Then by Taylor series,

u(x +h) = Z h—]' 3 ux) = e"u(x). (3.3.8)
; J:
j=0
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This formalism may be regarded as a purely symbolic operation for obtaining differ-
ence equations. If we adopt this view, then we should always check the accuracy of the
formulas by the methods of Section 3.1. We may also regard this formalism as a shorthand
notation for general Taylor series methods. For example, we can write out the expressions
in (3.3.3) without writing down the symbol u. If we use this shorthand notation properly,
the results will be consistent with the methods of Section 3.1, and there is no need to perform
additional checks on the accuracy of schemes derived by this formalism. Therefore, we
may express formulas (3.3.1) and (3.3.2) as

5, = 201 (3.3.9)
+ —_ h oD
and
e 3.3.10
bo=—. 3.1
A ( )
Also,
1 e —e=h?  sinhho
So= =64 +6_) = = 3.3.11
0 2( ++d-) h p ( )
and
82 =08,6_=h"2"" - 1)(1 — ")
_ [h—l(eha/z _ e—h8/2)]2
(3.3.12)

(sinh %ha>2
Ih

Notice that to obtain the symbols of these operators according to Definitions 3.1.3
and 3.1.4 we need only replace d by i§.
We may generalize formula (3.3.4) as follows. From (3.3.11) we have

sinh 40 . sinh 40 5

= 3.3.13
0 N w9 ( )
and from (3.3.12) we have
h8 = 2sinh §hd,
where § is defined by this relation. Thus
hd = 2sinh~' 1hs
or
sinh ™! 1hs
=—F (3.3.14)
>h
2

and so, from (3.3.13),
sinh[2sinh ™! (1716)]

2sinh ™! Jhs

0=



82 Chapter 3. Order of Accuracy of Finite Difference Schemes

or
2sinh ™! (348)
sinh[2 sinh~! (145)] "

—1/2
ns\2]™"? sinh=! Lhs
=1+ (= —2—%.
2 $hs

One may use the expression (3.3.15) to substitute for the derivatives with respect to x
in differential equations and similarly use the square of (3.3.14) to substitute for the second
derivative. By expanding the Taylor series to high enough powers of %, approximations
to any order of accuracy can be obtained.

It is important to realize that not all schemes arise by a straightforward application
of these formulas. The Lax—Wendroff scheme is a good example of a scheme relying on
clever manipulations to obtain second-order accuracy in time, even though the scheme is
a one-step scheme. Other examples of higher order accuracy schemes using similar ideas
are given in Chapter 4.

(3.3.15)

Derivation of Schemes Using the Symbolic Calculus

To illustrate the use of the symbolic calculus, we derive several higher order accurate
schemes.

Example 3.3.1. We firstderive a (4, 4) scheme for the one-way wave equation. The starting
point for the derivation is the Taylor series expansion for a solution of u; + au, = f,

un+2_ n—2 2k2
u u =ut+7um+0(k4>

( +—5 )u,+0(k4)

2k , 4
(1 + —6 > (—auy + )+ O(k")

1+2k2(32 . h2s2 5

— — a - u

3 6 )
2k2 2 4 4

+ 1+Ta, f+ o&kYH + omh

_ <1 B h252> 50 (2u"m+‘ —upy + 2u;;1)
6 3

N <2f,z“ — fa42fn!
3

) + Ok + o).
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This gives the (4,4) scheme

vt — =2 h%§2 P L i .y i

——4a|l——]do = .
4k 3

In Chapter 4 we present methods to show that this scheme is stable for

3 1
lax| < v3 ~ (.128825

4 (1+ Vo6 —3/2)12
(see Exercises 4.2.1 and 4.4.5). O

Example 3.3.2. As a second example we derive a scheme that is a hybrid between the Lax—
Wendroff scheme (3.1.2) and the Crank—Nicolson scheme (3.1.3) for the one-way wave
equation. We begin by considering u(#;+1/3, X):

n+l _ n €2k3,/3 _ e—kat/S k

u +1/3 +1/3 2
B — - un+l/3=u:l /+6n /+O(k)

u

k
_ u?+1/3 " . (azu;jm + (fn+1/3 f;+1/3)> +OMY),

and using the relation ¢"T1/3 = (¢"*! + 2¢")/3 + O(k?), we obtain

pil 4 as, vl 4 20 B ]iazaz vl 4 2
k 3 6 3

(3.3.16)
_ e @30 (fﬁ+1 +2fn’1)
2 6 3 '

This scheme is a (2, 2) scheme and is stable for |aA| < 3. See Exercise 3.3.7. O

Example 3.3.3. For our last example we derive an implicit (2, 2) scheme for the one-way
wave equation. We have from (3.3.10) that

vt = —k'n(1 — k8, )" !
and by (3.3.8),

U3 = kI3 ]

=- ( - —kar—) (1 — k" + 0%

()
<5,_ + k&f_)
714”+1 — 8u + un—]

- 0 k>).
ok + O(k%)

Si— + k(Sf_) u" '+ O (k?)

n+1 + 0(k2)
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Using this relation with u;+2/3 = (2uﬁ+l +ul)/3+ O (k?) we obtain

n+2/3
m .

Tortl — gy 4yl a8 200+
a —_— | =
6k ‘ 3

In Example 4.3.1 it is shown that this scheme is unconditionally stable. O

Exercises
3.3.1. Derive (3.3.6) and (3.3.7).
3.3.2. Obtain (3.3.4) directly from (3.3.15).

2
3.3.3. Obtain (33.7) from 92 = (sinh—l %ha) , which is equivalent to (3.3.14).

3.3.4. Determine the stability and accuracy of the following scheme, a modification of the
Lax—Wendroff scheme, for u; + au, = f. For the stability analysis, but not the
accuracy analysis, assume that A is a constant:

-1

n+1 n 1 h22 n 12 2.n
Uy, =vm—§ak 1—€8 ‘SOUm_E“ ké“v,,

k ak? B2 N\
+ E(fr2+l 4 fn';)_ T (1 — F(Sz) (Sof;:l

3.3.5. Show that the scheme for u; + au, = f given by

h?s*
U::t+1 :U;:ln — ak(l — T)‘Sovfn

212
K| (4 1
+ a2 [(5 + a2A2>52U;’n — (§ + a2A2>8§v,'7’1:|

k ak?
+ E(fn’:lt+l + ) — 750](;

is accurate of order (2, 4) and stable if
172
V17T =1
lad| < (T) ~ (0.721469.

Note that O(kh?) < O (k%) + O(h*). Hint: The computation of |g|> can be done
similarly to that of the Lax—Wendroff scheme.
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3.3.6. Show that the improved Crank—Nicolson scheme for u; + auy = f,

—1
vt (e (e St e
k 6 2 2

is accurate of order (2,4) and is unconditionally stable. The scheme may also be

written as
1 2 1
+1 +1 +1 +1 +1
6Z;+1+§Un +6Z;1+_(:;+1_n 1)
1 2 1 ai
6 m+1 +3 3 6 ;:11 T(v31+1 - v:111—1)

_(f}’l+] +4fn+l+fn+l fr’;+1 +4f£+‘f,271)

3.3.7. Show that the scheme derived in Example 3.3.2 is stable for |aA| < 3.

3.3.8. Use the relationship & = A~ !In(1 + h8y) from (3.3.9) to derive the second-order
accurate one-sided approximation

—3u(xg) + 4u(xy) — u(x2)
2h ’

du( )
— (X ~
dx 0

3.4 Boundary Conditions for Finite Difference Schemes

In solving initial-boundary value problems such as (1.2.1) by finite difference schemes, we
must use the boundary conditions required by the partial differential equation in order to
determine the finite difference solution. Many schemes also require additional boundary
conditions, called numerical boundary conditions, to determine the solution uniquely. We
introduce our study of numerical boundary conditions by considering the Lax—Wendroff
scheme applied to the initial-boundary value problem (1.2.1). In Chapter 11 we discuss the
theory of boundary conditions in more detail.

When we use the Lax—Wendroff scheme on equation (1.2.1), the scheme can be
applied only at the interior grid points and not at the boundary points. This is because
the scheme requires grid points to the left and right of (,, x,,) when computing v”“,
and at the boundaries either x,_; or x,4; is not a grid point. Assuming that a is
positive, the value of v is supplied by the boundary data as required by the differential
equation. At xjps, where xj; is the last grid point on the right, we must use some means
other than the scheme to compute v"M+1. This additional condition is called a numerical
boundary condition. Numerical boundary conditions should be some form of extrapolation
that determines the solution on the boundary in terms of the solution in the interior. For
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example, each of the following are numerical boundary conditions for (1.2.1):

vt =it (3.4.1a)
vt =20 — o, (3.4.1b)
v =, (3.4.1¢)
R T (3.4.1d)

Formulas (3.4.1a) and (3.4.1b) are simple extrapolations of the solution at interior grid points
to the boundary. Formulas (3.4.1c) and (3.4.1d) are sometimes called quasi-characteristic
extrapolation, since the extrapolation is done from points near the characteristics.
Numerical boundary conditions often take the form of one-sided differences of the
partial differential equation. For example, rather than formulas (3.4.1) we might use

i = — ar (vl — V). (3.4.2)

However, we can easily see that (3.4.2) is the result of using the Lax—Wendroff scheme at

n+1 n : :
vy, where vy, is determined by

n _ n n
Uprg1 = 2V — Uy,

which is essentially (3.4.1b). This example also illustrates the use of extra points beyond
the boundary to aid in the determination of the boundary values.

It is often easier to use extrapolation formulas such as (3.4.1) than to use extra points
or one-sided differences. Moreover, the extrapolations can give as accurate answers as the
other methods. The one-sided differences and extra points are occasionally justified by ad
hoc physical arguments, which can be more confusing than useful.

There is one difficulty with numerical boundary conditions, which we do not have
space to discuss in detail in this chapter, namely, that the numerical boundary condition cou-
pled with a particular scheme can be unstable. This topic is discussed further in Chapter 11.
For example, (3.4.1a) and (3.4.1b) together with the leapfrog scheme are unstable, whereas
(3.4.1¢) and (3.4.14) are stable. For the Crank—Nicolson scheme, conditions (3.4.1c) and
(3.4.1d) are unstable when aA is larger than 2, but (3.4.1a) and (3.4.1b) are stable. The
proofs that these boundary conditions are stable or unstable, as the case may be, are given
in Chapter 11.

The analysis of the stability of a problem involving both initial data and boundary
conditions is done by considering the several parts. First, the scheme must be stable for the
initial value problem considered on an unbounded domain. This is done with von Neumann
analysis. The stability of the boundary conditions is done for each boundary separately.
Conditions at one boundary cannot have a significantly ameliorating effect on an unstable
boundary condition at the other boundary. As the preceding examples show, a boundary
condition may be stable or unstable depending on the scheme with which it is being used.
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Figure 3.3. Unstable boundary condition for the leapfrog scheme.

Example 3.4.1. An example of an unstable boundary condition is shown in Figure 3.3.
The leapfrog scheme is used with equation (1.2.1), with a equal to 1. The grid spacing
is 0.02 and X is equal to 0.9. At the left boundary, where x equals 0, u is specified to
be the exact solution sin 27w (x — t). The Lax—Friedrichs scheme is used for the first time
step. At the right boundary, where x is 1, (3.4.1a) is used. The three plots in the figure
show the effect at the times 0.9, 1.8, and 2.7. The growth arising from an unstable boundary
condition is not as dramatic as that arising from using an unstable scheme. The growth
may be O(n) for an unstable boundary condition, whereas it is exponential in n for an
unstable scheme.

Figure 3.3 illustrates one additional difficulty with unstable boundary conditions:
that the oscillations that are the result of the instability may not stay in the vicinity of the
boundary. In the first plot the oscillations are spread throughout the interval, and in the plot
at time 1.8, in the upper right, the oscillations are concentrated near the other boundary.
This is due to the slow growth of the instability and the presence of the parasitic mode for
the leapfrog scheme that propagates errors in the opposite direction from the differential
equation. Parasitic modes are discussed in Chapters 4 and 5. After sufficient time, as shown
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in the third plot, the effect of the boundary instability is seen at that boundary. When the
effects of the boundary instability are observed far from the boundary, it can be difficult for
programmers to determine that the boundary condition is the source of the oscillations. O

In practice, if we suspect that there is a numerical boundary condition instability, the
easiest thing to do is to change to a different form of extrapolation to eliminate it. There
is an analytical means of checking for these instabilities, but the algebraic manipulations
are often quite involved, as will be seen in Chapter 11. If a computer program using a
finite difference scheme is being used to solve a system of equations, it is usually easier
to implement other boundary conditions than it is to analyze the original conditions to
determine their stability.

One final comment should be made on this topic. In solving initial-boundary value
problems by finite differences, it is best to distinguish clearly between those boundary con-
ditions required by the partial differential equation and the numerical boundary conditions.
By making this distinction, we can avoid solving overdetermined or underdetermined partial
differential equation initial-boundary value problems.

Exercise

3.4.1. Solve the initial-boundary value problem (1.2.1) with the leapfrog scheme and the
following boundary conditions. Use a = 1. Only (d) should give good results.
Why?

(a) At x =0, specify u(t,0); at x = 1, use boundary condition (3.4.1b).
(b) At x =0, specify u(z,0); at x = 1, specify u(t,1) = 0.

(c) At x = 0, use boundary condition (3.4.1b); at x = 1, use (3.4.1c¢).

(d) At x =0, specify u(z,0); at x = 1, use boundary condition (3.4.1c).

3.5 Solving Tridiagonal Systems

To use the Crank—Nicolson scheme and many other implicit schemes such as (1.6.1), we
must know how to solve tridiagonal systems of linear equations. We now present a con-
venient algorithm, called the Thomas algorithm, to solve tridiagonal systems that arise in
finite difference schemes. This is the algorithm used to compute the solutions displayed in
Figure 3.2.

Consider the system of equations

aiwi—1 +bjw; +ciwiy1 =d;, i=1,....,m—1, (3.5.1)
with the boundary conditions
wo=pPo and wy = By. (3.5.2)

We will solve this system by Gaussian elimination without partial pivoting. It reduces
to this: We want to replace (3.5.1) by relationships of the form

Wi = pit1Wis1 +¢qiv1, i=0,1,2,...,m—1, (3.5.3)
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where the values of p;;1 and g;4 are to be determined. For (3.5.3) to be consistent
with (3.5.1), we substitute (3.5.3) into (3.5.1) for w;—; and examine the resulting relation
between w; and w;4:

a;i(piw; +q;) +bjw; + ciwit1 =d;

or
wi = —(a;ipi +bi) " ciwipr + (aipi + b)) (di — aiqi).

Comparing this expression with (3.5.3) we must have

pit1 = —(aipi +b) e,
_ 3.54
giv1 = (aipi +b) 7" (di — aiqp), ( )

for consistency of the formulas. Thus if we know p; and ¢p, then we can use (3.5.4)
to compute p; and ¢; for i greater than 1. The values of p; and ¢g; are obtained
from the boundary condition (3.5.2) at i = 0. At i equal to 0 we have the two formulas
wo = p1w1 + q1 and wo = Bp. These conditions are consistent if p; =0 and g; = Bo.
With these initial values for p; and gq;, formulas (3.5.4) then give all the values of p; and
g; upto i equal to m. To get the values of w; we use (3.5.3) starting with w,,, which
is given.
We now consider other boundary conditions. If we have

wo = wi + Bo,
then we set p; = 1 and g; = By. If we have the boundary conditions
Wi = Wp—1 + B,

then the relation
Wp—1 = PmWm + gm

also holds, and we combine these two relations to obtain

Wi = (1= pw) ™" (gm + Bm)-

If p, =1, then w, cannot be defined, and the system with this boundary condition is
singular.

In general, the values of p; and g are determined by the boundary condition at i
equal to 0, and the value of w,, is determined by the boundary condition at i equal to m,
together with the relation (3.5.3) if necessary.

For the Thomas algorithm to be well-conditioned, we should have

lpil < 1. (3.5.5)

This is equivalent to having the multipliers in Gaussian elimination be at most 1 in mag-
nitude. From (3.5.3) we see that the error in w;; is multiplied by p;1| to contribute to
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the error in w;. If (3.5.5) is violated for several values of i, then there will be an increase
in the error. This error growth is due to ill-conditioning in the Thomas algorithm, and
using Gaussian elimination with partial pivoting should remove this error magnification.
Condition (3.5.5) has nothing to do with the stability or instability of the scheme.

The condition (3.5.5) should be checked when using the Thomas algorithm. Here are

two special cases where (3.5.5) holds.
1. Diagonal dominance, i.e., |a;| + |ci| < |b;].
2. 0<—c¢;i <bj, 0<qg; with 0<p; <1, or 0<—a;, 0<¢; <b; with —1 <
p1=0.

The formulas for tridiagonal systems can be extended to block tridiagonal systems in
which the a;, b;, and c¢; are square matrices and the unknown w; are vectors. In this case
the p; are also matrices and the ¢; are vectors. The method also extends to pentadiagonal
systems.

Here is a sample of pseudocode for the Thomas algorithm for the Crank—Nicolson
scheme. The function Dat a refers to the boundary data that must be supplied as part of the
scheme. The boundary condition at the right end of the grid is (3.4.1c). This code must be
included in a loop over all time steps.

# Set the parameters.

aa = —axlambda/4
bb =1
cc = -aa

# Set the first elements of the p and q arrays.
p(1) = 0.
q(1) = Data(time)
# Compute the p and q arrays recursively.
loop on m from 1 to M-1
dd = v(m) - a*lambda*( v(m+1l) - v(m-1))/2
denom = (aa* p(m) + bb )
p(m+1l) = -cc / denom
q(m+1) (dd - q(m)*aa ) /denom
end of loop on m
# Apply the boundary condition at the last point.
v(M) = v(M-1)
# Compute all interior values.
loop on m from M-1 to O
v(m) = p@+1)*v(m+l) + q(m+l)
end of loop on m

Periodic Tridiagonal Systems

If we use the Crank—Nicolson scheme or a similar scheme to solve a problem with periodic
solutions, then we obtain periodic tridiagonal systems. These can be solved by an extension
of the previous algorithm.
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Consider the system
aiwi—1 +bjw; +ciwi1 =d;, i=1,...,m, (3.5.6)

with wg = wy,, and w,,+1 = wy. This periodic system can be solved as follows. Solve
three systems as for the nonperiodic case, each for i =1, ..., m:

aixi—1 + bixi + cixiy1 = d;
with xo =0 and x,,4+1 =0,
a;yi—1 +biyi +ciyit1 =0
with yo =1 and y;;4+1 =0, and
aizi—1 +bizi +¢izi+1 =0
with zo =0 and z,,4+1 = 1.
Since these systems have the same matrix but different data, they use the same p;’s
but different ¢;’s. (For the last of these systems, g; = 0.)
Then we construct w; as
w; = X; +ry; +5z;.

Itis easy to see that w; satisfies (3.5.6)for i = 1, ..., m. Wechoose r and s to guarantee
the periodicity. The relationship wg = w,, becomes

r=ryo=Xm +rym +SZm
and w;,+1 = w; becomes
S = SZm+1 = X1 +ry1 +521.
These are two equations in the two unknowns r and s. The solution is

;= X (I —z1) + x12m
D

3

_ Xm)1 +x1(1 = ym)
D

’

with
D ==y —z1) = yiZm-
These formulas for solving periodic tridiagonal systems as well as the formula in Exercise

3.5.8 are special cases of the Sherman—Morrison formula for computing the inverse of a
matrix given the inverse of a rank 1 modification of the matrix (see Exercise 3.5.10).
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Exercises

3.5.1.

3.5.2.

3.5.3.

Solve u; +uy =0 on —1 < x <1 for 0 <t < 1 withthe Crank—Nicolson scheme
using the Thomas algorithm. For initial data and boundary data at x equal to —1,
use the exact solution u(¢,x) =sinw(x —¢). Use A = 1.0 and & = 1/10, 1/20,
and 1/40. For the numerical boundary condition use

n+1 n n+1 n+l\ _
vy — vy A —vy ) =0,

where x); = 1. Comment on the accuracy of the method.

Note: When programming the method it is easiest to first debug your program
using the boundary condition v'/(,fl = v},_,. After you are sure the program works

with this condition, you can then change to another boundary condition.

Solve u; +uy +u=0on —1 <x <1 for 0 <r <1 with the Crank—Nicolson
scheme using the Thomas algorithm. For initial data and boundary data at x equal
to —1, use the two exact solutions:

(@) u(t,x) =e'sinm(x — 1),
(b) u(t, x) = max(0, e’ cos w(x — t)).
Use A =1.0 and & =1/10,1/20, and 1/40. Be sure that the undifferenti-

ated term is treated accurately. For the numerical boundary condition use each of
the following two methods:

(a) v”M+] — v+ A(v;‘,;r] — v"M+_11) + kv”MJrl =0
and

n+1 __ n+1 n+1
(b)) vy =2vy, 0 — vy,

where M is the grid index corresponding to x equal to 1. Comment on the accuracy
of the methods. See the note in Exercise 3.5.1.

Solve u; +uy —u=0on —1 <x <1 for 0 <r <1 with the Crank—Nicolson
scheme using the Thomas algorithm. For initial data take

2 .
0.x) = cos“mx if x| <1/2,
u(0, %) { 0 otherwise,

and for boundary data take u(t, —1) =0. Use A = 1.0 and » = 1/10, 1/20, and
1/40. Be sure that the undifferentiated term is treated accurately. For the numerical
boundary condition use each of the two methods

+1 +1 +1 +1
@ vt =l A = ) — k=0
and
n+1 __ n+1 n+1
(b) Uy =200 — Vs

Comment on the accuracy of the methods. See the note in Exercise 3.5.1.
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3.54. Solve u; +uy —u=—tsinwm(x —t) on —1 <x <1 for 0 <t < 1.2 with the
Crank—Nicolson scheme using the Thomas algorithm. For initial data and boundary
dataat x = —1 use the exact solution u(¢,x) = (1 4+¢)sinw(x —¢). Use A = 1.0
and h =1/10, 1/20, and 1/40. Be sure that the undifferentiated term is treated
accurately. For the numerical boundary condition at xp; = 1 use

+1 +1 +1 +1
vy — vy A o) — kv =k (g, xm)-

Comment on the accuracy of the method. See the note in Exercise 3.5.1.

3.5.5. Show that the condition (3.5.5) is violated for the Crank—Nicolson scheme (3.1.4)
when p; =0 and air > 4.

3.5.6. Show that the second-order differential equation

O b 4 ctou = dw)

X)—= xX)— +cx)u =d(x

e dx "

for « < x < B with u(e) = A and u(B) = B can be solved by an algorithm
similar to the Thomas algorithm. Set

du

— = pou +q(x)

dx
and determine equations for p(x) and g(x). Discuss how p > 0 is the analogue
to (3.5.5).

3.5.7. Repeat some of the calculations of Exercise 3.5.2 with the (2,4) accurate scheme
of Exercise 3.3.6, modified to include the undifferentiated term. Can you attain a
benefit from the fourth-order accuracy?

3.5.8. Show that the following algorithm also solves the periodic tridiagonal system (3.5.6).

1. Solve ajxij—1 4+ bixi +cixi+1 =d;i, i=1,...,m, with xo =o0x; and
Xm+4+1 = 0X;, Where o = sign(a;by).

2. Solve a;yi—1 + biyi +¢ciyi+1 =0, i=1,...,m, with yo =0y + 1 and
Ym = 0Ymt1 + 1.

3. The solution w; is then obtained as w; = x; — ry;, where r = ;‘2%;‘:
3.5.9. In the algorithm of Exercise 3.5.8, why shouldn’t we take o = 1 when a; and b

have opposite signs?

3.5.10. Verify the following formula, called the Sherman—Morrison formula, for a linear
system of equations with matrix A.
If Ay =0 and Az = u, then (A + uvT)x = b has the solution

UTy

X = _ 2.
YT U

This formula is useful for computing the solution x of (A 4+ uv’)x = b if we
have a convenient method of solving equations of the form Ay = b.



Chapter 4

Stability for Multistep Schemes

In Section 2.2 we gave necessary and sufficient conditions for the stability of one-step
schemes, and in this chapter we extend this analysis to multistep schemes. In the first
section of this chapter we examine the leapfrog scheme and give necessary and sufficient
conditions for the stability of this scheme. In the second section we present the stability
analysis for general multistep schemes. In the last section we present the theory of Schur
and von Neumann polynomials, which provides an algorithm for determining the stability
criteria for multistep schemes.

4.1 Stability for the Leapfrog Scheme

We begin by analyzing the stability of the leapfrog scheme (1.3.4) for the one-way wave

equation (1.1.1), which is

n+1 _ Unfl v

m m
T

v

The previous analysis of Chapter 2 covered only the case of one-step schemes. The leapfrog
scheme is representative of schemes using more levels than the two required by one-step
schemes. The stencil of the leapfrog scheme is displayed in Figure 4.1.

By using the Fourier inversion formula for vl " and v't! (see (2.1.4)), we
obtain the equation

w/h
[ e (1416 + 2iansinn) 87 ) — 771 @) d =0
—n/h

in a manner similar to the method used to obtain equation (2.2.3). By the uniqueness of
the Fourier transform, we conclude that the integrand in this integral must be zero for each
value of n, giving the relationship

H"L(E) + 2ian sin(hE) 0"(E) — 0" (E) = 0. (4.1.1)

To solve this three-term recurrence relation in 0", we set 0" = g", where the superscript
on ¥ is an index and that on g represents the power. We then obtain, after canceling
gn—l

¢ + 2iaksin(hé)g — 1 = 0.

95
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Ln
L] ° [ ] [ ] L]
L] ° [ ] [ ] [
Leapfrog Scheme

One-Step Scheme

Figure 4.1. Leapfrog stencil.

There are two roots to this quadratic equation, given by

g+ = —iaksin(h§) £ \/1 — (ar)? sin’(h&). (4.1.2)
When g4 and g_ are not equal, the solution for 0" in (4.1.1) is given by

0"(€) = Ar(§)g+(hg)" + A_(§)g-(h§)", (4.1.3)

where the functions A (§) and A_(£) are determined by the initial conditions. As we
will see, the term with g, contains most of the accurate portion of the solution. To
emphasize the special nature of g, and make some of the formulas nicer, we rewrite the
above expression as

(4.1.4)

_(h&)" — hEW
ﬁ”@=A($)g+<h§)"+3(g)[g (hE)" — g4 (hé) }

§—(h&) — g1 (h§)

for functions A(£) and B(£), which are determined by the initial conditions. When g
and g_ are equal, then the solution can be written

0"(£) = AE)g(h&)" + B(E)ng(h&)" ™!, (4.1.5)



4.1 Stability for the Leapfrog Scheme 97

where g, = g_ = g. The functions A(&) and B(¢) are related to 9°(£) and 9'(£) by

AE) = 1°8)

and

B(E) = 0'(8) — 02 (&) g4 (hE). (4.1.6)

We now consider the stability of the leapfrog scheme using Definition 1.5.1 with J
equal to 1. We first consider the case where g4 and g_ are not equal, and we choose the
initial data v° and v' so that B(£) is identically zero. Then from (4.1.4) we have

10" (&) = [A®)] |g+RE)I".
As with the one-step schemes, we see that it is necessary that g (h€) satisfies the inequality
lg+(hé)l < 1+ Kk,

just as for the amplification factor of a one-step scheme. Obviously, from (4.1.3) g_(h§)
must also satisfy such an estimate. If we take A to be a constant, then we may employ the
restricted condition

lg+(h&)] = 1

to determine the stability. From (4.1.2) with |aA| < 1 we have that
lg+1> = 1g—1> =1 — (ar)?sin? 0 + (arsin6)* = 1.
If |a)| is greater than 1, then for 6 equal to /2 we have from (4.1.2)

lg— (/)| = lar| + v (@) = 1 > 1,

which shows that the scheme is unstable in this case. From this we see that the stability
condition is |aX| < 1, except that we must also examine what happens when g4 and g_
are equal.

It is easy to see from (4.1.2) that g4 can be equal to g_ only when |aAsing| = 1.
Since we know already that |aA| must be at most 1, we need consider only |aA| < 1. But
then gy = g_ only when |aA| =1 and 8 = + 7/2, and we then have g, = g_ =+ i.
The solution for 0" is then

0 (£2) = A (£ ) G + B (£2- ) nED"
2h 2h 2h
and when these values of B are nonzero, v" will grow linearly in n.

Since v" for 6 equal to & 7/2 behaves this way—i.e., has a growth that is linear
in n—we can show that there are solutions to the finite difference scheme whose norm
grows very nearly linearly in n, and therefore the leapfrog scheme is unstable if |aA| = 1;
see Exercise 4.1.5. Hence the leapfrog scheme is stable only if |aA| is strictly less than 1.
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u

Figure 4.2. Leapfrog instability for ar = 1.

Thus the necessary and sufficient condition for the stability of the leapfrog scheme (1.3.4)
is

lax] < 1.

The instability that occurs for |aA| = 1 is much milder than that which occurs for
lai] > 1; nonetheless, it is an instability. Figure 4.2 displays the solution of the leapfrog
scheme applied to the one-way wave equation (1.1.1) with a = 1 and A = 1 for a periodic
problem on the interval [—1, 1]. Also displayed is the initial solution at ¢ = 0. The solution
is computed with a grid of & = 1/10 and is shown after 100 time steps. The first time
step was computed using the forward central scheme. Obviously, the solution is growing
slowly.

Initializing the Leapfrog Scheme

The leapfrog scheme and other three-level schemes require a one-step scheme to get started.
We can use any one-step scheme, even an unstable scheme, to initialize a multistep scheme.
A consistent unstable scheme that is used for only the first several time steps will produce
a small growth in the solution. This growth is small because of consistency. The stability
of the leapfrog scheme or other multistep schemes will keep this small initial growth from
being amplified. Also, as is shown in Chapter 10, if A is a constant, then the initialization
scheme can be accurate of order one less than that of the scheme without degrading the
overall accuracy of the scheme. Thus our use of the forward-time central-space scheme
(1.3.3) to initialize the leapfrog scheme does not affect the stability or accuracy of the
leapfrog scheme, as shown in Figure 1.3.8.
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Parasitic Modes

We now take a closer look at the solution of the leapfrog scheme. As (4.1.3) shows, the
solution to the leapfrog scheme consists of two parts, one associated with g4 and the other
with g_. The two amplification factors are distinguished by g(0)4 =1 and g_(0) = —1.
We are interested in how these two parts behave and how they contribute to the total solution.
For definiteness we take the case where for the first time step the forward-time central-space
scheme is used. Thatis, 9! is given by

01(&) = (1 — iaxsin hg) 0°(8).
Using this relation and the expansions

g+(h&) = 1 —iansin he — La®A%sin® he + O (hé)*,

g—(h&) = —1 —iaksinhé + $a®A? sin® hé + O(h&)*,
we have, from (4.1.6), that

B(E) = [%a2k2 sin® he + 0(h£5)4] 50().

This formula shows that B(&) issmall, i.e., O(h€)? for |h&| small. Thus, for these values
of h&, the scheme behaves like a one-step scheme with amplification factor g . For larger
values of |h&|, the magnitude of B(£) need not be small.

The portion of the solution associated with g_ is called the parasitic mode. Since
at £ equal to O the value of g_ is —1, we see that this parasitic mode oscillates rapidly
in time. As is shown in Chapter 5, the parasitic mode also travels in the wrong direction.
That is, when a is positive, the parasitic mode travels to the left.

Example 4.1.1. An interesting way to see the parasitic mode and also to illustrate the effect
of inconsistent boundary conditions is shown in Figure 4.3. The figures show the solution
computed by the leapfrog scheme with initial data as a pulse given by

W0 — {cosznxm if |xp| < %,
m

0 otherwise.

The value of a is 1, A is 0.9, and x is in the interval [—1, 1]. At both boundaries the
values of v are fixed at zero. At the right boundary this is inconsistent with the differential
equation (see Section 1.2). This inconsistency will serve our purpose of generating a
substantial parasitic mode in the solution.

The top left plot in Figure 4.3 shows the solution at ¢ equal to 0.45, with the pulse
moving to the right, and the top right plot shows the solution at ¢ equal to 1.80 and moving
to the left. The inconsistent boundary condition has generated a solution having a significant
parasitic mode, as indicated by the oscillatory nature of the pulse and its “wrong” direction
of travel. The bottom plot shows the solution at ¢ equal to 3.6 with the original pulse shape
nearly restored. The parasitic mode has been converted to the nonparasitic mode by the
boundary condition at the left endpoint of the interval. The scheme was initialized using the
forward-time central-space scheme (1.3.3), but the phenomena displayed in these figures
are not dependent on the initialization. O
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Figure 4.3. Leapfrog parasitic mode.

In any calculation with multistep schemes, as opposed to one-step schemes, there will
be parasitic modes. These parasitic modes usually cause only minor difficulty, but in some
cases the effects they cause must be reduced or removed. We can reduce the effect of the
parasitic modes by the use of dissipation, which is discussed in the next chapter.

Example 4.1.2. As a further illustration of the stability of multistep schemes, we consider
the (2,4) leapfrog scheme

vn+l _ vn—l h282
L +a(1——6 )80v§1 - (4.1.7)

which uses the fourth-order difference formula (3.3.7). The equation for the amplification
factor is

2 . 2 5,1\ .
g+ 2giar 1+§sm 59 sind —1=0
or
5 . 4 —cosf\ .
g+ 2giai —3 sinf — 1 =0,
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and the amplification factors are

. 4 —cosb . 4 — cos0 2,2
g+ = —iah———sinf £ 1 —a?)2 [ ———— ) sin“ 4.
3 3
The condition that g and g_ have magnitude at most 1 and that they not be equal is

easily seen to be that
4 — cos6 .
laA| — |sinf| < 1 (4.1.8)

for all values of 0. To determine the extrema of (4 — cos ) sinf, we have at the extrema

d
=5 (4 — cos@)sinf = 1 +4cosh —2cos’ 6 = 0.

This quadratic equation in cos 6 has one root for real 6, given by

3
cosf =1—,/=.
2
Substituting this in (4.1.8), we obtain that the necessary and sufficient condition for stability
is that
1\ ! e 3\ ~1/2
laX] < (1 —I——) ( — —) . O 4.1.9)
NG 2

The value of the right-hand side of (4.1.9) is approximately 0.7208 and, because this
constraint is more severe than that for the usual (2, 2) leapfrog scheme (1.3.4), we might
judge this scheme to be less efficient in some sense. However, quite the opposite is true.
Because the scheme (4.1.7) is fourth-order accurate in space but only second-order accurate
in time, we should take |aA| smaller than the limit given by (4.1.9)—for example, 0.25—
to improve the temporal accuracy. As a consequence of the fourth-order accuracy we can
either take the spatial grid spacing larger for the (2,4) scheme (4.1.7) than we would for
the (2,2) scheme (1.3.4) without sacrificing accuracy in the solution, or we can use the
same spatial grid spacing with (4.1.7) as we would for (1.3.4) and use the smaller time step
to attain higher accuracy without much more effort. Either way it is seen that the constraint
(4.1.9) is not a severe limitation on the scheme.

Exercises
4.1.1. Show that the implicit (2, 4) leapfrog scheme

vn—i—] _ vn—l

B2\
e (14 5) = g

for the one-way wave equation with A constant is stable if and only if

lai] <

5~



102 Chapter 4. Stability for Multistep Schemes

4.1.2. Show that the (2,2) leapfrog scheme for u; + au,xx = f (see (2.2.15)) given by

Un+1 _ vn—] )
m m n n
By — + ad“dov,, = [,

with v = k/ h3 constant, is stable if and only if

2
lav| < —.
33/2

4.1.3. Show that the leapfrog scheme

v:lr[H - vyr;;l h2 2 h4 4 n n
M 152 s 5007 =
wn T 6% T30 ) %0Un =T

for the one-way wave equation is accurate of order (2, 6) and, if A is constant, is
stable if and only if

3
[2(%)]/3 _ 1]]/2[(%)2/3 + 3(%)1/3 + ]]'

lar| <

Hint: The critical value of 8 occurs when cosé isequalto 1 — (%)1/ 3,

4.1.4. Show that the (2, co) leapfrog scheme for the one-way wave equation

_ 2172
vt — -t hs sinh~! 3hs
_ 1 S = fn
% +all+ > %hﬁ 0V = fm

is stable, if A is constant, if and only if |aA| < 1/m; see equation (3.3.15).

4.1.5. This exercise deals with the construction of solutions to the leapfrog scheme that
have nearly linear growth in n when aA is 1. Consider the initial data given by
0 _
v’ =0 and
b4
vl = sin (mE) for |m| <4M

m

for a positive integer M. Show that for odd values of n the solution is
v o= (=)@ D72 ysin (m%) for |m| <4M —n.

Conclude that ||v"| grows at least linearly in n. Hint: You need only show that
[v*|| = Cn|lv!| for some large values of n, suchas n = 2M. You do not need to
explicitly compute [[v" .
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4.2 Stability for General Multistep Schemes

We now discuss the stability conditions for a general multistep scheme. As for one-step
schemes, we assume that the differential equation is of first order in the differentiation with
respect to 7.

The stability of the multistep scheme

Pipv=Rinf 4.2.1)

is determined by considering the roots of the amplification polynomial ®(g, ) given by

Ing
D(g,0) =k pin A Oh

or, equivalently,
@ (e, hg ) = k pri (5.6).

Alternatively, ® can be obtained by requiring that
o = g"e™m? (4.2.2)

isasolution to the equation (4.2.1) with f = 0. P (g, 8) isthe polynomial of which g must
be a root so that (4.2.2) can be a solution of (4.2.1). We assume that the scheme involves
o + 1 time levels, so that & is a polynomial of order o. Note that J in Definition 1.5.1
will be taken to be o.

Since we are primarily concerned with the roots of this polynomial, there is no diffi-
culty in dealing with a scalar multiple of ®(g, 8) rather than ®(g, 0) itself. However, the
relationship between ®(g, ) and the symbol p(s, &) isimportant in proving convergence
results for multistep schemes in Chapter 10.

Example 4.2.1. Consider the multistep scheme for the one-way wave equation given by

n+1 n n—1 n+l _ n+l
3vm - 4'vm + Uy +a Uint1 Uin—1

2k 2h

=t (4.2.3)
For this scheme the amplification polynomial is
®(g,0) = (3 +2iarsinf)g? —2g + 1.

The analysis of the stability of this scheme is not as easy as that of the leapfrog
scheme and is most easily done with the methods of the next section, in which we present
a general method for analyzing the stability of multistep schemes. This scheme is accurate
of order (2,2) and unconditionally stable; see Exercise 4.4.3 and Example 4.2.2. O
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For a one-step scheme ®(g, 0) is alinear polynomial in g, and the general solution
of the homogeneous difference equation is given by (2.2.5). For a multistep scheme in
which @ is a polynomial of degree o, there are two cases to consider. First, if @ has
distinct roots, g,(#), the general solution to the homogeneous difference scheme is given
by

7€) =) guhE)"Av(®),

v=1

The coefficients A, (£) are determined by the data on the time levels for n from O to
o — 1. Iftheroots g, (h&) are bounded away from each other, independently of k and £,
then the values of A, are bounded by the sum

o—1
IS (4.2.4)
j=0

for some constant C (see Exercise 4.2.2). As with one-step schemes, it is then easily shown
that the stability condition is

lgv(h&)| < 14+ Kk forv=1,...,0,

for each root of ®. In the cases when ®(g, 0) is independent of k and #, the restricted
condition
lgv(hE)| < 1 forv=1,...,0 (4.2.5)

holds.

We now consider the situation in which ®(g, #) has multiple roots. For simplicity
we assume that the restricted condition (4.2.5) can be used. (The general case is handled
in the exercises.) Suppose that g1(6p) is a multiple root of the amplification polynomial
® at 6y; then the function

Oy = [81(90)"30 +n81(90)"_131] eimt

is a solution of the difference equation for any values of By and Bj. If By equals 0, then
the magnitude of 0y, is
n1g1 60" Bil. (4.2.6)

If |g1(60)] is less than 1, then this quantity is bounded by a multiple of

1
(1g1@0)110g 181@0) ") 181l (4.27)
(see Exercise 4.2.3). However, if |g1(6p)| is equal to 1, then the quantity (4.2.6) cannot be
bounded independently of n. As in the proof of Theorem 2.2.1, we can construct a solution
to the finite difference scheme that is not bounded, as required by Definition 1.5.1, the
definition of stability. We state this result in the next theorem. A root that is not a multiple
root is called a simple root.
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Theorem 4.2.1. If the amplification polynomial ®(g,0) is explicitly independent of h
and k, then the necessary and sufficient condition for the finite difference scheme to be
stable is that all roots, g,(0), satisfy the following conditions:

@ |gv®]| < 1, and
(b) if |gv(B)| =1, then g,(8) must be a simple root.

Notice in particular that there is at most one root go(6) such that go(0) = 1. There
is always one root with go(0) = 1 by consistency. For completeness we state the general
theorem as well.

Theorem 4.2.2. A finite difference scheme for a scalar equation is stable if and only if all the
roots, g,(0), of the amplification polynomial ® (0, k, h) satisfy the following conditions.

(a) There is a constant K such that |g,| < 1+ Kk.
(b) There are positive constants co and ci such thatif co < |gy| < 1+ Kk, then g,
is a simple root, and for any other root g, the relation

lgv — gul = <1

holds for h and k sufficiently small.

The proofs of these theorems are similar to that of Theorem 2.2.1 and are left as
exercises.

It is useful to consider the behavior of the roots g4(8) for the leapfrog scheme
in terms of Theorem 4.2.1. Figure 4.4 illustrates the behavior of g, (0) and g_(0) as
functions of 6.

We first discuss the stable case, shown in the figure at the left. For 6 = 0, the value
of g+ (@) isl,and g_(f) is —1. As @ increases fromOto 7 /2, g4 (6) moves from 1 to
point A, and as 6 goes from 7/2 to m, the value of g4 (0) goes from point A back to
1. As 6 continues from 7 to 2w, g4 (@) travels from 1 to B and back to 1. The values
of g_(0) are the reflection of g4 (0) in the imaginary axis.

The unstable case is illustrated on the right-hand side of Figure 4.4. Let 6y be the
smallest positive value of 8 for which g, (0) and g_(0) are equal. As 8 increases from
0to 6p, the values of gy (6) traverse from 1 to —i. Similarly, g_(0) traverses from —1
to —i. For 6 between 6y and /2, the double root at —i splits into two roots, both on
the imaginary axis, one inside the unit circle and one outside. At /2, they are at points
A and A’. (Since point A is outside the unit circle, the scheme is unstable.) As 6 takes
on values from 7/2 to 2w, the values of g4 (6) travel from A and A’, back to 1 and
—1, up topoints B and B’, and back to 1 and —1.

Example 4.2.2. We can show that scheme (4.2.3) is unconditionally stable using several
tricks. The polynomial equation for g(0) can be written

(3 +2iarsinf)g? —4g+1=0.
It is more convenient to solve for g(6)~', for which the equation is

g_2 —4g7 '+ (34 2iarsinf) =0
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A

Figure 4.4. The amplification factors for the leapfrog scheme.

and the roots are

gr' =25 /1 —2iaxsing. (4.2.8)

It is difficult to evaluate |g(6)~'| because the quantity under the square root operator is
complex. However, set g(@)’1 = X +iY, where X and Y are real, and we have by
(4.2.8)

X —-24iY =F+1—2iaksinb,

so, by squaring each side of this equation, we obtain
(X =22 —Y2+42i(X —2)Y =1—2iarsinb.

Thus we see that the values of X and Y are restricted to the hyperbola given by the real
part of this equation, i.e.,

X-22-v>=1. (4.2.9)

This hyperbola, along with the unit circle, is shown in Figure 4.5. The two branches
of the hyperbola correspond to the two roots of the polynomial. The branch on the left
corresponds to g, (8) with g, (0)~' =1, and the branch on the right corresponds to
g_(6) with g_(0)~! = 3. In particular, since they are on separate branches, the two roots
do not ever coalesce. As seen in the figure, the points (X, Y) are outside the unit circle
except for the value of (1,0). Thus the scheme is unconditionally stable. To show this
analytically, we use (4.2.9) to eliminate Y? in our evaluation of X2+ Y2 as follows.
Recall that since g(0)~! = X +iY, weneed X? 4 Y? to be greater than or equal to 1:

X247 =X 4+ (X-2?%—-1=2X2—4X+3=1+4+2X-12>1.

Thus this scheme is unconditionally stable. O
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AN
N

Figure 4.5. Display for showing the stability of the scheme (4.2.3).

This example shows that many different approaches can be used to show stability of
schemes. However, it also shows that it would be nice to have a method that is of quite
general applicability, as is presented in the next section.

Exercises
4.2.1. Show that the amplification polynomial for the scheme derived in Example 3.3.1 is

®(z,0) =z + 4ip (2z3 -2+ 2z> —1, (4.2.10)

where
B = ar(l + %sin® 16) sino.

Show that the stability for this scheme can be analyzed by the following method.
(a) Substituting z = ¢'¥, obtain an equation for ¥ in the form

F(y) =B
(b) Show that for real values of 8 near O there are four real roots of the equation

F (i) = B. Conclude that the scheme is stable for aA sufficiently small.
(c) Show that the stability limit for aA is determined by that value of 8 given by

F(y)=p and  F'(y)=0.

Determine the stability limit for this scheme.
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4.2.2. Verify that the values of A,(£) in equation (4.2.4) can be bounded by the quantity
(4.2.4) if the roots g,(0) are bounded away from each other. Hint: The matrix to
be inverted is a Vandermonde matrix.

4.2.3. Verify the estimate (4.2.7).
4.2.4. Prove Theorem 4.2.1.
4.2.5. Prove Theorem 4.2.2.

4.3 TheTheory of Schur and von Neumann Polynomials

The application of Theorem 4.2.1 to a particular scheme requires us to determine the location
of roots of amplification polynomials, and in this section we present an algorithm for
checking the roots of such polynomials. We first present some examples on which to apply
the theory. At the end of this section we determine the stability conditions for each of these
schemes.

Example 4.3.1. The second-order accurate scheme for the one-way wave equation (1.1.1)

which was derived in Example 3.3.3, has the amplification polynomial
D(z) = (T+4if)z* — (8 —2if)z+ 1, 4.3.2)

where 8 = aAsinf. O

Example 4.3.2. The second scheme we consider, also for (1.1.1), is a (3,4) accurate
scheme

23vHl — 2107 — 3unl 42

24k

(4.3.3)
h2 -1 n+1 n k2 2 n+l _ .n
+ <1 + E52) [a&o <vm 2+ Um> + 861 52 <vm : vm)} — i,
This scheme has the amplification polynomial
(23 — 120 + 12iB)2° — (21 — 120 — 12iB)z> — 3z + 1, (4.3.4)
where
a*)*sin” 16
o= —-"
1 —Zsin® 30
and )
alsin@
f=—F—. (4.3.5)

1 - %sin2 %9
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This scheme can be derived by considering third-order approximations about time
level n+1/2. O

Example 4.3.3. The third example is the (4,4) accurate scheme for the one-way wave
equation (1.1.1):

_ -1 _
e VL ta (1 N %282) 50 <2v,';l+1 — vl 4+ 2u 1)

4k 3
(4.3.6)
2t — fn 2!
= 3 ,
which has the amplification polynomial
At giﬂ (22 -2 +22) -1, @3.7)

where B is as in (4.3.5). The derivation of this scheme is similar to the derivation in
Example 3.3.1. O

A direct determination of the roots of these polynomials is a formidable task. Fortu-
nately, there is a well-developed theory and algorithm for checking whether these polynomi-
als satisfy the conditions of Theorem 4.2.1. We begin with some definitions and notations.
These definitions and the following discussion are based on the paper of Miller [43]. Let
¢(z) be a polynomial of degree d,

d
0a(2) = aqz’ + -+ +ag =Y aiz".
£=0

We say that ¢ is of exact degree d if ay is not zero.

Definition 4.3.1. The polynomial ¢ is a Schur polynomial if all its roots, r,, satisfy
lry] < 1.
Definition 4.3.2. The polynomial ¢ is a von Neumann polynomial if all its roots, ry,

satisfy
v < 1.

Definition 4.3.3. The polynomial ¢ is a simple von Neumann polynomial if ¢ is a von
Neumann polynomial and its roots on the unit circle are simple roots.

Definition 4.3.4. The polynomial ¢ is a conservative polynomial if all its roots lie on
the unit circle, i.e., |ry| =1 for all roots r,.

For any polynomial ¢ of exact degree d we define the polynomial ¢* by

d
0 @) =) gz (4.3.8)
=0
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where the bar on the coefficients of ¢ denotes the complex conjugate. Note that
0*(2) =z N7’ (4.3.9)
Finally, for a polynomial ¢;(z) of degree d we define recursively the polynomial

@5(0)@a(2) — 9a(0)9}(2)
Z

(4.3.10)

0a—1(2) =

It is easy to see that the degree of ¢;_; is less than that of ¢,. The next two theorems
give recursive tests for Schur polynomials and simple von Neumann polynomials.

Theorem 4.3.1. ¢, is a Schur polynomial of exact degree d if and only if ¢4_1 is a
Schur polynomial of exact degree d — 1 and |pq(0)| < |¢;(0)|.

Theorem 4.3.2. ¢, is a simple von Neumann polynomial if and only if either

@) lpa(0)] < l@j(0)| and @41 is a simple von Neumann polynomial or
(b) @a—1 is identically zero and ¢, is a Schur polynomial.

The proofs of these theorems depend on Rouché’s theorem from complex analysis.

Theorem 4.3.3. Rouché’s Theorem. Let the functions ¢ and  be analytic within and
on a simple closed curve C, and suppose

lpz) =¥ ()] < le2)] (4.3.11)
on the curve C. Then ¢ and v have the same number of zeros in the interior of C.

The proof of Rouché’s theorem rests on the observation that the number of zeros of
¢ inside the curve C is equal to the number of times the image of C under ¢ winds
around the origin. Inequality (4.3.11) constrains the image of C under v to wind around
the origin the same number of times as ¢ does. Rouché’s theorem has been called the
“walk-the-dog theorem” to emphasize the geometric nature of the theorem. The “dog,”
¥ (z), must go around the origin exactly as many times as its “master,” ¢(z), as long as
the “leash,” ¢(z) — ¥ (z), is shorter than the distance of the master from the origin. The
proof of Rouché’s theorem is given in standard introductory texts on complex analysis.

Proof of Theorem 4.3.1.  First assume that |¢;(0)] < |¢}(0)| and that ¢4 is
a Schur polynomial of degree d — 1. If we let ¥ (2) = zp4—1(2)/¢};(0), we have, by the
definition of ¢4_1,

©7(0)94(z) — 9a(0)p}(2)
©;;(0)

lpa(z) =¥ (2)| = ‘SOd(Z) -

©4(0)
©;(0)

wZ(z)‘ < lgj @)

On the unit circle we also have that

03] = lea @I = 9a@)],
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since z~! = z on the unit circle. Thus, by Rouché’s theorem, ¢, has as many zeros inside

the unit circle as does z¢,—1. Hence ¢, is a Schur polynomial.

Now assume that ¢, is a Schur polynomial of degree d. Then the product of the roots
of ¢4 is ap/ay, and this quantity must have a magnitude less than 1. This is equivalent to
l9a(0)] < |¢;(0)]. Rouché’s theorem then shows that z¢y_1 also is a Schur polynomial;
hence ¢4_; is a Schur polynomial. [

Proof of Theorem 4.3.2.  We begin the proof by observing that a von Neumann
polynomial can be written as

¢
01 =[] @ =) ga—e(2), (4.3.12)
v=1
where |a,| = 1 for 1 < v < € and @4_¢(z) is a Schur polynomial or a constant. (In

case £ = 0, the theorem follows from Theorem 4.3.1.)

Lemma 4.34. If ¢4(z) is of the form (4.3.12), then

4
i1 =[] =) gart102). (4.3.13)

v=1

Proof. We use the form (4.3.9) to prove the lemma and note that o = a b We

have
- | - /1
05 =0a@E N =2"] (; - &v) Pa—t (;)
v=1 ’ '
4
=[]0 -za) @ )
v=1
4 4
=[[Can [[Gc—an @i .
v=1 v=1
Note that ,
0a(0) = [ ] (o) Ga—e(0)
v=1
and

4 4
;0 = [ (=an) [ ] (—e) @5_¢(0) = &5_(0).
v=1 v=1
Note also that
l £ 4
01095 =[] () gae @[] (—an) [ [ c —an) @)

v=1 v=I v=1

Ja
=G0t [[ =)@} )

v=1
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With this we compute the numerator of (4.3.10) as

94094 (2) — 9a(0)pz(2)

4 ¢
=G O [[G—0)@at(2) = GareO [[ ¢ =) Fi_4(2)

v=1 v=1

l
=[] @ =) [¢i_OFa—t() — Ga—eO)F;_(2)]

v=1

and the form (4.3.13) easily follows. [

The lemma proves Theorem 4.3.2 in the case when ¢;_1 is not identically zero. We
also see that @4_1 is identically zero only if all the roots of ¢, lie on the unit circle, i.e.,
if @4 is a conservative polynomial.

When ¢, is a conservative polynomial of degree d, we consider the polynomials

05(2) = 94(2) + e2¢(2) (4.3.14)
for small positive values of . We use the following lemma to give information on the roots

of ¢%(z). The lemma is for greater generality than is needed here because it is also used in
Chapter 8.

Lemmad.3.5. If r isarootof ¢(z) ontheunitcircle of multiplicity m, thenthe polynomial
08 (2) = ¢(2) + e2¢/(z) has a root satisfying

rf =r(l+e) "+ 0(e?).
Proof.  'We solve the equation
9°(z(1468) =0
for § as a function of &. Using the Taylor series on ¢ and ¢’, we have

e(r(14+8) +er(14+8)¢'(r(1+6))

1 m m 1 m (m—1) m+1
= —")EF&" +er(1 +8)———¢" (r)(rd) + 0(6)
m! (m—1)!

|
= —@"()r"6" ! (5 -+ me+00)?).

From this last equation, we see that there are m — 1 roots with § = 0, and one root with
8 = —me + O(¢)2. Thus the root not on the unit circle is of the form

r<=r(1—me)+ 0@E) =r(14+&) "+ 0. 0
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By the lemma for m = 1, we have that the simple roots r of ¢ are given by
& _ -1 2
ry, =r,(14+e)~" + 0().

Thus, if ¢4 is a conservative and simple von Neumann polynomial, then for small positive
values of &, ¢ is a Schur polynomial. Theorem 4.3.1 then implies that ¢ _, is also a
Schur polynomial,

Lemma 4.3.6. If ¢4(z) is a conservative polynomial of degree d, and ¢}(z) is defined
by (4.3.14), then

95_1(2) = Q2+ de)g}(0)py(2). (4.3.15)

Proof. 'We begin with several formulas. First, since ¢4z_1(z) is identically zero, we
have

01094 (2) = ¢a(0)py(2),
and by differentiating this relation, we have
93(0)¢;(2) = pa(0)g; ' (2).

Next, we compute (z¢')*(z). We have
d
@) () =) (d—0aqz"
£=0

d
=do* =) lag_7"
=0
=dy*(z) — 2" (2).

So we have
97 @) =)@ +e(de*(2) — 297 (2)) .

and so
95" (0) = ¢7(0)(1 +ed) and ¢7(0) = ¢q(0).

Putting these formulas together to compute the numerator of (4.3.10), we have

55 (0)95(2) — 95095 (2)

= @5 0)(1 + £d)(9a(2) + £2¢(2)) — 0a(0) (¢(2) + & (d9*(2) — 20" (2)))
= ez [@(0) (1 + ed)py(2) + 9a(0)9™ (2)]

= ez [@;0)(1 + ed)p}(2) + ¢ (0)¢(2)] = £2(2 + £d);(0) g}y (2).

This immediately leads to (4.3.15). 0
We are now in a position to prove Theorem 4.3.2 in the case when ¢4_1 is zero.
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If @41 is zero, then ¢,4(z) is a conservative polynomial and ¢ is a Schur poly-
nomial for positive &. Thus, by Theorem 4.3.1, |¢5(0)| < |¢;*(0)| and ¢§_, isa Schur
polynomial. Moreover, by Lemma 4.3.6, the roots of ¢_, are the same as those of ¢/,_,.
Thus ¢),_, is a Schur polynomial of degree d.

The argument in the other direction follows easily. 0

For completeness we state the following three theorems without proof.

Theorem 4.3.7. ¢, is a von Neumann polynomial of degree d if and only if either @41 is
avon Neumann polynomial of degree d — 1 and |pq(0)| < |¢;(0)| or @41 isidentically
zero and @) is a von Neumann polynomial.

Theorem 4.3.8. ¢, is a conservative polynomial if and only if ¢4—1 is identically zero
and ¢}, is a von Neumann polynomial.

Theorem 4.3.9. ¢, is a simple conservative polynomial if and only if ¢q—1 is identically
zero and @) is a Schur polynomial.

We now apply this theory to the examples given at the beginning of this section. In
applying this theory it is very helpful to use a computerized symbol manipulation language
to assist in the algebraic transformations.

Example 4.3.1, continued. We analyze the scheme (4.3.1) using Theorem 4.3.2 and begin
by setting
02(2) = (T +4if)z* — 8 = 2if)z + 1,

which is polynomial (4.3.2). The scheme will be stable precisely when ¢»(z) is a simple
von Neumann polynomial. We make repeated use of Theorem 4.3.2. We first check that
l93(0)| = |7 —4iB| > 1 =|p2(0)| and then, using (4.3.10), we obtain

01(2) = 4(12 + 487z — 4(12 — 287 — 12ip).

@1 is a simple von Neumann polynomial if and only if
2)? 2)? 242
(12+4,B ) > (12—2/3 ) +1228

and this inequality always holds, with equality only if B is zero. Thus the scheme (4.3.1)
is unconditionally stable. O

Example 4.3.2, continued. For scheme (4.3.3) with @3 equal to the amplification poly-
nomial (4.3.4), we have that

193 (0)7 — |93(0)> = 242 — &) (11 — 6ax) + 12282,

and this expression is nonnegative for 0 < o < 11/6. (Since «, givenby (4.3.6), depends
on 0 and vanishes for 6 equal to zero, we need not consider the case of « greater than 2,
nor need we consider negative «.) Again, we make repeated use of Theorem 4.3.2.
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The polynomial ¢y, after dividing by 24, is
022 =[ (11 = 60)2 — ) + 62| 2

2 [(2 — )5 —3a) — 382 — (11 — 6a)iﬁ] z

—2—a—2ip).
We have
B3O — 200 = 45 —3a) [32 - @) + B2(13 — 60)| + 368"

Thus for stability we must have

5 11
0<a<-< —.
3

6

This places a more severe requirement on «. Finally,
¢1(2) = [120 — 2520 4 198a* — 69a> + 9a* + (180> — 69« + 65)8% + 9,34] z
+98% +6(5 — 3w)ip® + Ba — 5)8°
- (18a3 + 10202 + 1920 — 120) ip

— 9% + 692> — 198a2 + 252 — 120.

We have that the one root of ¢; is within or on the unit circle when
T OF — le1(O)
is nonnegative. This quantity is
1284(5 — 3a) [6ﬂ2 + (11— 6a)(2 — a)]
and is nonnegative when o is at most 5/3. Thus the stability condition for (4.3.3) is
sin? %9

2
o= lar]" ————
1-— %sin2 %9

5
< .
-3

The maximum value of the left-hand side of this inequality is achieved at 6 equal to .
Thus the scheme (4.3.3) is stable if and only if

V5

lar] = —.
3

Notice that (4.3.3) is an implicit scheme but is not unconditionally stable. O
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Example 4.3.3, continued. To complete our final example we consider the implicit (4, 4)
scheme (4.3.6) with amplification polynomial ¢4(z) given by (4.3.7). Using (4.3.10) we
find that ¢3(z) is identically zero, so by Theorem 4.3.2, ¢4(z) is a simple von Neumann
polynomial if and only if

¥3(2) = 3/4¢,(z) = 32° +iB (62 — 2z +2)

is a Schur polynomial. By checking that [y3(0)| < [¢3(0)|, ie., 28] < 3, we see that
Y3 is a Schur polynomial only if |8 < 3/2.
Proceeding with the algorithm given by Theorem 4.3.2 and (4.3.10), we have

Y (2) = (9 — 48122 + (4B% + 18iB)z — 1287 — 6iB.
This is a Schur polynomial only if
O =481 > (1287 + (68)%,
which is equivalent to
9(v41 -3
pr< 2T
64
and is a more severe restriction than that || be less than 3/2. We next obtain

Vi(z) = (81 —1088> — 128ﬁ4> 7+ 32B8% —264iB° + 14482 + 162iB.

The one root of ¥y is inside the unit circle only if

(81 — 10882 — 128/34)2 ~ (32,34 n 144,32)2 - (264,33 - 162,3)2

is nonnegative. This expression factors as

3 (9 - 4,32) (3 - 16,32) (80/34 728 + 81) .
The last factor is always positive, and we deduce that i is a Schur polynomial for
2 3 9(+/41 =3)
< — < —.
16 64
We obtain that the stability condition for the scheme (4.3.6) is

lai sin 6| V3
18] = RV T
1 — 5sin” 50
The maximum of |B| as a function of 6 occurs when cosf is —1/2. Thus the scheme is
stable when

lax] < 1/4.

Notice that when |aA| is 1/4, the polynomial ¢4(z) has a double root on the unit circle.
Since ¢3(z) vanishes identically, we have that @4(z) is a conservative polynomial; that is,
all the amplification factors of the scheme (4.3.6) satisfy

lgv(@)] = 1.

Even though this scheme is implicit, it is not unconditionally stable. O



4.4 The Polynomial Algorithm 117

Exercises

4.3.1. Show thatif ¢;_1(z), as defined by (4.3.10), is identically zero, then if « is a root

of ¢q(z), sois aL.

4.3.2. Verify the accuracy of the schemes (4.3.1), (4.3.3), and (4.3.6).
4.3.3. Verify that formula (4.3.15) follows from (4.3.10) for the polynomials (4.3.14).

4.3.4. A Hurwitz polynomial is a polynomial f(z), all of whose roots are in the left
complex half-plane, i.e., Re z < 0. If f has the coefficients a; we define

d
1@ =) an-2)"
£=0

Given a polynomial fy we recursively define

_ fa@ 5D = £ @ fa=D)

fa-1 741

Prove that f; is a Hurwitz polynomial of exact degree d if and only if f;_;
is a Hurwitz polynomial of exact degree d — 1 and |fy(—1)| < |f;(=1)|. Hint:
| fa(—1)| is a constant multiple of the distance of the roots from —1. The proof is
similar to that of Theorem 4.3.1.

4.4 The Algorithm for Schur and von Neumann
Polynomials

We now incorporate the preceding theorems into an algorithm for determining the conditions
under which a polynomial is a von Neumann polynomial. In Chapter 8 these results are
extended to include von Neumann polynomials of higher order. Since the algorithm is
easier to state for the more general order, we give it in the greater generality. The von
Neumann polynomials defined in this chapter are von Neumann polynomials of order 1,
and Schur polynomials are von Neumann polynomials of order 0.

We start with a polynomial ¢4(z) of exactdegree d, which might depend on several
parameters, and set the initial von Neumann order equal to O.

While the degree, d, of ¢,4(z) is greater than O, perform steps 1 through 4.
1. Construct (pj (z) according to either (4.3.8) or (4.3.9).
2. Define cq = |¢;(0)* — ¢a(0).
3. Construct the polynomial ¥ (z) = (¢;(0)p4(2) — 0a(0)93(2))/z
according to (4.3.10).
4.1. If ¥ (z) isidentically 0O, then increase the von Neumann order by 1
and set @g_1(z) tobe ¢/ (2).
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4.2. Otherwise, if the coefficient of degree d — 1 in ¥ (z) is 0, then the
polynomial is not a von Neumann polynomial of any order.
The algorithm terminates.

4.3. Otherwise, set ¢z—1(z) tobe ¥ (z).

At the end of this algorithm, if the polynomial has not been rejected by step 4.2,
then the polynomial is a von Neumann polynomial of the resulting order provided that all
of the parameters c4, for d from the initial degree down to 1, satisfy the appropriate
inequalities. The quantities c¢; must be nonnegative if the polynomial ¢, is to be a von
Neumann polynomial and the c¢; must be positive if ¢, is to be a Schur polynomial. The
conditions on ¢4 provide the stability conditions.

For first-order partial differential equations, the amplification polynomial must be a
von Neumann polynomial of order 1 for the scheme to be stable. For second-order partial
differential equations, as discussed in Chapter 8, the amplification polynomial must be a
von Neumann polynomial of order 2.

Exercises

4.4.1. Determine if these polynomials are Schur polynomials, von Neumann polynomials,
or neither. Use of a programming language is recommended for the polynomials of
higher degree.

(a) 234722474 1.

d) 224+ +22+27+1.
© 22+ —z—1.

d B2+ + 1
e B+ +z+1

4.4.2. Use the methods of this section to show that the leapfrog scheme (1.3.4) is stable if
and only if |aA| isless than 1.

4.4.3. Using the methods of this section, verify that the scheme (4.2.3) is unconditionally
stable.

4.4.4. Show that the modified leapfrog scheme

ptl =l 4 asy R A S _ g
2k 6

is stable if and only if |aX| < +/3.
4.4.5. Show that the explicit (4,4) scheme for (1.1.1) derived in Example 3.3.1,

vt — =2 vali ﬁﬁ 5 2ot — ot 4+ 2007
4k 6 3

2 fl— g -l
_ : ,
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4.4.6.

44.7.

44.8.

4.4.9.

is stable for

Q 1
4 (1+/6)(V6—3/2)1/2

Hint: The amplification polynomial for this scheme is very similar to (4.3.7).

lar| <

Show that the following scheme for u; 4+ au, = f is accurate of order (3,4) and
is unstable for all values of A:
11 n+1 _ 18" 9 n—1 -2 n—2 h2 -1
U vm;;c Un Un +a (1 + F82) 50U,’:l+1 — f,:l,Jrl-

Show that the scheme

v;'11+2 4 U%—H _ U;ln_l _ U;"l1—2 ta <1 B h282) sovn _ fn
6

6k

isa (2,4) accurate scheme for u; 4+ au, = f and is stable for

V69 — 114/33
8(v/6+ 1)(v6—3/2)1/2

lar| <

Show that the scheme

= fm

_ _ -1 _
v’r111+2 4 U;ﬁ+1 _ Uﬁz 1 _ v:'zl 2 ta (1 N h282> 0 U;LnJrl 4 v:tn 1
6k 2

isa (2,4) accurate scheme for u; + au, = f and is stable for
113
lar| < —<2 —1).
3

Hint: The real root of 1 — 15x + 3x2 — x3 is (21/3 — 1)2.

Show that the scheme

14—
6k +

20! 4 3y — 61l 4 =2 +a ( h282)_1 S0 = 0
6 m

isa (3,4) accurate scheme for the one-way wave equation u; + au, = 0 and is
unstable for all values of A.



Chapter 5

Dissipation and Dispersion

In this chapter we study two important topics in the study of finite difference schemes for
hyperbolic equations, dissipation and dispersion. Schemes that have dissipation damp out
high-frequency waves that can make the computed solution more oscillatory than desired.
Dispersion refers to the fact that finite difference schemes move different frequencies at
different speeds. This causes the computed solution to spread out as time progresses. Both
dissipation and dispersion are important properties to consider in selecting schemes for
computation.

The third section of this chapter deals with the propagation of wave packets, which
are highly oscillatory waves contained in a short range. The propagation of packets depends
on both the phase velocity due to dispersion and the group velocity of the packet.

5.1 Dissipation

In Section 1.3 we noted that the leapfrog scheme was more accurate than the Lax—Friedrichs
scheme, as illustrated by Figures 1.3.6 and 1.3.8. However, the solution computed with
the leapfrog scheme contains small oscillations that detract from the appearance of the
solution. In this section we discuss a way of removing, or at least reducing, the amplitude
of this “noise.” For many calculations, especially for nonlinear equations, these small-
amplitude, high-frequency oscillations can have a significant role in reducing the accuracy
of the solution.
To consider the method of propagation of these oscillations, consider the leapfrog
scheme (1.3.4) with initial data given by
W =(=1D)"p and v} = D"ty for meZ, (5.1.1)

m =
where 7 is some small parameter. It is easy to check that the solution for all time steps is
V= (=D""y for me Z. (5.1.2)

This formula shows that the leapfrog scheme (1.3.4) propagates the initial disturbances
without damping them. A more striking illustration of propagation without damping was
seen in Figure 4.3, in which the solution of the leapfrog scheme in the third plot was
“reconstructed” as the reflection of the solution in the second plot. This propagation without
damping is a consequence of the amplification factors g4 (9) and g_(6) having magnitude
equal to 1. (See formula (4.1.2).)

121
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Next consider the Lax—Wendroff scheme (3.1.2) with |a)| less than 1 and with data
(5.1.1) for n = 0. Because of the repetition of the data, the solution is

v = (1 = 2a%2H)" (=1,

Since |1 — 2a%?| is less than 1, the oscillation decreases in magnitude each step. This
decreasing of high-frequency oscillations is called dissipation.

The definition of dissipation is usually given under the assumption that the lower order
terms have been removed. This is also assumed in the definition of dissipation given next.
Also note that we include both one-step schemes and multistep schemes in the definition.

Definition 5.1.1. A scheme is dissipative of order 2r if there exists a positive constant
¢, independent of h and k, such that each amplification factor g,(0) satisfies

lgv(®)] < 1 —c(sin $0)*. (5.1.3)

A scheme that is dissipative of order 2r is also said to have dissipation of order 2r.
Similar to the observation at the end of Section 2.2, we note that (5.1.3) is equivalent to

lgv(@)* < 1 —¢/(sin 30)* (5.1.4)

for some constant ¢’.
The Lax—Wendroff scheme satisfies

120)2 = 1 — 4a%22 (1 _ a2,\2) (sin 16)*

(see Section 3.2) and so is dissipative of order 4 for 0 < |aA| < 1. In fact, for 6 = 7, we
have g(0) = 1 — 2a%A2, as our example showed.
The forward-time backward-space scheme (1.3.2) satisfies

1g(®)1* = 1 — 4ax (1 — ak) (sin $6)*

(see (2.2.6)) and so is dissipative of order 2 for 0 < at < 1.

For the most general case, in which we cannot use the restricted stability condition
(2.2.8) but must use the general condition of (2.2.7), the estimate (5.1.3) must be replaced
by

lgv(0)] < (1 — c¢(sin %9)”) (1+ Kk), (5.1.5)

and similarly for (5.1.4).

Often the definition of dissipation is given by replacing the quantity (sin#)* in
(5.1.3) by 10|, with 6 restricted in magnitude to less than 7. The definitions are equiv-
alent; we prefer the form (5.1.3), since that is the form that actually occurs in evaluating
|g(@)| for most schemes.

The leapfrog scheme (1.3.4) and the Crank—Nicolson scheme (3.1.3) are called strictly
nondissipative schemes because their amplification factors are identically 1 in magnitude.
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The Lax—Friedrichs scheme (1.3.5) and the backward-time central-space scheme (1.6.1)
and the (2,2) implicit scheme (4.2.3) are nondissipative but not strictly so. For example,
the Lax—Friedrichs scheme has

|g(6’)|2 =cos’ 0 + a’A’sin’ 6

(see (2.2.12)), and since |g(w)| = 1, this scheme is not dissipative.

For the Lax—Friedrichs and backward-time central-space schemes, |g(0)] is less than
1 for most values of 6. These schemes reduce the magnitude of most frequencies but not
the highest frequency on the grid.

Adding Dissipation to Schemes

Dissipation can be added to any nondissipative scheme, as we will show, and this provides
us with some control over the properties of the scheme. In adding dissipation to a nondis-
sipative scheme, we must be careful not to affect the order of accuracy adversely. For
example, the modified leapfrog scheme

U}r'rll+1 — v:ln_l n € 1 * n—1 n
T o + adovy, + % <5h8> vy = Inm (5.1.6)
is a second-order accurate scheme for u; + au, = f for small values of ¢. Notice that
(sin £6)%" is the symbol of (1i78)%".

The amplification factors are

g+(0) = —iaisinf * \/1 — a232sin20 — & sin® %0'

If e is small enough, then the scheme is stable and dissipative of order 4 (see Exercise
5.1.2) and satisfies
lg+(@)* =1 —esin 16 .

Similarly, the Crank—Nicolson scheme (3.1.3) can be modified as

n+1 n 4
T S0 (o ) + % (%hﬁ) o = % (fart+5m). 61D
This scheme is second-order accurate and dissipative of order 4 for small values of ¢.

Figures 5.1 and 5.2 show the effect of adding dissipation to the leapfrog scheme. The
solution is the propagation of a simple piecewise linear pulse. Notice that the dissipation
removes most of the oscillations to the left of the pulse. It does not remove the larger oscil-
lation behind the pulse. This oscillation is inherent in higher order schemes, as discussed
after Theorem 3.1.4.

To show that any scheme can have dissipation added to it, we consider the amplifi-
cation polynomial and modify it as in formula (4.3.14). To be more precise, the scheme
corresponding to

®%(g,0) = ®(g,0) + &(sin %9)2’ g®'(g,0) (5.1.8)
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Figure 5.1. The leapfrog scheme with no dissipation added.
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Figure 5.2. The leapfrog scheme with dissipation of ¢ = 0.5.

will have all roots inside the unit circle except at 6 equal to 0. (®’(g, 0) is the derivative
of ® with respectto g.) Another choice for a dissipative scheme is

(g, 60) = ®(g.0) + e(sin 16)” [gP'(g.0) — dD(g.,0)]. (5.1.9)

where d is the degree of ®(g, ). The preceding general procedures are not always advis-
able to use, but they do give one guidance in adding dissipation to a scheme
(see Exercises 5.1.3 and 5.1.4).
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If we use the methods of Section 4.3, then we can determine if the scheme is
dissipative by checking if the amplification polynomial is a Schur polynomial for val-
ues of O other than 6 equal to 0. For a dissipative scheme the amplification polynomial
is a Schur polynomial when 6 is not equal to zero.

Exercises
5.1.1. Show that the scheme (5.1.7) is dissipative of order 4 and stable if 0 < & < 2.
5.1.2. Show that the modified leapfrog scheme (5.1.6) is stable for ¢ satisfying

0<e=<1 if 0<a2)»2§

NI —

and
0 <e=4a?(1-a%?) if }=ab? <1
Note that these limits are not sharp. Itis possible to choose € larger than these limits

and still have the scheme be stable.

5.1.3. Construct the modified scheme corresponding to formula (5.1.8) using the multistep
scheme (4.2.3). Compare this scheme with

3t _ gyn + =1 . £ i 2r ;
= ka "+ aspulit! = 7 <§h8> v

5.1.4. Construct the leapfrog scheme with added dissipation using the method given by
formula (5.1.9). Compare this scheme with the scheme (5.1.6).

5.1.5. Construct the Crank—Nicolson scheme with added dissipation using the method given
by formulas (5.1.8) and (5.1.9). Compare these schemes with each other and with
the scheme (5.1.7).

5.1.6. Show that the scheme of Exercise 3.3.5 is dissipative of order 6 for

V17 — 1)1/2

0<|ak|<< -

5.1.7. Show that the scheme (3.3.16) is dissipative of order 4 if 0 < |aA| < 3.

5.2 Dispersion

To introduce the idea of dispersion we look again at equation (1.1.1) and notice that we can
write the solution as

—iwat »

u(t,x) = J%?T/ e'*e io(w) do. (5.2.1)

From this we conclude that the Fourier transform of the solution satisfies

0t +k, ) = e %1, w). (5.2.2)
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If we consider a one-step finite difference scheme, we have, from (2.2.5), that
"t = g(hé)", (5.2.3)

and by comparing (5.2.2) and (5.2.3) we see that we should expect that g(h&) will be a
good approximation to e 5k,

To emphasize the similarity between e~15%

and g(h&), we write
g(h&) = |g(h&)le Tk, (5.2.4)

The quantity «(h€) is called the phase speed and is the speed at which waves of frequency
& are propagated by the finite difference scheme. If «(h&) were equal to a for all &,
then waves would propagate with the correct speed, but this is not the case for any finite
difference scheme except in trivial cases. The speed « (k&) is only an approximation to a.

The phenomenon of waves of different frequencies traveling with different speeds is
called dispersion. In studying dispersion for finite difference schemes it is convenient to
define the phase error as a — a(h&).

The effect of dispersion can be seen in the distortion of the shape of the solution of a
finite difference scheme. Consider the solution as displayed in Figure 1.3.6. For the partial
differential equation the shape is preserved; it is only translated. For the finite difference
scheme the shape is not preserved because the different frequencies that make up the initial
solution are propagated with different speeds.

From (5.2.4) we obtain two useful formulas for «(@). First, by using 6 rather than
&, we have

g(0) = |g(@)]e O™,

By considering the real and imaginary parts of g(6) we have

Im g(6)
t Or0) = —————. 5.2.5
an(a(6)A0) Re g(0) (5.2.5)
Also, if |g(0)| = 1, then we have the formula
sin(w(6)10) = —Im g(6). (5.2.6)

Example 5.2.1. We consider the Lax—Wendroff scheme to study its dispersion. We have
g =1—2(ar)?sin® Jh& — iaksin hg

and so by (5.2.5)
alsin hé

h§)&k] = '
tan [ (h&)EK] 1 —2(ar)?sin® 1he

(5.2.7)
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Since this formula does not give too much insight into the behavior of «(h§), we
study the Taylor series of «(h&) around & = 0. We use the formulas

sinx = x —1 — %xz + 0(x4)—

tanx =x |1+ %xz + 0(x4)

tan~'y =y|1—- 3y +00"|.
Using the series for sinx in (5.2.7) we obtain, after some work,
tan [a(h§)§k] = arhg (1 — (h§)*[§ — 5@’ + O(h€)?).

From the formula for tan~! y we obtain
athg) =a (1 - 1ne)* [1 = @] + 0he)*). (5.2.8)

We see that for & small and |aA| < 1, «(h€) isless than a. Also, we see that if |aA|
is close to 1, then the dispersion will be less.

Because a(h€) islessthan a for smaller values of &, solutions to the Lax—Wendroff
finite difference scheme will move slower than the true solution. This is displayed in
Figure 3.1, in which the solution of both schemes trails the true solution.

To deduce the behavior of «(h&) for larger values of &, we refer to the formula for
g and (5.2.7). We find that for £ equal to A~ 'm, g has the value 1 —2aA2. If a?A?
is greater than 1/2, then g is negative, and so a(mw)h~ 'k is equal to 7. Thus a(m)
is A~1. However, if a?A? is less than 1/2, then g is positive and so «a () is 0. By
consistency, «(h&) will always be close to a for small values of &, and, in particular,
a(0) is equal to a. This is proved in Chapter 10. O

For the leapfrog scheme and other multistep schemes, the phase error is defined by
considering the one amplification factor go(h&) for which

80(0) = 1.

As we showed in Section 4.2, there is only one such amplification factor. For the leapfrog
scheme (1.3.4) we see by (5.2.6) that the phase speed is given by

sin[a(A)A0] = aA sin 6,
or, equivalently,

sin[ka (h€)E] = aA sin hé. (5.2.9)

The expansion of «(h&) for small values of & results in the same formula as for the
Lax—Wendroff scheme up to O (h& )*: see Exercise 5.2.1. Note also that «(7r) is O for the
leapfrog scheme.
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One can also study the propagation velocities of parasitic modes for multistep schemes.
We consider the parasitic mode for the leapfrog scheme as an example. Since g_(0) = —1,
it is best to write the equation for the phase velocity as

g—(h&) = —|g_(h&)|e s~ ok, (5.2.10)

It is seen that
sin[o_(0)A0] = —aA sin 6

and thus o_(f) = —a(9). In particular, the parasitic mode moves in the opposite direction
to the correct direction of propagation. Moreover, since « () = a—(mr) = 0, the highest
frequencies, which contain no accurate information, do not propagate away.

Figure 5.3 shows the phase velocity of the leapfrog scheme, «(6), as a function of
0 for a =1 and A = 0.95. Notice that the phase speed is close to 1 for smaller values of
0, but drops off to O for larger values of 6.

A=0.95
0.8 -
0.6 -
3

0.4
0.2

1 1 1

% 1 2 3

Figure 5.3. Phase velocity for the leapfrog scheme.

As a general principle, for hyperbolic partial differential equations it is best to take
lax| close to the stability limit to keep the dispersion and dissipation small. If we are
interested in a particular frequency, say &p, then we should choose % so that h&p is much
less than m to get accurate results, both in the speed of the wave (dispersion) and in the
amplitude (dissipation). For the leapfrog and Lax—Wendroff schemes for (1.1.1) with ai
equal to 1, the schemes have no dispersion error. These are exceptional cases, and this does
not happen for variable coefficient equations or nontrivial systems.

Using the fact that the coefficients of the scheme are real, it is easy to show that the
phase error is an even function of h&. Thus the phase error always has even order. If a
scheme has order of accuracy r, then phase error is of order O (h" "), where r’ is r if r
iseven, and r’ is r + 1 if r is odd.
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In choosing a scheme for particular applications, the amount of dissipation and dis-

persion can be used to choose between schemes; see Durran [15].

Exercises

5.2.1.

5.2.2.

5.2.3.

5.24.

5.2.5.

Show that the formula (5.2.8) is also true for the leapfrog scheme, where o (h§) is
given by (5.2.9).

For the backward-time central-space scheme (1.6.1), show that the phase speed is
given by
tan [ka (h&)E] = aAsin h&

and satisfies

_ (hg)?
6

a(h€) =a [1 (1+24%2) + o(hg)“} :

Show that the phase speed for the Crank—Nicolson scheme (3.1.3) is given by
tan [%koz(hé)f;‘] = Lansinhg

and satisfies

2
a(hé) = a [1 - (hz) (1 + %Lﬁﬂ) + o(hg)“} .

Show that for the multistep scheme (4.2.3), the amplification factor g4 (0) satisfying
g+(0) =1 can be expanded as

g+ ' =2—1—=2iarsin6

| .
= 1 +iaksing — > (aksin 0)2 — ’E(a,\ sind)® + 0(6)*
and thus
tan [ka (hE)E] = a sin hé (1 + 0(/15)4) ,

and conclude that «(h&) is the same as for the scheme of Exercise 5.2.2 to within
O (h&)*.

Show that the (2,4) Crank—Nicolson scheme

-1 1 n
pitl _n n* , vt 4t
R 1+ —6 Sol ——2) =0 5.2.11
Z +al 1+ - 0 5 ( )
has phase speed given by

an [%ka(h&)g} _ 3 aksinhE 1

4
T 22+coshE Eak?g [1 + 08 ]
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and thus :
a(hé) =a [1 - 5a2(ks)2 + O(kg)“} (1 + O(hg)“) .

5.2.6. Show that the phase speed for the (2,4) Lax—Wendroff scheme of Exercise 5.1.6

satisfies
akg (1+ 0(h&)*)

1 — Ja2(k&)2 [1 4+ O(hé)*]

tan kot (hé)E =

and therefore

_ 1, 2 4
a(hg) =a [1 + ga (k&) :| (1 + O(hé) ) .

5.3 Group Velocity and the Propagation of Wave Packets

The study of wave packets introduces another interesting aspect of dispersion, that of group
velocity. For other discussions of group velocity see Trefethen [62] and Vichnevetsky and
Bowles [65]. We consider the one-way wave equation (1.1.1) with initial data of the form

u(0, x) = €'50% p(x), (5.3.1)

where p(x) is a relatively smooth function decaying rapidly with |x|. The solution for
the initial condition (5.3.1) is

u(t, x) = OF= px —ar), (5.3.2)

since the solution is a simple translation by at.
We call a function of the form (5.3.2) a wave packet. We refer to the function p(x)
as the envelope of the packet and the frequency &g as the frequency of the wave packet.
As a particular case, we will use the function

cos £gx cos? %nx if x| <1,

u0, x) = {0 (5.3.3)

otherwise,

in our numerical illustrations. In this case we use cos£yx, the real part of ¢/$0*, instead
of €% itself. Figure 5.4 displays the wave packet
2
cos(Brrx) e .

The wave packet is a highly oscillatory function with a limited range.

For a finite difference scheme we know that dispersion will cause the pure wave with
frequency &y to travel with the phase velocity «(h&p), but it is not evident what will be
the speed or speeds associated to a wave packet.

We show that for many schemes, the wave of the packet moves with the phase speed
and the envelope moves with a second speed, at least to a error that is O (h). As we will



5.3 Group Velocity and Wave Packets 131

Figure 5.4. A wave packet.

show, a strictly nondissipative finite difference scheme with a wave packet as initial data
will have a solution that is approximately

v¥(t, x) = e S00 B0 (. — oy (hEG)D), (5.3.4)

where «(h&p) is the phase velocity of the scheme and y (h&p) is the group velocity.
The group velocity is given by

d@a(o
y(6) = % — a(0) +6d/(0). (5.3.5)
Notice that since a(h&) tends to a as h tends to zero, we have that y (h€) also tends to
a; thatis, as i tends to zero the function v*, which approximates v),,, tends to the exact
solution (5.3.2).

Example 5.3.1. The concept of group velocity is illustrated in Figure 5.5. The computation
uses the leapfrog scheme to solve the one-way wave equation u; + u, = 0 on the interval
[—2, 2] with periodicity. The grid spacing is 0.05 with A = 0.95. The initial condition is
(5.3.3) with &y equal to 5.

Figure 5.5 displays the computed solution at time 19.95 with a solid line connecting
the data points marked with dots. Also shown is the graph of the envelope, not the solution
itself, at time 19.95. It is immediately seen that the envelope of the computed solution does
not correspond to that of the exact solution, so the wave packet has traveled with a speed



132 Chapter 5. Dissipation and Dispersion

A

N vf\f\//l

Figure 5.5. The propagation of a wave packet.

that is less than the true envelope speed of 1. The group velocity for &) equal to 57 is
approximately 0.9545, and a wave packet traveling with this velocity would be centered at
—0.9568. This location is marked by the double arrow in the figure. It is seen that this is a
very good approximation to the center of the computed solution wave packet.

The single arrow in the figure marks the location where the center of the wave packet
would be if it traveled with the phase velocity. The peak of the wave under the arrow has
traveled with the phase velocity. Originally this peak was at the center of the wave packet,
but it is no longer because the group velocity is less than the phase velocity.

Finally, the graph of v* is shown as the solid line without points. It is seen that the
approximation of v, by v*(#,, x»,) is a good approximation, better than the approximation
of u(t,x) by vj;,. O

We now justify the claim that v* approximates the solution of the scheme. The
initial data (5.3.1) has the Fourier transform p(§ — &), and thus the solution of the finite
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difference scheme is

no__ L /Tr/h iExy ,—iEa(hé)ty A _
[ T 7n/h€ e (& — &o) d§, (5.3.6)
where pj ,, is the discrete function given by evaluating p at the grid points x,,. We show
in Section 10.2 that py,(£) is approximately p(&) for |£| much less than A~ 'z, For now
we may disregard the distinction between p(§ — &) and pp(§ — &).

We change the variable of integration in (5.3.6) by replacing £ by w + &. We obtain,
since all the functions are periodic with period 27h~!,

/h
n 1 " ei(w+§0)xme—i(w+§o)a(hw+h¥0)tnﬁh () dw, (5.3.7)

V= —

" V2 S
and define ¥(z, x) by replacing pj,(w) by p(w) and by extending the range of integration
to the whole real line, obtaining

o(t, x) = el @F50)x pmilotfo)ahothiolt 5(0)) de. (5.3.8)

1 oo
N2 /;oo
It can be shown by the methods of Chapter 10 that the replacement of pj(w) by
p(w) and the extension of the limits of integration to (—oo, 00) do not cause significant
errors in the approximation; see Exercise 10.2.6.
We write v(z, x) as

o
32, x) = i (v—athéon) \/%_n [ Ooefw(x—f” o) do, (5.3.9)
with
- _ (@ +§p)a(hw + h&p) — Soar(héo)
y(hw) =
1)
_ (@ +0p)a(p + 6p) — o (6o)
B ¢
with 6y = h&y and ¢ = hw. The use of Taylor series on «a(¢) about 6y results in
. dBa(0)) 1 d*0a ()
(@)= de ‘9:@0 + ¢3 de? ‘0:9*

for some value of 9* between 6y and 6y + ¢. Writing this in terms of w and &), we
have

1 d*(0a(8))
hep—""77

£=£ + 297407 lo—ne

for some value of &* between &y and &) + w. We see that y (hw) is equal to the group
velocity y (h&p) to within an error on the order of 4. Rewriting (5.3.9) we have

. _ d(Ea(hé))
v (hw) = T’

. 1 [ )
Bt x) = ezgo[x—a(hgo)z]E/ ezw[x—y(héo)t]ezhtr(w)ﬁ(a)) do. (5.3.10)
—0o0
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where we have written r(w) fpr the term (1/2) w? d29a(6)/d02.
If we replace the factor ¢/7(“) by 1in the expression for #(z, x), weobtain v*(, x):

* _igo[x—atmet] L [7 io[x—ymgon]
vi(t,x)=e «/? e p(w) dw
T J—00

_ eigo[xfa(hfo)l]p(x — y(h&o)r).

(5.3.11)

Since €7@ =1 4+ O(hw), itis shown in Section 10.2 that the difference between
v(t,x) and v*(z, x) is also O(h), provided that p(x) is smooth enough (see Exercise
10.2.6). This shows (up to the details deferred to Chapter 10) that the solution to the finite
difference scheme is approximated to within O(h) by v*(z, x). If & is such that the
quantity &p [a - oz(héo)]t is O(1), then v}, also differs from the exact solution, u(z, x),
by O(1), as we discussed earlier in the analysis of the phase error. In this case the
approximation of v), by v*(t,x) can be much better than the approximation of u(z, x)
by v}, when ¢ is large. This is well illustrated in Figure 5.5.

Group velocity can be used to explain some rather striking behavior of schemes (see
Exercise 5.3.9). Even in the presence of dissipation, the propagation of waves is governed
by the phase and group velocity, as Exercise 5.3.9 demonstrates. Group velocity has been
used by Trefethen to explain instability caused by boundary conditions; see [63].

Exercises

5.3.1. Show that the group velocity for the Lax—Wendroff scheme is given by
1—2(1 —a®2?)sin® $ht

1 —4a222(1 — a22?) sin* Jhg

y(hE) =a

5.3.2. Show that the group velocity for the leapfrog scheme (1.3.4) is given by
cos h&

V1 —a2x2sin? hg.

Compare the phase speed and group velocity at & = h~ 7.

y(h§) =a

5.3.3. Show that the group velocity for the Crank—Nicolson scheme (3.1.3) is given by

cosd

O)=a————.
Y 1+ %azkz sin 6

5.3.4. Show that the group velocity for the box scheme (3.2.3) is given by

21
sec 20

vO)=a————5—.
1 + a2x2 tan? %0
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5.3.5.

5.3.6.

5.3.7.

5.3.8.

5.3.9.

Repeat the calculation of Example 5.3.1 using the leapfrog scheme but on the
interval [—1,9] for 0 <t < 7.5. Specify the solution at the left boundary to be
0, and at the right boundary use quasi-characteristic extrapolation (3.4.1). Demon-
strate that the wave packet moves with the group velocity and that the high-frequency
mode travels with the phase velocity. Show that the conclusions of Example 5.3.1
are valid in this case also. Study the effect of small amounts of dissipation using the
scheme (5.1.6).

Repeat the calculation of Example 5.3.1 using the Lax—Wendroff scheme. Demon-
strate that the wave packet moves with the group velocity and that the high-frequency
mode travels with the phase velocity. In this exercise you will, of course, also see
the effect of dissipation on the solution.

Repeat the calculation of Example 5.3.1 using the Crank—Nicolson scheme but
using &y equal to 3w and A equal to 1. Demonstrate that the wave packet moves
with the group velocity and that the high-frequency mode travels with the phase ve-
locity. Note that the Crank—Nicolson scheme is highly dispersive; i.e., because the
phase speed is not as good an approximation to a as it is for the leapfrog scheme,
the wave packet will be significantly distorted. This exercise will require you to
solve a periodic tridiagonal system; see Section 3.5.

Solve the one-way wave equation u; + u, = 0 ontheinterval [—1,9] for 0 < ¢ <
7.5 for the initial data (5.3.3) with £ equal to 8m. Use the Crank—Nicolson scheme
with grid spacing of 0.025 and A equal to 1. For the boundary condition at x =9,
use the quasi-characteristic boundary condition (3.4.1). Demonstrate that the wave
packet moves with the group velocity and that the high-frequency mode travels with
the phase velocity. Note that the Crank—Nicolson scheme is highly dispersive; i.e.,
because the phase speed is not as good an approximation to a as itis for the leapfrog
scheme, the wave packet will be significantly distorted.

Solve the one-way wave equation u; + uy = 0 on the interval [—3,3] for 0 <
t < 1.45. Use the leapfrog scheme with grid spacing of 0.1 and A equal to 0.9.
For initial data use the wave packet (5.3.3) with £ equal to 9. To compute the
values of the solution at the first step, use two different methods to initialize, the
Lax—Friedrichs scheme and the forward-time central-space scheme. The difference
between the two solutions is quite dramatic. Explain the difference by considering
the amplitude associated with the parasitic mode for each case and noting that for
the Lax—Friedrichs scheme g(7) = —1, whereas for the forward-time central-space
scheme g () = 1. Also, for the leapfrog scheme y (;r) is —1, and for the parasitic
mode y_ () is 1.



Chapter 6

Parabolic Partial Differential
Equations

6.1 Overview of Parabolic Partial Differential Equations

The simplest parabolic equation is the one-dimensional heat equation
ur = by, (6.1.1)

where b is a positive number. This equation arises in the study of heat transfer, in which
case the function u(z, x) gives the temperature at time ¢ and location x resulting from the
initial temperature distribution. Equations similarto (6.1.1) arise in many other applications,
including viscous fluid flow and diffusion processes. As for the one-way wave equation
(1.1.1), we are interested in the initial value problem for the heat equation (6.1.1); i.e.,
we wish to determine the solution u(¢, x) for ¢ positive, given the initial condition that
u(0, x) = ug(x) for some function ug.

We can obtain a formula for the solution to (6.1.1) by using the Fourier transform of
(6.1.1) in space to obtain the equation

iy = —bwi.
Using the initial values, this equation has the solution
~ —bw?t A
i(t, w) = e ip(w),

and thus by the Fourier inversion formula

1 .
u(t,x) = \/T_rr/ el‘“xe*b‘“ztﬁo(a)) do. (6.1.2)
—0o0

Formula (6.1.2) shows that u attime ¢ is obtained from uo by damping the high-frequency
modes of ug. It also shows why the solution operator for a parabolic equation is called a
dissipative operator, since all high frequencies are dissipated.

137
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A second formula can be obtained by using the definition of i in (6.1.2) and inter-
changing the order of integration. We have

_ 1 o iox —bw’t 1 * —iwy
u(t, x) —\/T_n e'“e E e up(y)dy | do
—0o0 —00

1 © 1 . b
:_NMJT/ (ﬁ/ e tdw) ot dy
—o0 —o0

-7 / e ) dy
4 bt J -0

(See Exercise 6.1.6 for the evaluation of the integral in the parentheses.)
The formula

o0
u(t, x) = / e~ CmVHAbty ) dy (6.1.3)
—00

1
V4m bt

expresses u(f, x) as a weighted average of ug. For small ¢ the weighting function mul-
tiplying uo(y) is very peaked about y = x, whereas for larger ¢ the weighting function
is much wider.

There are several important things to learn from the representations (6.1.2) and (6.1.3).
First, the solution to (6.1.1) is an infinitely differentiable function of ¢ and x for any positive
value of ¢. This is easily seen by differentiating the representation (6.1.2), obtaining

gttm t, 1 00 | R
wlt, X) _ e (i) (—ba?) e ™" fig(w) do.
artoxm 27 J oo

Since the quantity (i a))’”(—ba)z)@e’b“’z’ isin L%(R) for positive values of ¢, we obtain,
by the Cauchy—Schwarz inequality,

‘8“mu(t,x)

1 o0
<
artaxm - 2 ~/;oo

1 om0 AL —2be? 12 OO 2 2
< — lw|™™ b~ 0™ e™"? [dw) (f liig(w)| da))
«/27'[ </—oo —00

Cremlluoll (6.1.4)

|| (ba?) e Jiig(w)| dew

IA

for some constant Cy ¢ ,,. Notice that the derivatives of the solution at a point, for ¢
positive, are bounded by the norm of ug.

Second, we see from (6.1.3) that if u( is nonnegative and not identically zero, then
u(t, x) will be positive for all (¢, x) with ¢ positive. This is in accord with our physical
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intuition that heat will distribute itself rapidly and that temperatures colder than the initial
temperatures will not occur in an isolated system.
Figure 6.1 shows the solution of the heat equation

Ur = Uxx
on the real line with initial condition
) 1 if|x| <1,
up(x) =
0 0 if x| > I.

The solution is shown at the initial time and at times 0.02, 0.10, 0.50, and 1.50. The
solution becomes successively more spread out as time increases. The exact solution is
given by the formula

u(t, x) = % (erf (%) +erf (%)) . 6.1.5)

The function erf() is the error function defined as

2 T p
erf(x)zﬁ A e ' dt.

As t gets very large the argument of the error functions in (6.1.5) get smaller, for x fixed.
Thus, for each value of x, the value of u(¢, x) tends to zero as ¢ gets larger.

~Z2n\

Figure 6.1. The solution of the heat equation.

In the remainder of this section we discuss two topics, the convection-diffusion equa-
tion and Fokker—Planck equations. These topics are not essential for the material that
follows but are included to give the reader a better understanding of parabolic equations
and how they arise in applications.
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The Convection-Diffusion Equation

We briefly consider the convection-diffusion equation
U +auy = buyy, (6.1.6)

which obviously has similarities to hyperbolic and parabolic equations. We study it further
in Section 6.4. To solve (6.1.6) let y = x — at and set

w(t,y) =ul(t,y+ at).

Then
Wy = Uy + auy = buyy

and
Wy = Uy, Wyy = Uxx,

so the function w(¢, y) satisfies the differential equation
wy = bwyy. (6.1.7)

Since u(t, x) = w(t, x — at), we see that the solution of (6.1.6), when examined from a
coordinate system moving with speed a, is (6.1.7). Thus the solution of (6.1.6) travels
with speed a (convection) and is dissipated with strength b (diffusion).

Fokker-Planck Equations

Many of the applications of parabolic equations arise as macroscopic descriptions of pro-
cesses whose microscopic description is essentially probabilistic. Heat flow is related to
the random motion of electrons and atoms; viscous fluid forces are related to molecular
forces. Parabolic equations are also used in economic models to give a macroeconomic
description of market behavior.

We present a simple illustration of the relation between random processes and para-
bolic equations. The resulting equation is an example of a Fokker—Planck equation.

Consider a discrete process with states identified by x; = ni, where i varies over
all the integers and where 7 is some positive number. Suppose that transitions occur only
between neighboring states at the discrete times #, = tn,n =0,1,2,.... Let pf’ be the
probability that a transition from state i to i + 1 occurs in one time unit starting at #,,
and let g!' be the probability that a transition from state i to i — 1 occurs in one time
unit starting at f#,. One may think of this process as describing a collection of objects
such as atoms, electrons, insects, or computer jobs, which change their position or state
every 7 time units. Those at x; will move to x;41 with probability p} andto x;_; with
probability g!'; they will stay put with probability 1 — p? — g'. Let u} be the probability
density function at time #,; i.e., u} is the probability that an object is at x; at time t,.
Then we have the relationship

uith = i+ qfuly + (U= pf =) ©.18)
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i.e., at time f,4] =1, + 7, an object could be at x; only if it came from x;_1, xjt1,
or x; atthe time #,; this formula expresses the effect on u?“ of each possibility. This
equation is called the Chapman—Kolmogorov equation for the process.

Now we will take the limitas T and 7 tend to zero, but we first rewrite the preceding
equation as

”7“ —uj = % (Piy —aiy) uiy — % (Ple1 —air) wiss
+ 5[ +ai) i = 2(p) +af) uf + (P + 4l wih ]

We define functions u(¢, x), c(¢,x), and d(¢, x) as limits as n and t tend to zero,

given by
b
Z ul — f u(t,x)dx fort=nrt,
a<x;<b a
T —q] gt
u’? — c(t,x), and p,z—q,nz — d(t, x).
T T

We will assume that these limits exist in an appropriate sense. We then obtain

du 3 3?

%= 9x [c(t, x)ul + Pyl [d(t, x)ul. (6.1.9)
This is called the Fokker—Planck equation for the continuous process, which is the limit of
the discrete process.

From (6.1.9) we see that c(z, x) being positive corresponds to having p} greater than

g, which means objects will tend to move to the right. Similarly, c(¢, x) being negative
means objects will tend to move to the left. Also, a larger value of d(z, x) corresponds to
larger values of p}' + ¢;', which is the probability that an object will move. The solution
u(t, x) of (6.1.9) is a probability density function and satisfies

/oou(t,x)dx =1.

—00

Fokker—Planck equations are applicable to many physical systems for which there is an
underlying randomness. Specific examples of Fokker—Planck equations are the equation
for the probability distribution for velocity in one-dimensional Brownian motion, which is

ur = (Vi)y + Uyy, (6.1.10)

and the energy in three-dimensional Brownian motion, which is

wy =2 |:<e — ;) wi| + 2(ew)ee. (6.1.11)

In (6.1.10) the probability density function u is a function of the velocity v and the time ¢.
The probability that a particle at time ¢ has a velocity between a and b is | ab u(t, v)dv.
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It is worth noting that often a discrete process involving many states or objects can be
better modeled by an accurate difference scheme for the differential equation describing the
limiting continuous process than by approximations of the discrete process itself. That is,
we can approximate a discrete process involving a great many states either by simulating the
discrete process using (6.1.8) with fewer states, so as to make it computationally feasible,
or by considering the limiting continuous process described by (6.1.9). The continuous
process may have to be further approximated by a numerical method. As an example, we
could study heat flow by examining the motion of the molecules in a solid. The limiting
continuous process would be that described by the heat equation, or some variation of it.
For most applications the numerical solution of the heat equation is more accurate, and
certainly more efficient, than a simulation of the molecular motion.

Exercises

6.1.1. Show that

(v — )2
u(t, x) = exp (H)

is a solution to the heat equation (6.1.1) for any values of y and .

6.1.2. Show that the solution of

. I if|x] <a,
u; = buy, with ug(x) = ]
0 if|x|>a

is given by
1 a—x a—+x
u(t,x) == (erf <—> + erf (—)) ,
2 Vabt abt
where erf( ) is the error function as in (6.1.5).

6.1.3. Determine the behavior of the quantity C; ¢, in (6.1.4) as a function of 7. In
particular, show that C; ¢, is unbounded as ¢ approaches 0. Also determine the
behavior of the bounds on the L? norm of the derivatives of u as ¢ approaches 0.

6.1.4. Use the representation (6.1.3) to verify the following estimates on the norms of
u(t, x):

llu(t, Mt =< lluoll,

A

lu, oo = lluolleo-

Show that if u¢ is nonnegative, then

llu(r, )l

lluoll1.
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6.1.5. Show that if the three functions u(t, v1), u2(¢, v2), and u3(¢, v3) each satisfy the
one-dimensional equation (6.1.10), then the probability density function w(t, e)
satisfies equation (6.1.11), where

e:%(vlz—i—v%—i—v%)

and

E
/ w(t,e)de = /// ur(t, v)uy(t, v2))us(t, v3) dvy dvy dvs.
0 v%+v%+v§§2E
6.1.6. Evaluate the integral

1 * io(x—y) —bw?t d
— e e w,
NEJ

which appears in the derivation of equation (6.1.3), by considering the function

1 . 2
F(a) = ﬁ/ e dw.
—00

Hint: Show that F(0) = 1 and that F'(a) = —(1/2) ¢ F ().

6.2 Parabolic Systems and Boundary Conditions

We now discuss general parabolic equations in one space dimension. A more complete
discussion is contained in Chapter 9. We consider parabolic systems in which the
solution u is a vector function with d components. A system of the form

Uy = Buyy + Auy + Cu + F(t, x) (6.2.1)

is parabolic, or Petrovskii parabolic, if the eigenvalues of B all have positive real parts. A
common special case is when B is positive definite, but in general the eigenvalues need
not be real, nor does B have to be diagonalizable. Notice that no restrictions are placed
on the matrices A and C.

Theorem 6.2.1. The initial value problem for the system (6.2.1) is well posed in the sense
of Definition 1.5.2, and actually a stronger estimate holds. For each T > 0 there is a
constant Ct such that

o t oo
/ lu(t, x)l2 dx + / f |uy (s, x)|2 dx ds
—00 0 J—o0

o0 t o0
< Cr </ lu(0, x)|* dx +/ / |F (s, x)|> dx ds)
—0 0 —00

for 0 <t <T.

(6.2.2)
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Note that estimate (6.2.2) is stronger than estimate (1.5.4) for hyperbolic systems,
since it gives a bound on the derivative of u with respect to x in addition to a bound
for u. The bound on u, in (6.2.2) implies that the solution to the system (6.2.1) is infinitely
differentiable for positive .

Proof. We prove Theorem 6.2.1 only for the case when the equation is
homogeneous, i.e., when F (¢, x) is zero. We begin by considering the Fourier transform
of equation (6.2.1), which is

i = (—w?*B+iwA+ O)i. 6.2.3)
For large values of |w| the eigenvalues of the matrix
~w’B+ioA+C

must have real parts that are less than —bw? for some positive value b. Indeed,
2 . _ 2 . —1 )
—*B+ivA+C=-w [B—l(a)) A— (@) C],

and because the eigenvalues of a matrix are continuous functions of the matrix, the eigen-
values of B —i(w) 1A — (w)"2C must be close to those of B itself. Considering all
values of @ we deduce that the eigenvalues have real parts bounded by a — bw?> for some
positive value of b and some value a. The solution of the differential equation (6.2.3) is
given by

(—w?B+iw A+O)

ult,w) = e 0(®).

Using results on the matrix norm (see Appendix A, Proposition A.2.4), we have
i, )] < Ke“™P [ig(w)).
From this we easily obtain
o oo
f li(t, )P do < Kt/ liio ()| deo
—0oQ0 —0o0

and

t o0 o0
f/ w2|ﬁ(s,w>|2dwdssl<tf liig(w)|* do,
0 J—o0 —00

from which (6.2.2) easily follows by Parseval’s relation. [

Boundary Conditions for Parabolic Systems

A parabolic system such as (6.2.1) with d equations and defined on a finite interval requires
d boundary conditions at each boundary. The most commonly occurring boundary condi-
tions for parabolic systems involve both the unknown functions and their first derivatives
with respect to x. The general form of such boundary conditions is

Tou = by,

du (6.2.4)
T\ — + Thu = by,
0x
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where Ty isa dyp x d matrixand 77 and T are (d — dp) X d matrices. We may assume
that 77 has full row rank if it is nonzero. Boundary conditions are said to be well-posed
if the solution of the differential equation depends continuously on the boundary data. The
theory of well-posed boundary conditions is discussed in Chapter 11. The requirement for
the boundary conditions to be well-posed is that the d x d matrix

Tp
T — [TIBI/Z] , (6.2.5)

consisting of the dy rows of Ty and the d — dy rows of T1B —1/2 " is invertible. The
matrix B~!/2 is that square root of B~ whose eigenvalues all have positive real part (see
Appendix A). The matrix 73 is a lower order term and does not affect the well-posedness.

Two important boundary conditions are when 7 is the identity matrix, which is
called the Dirichlet boundary condition for the system, and when 77 is the identity matrix
with 7> being zero, which is called the Neumann boundary condition. These are easily
seen to satisfy the condition that (6.2.5) be nonsingular.

Exercises

6.2.1. Prove the estimate (6.2.2) for the scalar equation (6.1.1) by the energy method; i.e.,
multiply (6.1.1) by u(¢, x) and integrate by parts in ¢ and x.

6.2.2. Prove the estimate (6.2.2) for the scalar equation (6.1.1) from the Fourier represen-
tation.

6.2.3. Modify the proof of the estimate (6.2.2) given in the text to include the case in which
F(t, x) is not zero.

6.2.4. Prove estimate (6.2.2) by the energy method for the system

()= (4 1)),

6.3 Finite Difference Schemes for Parabolic Equations

In this section we begin our study of finite difference schemes for parabolic equations. The
definitions of convergence, consistency, stability, and accuracy of finite difference schemes
given in Sections 1.4, 1.5, and 3.1 were given in sufficient generality that they apply to
schemes for parabolic equations. The methods we use to study the schemes are also much
the same.

We begin by considering the forward-time central-space scheme for the heat equation

(6.1.1):

n+1 n n
m " Um — bvarl

k h?

—2u +"

v m—1 6.3.1)
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or
v = (1= 2b) v + b (V4 + 07 ),

where 4 = kh™2. The parameter . plays a role for parabolic equations similar to the role
of A for hyperbolic equations. The scheme (6.3.1) is easily seen to be first-order accurate
in time and second-order in space. The stability analysis is similar to what we did for
hyperbolic equations, i.e., replace v}, by g"e'™? . The amplification factor for the scheme
(6.3.1) satisfies

g —1 e 247

b
k h?

or

k /. .
§0) = 1+b-s <e19 +eif - 2),

and finally,
21
g(®) =1—4busin” ;6.

Since g(0) is a real quantity, the condition |g(f)| < 1 is equivalent to
~1<g@® <1 or 4busin®16 <2,
which is true for all 6 if and only if

bu < (6.3.2)

N[—

Scheme (6.3.1) is dissipative of order 2 as long as by is strictly less than 1/2 and positive.
Therefore, we usually take bu < 1/2 so that the scheme will be dissipative. Dissipativity
is a desirable property for schemes for parabolic equations to have, since then the finite
difference solution will become smoother in time, as does the solution of the differential
equation. As we will show later, dissipative schemes for (6.1.1) satisfy estimates analogous
to (6.2.2) and are often more accurate for nonsmooth initial data. See Section 10.4 and
Exercises 6.3.10 and 6.3.11.

The stability condition (6.3.2) means the time step k is at most (2b)~'h2, which
means that when the spatial accuracy is increased by reducing / in half, then k, the time
step, must be reduced by one-fourth. This restriction on k can be quite severe for practical
computation, and other schemes are usually more efficient. Notice that even though the
scheme is accurate of order (1, 2), because of the stability condition the scheme (6.3.1) is
second-order accurate if p is constant.

We now list some other schemes and their properties. We will give the schemes for
the inhomogeneous heat equation

Uur = buxx + f(tv x)’

and we will assume that b is positive.
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The Backward-Time Central-Space Scheme

The backward-time central-space scheme is

+1 n+1 n+1
U?n-H — U}r'rli U:ln+1 B 2vm + Um—1 n+1
—"=b . + (6.3.3)

The amplification factor is
1

1+ 4busin® 16
This scheme is implicit and unconditionally stable. It is accurate of order (1,2) and is
dissipative when p is bounded away from 0.

g =

The Crank-Nicolson Scheme

The Crank—Nicolson scheme (see [12]) is given by

n+1 n n+l _ ~ n+l n+1
v —v 1 v 2v,7 v,

m m __p m+1
k 2 h (6.3.4)
1 v, =20+ 1
+§b m+1 h;’l m—1 +§(fr:ll+l + ’:zl)

The amplification factor is
1 — 2bu sin® %9
1+ 2busin® 16

The Crank—Nicolson scheme is implicit, unconditionally stable, and second-order
accurate, i.e., accurate of order (2, 2). It is dissipative of order 2 if w is constant, but not
dissipative if A is constant. Even though the Crank—Nicolson scheme (6.3.4) is second-
order accurate, whereas the scheme (6.3.3) is only first-order accurate, with nonsmooth
initial data and with A held constant, the dissipative scheme (6.3.3) may be more accurate
than the Crank—Nicolson scheme, which is not dissipative when X is constant (also see
Exercises 6.3.10 and 6.3.11). This is discussed further and illustrated in Section 10.4.

g®) =

The Leapfrog Scheme

The leapfrog scheme is

n+1 n—1 n _ n n
vt — _ bva 2vy, + vy

1 n
, 6.3.5
T 2 + S (6.3.5)
and this scheme is unstable for all values of . The amplification polynomial is
g2+8gbusin2%9— 1=0

(see Section 4.2), so the amplification factors are

g+(0) = —4busin® 10 + \/(4bu sin? $6)2 + 1.

Because the quantity inside the square root is greater than 1 for most values of 6, the
scheme is unstable.
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The Du Fort-Frankel Scheme

The Du Fort-Frankel scheme may be viewed as a modification of the leapfrog scheme. It

is
gt ot v — T )

% =b ) + fn- (6.3.6)

This scheme is explicit and yet unconditionally stable. The order of accuracy is given by
(0] (hz) + 0 (kz) + 0 (kzh_z). The scheme is nondissipative, and this limits its usefulness.
The Du Fort—Frankel scheme is distinctive in that it is both explicit and uncondition-

ally stable. It can be rewritten as

(1+2bp) vt = 2bp (V0 + vl _y) + (1= 2bp) v

To determine the stability we must solve for the roots of the amplification polynomial
equation (see Section 4.2):

(1+2bp) g*> — 4bucos g — (1 —2bp) = 0.
The two solutions of this equation are

2bpcos® £ /1 — 4b2 2 sin” 0

142bu

8+(0) =

If 1 — 4b2 /,Lz sin2 @ is nonnegative, then we have

2bu| cos O] 4+ /1 — 4b2 2 sin’ 6 B 2bp + 1 _,

14 2bu T 142bp

18+ (0)] <

andif 1 — 4l72M2 sin2 6 is negative, then

e @O = (2bp cos 0)? + 4b2u2 sin® 6 — 1
s = (1 + 2bp)?

At —1 |
T AR b1
we+4ou +

Thus for any value of © or 6, we have that both g, and g_ are bounded by 1 in
magnitude. Moreover, when g, and g_ are equal, they both have magnitude less than 1,
and so this introduces no constraint on the stability (see Section 4.2). Thus the scheme is
stable for all values of L.

Even though the Du Fort—Frankel scheme is both explicit and unconditionally stable,
it is consistent only if k/h tends to zero with 4 and k (see Exercise 6.3.2). Theorem
1.6.2, which states that there are no explicit unconditionally stable schemes for hyperbolic
equations, does not extend directly to parabolic equations. However, the proper analogue
of the results of Section 1.6 for parabolic equations is the following theorem.

Theorem 6.3.1. An explicit, consistent scheme for the parabolic system (6.2.1) is conver-
gentonly if k/h tends to zero as k and h tend to zero.
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The proof of this theorem is similar in spirit to that of Theorem 1.6.2. It does
require one result that is beyond this text: If u(¢, x) is a solution to (6.2.1) and u is zero
for positive x when ¢ is between 0 and 1, then u is identically zero for negative x as
well (see Proposition C.4.1). The proof of Theorem 6.3.1 for the special case of equation
(6.1.1) is left as an exercise (see Exercise 6.3.3).

Lower Order Terms and Stability

For schemes for hyperbolic equations, we have Corollary 2.2.2 and Theorem 2.2.3, showing
that lower order terms can be ignored in determining stability. These results do not always
apply directly to parabolic equations because the contribution to the amplification factor
from first derivative terms is often O (kl/ 2) . For example, for the forward-time central-
space scheme for u; = buyy — auy + cu we have

g=1—4busin® 10 —iarsin0 + ck.

For the stability analysis, the term ck can be dropped by Corollary 2.2.2. However, for
the first derivative term A = k!'/241/2 andif p is fixed, Corollary 2.2.2 cannot be applied.
Nonetheless, we have

2
12(0)2 = (1 — 4byu sin? %9) + a®kpusin26,

and since the first derivative term gives an O (k) contribution to |g 12, it does not affect the
stability. Similar results hold for other schemes, in particular the Crank—Nicolson scheme
(6.3.4) and the backward-time central-space scheme (6.3.3).

Dissipativity and Smoothness of Solutions

We now show that a dissipative one-step scheme for a parabolic equation has solutions that
become smoother as ¢ increases, provided p is constant.

Theorem 6.3.2. A one-step scheme, consistent with (6.1.1), that is dissipative of order 2
with | constant satisfies

n
G 4 ek Y 18t < 01 (6.3.7)
v=I1
for all initial data v0 and n > 0.

Proof. Let cp be such that
|g(h&)]* < 1 — cosin® Lhé.

Then by
0UTL(E) = g(ht) 0V (&),
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we have
0P = 1gEIPB* @) < [0V ) — colsin 3hE)* 8" @)%,

By adding this inequality for v =0, ..., n, we obtain, using u = kh2,

[ @ + ok Y Ih sin 3hE 0V @) < 1)
v=0

Since
eths — 1

h

2singhE

0] = 150 @)L,
we have

" OF +ek Y 50 @F <1071,

v=0
and integrating over &, by Parseval’s relation, we obtain
n
12 2 02
"G 4 ek Y 18t llE < 1007
v=0
which is inequality (6.3.7). O
We now use Theorem 6.3.2 to show that the solutions become smoother with time,

i.e., that the norms of the high-order differences are bounded and in fact tend to zero at a
rate that is faster than that of the norm of u. Since |g| < 1, we have

" i < 10V lla-
In addition, since 81 v is also a solution of the scheme, we have
184 0" I < 184v" ls
i.e., the solution and its differences decrease in norm as time increases. Therefore, from

(6.3.7),
"7 + et 180117 < (10017,

which shows for nk =t > 0 that ||§+v" ||, is bounded. In fact, we have
840" 15 < €t~ MO,

which shows that the norm of the difference §;v" decays to zero as ¢ increases.
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Since 84" also satisfies the difference equation, we find for nk =t > 0 and any
integer r that ||8’_v"||;, is bounded. Thus, the solution of the difference scheme, as is true
for the solution to the differential equation, becomes smoother as ¢ increases.

The preceding argument can be modified to show that if v)} convergesto u (t,, X)
with order of accuracy p, then &’ v" also converges to 8’ u (t,, x) with order of accuracy
p. Thus,if D" is a difference approximation to 9, with order of accuracy p, then D"v"
converges to dyu (f,,-) with order of accuracy p. These results hold if the scheme is
dissipative; similar statements do not hold if the scheme is nondissipative (see Exercises
6.3.10 and 6.3.11).

08}

06

02

Figure 6.2. Solution with nondissipative Crank—Nicolson scheme.

Figure 6.2 shows the solution of the Crank—Nicolson scheme applied to the initial
value problem for the heat equation with b equal to 1 and initial data shown in the figure.
The exact solution is given in Exercise 6.3.11. The solution used k = h = 1/40. The small
oscillations at the location of the discontinuities in the initial solution do not get smoothed
out as k and & decrease if they remain equal. This is a result of the Crank—Nicolson
scheme being nondissipative if 1 remains constant.
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Boundary Conditions for Parabolic Difference Schemes

Since a parabolic equation requires one boundary condition at each boundary point, there is
less need for numerical boundary conditions for difference schemes for parabolic equations
than there is for schemes for hyperbolic equations.
There is no difficulty implementing the Dirichlet boundary condition; the values of
the solution are specified at the grid points at the ends of the interval.
There is more variability in implementing the Neumann boundary condition. A com-
mon method is to approximate the derivative at the endpoint by the one-sided approximation
n n
o) T
This approximation is only first-order accurate and will degrade the accuracy of second-
order accurate schemes, such as the Crank—Nicolson scheme (6.3.4) and the forward-time
central-space scheme (6.3.1) (which is second-order accurate under the stability condition
(6.3.2)). A better approximation is the second-order accurate one-sided approximation (see

Exercise 3.3.8)
ou =3vu} 4+ 40" —vf
——(tn, x0) & 2,
ox 2h

which maintains the second-order accuracy of these schemes.

We can also use the second-order approximation

ou U’f - Uﬁ]

—(ty, X0) N ————

9x ( n O) o
together with the scheme applied at xo to eliminate the value of v" . As an example, this
boundary condition, together with the forward-time central-space scheme (6.3.1), gives the

formula
vt = (1 = 2bp) v + 2bpv}. (6.3.8)

The overall method is then second-order accurate.
Here is a sample of code for the Thomas algorithm for the Crank—Nicolson scheme
for the heat equation (6.1.1) with the boundary conditions

u(,0) = f(@) and uy(t,1) =0.

# b and mu must be initialized.
# M and h must be initialized.
# The grid numbering starts at O and goes to M.

aa = bxmu/2.

bb =1

cc = aa

k = mu*h~2

# v(m) must be initialized to the initial conditionms.
t =0

while t < tmax
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# Dirichlet boundary condition.
p(1) = 0.
q(1) = £(v)
loop on m from 1 to M-1
dd = v(m) + b*mux( v(m+l) - 2%v(m) + v(m-1))
denom = (aa* p(m) + bb )
p(m+1) = -cc/ denom
q(m+1) (dd - q(m)*aa ) /denom
end of loop on m
# Neumann condition boundary condition
Data = v(M)*( 1 - b*mu/2) + v(M-1)*b*mu/2
v (M) (Data + q(M)*b*mu/2 )/( 1 + (1-p(M))*b*mu/2 )
loop on m from M-1 to 1
v(m) = p(m+1) v(m+1l) + g(m+1)
end of loop on m
t=t+k
end of loop on t

Analysis of an Explicit Scheme

The scheme

vpth = e 2yt L1 — el ) (6.3.9)

is sometimes advocated as an unconditionally stable scheme for (6.1.1). This scheme has
been derived in various ways. Each derivation attempts to show that this scheme has better
properties than does (6.3.1). As we will show, however, for this scheme to be accurate it
must be less efficient than (6.3.1). Since (6.3.1) is generally regarded as being not very
efficient, due to the stability constraint on the time step, the use of scheme (6.3.9) is rarely
justified. Scheme (6.3.9) is indeed unconditionally stable, but as we will show, it is not
convergent unless p tends to zero with A. Thus it is less efficient than the forward-time
central-space scheme (6.3.1), and perhaps less accurate. Notice that the requirement that
@ tends to zero with A is more restrictive than the requirement of Theorem 6.3.1 that A
must tend to zero with £.
To study the scheme (6.3.9) define ' by

e =1 —2ppu.

Then the solution v}, to (6.3.9) is also the solution to (6.3.1) with an effective time-step
k' = /h?%. Thus, since (6.3.1) is accurate of order (1,2), we have

vy, —u (nk',xy) =0 (K')+ 0 (hz) .
The solution to (6.3.9) is convergent only if

vn — u (nk, xp)
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tends to zero as & and k tend to zero. Thus, to be convergent we must have
u (nk', xpm) — u (nk, xp)

tend to zero as & and k tend to zero with nk fixed, and therefore n (k — K ) must tend to
zero for nk =t fixed. We then have

Thus 1 — '/ must tend to zero for the scheme to be convergent. But

I —2bp
1_&2 e =" — (1 —2bu) — 0 ()
7 2bp
as w tends to zero. This shows that scheme (6.3.9) is convergent only if p tends to zero
with 2 and k. This makes this scheme less efficient than the standard forward central
scheme (6.3.1). In fact, for explicit second-order accurate schemes, the forward central
scheme is essentially optimal.

Exercises

6.3.1. Justify the claims about the stability and accuracy of schemes (6.3.3), (6.3.4), and
(6.3.5).

6.3.2. Show thatif A = k/h is a constant, then the Du Fort—Frankel scheme is consistent
with

DAty + up = buyy + f(t, x).

6.3.3. Prove Theorem 6.3.1 for the equation (6.1.1). Hint: If uo is nonnegative and not
identically zero, then u(z, x) will be positive for all x when ¢ is positive.

6.3.4. Show thatscheme (6.3.9) with u held constantas ~ and k tends to zero is consistent
with
Ur = b/ux)m
where b’ is defined by
e b =1 —2p'p.

6.3.5. Show that a scheme for (6.1.1) of the form

n+l __ n o n n
vy, =au, + T (vm+] + vmfl) ’

with o constantas & and k tend to zero, is consistent with the heat equation (6.1.1)
only if
a=1-2bu.
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6.3.6. Consider the following two schemes for (6.1.1):

6.3.7.

6.3.8.

6.3.9.

~n+1/2 17752
U '~ = Uy + 5kbS"vy,,
n+l _ . n 2~n+1/2
v, =, +kbsv ,

-n+l _ . n 2.n
v, =, +kbs v,

n+l _ . n 1 2 -n+1 2.n
Uy, —vm+§k<8 v, +96 vm).

(a) Show that the two schemes are in fact two different implementations of the
same scheme.

(b) Show that this scheme is accurate of order (2, 2).

(c) Show that this scheme is stable if by < 1/2, and show that 1/2 < g < 1.

(d) Discuss the advantages and disadvantages of this scheme compared to the
forward-time central-space scheme (6.3.1).

Show that the scheme
AR vl + 1k b 8%l
vr’:z+1 — v;’tn + kb 525n+1/4

for (6.1.1) is stable for bu < 1 and accurate of order (1,2), and show that it is
accurate of order 2 if w is constant. Show also that 0 < g < 1. Compare this
scheme with (6.3.1) in terms of accuracy and efficiency. (Notice that this scheme
requires more work per time step than does (6.3.1) but allows for a larger time step.)

Show that the scheme
~n+1/8 1
8 = 4 sk b 820,
ot = ot 4k b 825

for (6.1.1) is stable for bu < 2 and accurate of order (1,2), and show that it is
accurate of order 2 if w is constant. Compare it with the scheme (6.3.1) in terms of
accuracy and efficiency.

Consider a scheme for (6.1.1) of the form
ot = (1= 201 = 20000} + 1 (V) 4y + Uy y) + 02U + Vo)

Show that when w is constant, as k and % tend to zero, the scheme is inconsistent
unless
o1 + 4oy = bpu.

Show that the scheme is fourth-order accurate in x if oy = —a/16.
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6.3.10. Solve the initial-boundary value problem for (6.1.1) on —1 < x < 1 with initial
data given by
1 if x| < 4,
up(x) = { 3 if x| = 3,
0 iflx|> 3.
Solve up to t = 1/2. The boundary data and the exact solution are given by
c0s7r(2E +Dx __» 2
:, ~ 49 IR/ w2 Qe+
u(r, x) = + Z( D —a+n ¢
Use the Crank—Nicolson scheme (6.3.4) with 2 = 1/10, 1/20, 1/40. Compare
the accuracy and efficiency when A = 1 and also when u = 10.

Demonstrate by the computations that when A is constant, the error in the
solution does not decrease when measured in the supremum norm, but it does
decrease in the L2 norm.

6.3.11. Solve the initial boundary value problem for u; = uy,, on —1 <x <1 for 0 <

t < 0.5 with initial data given by

uo(x) =

S A=
o
=
=
V

Use the boundary conditions
u(t, -1 =u*@,—-1) and u,(, 1) =0,
where u*(t, x) is the exact solution given by
(—1)f 2 ey
t = 20 1 T (20+1)t
u*(t, x) = 8+Z<n(2£+1) 220112 cost(2¢ + Dx e

3 S2T@mE DX sy
722m + 1)2 '

m=0
Consider three schemes:

(a) The explicit forward-time central-space scheme with u = 0.4.
(b) The Crank—Nicolson scheme with A = 1.
(¢) The Crank-Nicolson scheme with @ = 5.

For the boundary condition at xp; = 1, use the scheme applied at x3; and set
vX,Hl = v},_, toeliminate the values at x4 for all values of n.

For each scheme compute solutions for 2 = 1/10, 1/20, 1/40, and 1/80.

Compare the accuracy and efficiency for these schemes.
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6.3.12.
(a) Show that the scheme for (6.1.1) given by

(-89) (522w

is the Crank—Nicolson scheme (6.3.4).
(b) Show that the implicit scheme

kb n+1 _ h2
1-— —5 —Um =b - _8 8 m
2 k 12

is accurate of order (2,4) and stable if bu < 3/2.

6.3.13. Maximum Norm Stability. Show that the forward-time central-space scheme
satisfies the estimate
" oo < 10" oo

for all solutions if and only if 2bu < 1.

6.3.14. Maximum Norm Stability. Show that the Crank—Nicolson scheme satisfies the
estimate
" oo < 10" oo

for all solutions if by < 1. Hint: Show that if v"Jrl is the largest value of v”Jrl
then
bu b,u
i =T (bt -

IA

10" lloo-

6.4 The Convection-Diffusion Equation

We now consider finite difference schemes for the convection-diffusion equation
U +auy = buyy, (6.4.1)

which is discussed briefly in Section 6.1. We begin our discussion of this equation by
considering the forward-time central-space scheme,

n+1 n n _ n
Un  — Unm +avm+1 Vm—1 _bvm—i-l 2U + v,

p > = = m-1 (6.4.2)

This is obviously first-order accurate in time, second-order accurate in space, and second-
order accurate overall because of the stability requirement

bu <

’

D=
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as shown in Section 6.3. The scheme is equivalent to

vt = (1 = 2bp) v, + b (1 — o) vy + b (1 +a) V), (6.4.3)
where
d ha ai
= — an 0= —-— = ——.
K= 2 2bu

For convenience we assume that a is positive; the case when a is negative is very similar.
Of course, b must be positive.

Based on the discussion in Section 6.1, we see that one property of the parabolic
differential equation (6.4.1) is that

sup |u(t, x)| < suplu(t’,x)| if t>t¢.
X X

That is, the maximum value of |u (¢, x)| will not increase as ¢ increases. From (6.4.3) we
see that the scheme will have a similar property if and only if

a<l. (6.4.4)

That is, if this condition on « is satisfied as well as the stability condition, then from
(6.4.3) we have

ey

IA

(1 =2bw) [vp, | + b1 — a) vy, | + bu(l +a) vy, ]

IA

max [ |,

and thus

max [v"| < max [v"]. (6.4.5)
m m

If o is larger than 1, then inequality (6.4.5) will not be satisfied in general. For
example, if the initial solution is given by

v%:l for m<0 and v,?l:—l for m > 0,

then the solution at the first time step with m equal to 0 is given by
vg=1-2bu(l —a) =1+ 2bu(a — 1).

We can show that for « greater than 1, the solution will be oscillatory. We now discuss the
interpretation of these oscillations and what can be done to avoid them.
The condition (6.4.4) can be rewritten as

2b
h < —, (6.4.6)
a
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Figure 6.3. The solution of the convection-diffusion equation (central).

which is a restriction on the spatial mesh spacing. The quantity a/b corresponds to the
Reynolds number in fluid flow or the Peclet number in heat flow, and the quantity «, or
twice «, is often called the cell Reynolds number or cell Peclet number of the scheme.
Condition (6.4.4) or (6.4.6) is a condition on the mesh spacing that must be satisfied in order
for the solution to the scheme to behave qualitatively like that of the parabolic differential
equation. Notice that it is not a stability condition, since stability only deals with the
limit as 7 and k tend to zero, and (6.4.6) is always satisfied for 2 small enough. The
oscillations that occur when (6.4.6) is violated are not the result of instability. They do not
grow excessively; they are only the result of inadequate resolution.

Figure 6.3 shows two numerical solutions and the exact solution for the convection-
diffusion equation (6.4.1) with @ = 10 and b = 0.1 attime 7 = 0.8. The scheme (6.4.2)
uses i = 1 and the two numerical solutions use values for 4 of 1/20 and 1/30. For
h equal to 1/20 the value of « is greater than 1 and so the solution is oscillatory. For
h equal to 1/30 the value of « is less than 1 and so the solution is nonoscillatory. The
exact solution is the smooth curve that is the lower of the two. The initial condition is also
shown. It is the “tent function” between —0.5 and 0.5.
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04

02

Figure 6.4. The solution of the convection-diffusion equation.

One way of avoiding the restriction (6.4.6) is to use upwind differencing of the con-
vection term. The scheme is then

ol — U = Uy U1 — 20 + Uy
=b 6.4.7
A +a A %) ( )

or
Vit =1 = 2bpu(1 + o)) + bl +bp (14 2a) V).
If 1 —2bu(l+ «) is positive, this scheme satisfies (6.4.5), as may easily be seen. The

oscillations have been eliminated at the expense of being only first-order accurate in space.
The condition that 1 — 2bu (1 + «) be nonnegative is

2bp +ar < 1.

When b is small and a is large, this condition is less restrictive than (6.4.4).
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Notice, however, that (6.4.7) can be rewritten as

pil +a”5fz+1 — Uy —(p+ ah’) (Vps1 =20+ Yy )
k 2h 2 h?

Thus (6.4.7) is equivalent to solving (6.4.1) by (6.4.2) after replacing b by the larger value
b'=b(1+a). The term bau,, can be regarded as the artificial viscosity that has been
added to (6.4.1) to make (6.4.2) have nonoscillatory solutions.

There have been many discussions about the consequences of using an upwind scheme
such as (6.4.7) instead of a scheme like (6.4.2). Many of these discussions address only
imprecisely stated questions and make ambiguous conclusions. Let us restrict ourselves to
an example to consider these two schemes.

Example 6.4.1. Consider (6.4.1) with b = 0.1, a = 10, and choose a grid spacing h =
0.04 so that o has the value 2. Scheme (6.4.2) will have oscillations and will not be a
good approximation to the true solution. Solving by scheme (6.4.7) is equivalent to solving
(6.4.1) with b replaced by &', which has the value 0.3, a 200% change in the value
of b. Is the solution to (6.4.7) a good approximation to the solution of (6.4.1)? If it is, then
presumably replacing b by zero—only a 100% change from the true value—and using a
scheme for hyperbolic equations will also give a good solution.

If o islarger than 1, then none of these schemes will give a good approximation
to the solution of (6.4.1). We must then ask what we hope to learn or need to learn by
solving the problem. If we need only qualitative information on the general form of the
solution, then perhaps (6.4.7) is good enough. The solution of (6.4.7) will have the same
qualitative properties as the solution of (6.4.1), and the solution (6.4.7) will overly smooth
any gradients in the solution. In this case, however, the solution to the hyperbolic equation,
obtained by setting b to 0, should also be a good approximation to the true solution.
However, if we need to know precise information about the solution of (6.4.1), then neither
(6.4.2) nor (6.4.7) will be adequate if « is too large. We are forced to make / smaller or
to try other methods, such as perturbation methods, to extract the necessary information. A
good feature of (6.4.2) is that the oscillations are an indicator of the scheme’s inability to
resolve the gradients in the solution. Scheme (6.4.7) has no such indicator.

There is no answer to the question of which scheme is better, but it is to be hoped that
this discussion clarifies some of the questions that should be asked when solving a parabolic
differential equation like (6.4.1). O

Figure 6.4 shows four numerical solutions and the exact solution for the same
equation as in Figure 6.3. The lowest curve is the solution to the upwind scheme with
h =1/20. The curve above that is the upwind solution with 4 = 1/50. The curve in
the middle is the exact solution. The highest curve is the central differencing scheme with
h = 1/30, and the curve below that is the solution with central differencing and # = 1/50.

Notice that the central scheme with & = 1/50 is more accurate than the upwind
scheme for & = 1/50.

To draw reasonable conclusions from this discussion, it must be remembered that
most real applications involving equations like (6.4.1) are for more complex systems than
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the constant coefficient equation. The conclusions we should draw are these. First, there
is a grid spacing limitation. If the grid spacing is too coarse, then the scheme will not
compute a qualitatively correct solution. Second, if we need precise information about the
solution and it is not cost-effective to use a small grid spacing, then other methods should
be investigated to obtain this information.

In recent years a number of methods have been advocated for increasing local grid
refinement only in those places where the solution is changing rapidly. Equation (6.4.1) is
often used as a test problem for such methods.

More information on the numerical solution of the convection-diffusion equation can
be found in the book by Morton [44].

Exercises

6.4.1. Show that scheme (6.4.2) satisfies the condition |g| < 1 ifandonlyif k < 2b/a?.
Discuss this condition in relation to the condition (6.4.6).

6.4.2. Show that scheme (6.4.2) has phase speed given by

alsinh &
1 —4bu sin” 7h§
and -
1 A
«(E) =a [1 _ 22 (5 —bu+ %) n 0(h§)4] .

6.4.3. Consider the following scheme for equation (6.4.1), which is derived in the same
way as was the Lax—Wendroff scheme of Section 3.1.

k2
o = kasou!, + kb8*V" + ) (azézv,’; — 2ab8*8ov!’ + b284vfn> .
Show that this scheme is stable if bu < 1/2. Also show that
g < 14 KK

if bu < 1/2.

6.4.4. Consider the nonlinear equation
u; + %(uz)x = buyy
on an interval such as —1 < x < 1. This equation has as a solution the function
(1, x) tanh [ 2 (x — an)|
u(,x) =a—ctanh | —(x —at) |,
2b

which represents a “front” moving to the right with speed a. The fronthas anincrease
in u of 2¢ as it moves past any point, and the average value of u is a. Consider



6.5 Variable Coefficients 163

only positive values for a and c¢. Based on the analysis of the convection-diffusion
equation, it seems likely that there will be resolution restrictions on the grid spacing,
h, which place upper bounds on the quantities

he ha
2b 2b

in order to get a “qualitatively correct” solution. Notice that the maximum magnitude
of the slope of the front divided by the total change in u is ¢/4b.

Using any one scheme, investigate this equation and one of these resolution
conditions. Justify your conclusions with a few well-chosen calculations. Fix values
of a and ¢ and vary b, orfix a and b and vary ¢, or fix a, b, and ¢ and vary
the grid spacing and time step.

6.5 Variable Coefficients

In many applications the diffusivity b is a function of 7 or x, or even a function of u
itself. The equation is frequently of the form

ur = (b(t, x)uy)y - (6.5.1)

For such equations the difference schemes must be chosen to maintain consistency.
For example, a forward-time central-space scheme for (6.5.1) is

vt — vt bt Xnt172) (Vg — V) = D X—12) (v, — V), )
k B h? '

This scheme is consistent and is stable if
b(t,x)u < %

for all values of (¢, x) in the domain of computation.



Chapter 7

Systems of Partial Differential
Equations in Higher Dimensions

In this chapter we show how to extend the results of the previous chapters to systems of
equations and to equations and systems in two and three spatial dimensions. The concepts
of convergence, consistency, and stability carry over without change, as does the definition
of order of accuracy; the main change has to do with the increase in complexity of the
schemes, especially for implicit schemes for systems of equations. There are many schemes
for multidimensional systems that arise from various applications, such as aircraft flow
analysis in aeronautical engineering, numerical weather prediction in meteorology, and oil
reservoir simulation in geology. We are not able to present particular schemes for these
applications, but the ideas that we introduce are useful in each of these areas.

We begin by discussing stability for systems of equations, both for hyperbolic and
parabolic systems, and then discuss equations and systems in two and three dimensions.
In Section 7.3 we introduce the alternating direction implicit method, which is among the
most useful of the methods for multidimensional problems.

7.1 Stability of Finite Difference Schemes
for Systems of Equations

We have discussed the one-way wave equation (1.1.1) and the heat equation (6.1.1) quite
extensively, and we now show how much of what we had to say carries over to systems of
the form

u; + Au, =0 (7.1.1)
and
u; = Buyy, (7.1.2)

where u is a vector of functions of dimension d and A and B are d x d matrices. For
system (7.1.1) to be hyperbolic the matrix A must be diagonalizable with real eigenvalues
(see Section 1.1) and for (7.1.2) to be parabolic all the eigenvalues of the matrix B must
have positive real part (see Section 6.2). In Chapter 9 there is a more general discussion
of well-posed systems of equations. Almost all of what we have done for scalar equations
extends readily to systems of equations. For example, the derivations of the Lax—Wendroff

165
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scheme for the one-way wave equation and the Crank—Nicolson schemes for both the one-
way wave equation and the heat equation require no change when applied to systems other
than replacing a with A or b with B, respectively. The main difference is in the test for
stability.

In testing the stability of one-step schemes for systems we obtain not a scalar am-
plification factor, but an amplification matrix G. The amplification matrix is obtained by
making the substitution of G"e/™® for v?. The condition for stability is that for each
T > 0, there is a constant C7 such that for 0 < nk < T, we have

IG"| < Cr. (7.1.3)

One great simplification to help analyze (7.1.3) for hyperbolic systems occurs when
the scheme has G as a polynomial or rational function of the matrix A (e.g., the
Lax—Wendroff or Crank—Nicolson scheme). Then the same matrix that diagonalizes matrix
A in (7.1.1) diagonalizes G, and the stability of the scheme depends only on the stability
of the scalar equations

wy +a;wy, =0,

where a; is an eigenvalue of A. For the Lax—Wendroff scheme, the stability condition for
(7.1.1)1is |a;r| < 1fori=1,...,d.

Similar methods can be applied to parabolic systems, especially for dissipative schemes
with p constant. The matrix that transforms the matrix B to upper triangular form can
also be used to convert G to upper triangular form. The methods of Chapter 9 can be used
to obtain estimates of the powers of G.

For each of these cases, if U is the matrix that transforms G to upper triangular
form, such that G = UGU_l, then G" = UG"U~! and so

IG" I < WUIMU = HIG" .

This implies that estimate (7.1.3) will be satisfied for G if a similar estimate holds for G.
For general schemes the situation is not as nice. A necessary condition for stability is

lev] <1+ Kk (7.1.4)

for each eigenvalue g, of G, but this is not sufficient in general.

Example 7.1.1. Asomewhat artificial example in which the condition (7.1.4) is not sufficient
for stability is obtained by considering the system

utl =0,
ut2 =0
with the first-order accurate scheme
1n+l _ 1In (a2n 2n 2n
U =Vy — C(vm+1 - 2Um + vm—l)’

2n+1 _ . 2n
vyt =
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1 4csin®lo
_ 2
o=(p “7¥)

and the eigenvalues are both 1. However,

n_ (1 4ncsin®10
o= (o

The amplification matrix is

and the norm of ||G"|| for 8 equalto w grows with n. Because of this growth we conclude
that this scheme is unstable.

Fortunately, the straightforward extensions of schemes for single equations to systems
of equations usually results in stable schemes. O

As for single equations, it can be shown that lower order terms do not affect the
stability of systems. This is proved in Exercise 7.1.5.

Multistep Schemes as Systems

We can analyze the stability of multistep schemes by converting them to the form of a
system. For example, a scheme that can be transformed to the form

K
0" E) =) an®" V@)
v=0

can be written as

ViL(E) = Ghe) V™ (),

where V" (&) is the column vector (ﬁ” &), " L), ..., ﬁn_K(E))T. The matrix G(h§)
is the companion matrix of the polynomial with coefficients —a, (§), given by

ap ay ... dg—-1 d4dg
I 0 ... 0 0
Ghe)y=| 0 1 0 0
0 0 I 0

To determine the stability of scalar finite difference schemes, the methods of Section 4.3
are usually easier to apply than the verification of estimate (7.1.3). For multistep schemes
applied to systems, there is no good analogue of the theory of Schur polynomials, and so
the conversion to a system is often the best way to analyze the stability of schemes.
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Exercises
7.1.1. Prove that condition (7.1.4) is a necessary condition for stability of a system.

7.1.2. Prove that a scheme for a parabolic system is stable if the amplification matrix G is
upper triangular and is dissipative of order 2. That is, there are constants ¢ and C
such that for © constant

221
|gii (@) < 1 — ¢ sin” 50,
and moreover, for j > i,

|gi;(0)] < Csin* 10

and g;;(0) =0 for j <i. You may wish to use techniques from Sections 6.3
and 9.2.

7.1.3. Analyze the stability of the leapfrog scheme (1.3.4) as a system. Show that this
analysis gives the same conclusion as obtained in Section 4.1.

7.1.4. Show that the Lax—Friedrichs scheme applied to the system

(0),+ () (), =

is unstable. The scheme is the same as (1.3.5) with the matrix (1) i ) replacing a.

(This equation is a weakly hyperbolic system; see Section 9.2.)

7.1.5. Use the matrix factorization (A.2.3) of Appendix A to prove the extension of Corol-
lary 2.2.2 to systems of equations. Let G be the amplification factor of a stable
scheme, with ||G"|| < Cy for 0 < nk < T. Also, let G be the amplification factor
of a scheme with |G — G| < cok. Assuming that IGIl < ¢ with ¢; > 1, use
(A.2.3) to establish by induction that

IG™|| < Cr (1 4 kcoer)"™.

7.2 Finite Difference Schemes in Two
and Three Dimensions

In this section we consider finite difference schemes in two and three spatial dimensions.
The basic definitions of convergence, consistency, and stability given in Sections 1.4 and
1.5 readily extend to two and three dimensions. One difficulty associated with schemes
in more than one dimension is that the von Neumann stability analysis can become quite
formidable, as we illustrate in the next two examples.
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Example 7.2.1. We begin by considering the standard leapfrog scheme for the system

u; + Auyx + Buy =0, (7.2.1)
where A and B are d x d matrices. The scheme may be written
U”+l _ vn—l
"’"2—]{"’” + Adox o], + Bdoyul, = 0. (7.2.2)
The Fourier transform of the solution, 0" (§) = 9" (&;, &), satisfies the recursion relation
0" F(E) + 2i (M1 A sin hE| + A2 B sin h&E)D(E) — 0" 1(€) =0, (7.2.3)

where A1 =k/hy and Ay = k/h>.

The stability of this scheme can be analyzed using the methods introduced in the
previous section. The scheme can be written as a one-step scheme and the condition (7.1.3)
has to be checked. However, it is difficult to obtain reasonable conditions without making
some assumptions about the matrices A and B.

The most common assumption is that A and B are simultaneously diagonalizable.
This means that there exists a matrix P such thatboth PAP~! and PBP~! are diagonal
matrices. In actual practice, this condition is rarely met, but it does give insight nonetheless.
If we set w = Pv, then relation (7.2.3) can be reduced to the form

w™N(E) + 2i(Ma, sind) + A2B, sinO)w(E) —w"I(E) =0 (7.2.4)

for v=1,...,d, where «, and B, are the vth entries in PAP~' and PBP!,
respectively.  Analyzing scheme (7.2.4) is similar to the analysis done on the
one-dimensional scalar leapfrog scheme in Section 4.1. We conclude that scheme (7.2.2)
is stable if and only if

Atlaw| +221Bv] < 1

for all values of v. O

Example 7.2.2. A modification of the leapfrog scheme (7.2.2) allowing larger time steps
has been given by Abarbanel and Gottlieb [1]. The scheme is
R Vitn + Vit
2% o 2
Assuming that A and B are simultaneously diagonalizable, the stability analysis leads
easily to the condition that

n n
v€7m+l + v(,m—l

+ Bdo, =0. (7.2.5)

[A1ay sin 6y cos by + Ar By, sinbr cos O] < 1

must hold for all values of 6y, 8, and v. We have, using the Cauchy—Schwarz inequality,
[A1ay sin @1 cos 6 + A B, sin 6, cos 6|

< max{A|oy|, A2|By|}(| sin By || cosBa| + | sin 62| cos Oy ])

IA

max{Ai]aw|, 12| By |}(sin® 0; + cos? 1)/ (cos? 6, + sin® 62)!/?

= max{Aii|oy]|, A2|Bul}.
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Thus we see that the two conditions Ajle,| < 1 and A2|B,| < 1 for all values of v
are sufficient for stability, and it is easy to see, by taking appropriate choices of 67 and
0>, that these conditions are also necessary. Thus the modified scheme (7.2.5) allows for
a much larger time step than does the standard leapfrog (7.2.2). The extra computation per
time step required by (7.2.5) is more than offset by the larger time step, making it more
efficient than the standard scheme (7.2.2) (see [1]). O

We can obtain a general formula for the stability condition for the schemes (7.2.2) and
(7.2.5) without the assumption of simultaneous diagonalizablity as follows. Because the
system (7.2.1) is hyperbolic the matrix function A&; + B&; is uniformly diagonalizable
with real eigenvalues; see Chapter 9. This means there is a matrix Y (&1, &) such that the
norm of Y (&) and Y(£)~' are uniformly bounded and

Y (&) (A& + BE) Y ()™ = D),

where D(&) is a diagonal matrix with real eigenvalues given by D;(&). By multiplying
equation (7.2.3) by Y = Y (A sin 8y, Ap sinf,) and setting w = Y v, we obtain

W 4 2i D sin 6y, Ay sin62) 0" — w1 = 0.

Because D isdiagonal, this system is composed of d simple scalar equations. The stability
condition is then easily seen to be

max max |D; (A sinfy, Ay sin6y)| < 1. (7.2.6)
1<i<d 6,0,

The scheme is stable for all values of A; and A, that satisfy this inequality. Of course,
one must determine the functions D;(§); these are the eigenvalues of A& + B&,, to
explicitly determine the stability condition. In some cases this can be done; in other cases
it is a formidable task.

This same method can be applied to the analysis of other schemes, such as the
Lax—Wendroff and Crank—Nicolson schemes, for the system (7.2.1).

Time Split Schemes
Time splitting is a general method for reducing multidimensional problems to a sequence
of one-dimensional problems (see, e.g., Yanenko [72]). Consider an equation of the form

up + A+ Asu =0, (7.2.7)

where A; and A, are linear operators, such as A} = Ad/dx and A, = Bd/dy. The
operators A; and A, need not be associated with a particular dimension, but this is the
most usual case. To advance the solution of (7.2.7) from a time 7y to the time ty + k, we
approximate (7.2.7) with the equations

up+2A1u =0 for top <t < to+ 3k (7.2.7a)
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and
ug+24u =0 for to+ 1k <t < to+k. (7.2.7b)

That is, each of the operators acts with twice its usual effect for half of the time.

We then use one-step finite difference schemes to approximate (7.2.7a) and (7.2.7b).
If we use second-order accurate schemes to approximate both (7.2.7a) and (7.2.7b), then
the overall scheme will be second-order accurate only if the order of the splitting is reversed
on alternate time steps (see Gottlieb [25] and Strang [58]).

Stability for time split schemes does not necessarily follow from the stability of each
of the steps unless the amplification factors commute with each other.

A significant difficulty associated with time split schemes is in determining the ap-
propriate boundary conditions for each of the steps. Improper boundary conditions can
seriously degrade the accuracy of the solution. A method for deriving boundary conditions
for time split schemes has been given by LeVeque and Oliger [39].

Example 7.2.3. Atime split scheme popular in computational fluid dynamics is the time split
MacCormack scheme [41]; see also Exercise 3.2.1. For system (7.2.1) with Ax = Ay = h,
the forward-backward MacCormack scheme is

62,;1/2 = vg,m - A}“(vZJrl,m - v(ril,m)’

Vit = B+ T, = AL, = 51,
o = v = B =,

vin =3 T - BAGE - T D)

An advantage of this scheme is that each of the four stages is very easy to program, making
it suitable for use on high-speed vector or parallel processors. O

Exercises
7.2.1. Show that the Lax—Friedrichs scheme
+1 1
Uz,m - é_l(v?+l,m + UZ—I,m + v?,m-i—] + vzm—l)

. + a(Sova”m + b(SOvam =0

for the equation u, + auy + buy = 0, with Ax = Ay = h, is stable if and only if
(lal* + bI)A* < 1/2.

7.2.2. Show that the scheme

n+1 1, n n n n
Vem = Wt mt TVttt T Vot me1 T V1 1)

k

+ adoxvy , + bdoyvy ,, =0

for the equation u; + auy + buy = 0, with Ax = Ay = h, is stable if and only if
(lal + 1bDA < 1.
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7.2.3. Show that the two-dimensional Du Fort-Frankel scheme for the equation u, =
b(uxx +uyy) + f given by

1 1 n n n n _ n+1 n—1
UZJr; - v?m Ver1m + Ve—1,m + Ve m+1 + Vem—1 2 (Uf,m + Ve.m
k) 3 — b

2k h?

where Ax = Ay = h, is unconditionally stable.

+ £,

7.2.4. Show that the scheme given by the two-step algorithm

~n+1/2 _ n n n n
Vet1/2.m+1/2 =4 (V81 + Vet + Vet V)

ai

n n n n
4 (U/é+1.,m+1 T Vit — Vot — ”e,m)

b

n n n n
g (Uz+1,m+1 + Vit ~ Vopim — vz,m) )

ntl A (ng12 ~n+1/2 ~n+1/2 ~n+1/2

Vem = Ve m ) (Uz+1/2,m+1/2 V2 m12 T Vemtj2mr12 T Ul71/2,m71/2)
DA [ nt1)2 ~n+1/2 ~n+1/2 ~n+1/2
Y <Uz+1/2‘m+1/2 T V12 mt12 = Vegri2m—172 — U€71/2,m71/2)
for the equation u; + auy + bu, =0, with Ax = Ay = h, is second-order accu-
rate and stable if and only if (|a|> + |b]>)A% < 1.
7.2.5. Using the formula (7.2.6) find the stability condition for the leapfrog schemes (7.2.2)

and (7.2.5) when
1 0 0 1
A_<O _1> and B—<1 O)’

7.2.6. Prove that if the two steps of a time split scheme have amplification factors that
commute with each other, then the time split scheme is stable if each step is stable.

7.3 The Alternating Direction Implicit Method

In this section we examine a very powerful method that is especially useful for solving
parabolic equations on rectangular domains. It is also useful for equations of other types
and on more general domains, although it can then become quite complex. This method is
called the alternating direction implicit, or ADI, method. We discuss the derivation of the
name and show that the method can be applied quite generally.

We begin by defining a parabolic equation in two spatial dimensions. The general
definition is given in Section 9.2. The equation in two spatial variables,

ur = brjuxx + 2b12uxy + b22uyyv (7.3.1)
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is parabolic if
b]l,b22 >0 and b%z < b11b22.

The most common example is the two-dimensional heat equation
u = b(uxy + uyy)v

which governs heat flow in two dimensions. Parabolic equations arise in many other
two- and three-dimensional problems, including the study of flows in porous media and
modeling of economic processes. We introduce the ADI method using the two-dimensional
heat equation as our primary example.

The ADI Method on a Square

Consider
U = bruyy + bouyy (7.3.2)

on a square. Note that there is no term with a mixed derivative; i.e., there is no u,, term.
The ADI method applies most simply to parabolic equations of the form (7.3.2). Later in
this section we consider how to modify the basic method in order to include the mixed
derivative terms.

If we were to use a scheme similar to the Crank—Nicolson scheme for (7.3.2), with
discretization of both spatial derivatives, the scheme would be unconditionally stable, but
the matrix to be inverted at each time step would be much more difficult to invert than
were the tridiagonal matrices encountered in one-dimensional problems. The ADI method,
which we now derive, is a way of reducing two-dimensional problems to a succession of
many one-dimensional problems.

Let Ay and A, be linear operators, which can be quite general, but for convenience
think of

Aju = bruxy,
Aru = boutyy.

In general we assume that we have convenient methods to solve the equations
w, = Ajw
and
wy = Ayw
by the Crank—Nicolson scheme or a similar implicit scheme. The ADI method gives us a
way to use these schemes to solve the combined equation

u; = Au + Aru (7.3.3)

using the methods for the simpler “one-dimensional” problems.
We begin by using the same idea as used in the Crank—Nicolson scheme, that of cen-
tering the difference scheme about # = (n + 1/2) k. By the Taylor series, (7.3.3) becomes

n+l _ ,.n

u u
k

1 1
=5 (Alu"'H + Alu") +3 (Azu”“ + Azu") +0 (k2>
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or

2 2 2

As noted before, if we discretize the operators A; and A; with respect to the spatial
variable at this stage, then the matrix corresponding to the left-hand side will be difficult to
invert. We now note the formula

k k k k
(1 ——A — —A2> utl = (1 + A+ 5AQ) u + 0 (k3) . (7.3.4)

(Ixa)(Ata)=1xa +ar+aa

and, based on this, add k%A Apu”t! /4 to both sides of equation (7.3.4) and then write it
as

I kA kA +k2AA ntl I+kA —|—kA +k2AA n
20 T 20T

(7.3.5)
2

k
+TAIA (u"“ - u") +0 (k3> .

The two matrix sums can be factored as

k k k k
I—-A ) (1=ZA ) ut =(1+2A )1 +=245)u"
(1=5a0) (15w = (1450 ) (152

2

+ %AlAz (un+1 — u") + 0 <k3> .

Consider first the second term on the right-hand side. We have
ul’l+1 — ul’l + O(k),

so with the k2 factor this second term is O(k®), which is the same order as the errors
already introduced. So we have

k k n+1 __ E E n 3
(1 - §A1> (1 _ §A2>u = (1+ 2A1> (1+ 2A2>u 10 (k ) (7.3.6)

If we discretize this equation, then we have a more convenient method. In the case when
Ay =biuyx and Ay = byuyy, the matrices corresponding to I —k/2 A; will be tridiag-
onal and can be solved conveniently with the Thomas algorithm; see Section 3.5. Let Ay
and A, be second-order approximations to Ay and Aj, respectively. We obtain

I kA I kA ntl I—i—kA I+kA n
- = - = u = = = u
) 1h ) 2h ) 1h ) 2h
+0 (k3) +0 (khz),

and from this we have the ADI scheme

I——kA 1——kA " 1— 1 —kA 1 —kA " (737)
v + + v, D,
) 1h ) 2h 2 1h ) 2h
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The Peaceman-Rachford Algorithm
To solve (7.3.7) Peaceman and Rachford [50] used

k k
<1 - EAlh) /2 — <1 + §A2h> V", (7.3.82)

k k
<1 - EAZ;,) = (1 + EA”,) /2, (7.3.8b)

Formulas (7.3.8) explain the origin of the name alternating direction implicit method. The
two steps alternate which direction is implicit and which is explicit. More generally, the term
ADI applies to any method that involves the reduction of the problem to one-dimensional
implicit problems by factoring the scheme.

We now show that formulas (7.3.8) are equivalent to formula (7.3.7). If we start with
equation (7.3.8b), operate with (I — k/2 A1), and then use (7.3.8a), we obtain

k k k k
I—=A I—-A = 1-ZA I+ =Ay, | 07172
( ) 111) ( ) 2h> v < ) lh) ( + > 1/1) v
k k . k k
= (I + §A1h> (1 - §A1h> DLRTEIES (1 + §A1h> (1 + §A2h> v

Notice that the equivalence of (7.3.8) to (7.3.7) does not require that the operators Ay, and
Ajp, commute with each other. Some ADI methods similar to (7.3.8) require that some of
the operators commute with each other; see Exercise 7.3.14.

The D’ Yakonov scheme for (7.3.7) is

k k k
[—-Ap )02 =(1+24 I+ -A "
< > 1h> v + S A + A2 v,

(I _ EAQ,h) vn—H — 5n+1/2
5 .

(7.3.9)

The variables 9”71/ in (7.3.8) and v"*!/? in (7.3.9) should be thought of as inter-
mediate or temporary variables in the calculation and not as approximations to u(f, x) at
any time ¢. By consistency such variables in ADI methods are usually first-order approxi-
mations to the solution, but this is of little significance.

The Douglas—Rachford Method

Other ADI schemes can be derived starting with other basic schemes. Starting with the
backward-time central-space scheme for (7.3.3), we have

(I —kA; —kAy) "' = u" + 0 (kz)
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or

(1 —kAy — kA + k2A1A2) W™ = " A A" 4+ K2 A1 Ay (u"+1 - u")
+0 (kz) ,

(I — kA (I — kAgy) v+ = (1 T szlhA2h> .

which gives the scheme

The Douglas—Rachford method [13] for this scheme is
(I —kA) 0% = (I + kAg) v",

(I —kAzy) oML = gntl/2 kA", (7.3.10)

If the operators A; are approximated to second-order accuracy, the scheme is accurate of
first-order in time and second-order in space.

Boundary Conditions for ADI Schemes

ADI schemes require values of the intermediate variables on the boundary. If we consider
the case of Dirichlet boundary conditions, i.e., u(¢, x, y) specified on the boundary, then
values of #"11/2 on the boundaries are obtained by using the two steps of the scheme with
v" and v"T! specified to obtain 7"F1/2.

For example, consider the Peaceman—Rachford method with

92 9?
Al =b—, Ay =br—,
1 192 2 2 9y2
and u = B(t, x, y) onthe boundary of the unit square. For step (7.3.8a), " +1/2 s needed
at x =0 and x = 1. By adding the two parts of (7.3.8), we have
1 k 1 k
02 = (T S Ay ) B+ S (1 — <A ) B! 7.3.11
5 2<+22h>ﬂ+2< SAn ) B, (3.1
which can be used to compute "t/ along the boundaries at x =0 and x = 1. Thus

§"*1/2 is determined where needed.
For the Douglas—Rachford method, the second equation gives

T2 = (I — kAg) BT + kA B

Note again that #"+!/2 need not be a good approximation to the solution at the intermediate
time level with t = (n + 1/2) k.
The boundary condition

~n+1/2 1/2

vy 2= By i % = Bltnsya. xe. ym) (7.3.12)
is very easy to implement but is only first-order accurate. If this condition is used with the
Peaceman—Rachford method or similar second-order methods, the overall accuracy will be
only first order.
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Stability for ADI Methods

The Peaceman—Rachford and Douglas—Rachford methods are unconditionally stable, as
is easily seen by von Neumann analysis for two dimensions. As an example we show
the stability of the Douglas—Rachford method applied to the two-dimensional heat
equation (7.3.2).

ito,

Replacing vy, by g"e't%ei™® and 172':11/2 by gg"e'*?ei™®  we obtain

(1 1 4by uy sin %9) g=1—4byu,sin*1g,

(1 +4bouy sin? %qb) g=g+4buy sin? %q&.

Thus
14+ 16b1bo iy iy sin® %9 sin® %d)

8= ; - =
(1 4+ 4by sin? %9)(1 +4bpy sin® %(b)

Implementing ADI Methods

To implement ADI methods on a rectangular domain, we begin with a grid consisting
of points (x¢, y,), given by x; = f{Ax and y, =mAy for £=0,...,L and m =
0,..., M, respectively. We illustrate the implementation using the Peaceman—Rachford
algorithm (7.3.8). The numerical method is most conveniently programmed using two
two-dimensional arrays, one for the values of v and one for v. In addition to these two
two-dimensional arrays, two one-dimensional arrays are needed to store the variables p
and ¢ used in the Thomas algorithm as given in Section 3.5.

Figure 7.1 shows a grid and illustrates the sets of grid points on which v and v are
solved. Notice that the values of v on the left- and right-side boundaries are not obtained
as part of the algorithm and must be specifically assigned.

As formulas (7.3.8) show, the computation of v"*! from v” involves two distinct
stages: the first to compute v from v and the second to compute v from v. We have
dropped the superscripts on v and v, since in the programming of the method there is no
index corresponding to n on these arrays.

The difference equations for v corresponding to (7.3.8a) are

bipx - - bipy _
- “Dp—tm + (1 + b1 e m — ~ Dot 1m
b2 b2 .
= ;y Vem—1 + (1 — bapiy)vem + Ky Ve, m+1 (7.3.13)

for=1,...,.L—landform=1,..., M — 1.

This system of equations consists of M — 1 tridiagonal systems of equations, one for each
value of m. For each value of m, the Thomas algorithm can be used to solve for the values
of V¢ ;. The standard way to implement the method uses a loop on the m, and within each
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[ ] L] L] L L L] [ 4 L] L]
[ ] L] L] L L L] [ 4 L L
[ ] L] L L] L L] L] L L
[ ] L] L] L L L] [ 2 L] L]
[ ] L L] L] L L [ 4 L] L]
[ ] L] L] L] L] L] [ 4 L] L]
[ ] L] L] L] L L [ 4 L] L]
~ @ L] L] L] L L [ 4 L] L]
14
[ ] L] L L] L] L [ 4 L L
14

Figure 7.1. Grid for ADI.

loop the Thomas algorithm is used to solve for the values of vy, for £ =0,..., L. The
boundary values of v are given by (7.3.11), or in this specific case,

~ bZIJ/y b2/~/l/y bz,bby
Vo,m = ﬂO m—1t ,30 m :3() m+1
b2ﬂy +1 1+ bZlL} 1 bZl‘y +1
IBSm 1 + an ﬂ(’)l m+1°

and similarly for vy, . Notice that this formula gives v, only for values of m from 1 to
M — 1. These boundary conditions and the equations (7.3.13) completely determine vy
for £=0,...,L and m=1,...,M — 1. Values of vy and v, p are not determined
by these formulas, and, as we shall see, these values are not needed at all.

Having computed v, the second stage of the computation uses (7.3.8b), and the
difference equations are

bou bou
- 20 m—1 4+ (1 + bofiy) Ve m — 5 L 06 mt1
b]/,L - blM ~
“Bp—tm + (1 = bypg) e m + val+l,m (7.3.14)

for=1,...,.L—landform=1,..., M — 1.
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Similar to (7.3.13), this is a system of L — 1 tridiagonal systems of equations, one tridi-
agonal system for each value of ¢. The boundary conditions for v are the specification
of the exact values of the solution at time level n + 1, i.e., for t = (n + 1)k. Again, the
standard implementation uses a loop on ¢, within which the Thomas algorithm is used to
solve for the values of v¢, for m =0,..., M.

Itis important to notice that in equation (7.3.14) the required values of v are precisely
the values computed by (7.3.13). In particular, there is no need to assign values to vg ¢ or
vg,m for any values of €. Itis also important to realize that the boundary values v, and
v, m are not needed in the solution of (7.3.14), but these values must be updated as part of
the solution process.

A useful suggestion for implementing ADI methods is first to use the very simple
boundary condition (7.3.12) rather than more complex formulas such as (7.3.13). After the
program is found to be free of programming errors, then more complex and more accurate
boundary conditions such as (7.3.13) can be implemented.

Sample pseudocode for the Peaceman—Rachford ADI method is given below. The
variable w is used for v. The grid lines are numbered O to L in the x direction and 0 to M
in the y direction. The lines relating to the boundary conditions and the boundary data are
not specified completely. Also, note that different arrays for the x and y directions could
be used for the Thomas algorithm arrays p and g, and the arrays for the p values could then
be computed only once for more computational efficiency.

The quantities halfbmux and halfbmuy are the two products (1/2) byu, and
(1/2) byjuy, respectively.

! Loop on time
while time < tstop
time = time + time_step
! Consider each grid line in y
loop on m from 1 to M-1
! Do the Thomas algorithm for this grid line. First loop
p(1) = 0.
q(1) = Boundary Data at x(0) and y(m)
loop on el from 1 to L-1
dd = v(el,m)
+ halfbmuy*( v(el,m-1) - 2 v(el,m) + v(el, m+l))
denom = 1 + halfbmux*(2 - p(el))
p(el+1l) = halfbmux/denom
q(el+1) ( dd + halfbmux*q(el))/ denom
end of loop on el
! Second loop for the Thomas algorithm
w(L,m) = Boundary Data at x(L) and y(m)
loop on el from L-1 to O
w( el, m) = p(el+1)*w( el+l, m) + q(el+1l)
end of loop on el
end of loop on m
! This completes the first half of ADI
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! Consider each grid line in x
loop on el from 1 to L-1
! Do the Thomas algorithm for this grid line. First loop
p(1) = 0.
q(1) = Boundary Data at x(el) and y(0)
loop on m from 1 to M-1
dd = w(el,m)
+ halfbmux*( w(el-1,m) - 2 w(el,m) + w(el+1,m))
denom = 1 + halfbmuy*(2 - p(m))
p(m+1) = halfbmuy/denom
q(m+1) = ( dd + halfbmuy*q(m))/ denom
end of loop on m
! Second loop for the Thomas algorithm
v(el,M) = Boundary Data at x(el) and y(M)
loop on m from M-1 to O
v( el, m) = p(m+1)* *iv( el, m+l ) + gq(m+1)
end of loop on m
end of loop on el
! Set the other boundary values
loop on m from O to M
v(0,m) = Boundary Data at x(0) and y(m)
v(L,m) = Boundary Data at x(L) and y(m)
end of loop on m
end of loop on time

The Mitchell-Fairweather Scheme

The Mitchell-Fairweather scheme [44] is an ADI scheme for (7.3.2) that is second-order
accurate in time and fourth-order accurate in space. The fourth-order accurate formula

(3.3.6),
L - 2 du 4
<1+—5> 8u="5+0(n).

is used rather than the second-order approximation. We consider (7.3.6):

k k n+1 __ k k n 3
<I—§A1> <I—§Az>u — <I+§A1> <I+§A2)u +0(k )

where A1 and A; are the second derivative operators; then we multiply both sides by

h? , h* ,
1+ —34 14+—3
(1+55) (1+5%)

h? 5\ 82
1+ —82)—
<+12 x) ax?

and replace
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by 8% + 0 (h4) . Similar changes are made for the derivatives with respect to y. The
result is

h k h k
1+ —82— b 82)[1+—=682—=b$ +1
<+12X2 )(+12> 22>

h= ok h* ok n 3 4
<1+Esx+ b, a><1+ﬁay+ b26>u +0(k)+0(kh).

‘We obtain the Mitchell-Fairweather scheme, which is similar to the Peaceman—Rachford
scheme:

1 1 1 1
[1 - §<bm - 6>h2 af]v"“/z = [1 + §<bzuy - 6>h2 Sﬁ]v”
1 b 1 l’l2 2+l _ 1 b 1 l’l2 21, n+1/2
1—5 g,uy—g 8y |v = 1+§ 1,ux+g 5; |v .

This scheme is second order in time and fourth order in space and is not much more work
than the Peaceman—Rachford method.

As an example, suppose the Peaceman—Rachford scheme is used with grid spacings
hy and ky, and the Mitchell-Fairweather scheme is used with grid spacings /, and k.
The amount of work for the schemes is proportional to kfl hfz and ky ! hy 2, respectively,
whereas the accuracyis O (kz) + 0 (h2) for the Peaceman—Rachford scheme and O (kz) +
O(h ) for the Mitchell-Fairweather scheme. It is usually not difficult to choose the grid
parameters so that the Mitchell-Fairweather scheme requires less work and gives more
accuracy than the Peaceman—Rachford method (see Exercises 7.3.8, 7.3.10, and 7.3.12).

Boundary conditions for the Mitchell-Fairweather scheme are obtained as for the
other ADI schemes. We can eliminate the terms with 831}"“'1/ 2 from (7.3.15) by multiplying
the first equation by by, 4+ 1/6 and the second by bju, — 1/6, and then eliminating
the terms containing S%U”H/ 2. In this way we obtain for Dirichlet boundary conditions

the following condition for v"*+1/2:
(b% ) h23§] p"

1 1
witz Ly 1
= g (e ) 1+
| | T (7.3.16)
+b1/lx—g —5 bzﬂ)—g h=sy | B .

ADI with Mixed Derivative Terms

(7.3.15)

l\)l'—‘

The ADI methods that have been discussed for equation (7.3.2) can be extended to include
the general equation (7.3.1), with the mixed derivative term as well. We confine our
discussion to the Peaceman—Rachford method for simplicity. One scheme that can be
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used is

k k
(1 — 519115)%) /2 — (1 + 5192255) v+ kb1280x80yv”,

7.3.17
k 2 n+l k 2 n+1/2 n+1/2 ( )
1- §b225y v =1+ 5b115x v + kb1280x80yv ,

which is only first-order accurate in time. Beam and Warming [5] have shown that no ADI
scheme involving only time levels n and n + 1, such as (7.3.17), can be second-order
accurate unless b1y is zero. A simple modification to (7.3.17) that is second-order accurate
in time is

k k
(1 - 517113)%) v = <1 + §b228§> v+ kb1250x60y17"+1/2,

(7.3.18)
k k
(1 — §b228§> o= <1 + Ebllai) V112 4 kb1250x50yl~)n+1/2,
where
ﬁn+1/2 — %vn _ %vnfl.

This scheme requires extra storage to compute 9"+1/2 but itis relatively easy to implement.
The boundary condition

1 k 1 k
2 — 3 (1 + §b225§> B" + 3 <1 — Ebgzag) gl (7.3.19)

can be used with this scheme without loss of the second-order accuracy (see Exercise
7.3.13). Notice that this is essentially the same formula as (7.3.11).

Exercises
7.3.1. Show that the inhomogeneous equation
ur = Au+ Au+ f

corresponding to equation (7.3.3) can be approximated to second-order accuracy by

k k k
I—ZA sn+1/2 I+—-A n_ n+1/2’
( 21h>v +22h v+2f

<[ — lfAZh) vn—H — (I + liAlh) 5n+1/2 + ]ffn+l/2
2 2 5 )
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7.3.2.

7.3.3.

where Ay, and Ajpj; are as in scheme (7.3.7). Also show that the scheme
k k k
I—ZA sn+1/2 I+—A nyZ
( 5 lh) v + oA vt + 2f

k k k
I—ZA n+l _ I+—A ~n+1/2 | * rn+l
( 2 2;,) v ( + > lh) v + 2f

is second-order accurate.

Consider the system in one space dimension

()= 1) (), + (05 (=)

Discuss the efficiency of the ADI method using

1 0\ 9 0 —4
Al—(o 1)@ andA2—<4 O)

compared with using a Crank—Nicolson scheme with a block tridiagonal system.
Solve this system using one of these methods on the interval —1 < x < 1 for
0 <t < 1 with the exact solution

u' = ¢ sin x cosh 2x,

u? = ¥ cos x sinh 2x

with Dirichlet boundary conditions at x = —1 and x = 1.

Apply the Peaceman—Rachford method to the hyperbolic equation
u +ux +2uy, =0

onthe square —1 <x <1, —1<y<1 for 0 <t < 1. Specify the exact so-
lution along the sides with y = 0 and x = 0. Apply the extrapolation conditions
v’ZJ:; =v;_,, and vz“;,,l = vy y_, alongthesides x, =1 and yy = 1, respec-

tively. Use the exact solution
u(t,x,y) =uolx —t,y —2t)

with
(1 =2[x)(1 —2[y]) if|x| <Jand|y| <3,
uo(x, y) =
0 otherwise

for initial and boundary data.
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7.34.

7.3.5.
7.3.6.
7.3.7.

7.3.8.

7.3.9.

7.3.10.

7.3.11.

Show that scheme (7.3.18) for the parabolic equation (7.3.1) with the mixed deriva-
tive terms is second-order accurate and unconditionally stable. Hint: It may be
simpler to use the methods of Section 4.3 rather than to solve explicitly for the two
roots of the amplification polynomial.

Show that (7.3.10) is equivalent to the formula preceding it.
Derive boundary condition (7.3.16) for the Mitchell-Fairweather scheme.

Use the Peaceman—Rachford ADI method to solve
U = 2uyyx + Uyy

on the unit square for 0 <t < 1. The initial and boundary data should be taken
from the exact solution

u = exp(1.68¢) sin[1.2(x — y)] cosh(x + 2y).
Use Ax = Ay =At=1/10, 1/20, and 1/40. Demonstrate the second-order

accuracy.

Solve the same problem as in Exercise 7.3.7 but by the Mitchell-Fairweather ADI
method. Use Ax = Ay =1/10 and At = 1/30. Compare this case with the use
of the Peaceman—Rachford method with Ax = Ay = At = 1/20.

Use the Peaceman—Rachford ADI method to solve
U = Uyyx +2uyy

on the unit square for 0 <t < 1. The initial and boundary data should be taken
from the exact solution

u = exp(1.5¢) sin(x — 0.5y) cosh(x + y).
Use Ax = Ay = Ar=1/10, 1/20, and 1/40. Demonstrate the second-order

accuracy.

Solve the same problem as in Exercise 7.3.9 but by the Mitchell-Fairweather ADI
method. Use Ax = Ay =1/10 and At = 1/30. Compare this case with the use
of the Peaceman—Rachford method with Ax = Ay = Ar = 1/20.

Use the Peaceman—Rachford ADI method to solve
Up = Uyy +2uyy

on the unit square for 0 < ¢ < 1. Take initial and boundary data from the exact
solution
u = exp(0.75¢) sin(2x — y) cosh[1.5(x + y)].

Use Ax = Ay =Ar=1/10, 1/20, and 1/40. Demonstrate the second-order
accuracy.
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7.3.12. Solve the same problem as in Exercise 7.3.11, but by the Mitchell-Fairweather ADI
method. Use Ax = Ay = 1/10 and At = 1/30. Compare this case with the use
of the Peaceman—Rachford method with Ax = Ay = Ar = 1/20.

7.3.13. Use the scheme (7.3.18) with boundary conditions (7.3.19) to compute an approx-
imation to the parabolic equation (7.3.1), with the mixed derivative term. Let
the coefficients have the values b1 = 1, bjp = 0.5, and by, = 1 on the square
-1 <x<1, -1 <y <1, for 0 <t < 1. Use the exact solution

e sin(x + y) cosh(x + y)

with Dirichlet boundary conditions.

7.3.14. Show that the three-dimensional ADI method for
ur = Au + Aru + Asu
given by
I- ]%Alh B =1+ §A3h V",
1 — gAZh 2B =1+ §A2h /3,
I — §A3h) S <I + §A1h> Gn+2/3

is equivalent to

k k k
I—=-A I—-A I——-A n+l
( ) 1/1)( ) 2h>< ) Sh)v
I+kA I—l—kA I—i—kA n
= —_— p— —_ v
) 1h ) 2h ) 3h

if the operators Aj; and A, commute.



Chapter 8

Second-Order Equations

In this chapter we study partial differential equations that are of second order in the time
derivatives and show that the methods introduced in previous chapters can easily be applied
to the equations treated here. As will be seen, no significantly new ideas are needed here,
although the definition of stability has to take into account the extra time derivative.

8.1 Second-Order Time-Dependent Equations

We begin with the second-order wave equation in one space dimension, which is

U — a’uy, =0, (8.1.1)

where a is a nonnegative real number. Initial value problems for equations such as (8.1.1),
which are second order in time, require two functions for initial data; typically these are
u(0, x) and u;(0, x). If

u(0,x) =ug(x) and u;(0,x) =ui(x), (8.1.2)

then the exact solution of (8.1.1) may be written as

1 1 x+at
u(t,x) = = [up(x —at) + ug(x + at)] + —/ u1(y) dy. (8.1.3)
2 2a Jy—ar
This formula shows that there are two characteristic speeds, a and —a, associated with
equation (8.1.1).
In terms of the Fourier transform the solution may be written as

o A . sin awt
u(t, w) = uog(w) cosawt + iy (w)
(8.1.4)
— 12+(w)eiawt + ﬁi(a))e—iawt
or
1 © . sin awt
u(t,x) = —/ e I:ﬁo(a)) cosawt + i1 (w) i| dw
V21 J -0 aw
(8.1.5)

1 o ; ;
— ﬁ+(w)ezw(x+at) + ﬁi(w)ezw(x—at) dw
A/ 2 /;oo

=ui(x +at) +u_(x —at).

187
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These formulas for the solution show that in general the solution of the wave equation
(8.1.1) consists of two waves, one moving to the left and one moving to the right.

Figures 8.1 and 8.2 show the solutions to two initial value problems for the wave
equation.

Example 8.1.1. Figure 8.1 shows the solution to the initial value problem for the wave
equation (8.1.1) with @ = 1 and with initial data

()_{cos(nx/Z) if |x| <1, ) =0
=0 iy =1, WEE

Initially the shape gets wider and shorter, but it ultimately splits into two separate
pulses, one moving to the right and one to the left. The solution is

u(t,x) = % [cos (%(x — t)) + cos (%(x + t))] .0

Example 8.1.2. Figure 8.2 shows the solution to the initial value problem for the wave
equation (8.1.1) with @ = 1 and with initial data

(x) =0 x) {1 tHlx) =1, (8.1.6)
up(x) =0, uy(x) = 1.
0 ! 0 if|x|> 1.

The initial state is zero, but the initial derivative is nonzero. The solution grows and
spreads. The solution is given by the integral in (8.1.3); i.e.,

1 [t 1
u(t,x) = 5/ u1(y) dy = Elength {[x —t,x +t]ﬂ[—1, 1]},

—t

where 1 is asin (8.1.6). The value of u(z, x) is one-half the length of the intersection of
the interval of width 2¢ centered on x and the interval [—1, 1]. O

It is appropriate at this point to discuss the origin of the names hyperbolic and
parabolic as applied to the systems treated in Chapters 1 and 6. The second-order equa-
tion (8.1.1) was originally called hyperbolic because of the similarity of its symbol to the
equation of a hyperbola. If we set @ = i1, the symbol of (8.1.1) is s> — a®n?, and the
equations

52 — a2n2 = constant
are hyperbolas in the (s, ) plane. Similarly, the symbol of the heat equation (6.1.1) is
s — bn?, and this is related to the equation of a parabola. The symbols of second-order
elliptic equations are likewise related to equations of ellipses. Even though these names
are based only on this formal similarity, they have persisted.



8.1 Second-Order Time-Dependent Equations

189

1 —
1=0.0
1=04
t=0.38
1=3.0
- —_—
05
0
1 1 1 |
4 2 0 2 4

Figure 8.1. A solution of the wave equation.

Figure 8.2. A solution of the wave equation.
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As mathematicians studied other equations and systems of equations they extended
the names to cover those systems that shared certain important features with the original
hyperbolic, parabolic, and elliptic equations. The essential feature of a hyperbolic system is
that the solution propagates with certain finite speeds. For a parabolic equation the essential
feature is that the solution becomes smoother than its initial data. The essential feature of
elliptic systems, which we discuss in Chapter 12, is that the solution is more differentiable
than the data.

The general second-order hyperbolic equation in one space dimension is

Uy + 2buy = azuxx + cuyx +du; +eu + f(t,x), (8.1.7)

where b?> < a?. The initial value problem for (8.1.7) is well-posed in the sense that for
0 <t < T thereis a constant C7 depending on the equation and on 7, but not on the
particular solution, such that

/ g (1, )P + s (1, )P+ Ju(t, )P dx 8.1.8)

o0 t o0
< Cr [/ 1 0, X)|* + |ux (0, )|> + [u(0, x)|* dx +/ / If(t, ))? dxdri|.
—00 0 J—o0

The estimate (8.1.8) can be established by use of either the Fourier transform or the
energy method (see Exercises 8.1.3 and 8.1.4).

The Euler-Bernoulli Equation

The second-order equation
Ur = _bzuxxxx (8.1.9)

is called the Euler—Bernoulli beam equation. It models the vertical motion of a thin, hor-
izontal beam with small displacements from rest. Using the Fourier transform we easily
obtain the solution in either of the two forms

1 . sin bw?t
1,X) = — fox | bat + i d
u(t, x) m/_we |:u()(a)) cosbw“t + i1 (w) bl ] w

{ ~ (8.1.10)
— E/_meiw(x+bwt)ﬁ+(w) + eiw(x—bwt)ﬁ_(w) da),
where ug and u; are the initial data as given by (8.1.2). From the second of these
formulas we see that the frequency @ propagates with speeds & bw. Because the speed
of propagation depends on the frequency, the equation is said to be dispersive. The idea of
dispersion was applied in Section 5.2 to finite difference schemes for hyperbolic systems,
but it is applicable to study any wave phenomena. From (8.1.10) we see that the phase
velocity is bw or —bw, and the group velocity is twice the phase velocity.
The Euler—Bernoulli equation (8.1.9) is neither hyperbolic nor parabolic. As (8.1.10)
shows, the solution does not become smoother as ¢ increases, as do solutions of parabolic
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equations, nor does it have a finite speed of propagation, as do the solutions of hyperbolic

equations. Another feature of the Euler—Bernoulli equation is that lower order terms can

adversely effect the well-posedness of the initial value problem; see Example 9.1.2.
Another equation that models the motion of a beam is the Rayleigh equation

Uit — CUypxy = —b Uiy (8.1.11)
From the formula
. ot
iy (t, w) = —mu(l’ w),

we see that for small w the solution to (8.1.11) behaves in a similar manner as the solution
of the Euler-Bernoulli equation (8.1.9), and for large w the solution to (8.1.11) behaves
like the solution of the wave equation (8.1.1) with speed b/c. In particular, both the phase
velocity and group velocity are bounded.

Exercises

8.1.1. Write (8.1.1) as a first-order hyperbolic system with the two variables u' = u,
and u? = u,. Compare the solution of this system as given by the formulas of
Chapter 1 with the formulas (8.1.3) and (8.1.4).

8.1.2. Find an explicit relationship between the pair of functions u#y and u; in the formula
(8.1.3) and the pair of functions u#4 and u_ in formula (8.1.5). Hint: Use the
antiderivative of uj.

8.1.3. Prove (8.1.8) using Fourier transform methods.

8.1.4. Prove (8.1.8) by multiplying (8.1.7) with u(#, x) and integrating by parts. This
method is often called the energy method.

8.1.5. Show that the initial value problem for the two-dimensional wave equation u;; =
Uyx + uyy is well-posed.

8.1.6. Show that the Euler—Bernoulli equation (8.1.9) satisfies
o o
/ (1, X)% + bPusy (1, x)* dx = / 1 (0, X)% + b?ury (0, x)* dx
—00 —00
by the energy method and by utilizing the Fourier transform.
8.1.7. Show that the initial value problem for the Rayleigh equation (8.1.11) is well-posed.

8.1.8. The Schrodinger equation is u; = ibuy,. Show that the real and imaginary parts of
the solution of the Schrodinger equation each satisfy the Euler—Bernoulli equation.
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8.1.9. Show that the solution to the initial value problem
U +2b Uy = @ty — cut (8.1.12)

with 0 < b < a, 0 < ¢, and initial data (8.1.2) is given by

1 b 1 b
u(t,x) == (1 + —) uo(x +ayt) + - (1 — —) ug(x —a—t)
2 va? + b? " 2 a’ + b?

G [xtast ]1( [ 2 2+2bt(x—y) (X_Y)z]]/z)
/x—a,z [a21? 4+ 2b1(x — y) — (x — y)z]l/2

4

x [(@® 4 2b%)t — b(x — y)luo(y) dy

at® +2bt(x — y) — (x — y)2]1/2>141(y) dy,

x+a+t
e

where ¢ is \/c/(a? + b?) and ay and —a_ are the roots of 5%+ 2bn —a®> =0
with —a_ < a4. The functions Jo(§) and J;(§) are the Bessel functions of order
0 and 1, respectively. They satisfy the system of ordinary differential equations

Jo(&) = =1 (&),

J{(E) = Jo&) — 71 I1(8)

with Jo(0) =1 and J1(0) = 0. Hint: Let K(u1) be the last integral in the above
expression. Show that K (u;) is a solution. Then show that the general solution is
9K (uo) 9K (uo)

+2b
dat ax

+ K (uy).

8.1.10. Show that the solution to the initial value problem
U + 2b sy = a’uyy + cu (8.1.13)
with 0 < b < a, 0 < ¢, and initial data (8.1.2) is given by

1 b
ug(x +Cl+t) + z <1 — a2—+b2) up(x —a—t)

1 b
a0 =3 (14 )
o e A e o))

—a_t [a2t2 +2bt(x —y) — (x — y)z]l/2

4

x [(@® +2b%)t — b(x — y)luo(y) dy

a’t* +2bt(x — y) — (x —y)z]l/z)ul(y)dy,

x+a+t
Rl
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where ¢ is v/c/(a? + b?) and ay and —a_ are the roots of 1> + 2bny —a® =0
with —a_ < ay. The functions Io(§) and I7(§) are the modified Bessel functions
of the first kind of order 0 and 1, respectively. They satisfy the system of ordinary
differential equations

I =1 and I[¢) =) —& 'LE)

with Ip(0) =1 and 7;(0) = 0.
8.1.11. Show that the general second-order hyperbolic equation (8.1.7) can be reduced to
either of the equations (8.1.12) or (8.1.13) by setting

u(t, x) = e eP*u(t, x)

when the parameters o and S are chosen suitably.

8.2 Finite Difference Schemes
for Second-Order Equations

The definitions of convergence, consistency, and order of accuracy for finite difference
schemes as given in Chapters 1 and 3 hold without modification for second-order equations.
The stability definition, however, must be altered slightly. In place of Definition 1.5.1 we
require the following definition.

Definition 8.2.1. A finite difference scheme Py pv)}, = 0 for an equation that is second-
order in t is stable in a stability region A if there is an integer J and for any positive
time T there is a constant Ct such that

00 J o9 )
ey |v;j,|25(1+n2) crhy Y il 8.2.1)

m=—00 j:O m=—00

for all solutions v, and for 0 < nk < T with (k,h) € A.

The extra factor of (1 + nz) in (8.2.1) is the only change required by the second-
order equation and reflects the linear growth in ¢ allowed by these equations. In the von
Neumann analysis of schemes for second-order equations, Definition 8.2.1 requires that the
amplification factors g, (there will always be at least two) satisfy

lgvl < 1+ Kk

and permits two such amplification factors to coalesce near the unit circle. If there are no
lower order terms, then the stability condition is |g,| < 1 with double roots on the unit
circle permitted. The integer J in Definition 8.2.1 must always be at most 1, since data
must always be given at two time levels for second-order equations.
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We now state the stability condition for second-order differential equations. No-
tice how it differs from the conditions of Theorem 2.2.1 for one-step schemes and from
Theorem 4.2.1 for multistep schemes for first-order differential equations.

Theorem 8.2.1. If the amplification polynomial ®(g,0) for a second-order time-
dependent equation is explicitly independent of h and k, then the necessary and suffi-
cient condition for the finite difference scheme to be stable is that all roots, g,(0), satisfy
the following conditions:

(@ 1gv@)| = 1, and

d) if |gv(@)| =1, then g,(0) must be at most a double root.

The necessity of including the factor of 14 12 in the estimate (8.2.1) can be seen by
considering the function u(#, x) = ¢, which is a solution of the equations (8.1.1), (8.1.9),
(8.1.11) and all other second-order equations without lower order terms. Most schemes for
these equations will compute this solution exactly, i.e., v}, = nk. This is represented by

the amplification factor go(&) at & equal to 0, which is a double root. That is,
vy = 0-20(0)" + nkgo(0)"~".

From this we observe that without the factor of 1 4+ n? in the estimate (8.2.1), all consistent
schemes for a second-order equation would be “unstable.” (The fact that the function
u(t, x), which is everywhere equal to ¢, is not in L%(R) as a function of x is not
important to the argument. One can approximate u(z, x) by functions that are in L?(R)
as functions of x, and the argument will proceed to the same conclusion.) This point
about the factor of 1+ n? is not made by Richtmyer and Morton [52]. They reduced all
second-order equations to first-order equations and used the definition corresponding to
Definition 1.5.1.

The Lax—Richtmyer equivalence theorem for second-order equations can be proved
using the methods of Section 10.7.

Example 8.2.1. The first scheme we consider is the standard second-order accurate scheme
for (8.1.1),
ot = 2u + ! _ 2 U1 — 20 + 0 . (8.2.2)
k2 h?
We now show that this scheme is stable for aA < 1 (we take a to be nonnegative). As
in the von Neumann analysis in Chapter 2, we have that the equation for the amplification

factors is

g —2+g ' = —4a®x?sin? %9,
or
(g1/2 — g71/2)2 = (:I: 2iak sin %0)2.
Hence
g'/? — g7 '* =L 2ianrsin 10
and so

g £ 2iaksin %le/z —-1=0,
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1/2

which is a quadratic equation for g'/<. We then have the roots

g/? =%iarsinlo £ /1 —a2a2sin® 1o

2
gi=<,/1—a2kzsin2 10 £ iaxsin %9) .

It is easily seen that |g| is bounded by 1 if and only if aA is at most 1. When 6 is equal
to 0, then g4 and g_ are equal; this also occurs if aA is 1 and 6 is 7. Recall that the
solution of the difference scheme is given by

0" = Ay (E)gL + A_(E)g"

or

when g4 # g— and
0" = AG)" +BE) ng"!

when gy = g_ = g. Because linear growth in n is permitted by Definition 8.2.1, the
scheme is stable even when the roots are equal. Thus the scheme is stable if and only if
ar <1.0

At this point it is worthwhile to compare the analysis and conclusions given here
with those of Section 4.1 for the leapfrog scheme for first-order hyperbolic equations. The
analysis for the two cases is similar, but the coalesence of the two amplification factors
was not permitted for the first-order equation. For the second-order scheme (8.2.2), we
would usually take aA to be strictly less than 1 to avoid the linear growth of the wave with
0 = m. However, the presence of the high-frequency oscillation, that with 6 = 7, does
not affect the convergence of the scheme (8.2.2) as it would for the leapfrog scheme for the
one-way wave equation because the extra initial data for (8.2.2) restricts the amplitude of
high frequencies that are growing linearly.

Example 8.2.2. For the Euler—Bernoulli equation (8.1.9), the simplest scheme is the second-
order accurate scheme

vt =205+t 2 Umga — Ay OV, —4vp  F U,
k? h4 (8.2.3)
= —b* st

The equation for the amplification factors is
g—2+g ' =—16b*u’sin* %9,

where = k/h*. The stability analysis is almost exactly like that of scheme (8.2.2) for
the wave equation, and it is easy to see that scheme (8.2.3) is stable if and only if
21
2bu sin 79 <1,

which requires that
.0

8=

bu <
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Higher Order Accurate Schemes for Second-Order Equations

We now present two (2,4) accurate schemes for the wave equation (8.1.1). The first is

v:’nﬂ - 2vfn + v;;;l = a2 ( +2 + 16vm-|—l 301}31 + 16U:ﬁl_l - Uzl_2>
2 - 1242
(8.2.4)

The equation for the amplification factors is

-2+ g_l _ a2A2<_2COS 20 +1322cos9 — 30)

4 1 1
= ——a*\%sin? =0 3 +sin? =6
3 2 2

or
172
a2 sin? %9 (3 + sin? %9)

V2 _ =12 = 4 o :

8

As in the previous analyses, the scheme is stable, i.e., |g+| < 1, if and only if

25in” 16 (3 + sin? 10
3

<1

Obviously the maximum of the left-hand side of this inequality occurs when sin? %9 is 1,
and so we obtain the stability condition

for the (2,4) scheme (8.2.4).
An implicit (2, 4) scheme for the wave equation (8.1.1) is given by

-1
h?
2 2
5, U,r;l = (1 + 55 ) 6xvfn

or

L 100 ot 2 (v 100 40 ) 0 10un T

_]zaz)”z( +1_2U +Um l)
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Although this scheme requires the solution of a tridiagonal system of equations at each step,
it has the advantage over the scheme (8.2.4) of having a narrower stencil; i.e., it does not
use v, ., to compute v;’n“. The narrower stencil makes it easier to implement boundary
conditions.

This scheme, though implicit, is not unconditionally stable. We have

2 4a2)2sin” 1o
(gl/z—g 1/2) _ 2

1 219"
1 — 3sin” 56
and thus for stability we must enforce

a2 sin? %9

- @ s <
1 .21 —
l—gsm 59

The maximum of the left-hand side occurs at sin %9 =1, and thus

ar < /2~ 08165

is the stability condition. As for the previous scheme, this is not a serious restriction, since
k should be small compared with / to achieve good accuracy and efficiency with a (2, 4)
accurate scheme. (See the discussion at the end of Section 4.1 on higher order accurate
schemes.)

Computing the First Time Step

All the schemes for equations that are second order in time require some means of computing
the solution on the first time step after the initial time level. Perhaps the simplest procedure
is to use the Taylor series expansion

u(k, x) = u(0, x) + ku; (0, x) + 1k%u, (0, x) + O (k*).

The values of u#(0, x) and u,(0, x) are given data and, by using the differential equation,
uy (0, x) can be expressed as a derivative of u with respect to x, e.g., as au, (0, x) for
(8.1.1) or —b%uyy 11 (0, x) for (8.1.9). Using a finite difference approximation, we easily
obtain an expression for v,ln that is of the same order of accuracy as the rest of the scheme.
For example, for (8.1.1) we have

v = Vo k), + 2ak*8%0),. (8.2.5)

As with initializing multistep methods for first-order equations (see Section 4.1), the
initialization method has no effect on the stability of the overall method. If we regard
formula (8.2.5) as an approximation to u#,(0, x), i.e., in the form

1 0

— 1
(0, xp) = 2 0m Z 025200 4 0k,
k 2
then the approximation must be of at least the same order of accuracy as the scheme in order
not to degrade the accuracy of the overall method. These results are proved in Section 10.7.
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Von Neumann Polynomials and Stability

We can modify the algorithms for von Neumann and Schur polynomials, as discussed in
Section 4.3, to test for the stability of second-order schemes. We first extend the definition
of von Neumann polynomials.

Definition 8.2.2. The polynomial ¢ is a von Neumann polynomial of order q if all of
its roots, ry, satisfy the following conditions:

@ |ry| <1, and

(b) the roots with |r,| = 1 have multiplicity at most q.
A von Neumann polynomial of order 0 is defined to be a Schur polynomial.

Comparing this definition with Definition 4.3.3, we see that a simple von Neumann
polynomial is a von Neumann polynomial of order 1. We then have the following general-
ization of Theorems 4.3.1 and 4.3.2.

Theorem 8.2.2. A polynomial @i of exact degree d is a von Neumann polynomial of
order q if and only if either

(@ leqa(0)] < |<p;,"(0)| and @4—1 is a von Neumann polynomial of order q or

(b) @a—1 is identically zero and ¢, is a von Neumann polynomial of order q — 1.

The proof of this theorem is similar to the proofs of Theorems 4.3.1 and 4.3.2 and is
left as an exercise. We note that if ¢, is a von Neumann polynomial of order O and degree
1 or more, then it is impossible for ¢4 to be identically zero.

Theorem 8.2.2 can be used to analyze the stability of schemes for second-order
equations. If ®(g,0) is the amplification polynomial of a finite difference scheme for
a second-order equation for which the restricted condition |g,| < 1 can be employed, then
the scheme is stable if and only if ®(g, ) is a von Neumann polynomial of order 2.

The algorithm given in Section 4.4 can be applied to von Neumann polynomials of
any degree or order.

Exercises
8.2.1. Show that the implicit scheme for (8.1.1) given by

§7vl = 1a’s} (v,’,’l+1 +2vh + vzfl)
is a second-order accurate scheme and is unconditionally stable.
8.2.2. Show that the scheme
vn+2 — 2t & Un72 ) h2 5 -1 5
n 4an1 " —a <1+—8x> szl

12 xX-m
a B2\
-4 (1 + —52> 52 (v,’:,” + 120" — 260" + 120" v,’;;Z) =0

isa (4, 4) scheme for the wave equation (8.1.1) and use Theorem 8.2.2 to show that
it is stable if and only if aA < 1.



8.3 Boundary Conditions for Second-Order Equations 199

8.2.3.
8.24.

8.2.5.

8.2.6.

8.3

Prove Theorem 8.2.2.

Show that the scheme for the wave equation (8.1.1),
hs \*
S2u = a?82v" 4 ek 2 (Tx> T

is dissipative for small positive values of the parameter . Show that the scheme is
second-order accurate when A is constant.

Show that the implicit scheme
2.n n _ 2¢2.n
87 v, + 2¢8:08x0v,, = a“div,, (8.2.6)

for the equation
Ut + 2CUsy = AUy (8.2.7)

is second-order accurate and stable for aA < 1.

Use scheme (8.2.6) to obtain approximate solutions to equation (8.2.7) on the interval
—1 <x <1 for 0 <t < 1. Asinitial data, take

up(x) =coswtx and wuj(x) =csinmx.
For boundary data use the exact solution
u(t,x) = % [cosm(x — nyt) +cosm(x —n-t)],

where n+ = ¢ & /¢ + a?. Take ¢ equalto0.5and a equalto 1. Use grid spacings
of 1/10, 1/20, and 1/40 and A equalto 1. Demonstrate the second-order accuracy
of the scheme.

Boundary Conditions for Second-Order Equations

The second-order wave equation (8.1.1) on aninterval, say, 0 < x < 1, requires one bound-
ary condition at each end. This is easily seen by relating (8.1.1) to a first-order system (see
Exercise 8.1.1). The two most common boundary conditions are to specify the value of the
solution at the boundary, the Dirichlet boundary condition, and to specify the first derivative
with respect to x at the boundary, the Neumann boundary condition.

For all the schemes for the wave equation (8.1.1) other than (8.2.4), the boundary

conditions where the value of u is prescribed on the boundary present no problem. If
the derivative of u with respect to x is specified, then several options are available. For
example, suppose the boundary condition at x equal to O is

ux(t,0) = 0.
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For the finite difference scheme at m equal to 0, we can use either

n+1 n+1
dv" — v,

n+1
Yo = 3 ( )
or n
n+1 2 6; n—1 2612)\.2 (U()n — Ul) . (832)

Formula (8.3.1) is from the second-order accurate one-sided approximation

4u(h) — 3u(0) — uh) i <h2)

uy(0) = o

(see Exercise 3.3.8). Formula (8.3.2) arises from employing scheme (8.2.2) at m equal
to 0 and then eliminating the value of v"; by using
v =l —0
2h ’
which is the central difference approximation to the first derivative. Other boundary con-
ditions are also possible.
The use of first-order accurate boundary conditions, such as

Vi — v
A =0, (8.3.3)
degrade the overall accuracy of the second-order accurate scheme.

Scheme (8.2.4), which has a wider stencil, requires a numerical boundary condition
at the grid point next to the boundary since the scheme cannot be applied there. Various
conditions can be used. Using the second-order accurate scheme (8.2.4) at these points can
degrade the accuracy. If the value on the boundary is specified, then the value next to the

boundary can be determined by interpolation, e.g.,
v;l-i—l — Al‘ <v61+1 + 6v121+1 _ 4U131+1 + vZ-H) ,

which is obtained from
nstoptt =o.

The scheme (8.2.4) with derivative boundary conditions is rather unwieldy.

For the Euler—Bernoulli scheme (8.2.3) and similar schemes for the Rayleigh equation,
the boundary conditions can be obtained by standard methods, but now there are two
boundary conditions required by the differential equation. For example, if the beam is held
fixed and clamped at x equal to 0, the boundary conditions would be

u(t,0) =u,(r,0) =0.
If the beam is fixed in place but allowed to pivot, the boundary conditions are

u(t,0) = uxx(t,0) =0, (8.3.4)
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and if the end of the beam is free to move, the conditions are
Uyx(t,0) = Uxxx(z,0) = 0. (8.3.5)

The implementation of these boundary conditions with a finite difference scheme can
be done in several ways. The use of second-order accurate formulas applied at x equal
to 0 can be used to give boundary conditions for the scheme (8.2.3) and schemes for the
Rayleigh equation. For example, for boundary conditions (8.3.4), v6’+1 is prescribed, and
at m = 1, we can use the scheme (8.2.3) with the formula

v =2y + v =0 (8.3.6)

to eliminate v” |- Similarly for boundary conditions (8.3.5), we can use the scheme (8.2.3)
with the condition (8.3.6) and

—v", + 20", =20 +v5 =0, (8.3.7)

which is the second-order accurate formula for 2h38082v8 =0, to eliminate v" , and
v, from (8.2.3) applied at m equal to 0 and m equal to 1. In the actual computer
implementation we can either have variables v", and v", and use (8.3.6) and (8.3.7) to
define their values, or we can eliminate these variables from the difference formula (8.2.3),

obtaining formulas to calculate USH and v’f“. The two approaches are equivalent.

Exercises

8.3.1. Use the scheme (8.2.2) to obtain approximate solutions to the wave equation u;; =
uyx ontheinterval 0 < x < 1 for 0 < ¢ < 1. Forinitial data and Dirichlet boundary
data at x equal to 1, use the exact solution

u(t,x) = cos(x +1) 4+ cos(x — 1),

and at x equal to 0, use the Neumann condition u, = 0. Implement the boundary
conditions (8.3.1) and (8.3.2) as well as the first-order accurate boundary approxi-
mation §;ug = 0.

Use grid spacings of 1/10, 1/20, and 1/40 and A equal to 1. Demon-
strate the second-order accuracy of the solution with boundary conditions (8.3.1)
and (8.3.2) and the first-order accuracy when boundary condition (8.3.3) is used.

8.3.2. Use the scheme (8.2.2) to obtain approximate solutions to the wave equation u;; =
Uy, ontheinterval —2 < x <2 for 0 <t < 3.8. For initial data use
) 1— x| if|x] <1, ) =0
up(x) = ui(x) =0,
0 0 if x| > 1, !
and at x equal to —2, use the Dirichlet condition u = 0. At the boundary at x
equal to 2, use the Dirichlet condition u, = 0.
Use grid spacings of 1/10, 1/20, 1/40, and 1/80 and XA equal to 0.95.
Comment on the accuracy of the solution. The exact solution, when extended to the
whole real line, is symmmetric around the point x = 2 for all values of 7.
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8.4 Second-Order Equations in Two
and Three Dimensions

The extension of most of the results of the previous sections to higher dimensions is straight-
forward. As noted in Section 7.2, the stability conditions usually become more severe. For
example, the wave equation in two spatial dimensions is

U = a® (Ux + tyy) (8.4.1)

and the simplest scheme for this equation is
8707y = a® (8207, + 6301, (8.4.2)
The stability condition for this scheme when Ax = Ay =h is

ar < % (8.4.3)

As for the leapfrog scheme (7.2.5), this can be improved to
ar <1 (8.4.4)

for the scheme

2 1 2
8 UK m =34 [8 (UZ m—+1 + 21)[ m + UE m—l)

(8.4.5)
+ 5§(U21+1,m + 2vg,m + v?—l,m)]‘

It is also possible to develop ADI schemes for (8.4.1). One possible scheme is

1,2 2 ~n+1/2 2.2
(1 4k2a2s2) 503 = (1 + 4K2a%2) o],

(1 12 232) ot = (1+ 124 232) M (8.4.6)
il =20t =yt

which is second-order accurate and unconditionally stable (see Exercise 8.4.2). This scheme
is implemented in a fashion similar to the ADI schemes of Section 7.3. Other ADI schemes
for the two-dimensional wave equation are discussed by Fairweather and Mitchell [17].

Dispersion for Schemes in Higher Dimensions

It is interesting to analyze the dispersion of the scheme (8.4.2) from the formula for the
amplification factors. The amplification factors are

1/2 2
g+ = {[1 — a®2*(sin® 16 + sin’ %qb)] + iai(sin® 30 + sin® %¢)1/2} .
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Comparing this with
PlaGTHEN 7k

we have that the phase velocity satisfies

sin [%a(&l, &)k (512 + §22)1/2] = ax (Sin2 %hél + sin? %héz)l/Z .

It is important to note that the phase error is not independent of direction. We have

h?|g?
24

a(1.6)=a [1 — (cos“ B +sin* B — azxz) +0 (h|s|)4] : (8.4.7)

where |£]| = (512 + §22)1/ 2 and tan 8 = &1/&. This formula shows that the phase error
depends on the direction of propagation of the wave, where (cos 8, sin 8) is the unit vector
in the direction of propagation. For most computations it is difficult to notice the distortion
caused by the dependence of the dispersion on the direction of propagation unless the grid
is quite coarse.

Figure 8.3 shows the solution of the scheme (8.4.5), with initial and boundary data
taken from

u(t,x,y) = cos(3t)Jo(3r)

—_

0.5

-0.5

—_

Figure 8.3. A solution of the wave equation.
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with r = \/(x —1/2)2 4 (y — 1/2)2. The solution used & = 0.1 for both spatial direc-
tions, A = 0.9, and the first time step was computed using a formula analogous to (8.2.5).
The solution is shown for time 12.0. The computed solution is seen to be radially symmetric
about the center of the wave and there is very little distortion due to dispersion.

Exercises
8.4.1. Verify stability condition (8.4.3) for scheme (8.4.2).
8.4.2. Verify stability condition (8.4.4) for scheme (8.4.5).

8.4.3. Verify that the scheme given by (8.4.6) is a second-order accurate and
unconditionally stable approximation to the wave equation (8.4.1).

8.4.4. Show that the hyperbolic equation
Uy = AlUxx + 2a12Uxy + a2t yy
with a%z < ayjayp and ajg,az > 0, canbe approximated by the ADI scheme
k2 ntl/2 k2 k2
<1 — IallS)%) ijn/ = (1 + Zazz(ﬁ) v?’m + ?a1250x80yv2m,
k2 _ k2 ntl/2 k2
(1 — Za228§> vz—;l = <l + Zall(Sf) UZ—;/ + ?a1250x8()yv?,m,

n+l _ A~n+1 _  n—1
vl,m - 2U€,m vi‘m .

Show that this scheme is unconditionally stable and is second-order accurate.

8.4.5. Verify formula (8.4.7) for the phase velocity.



Chapter 9

Analysis of Well-Posed
and Stable Problems

In this chapter we examine initial value problems for partial differential equations and finite
difference schemes from a more general perspective than in the previous chapters. We begin
by examining the concept of a well-posed initial value problem, first for a single partial
differential equation and then for a system of equations. These results are used in Chapter
10 as part of the proofs of the convergence theorems. The analysis used to study initial
value problems for partial differential equations is analogous to the von Neumann analysis
presented in Section 2.2. The concept of a well-posed initial value problem is important
in scientific modeling and in understanding finite difference schemes used in scientific
calculations. The concept of well-posedness was the topic of the important lectures of
Hadamard in 1921 [27]. As we will see, the analysis of this section gives another example
of the power and usefulness of Fourier analysis.

A central result for the general study of stability of finite difference schemes is the
Kreiss matrix theorem. This result is of importance in proving stability results for equations
with variable coefficients (see Wade [67] and Kreiss [32]) and for systems whose stability
cannot be verified by the methods of Section 7.1. The last section of this chapter contains
a proof and discussion of the Kreiss matrix theorem.

9.1 The Theory of Well-Posed Initial Value Problems

We begin by considering conditions under which initial value problems for partial differen-
tial equations are well-posed. This study can be motivated by the question of why certain
equations, such as the wave equation (8.1.1) and the heat equation (6.1.1), arise frequently
in applied mathematics and others, such as

Ur = Uy, (911)

do not arise in governing the time evolution of physical systems.

For a partial differential equation to model the time evolution of a well-behaved
physical process, there are several properties it should have. An important condition is
that the solution should depend on the initial data in a continuous way. In particular, small
errors such as those due to experimental error and interpolation of data should lead to small
changes in the solution. The norms used to define “small” errors must also be reasonable.
For example, a condition that the third derivative of measurement errors be small is an
unreasonable demand because there is no way to either check this condition or enforce it
for practical problems.

205
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For linear problems such as we are concerned with here, the continuity condition is
satisfied if the solutions to the partial differential equation satisfy

lu(z, ) = Cellu(, )l 9.1.2)

for some norm such as the L? norm, L! norm, or L norm and a constant C; independent
of the solution. Because of the linearity of the equations, we have by (9.1.2) that two
different initial functions #!(0, x) and u2(0, x) give different solutions whose difference
is bounded by their initial difference, i.e.,

lul(t, ) — u?(t, )l < Crllu' (0, -) — u?(0, ).

This estimate expresses the notion that small changes in the initial data will result in small
changes in the solution at later times.

Definition 9.1.1. The initial value problem for a first-order equation is well-posed if for
each positive t there is a constant C; such that the inequality (9.1.2) holds for all initial
data u(0, -).

Unless otherwise specified, we take the norm in estimate (9.1.2) to be the L? norm.
By using the L2 norm we can use Fourier analysis to give necessary and sufficient condi-
tions for initial value problems to be well-posed. With the L! norm or L> norm it is often
easy to get necessary conditions or sufficient conditions but harder to obtain conditions that
are both necessary and sufficient. The main reason for this is that there is no relation like
Parseval’s relation for norms other than the L? norm. We also say that an equation is
well-posed, by which we mean that the initial value problem for the equation is well-posed.

A second important property for a partial differential equation to have as a model of a
physical system is that the qualitative behavior of the solution be unaffected by the addition
of or changes in lower order terms and by sufficiently small changes in the coefficients.
This condition is not always met, but it does serve as a guide to the most “robust” systems
and types of equations.

This last property, which we refer to as robustness, is important because almost all
derivations of equations to model physical processes make some assumptions that certain
effects are not important to understanding the physical process being studied. Statements
such as, “assume that the temperature of the body is constant,” “we may ignore gravitational
forces,” and “consider a homogeneous body” can be made because it is assumed that
small variations in some quantities may be ignored without affecting the conclusions of the
analysis.

This robustness property is also important when we consider numerical methods for
solving the equations that model a physical system. Finite difference schemes and other
numerical methods may be regarded as perturbations, or approximations, of the equations
similar to modification of the equations by adding lower order terms. If the equation is not
robust, then the construction of difference schemes for the equation will be more difficult.

We begin our analysis by considering a general linear partial differential equation
with constant coefficients that is first order in the time differentiation. Examples of such
equations are the one-way wave equation (1.1.1), the three equations (1.4.1), and the heat
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equation (6.1.1). We assume that the Fourier transform is well defined for u(z, -) forall ¢
and for u(0, -).
Any equation of first order in the time derivative can be put in the form

i,(t, ®) = q(@)il(t, ®) (9.1.3)

after applying the Fourier transform in space. The initial value problem for this equation
has the solution
i(t, w) = ey (w). 9.1.4)

Theorem 9.1.1. The necessary and sufficient condition for equation (9.1.3) to be well-
posed, that is, to satisfy the basic estimate (9.1.2), is that there is a constant q such that

Re g(w) < g (9.1.5)

for all real values of w.

Proof. If the function g (w) satisfies (9.1.5) for some constant g, then from (9.1.4)
li(t, )| < e¥'lio(@)].

and we obtain estimate (9.1.2) by Parseval’s relation. However, if g(w) does not satisfy
(9.1.5), then by choosing ig(w) appropriately we can have

lu(z, )ll2 > Clluoll2

for any large constant C and some function ug. This construction is similar to that used
in the proof of Theorem 2.2.1. This proves the theorem. [

As the proof shows, if inequality (9.1.5) is violated, then some small errors of high
frequency, i.e., large |w|, can cause the solution to be vastly different from the true solution
without the errors. Therefore, the condition (9.1.5), which is the necessary and sufficient
condition for the estimate (9.1.2) to hold for an equation of first order in time, is an analytical
consequence of the requirement of continuity.

For many single equations of first order in the time derivative, the robustness condition
is also satisfied. For example, the equations

u; = auy + cu,
Ur = Uxyx + Cly,
U — Uiy = AUy + CU,

U + Uy = buyy + cuy

all satisfy the condition (9.1.5) regardless of the value of ¢, although the value of g may
depend on ¢ (but not on w).
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Example 9.1.1. An example of an equation violating the robustness condition is
Up = Uxxx + Clxx,

for which g(w) satisfies (9.1.5) for ¢ nonnegative but not if ¢ is negative. Thus, this
equation with ¢ equal to zero does not satisfy the robustness condition, although it does
for ¢ positive. O

Higher Order Equations

We next consider equations of higher order in the time derivative. For these equations the
symbol p(s, w) is a polynomial in s. If the roots of the symbol are g (w), ..., g, (),
then any function of the form

eqv(a))teiwx 1// (w)

is a solution of the partial differential equation. Based on our previous arguments, we see
that a necessary condition for the initial value problem to be well-posed is that each root
qv(w) satisfies the estimate (9.1.5).

We would have to properly define a well-posed initial value problem for higher order
equations if we were to pursue this discussion. The definition would have to take account of
the additional initial data required by higher order equations. Rather than develop a general
theory we consider several typical cases. First we consider the second-order equation of
the form

Uy = R(3y)u (9.1.6)

whose symbol is

p(s, 0) = s> — r(w). ©9.1.7)

For the condition (9.1.5) to be satisfied for both roots of (9.1.7), which are
=) =+ (r@)'?, 9.1.8)

we see that r(w) must be close to or on the negative real axis. Examples are given by the
wave equation (8.1.1) and the Euler—Bernoulli equation (8.1.9).

Example 9.1.2. Lower order terms can affect the well-posedness of the problem, as can be
seen by the equation
Uy = _bzuxxxx + Cllxxx.

We have that

r(w) = —b*o* —ice’
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and so

172
g+ =% (—b2w4 — ica)3)

) ic \'/?
= +ib 1+ —
1bw ( +b2w>
.9 1 ic 2

cw
=+ [ibo? - 52+ 0(1)].
ibw b +0()
Hence if ¢ is nonzero, each root violates (9.1.5) for either positive or negative values of w.
Thus the Euler—Bernoulli equation (8.1.9) is not robust, although the wave equation (8.1.1)
is robust (see Exercise 9.1.3). O

For completeness we also give the definition of a well-posed initial value problem for
equation (9.1.6), which is second order in the differentiation in time. Let 2p be the degree
of the polynomial r(w), which is the symbol of R(dy).

Definition 9.1.2.  The initial value problem for the second-order equation (9.1.6) is
well-posed if for each t > 0 there is a constant C; such that for all solutions u

lut, Mae + lluet, Mgo < Cr (10, lme + llur(0, )l o) - 9.1.9)

Condition (9.1.5) is necessary and sufficient for the initial value problem to be well-
posed. This result is stated in the following theorem. The theorem applies to a more general
class of equations (see Exercises 9.1.3 and 9.1.5), and it is stated so as to apply to this more
general case.

Theorem 9.1.2. A necessary and sufficient condition for the initial value problem for an
equation of second order in the time differentiation to be well-posed is that there exists a
constant q such that (9.1.5) holds for each root of the symbol.

Proof.  We give the proof only for equations in the form (9.1.6). It extends without
difficulty to more general equations; see Exercise 9.1.5. The necessity of condition (9.1.5)
is clear from our earlier arguments.

To show the sufficiency, let g+ (w) and g_(w) be the two roots of the symbol (9.1.7).
If these roots are not equal, we have that the solution satisfies

0, ) = A(w)ed+ @' + B(w)el @
for some functions A(w) and B(w). These functions are determined by the two relations

(0, ) = A(w) + B(w)
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and
110, w) = A(w)q+(w) + B(w)q— ().
Therefore,
Alw) = i4:(0, w) — g— ()it (0, w)
g+ (@) — g—(w)
and A R
Bl = 0@ = 4 @0, )

q— (@) — g+ (w)

Now ¢+ (w) is equal to g_(w) only when r(w) is zero (see (9.1.8)), and since r(w) is
a polynomial in the one variable w, this can occur only for |w| less than some value cg.
Consider first the case with |w| greater than 2¢g. We then have

li(t, )| < (|A()| + |B(w)]) e’

g+ (@) + |- ()] 2]i1; (0, w)| i|ec}t

0,
S['”( Ngr@—¢-@! ¥ i@ g @)

Since |w| is greater than 2cp, there is a constant C such that the preceding estimate
implies

(1 +1l?) la@, )| < C[(1+]0”) 130, 0| + 1@ 0, v)|] e

We also have that

A

lis (1, )| < [|A(@)q+(@)] + |B(w)g— ()]

IA

C [+ [0|”)]a(0, )| + [i,(0, w)|] e

For |w| less than 2¢y we write the equation for #(¢, w) as

ed+ @)t | pq— (@)1 ed+@) _ pq—(w)t
it,w)=Clw)| ——— [+ D(@w) | ——— |.
2 q+(@) —q- (@)

‘We have that
C(w) = u(0, w)

and
g+ (@) + g—(w)

D(w) = —u(0, w) <

The function
ed+ @1 _ pq— (o)

q+(@) — q— (@)
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is uniformly bounded by Cred’ for some constant C. Thus for || less than 2cq,
(1+lol?) la@, o) < C(1+1) ((1+ |l?) 140, 0)| + i(0, w)]) e

and |i,(f, w)| is also bounded by the same quantity.
Combining the estimates for |w| both greater than and less than 2c¢g, we obtain

2 A N
(14 |wl?)” 1it, o) + li (1, @)
P2 A 2 N 2
= G (A + 10172 120, &) + 1i: 0, ) ),
which, by Parseval’s relation, gives (9.1.9). [

Example 9.1.3. The equation (9.1.1) is ill-posed since the roots of its symbol are
1+

V2

1/2

g+(w) = £ |l

and (9.1.5) is not satisfied. O

It should be pointed out that equations for which the initial value problem is ill-posed
can arise in applications. They will not, however, describe the time evolution of a system.

Example 9.1.4. As an example of how equation (9.1.1) can arise in an application, suppose
for the heat equation (6.1.1), i.e.,
u; = buyy, (9.1.10)

with b positive, that we have both u(z,0) and u,(z,0) at the boundary x = 0 for all
positive time, i.e., ¢ > 0, and we wished to know the initial data u (0, x) for all positive x.
This problem requires the solution of an initial value problem with an equation like (9.1.1),
but where x is the time-like variable and ¢ is the spatial variable. Because the problem
is ill-posed, we know before starting to calculate that we cannot hope to get “the” solution.
At best, we can hope for a reasonable estimate of a solution. To make the problem into a
well-posed problem we might solve

buyy = u; + cuyy

with ¢ positive, rather than attempting to solve the true equation with ¢ zero. For the
boundary condition at + = 0 and positive x, one could take the equation (9.1.10). O

Based on the previous discussion, it is easy to see that any equation of the form

(%) u = R(d)u

for v greater than 2 is ill-posed unless R (9, ) is aconstant. If r(w), the symbol of R(9y),
grows with w, then at least one of the vth roots of r(w) must violate (9.1.5). This shows
that equations of order greater than 2 must be of very special form if they are to have
well-posed initial value problems. Since higher order equations have more possibilities for
lower order terms, the class of reasonable equations is further restricted.
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Example 9.1.5. The initial value problem for the third-order equation
(a—am)@}—ﬁ)uzo

is well-posed. However, the equation

(@—a@)@f—ﬁ)u+2ﬁu:0 9.1.11)
is well-posed only if a is not equal to £1. The symbol of this equation is

@—m@wﬂ+wﬁ—mﬁzo
For |a| # 1 weset s =iaw + ¢, where ¢ is o(w), and obtain
£ (82 —2iawe + (1 — az)a)z) —2w* =0.

Since ¢ is small compared with |w| for large @, we have e(1 — a’>)~2 or ¢ =

2/(1 —a®)+ 0w ).
So one root is

s =iaw + 1 —|—O(w71)

)
and, similarly, the other roots are

1
s:iw———i—O(w_l),
l1—a

+ 0™ Y.

s =—iw —
14+a

However, if a is 1 we have
s=iwEv—iw+ 0()

for two of the roots, and therefore the initial value problem for (9.1.11) is
ill-posed. O

Exercises

9.1.1. Show that equations (1.4.1) can all be put in the form (9.1.3). Determine conditions
on the coefficients of these equations so that they are well-posed.

9.1.2. Show that if the operator R(dy) in the second-order equation (9.1.6) is of odd
order—i.e., the polynomial r(w) has an odd number of roots—then the equation
(9.1.6) is not well-posed.
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9.1.3. Show that if
uy = R(0x)u

is well-posed, then so is
U +2a u; = R(0y)u. (9.1.12)

9.1.4. Show that the following two equations are well-posed.
(@) Uy + 2ausyxy + buiyyxy = 0 for all real @ and b, a # 0.
(b) s + 2ausx + bPuyyry = 0if a < 0.

9.1.5. Verify that the proof of Theorem 9.1.2 applies to equations of the form of (9.1.12).

9.2 Well-Posed Systems of Equations

We next consider the well-posedness of initial value problems for systems of equations.
We restrict our discussion to systems that are of first order in the time differentiation. We
consider linear systems with constant coefficients and require that after application of the
Fourier transform, the system can be put in the form

i = Q(w)u, (9.2.1)

where i is a vector function of dimension d and Q is a d x d matrix function of w.
We also consider systems in N space dimensions, so that @ isin RY. The concepts of
this section together with those of the previous section can be used to study well-posed
initial value problems of systems of higher order and mixed order in the time derivative.
Our discussion follows that of the important paper by Kreiss on well-posedness [33].

The solution to (9.2.1) is

i(t, w) = '@ io(w),

and in place of Theorem 9.1.1 we have Theorem 9.2.1.

Theorem 9.2.1. The necessary and sufficient condition for system (9.2.1) to be well-posed
is that for each nonnegative t, there is a constant C; such that

@) < ¢ (9.2.2)

for all @ € RN. A necessary condition for (9.2.2) to hold is that (9.1.5) hold for each
eigenvalue of Q(w).

The proof of this theorem is similar to that in the scalar case and is not given. Matrix
exponentials are not as easy to analyze as scalar exponentials, and there are no simple
conditions such as (9.1.5), which guarantee that (9.2.2) follows. We develop some tools
and apply them in several particular cases.
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To analyze the norm of the exponential of a matrix we use the following lemma.

Lemma 9.2.2. Let U be an upper triangular square matrix of dimension d and let

u = max Re u;;
1<i<d

and
u* = max |u;j|.
J=>1

Then there is a constant Cq, independent of U, such that

eVl < Cge'™ (1 i (m*)d—l) .

Proof.  To facilitate the proof we introduce polynomials my(t) defined by

k—1

mo(t)y=1 and  mi(r) =Y m(r), mi(0) =0
=0

for k greater than 0. The prime on my(7r) denotes differentiation with respect to 7. The
first few polynomials are shown here:

1
mo(t) = 1, mi(t) =t, ma(t) = §t2 +1,
s, o Va 153 35,

)= —1 t t, )= —1t —t -t t,

m3(t) 5 + 1+ mq(t) 7 +2 +2 +

1 5 1 4 3 2
)= —1t =1 7 +2t t,
ms(t) 120 +6 +17 + +

1) = —1t —t —t —t —t t.
mot) = gt T g Tt Tyl

Let E(r) be the matrix ¢'Y and denote the elements of E(r) by e; (). We will
prove by induction that i
|e,'j(t)| =< e”‘mj,i (tu*) (9.2.3)

for j > i.

The assertion (9.2.3) holds for j =i, since e;;(t) = e'"ii. Assuming that (9.2.3)
holds for j —i < k, we prove that it holds for j —i = k. From the definition of E(¢)
we have that

E'(t) = UE(t)

or
e (1) = Z uigeq;(t).

i<t<j
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Therefore,

d 3 )
o [e7"ieij(1)] = Z ujgegj(r)e "

i<t<j
and hence
t
e “”e,'j(t) = Z u,'gegj(l')e i dt.
i<t<j

Using (9.2.3) for j — ¢ less than j — i, we have

t -
le™"Miei; ()] < / Wty mime(ru®)]et ) dr
0

i<t<j

t
<u* Z mj_¢(tu*) dt

i<t<j
t
= u*/o m_(tu*) dv = mj_ (tu*),

by the defining equation for my(t). This proves (9.2.3).
Depending on the matrix norm being used, there is a constant C/; such that

IE@)] < Cj max|ejj(t)] < Cy e (14 ma_1(tu®))

where we have used that my () < my41(t) for positive k. Since my_; (tu*) is of degree
d — 1, the lemma follows. O

We use this lemma to study the matrix exponential in (9.2.2). By Schur’s lemma (see
Appendix A), there is a unitary matrix function O(w) such that O(a))Q(a))O(a))’1 is
upper triangular. Let

0(w) = 0(0) Q(w) O (w) .

Then, using the ¢2 norm for matrices,

e = @) < €y 7 [1 4 J1g* @)1 924
where
q(w) = max Re g,(w)
1<v<d
and

q*(w) = max 10ij(w)],

similar to the definition of #* in Lemma 9.2.2. Moreover, since the diagonal elements

of ¢'Q@ are '@ where g,(w) is an eigenvalue of Q(w), we see that a necessary
condition for (9.2.2) to hold is that (9.1.5) hold for each eigenvalue of Q(w). We also see
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that sufficient conditions for (9.2.2) to hold must usually involve some information about
the off-diagonal elements of Q(w).

We now give general definitions of parabolic and hyperbolic systems in N dimen-
sions.

Definition 9.2.1. The system

N 9%u N ou
= Bjj ——+ ) Cj— + Du, 9.2.5
e R Z 172 ale 8)Cj2 Z J 8)Cj " ( )
jrj2=1 j=1
for which
N N
Qw)=— )Y Bjjwjo,+iy. Cjwj+D,
Jtj2=1 Jj=1

is parabolic if the eigenvalues, q,(w), of Q(w) satisfy
Re ¢y (w) < a — blo|? (9.2.6)

for some constant a and positive constant b.

For a parabolic system we have, in the notation of Lemma 9.2.2, that
G(@) <a—blof®

for some positive constant b. The quantity ¢*(w) is bounded by a constant multiple of
1 + |w|?, in general. Thus from (9.2.4)

e €@ < € '@ (14 (1 4]0P ) < €,

where C; is independent of w.

Example 9.2.1. As an example of a parabolic system consider the system
1 1 1 1
u 1 0 u 0 1 u 1 0 u
(), =G ) Ga) (o) Ga), - 69 CG),
The matrix Q(w) is
(a)]2 + w% wiwy >
w1 1wy a)]2 + w% '
The eigenvalues of Q(w) are easily found as the roots of the characteristic equation:
+ w? + w? w1w)
det (q 21 2 ) )
w w2 q+ o]+ w;
Thus the eigenvalues are

>=w+ﬁ+%f—&%=0

g+ = —(0] + @) £ w10y = —(0] + V1) + )
< —3(0f + ),

and so this system is parabolic. O
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We see that condition (9.2.6), which is only on the eigenvalues of Q(w), is sufficient
to assure that the system is well-posed. No other assumptions on the matrix Q(w) are
needed.

We show later, in Theorem 9.2.4, that the lower order terms, those involving the C;
and D, do not affect the well-posed nature of the system and so can be ignored in applying
Definition 9.2.1.

We see from (9.2.4) that if g(w) is bounded below for large w, then the system will
not be well-posed unless ¢*(w) is zero. This is why hyperbolic systems are required to be
diagonalizable.

Definition 9.2.2. The system
N
= Z Ay + Bu 9.2.7)

with
N
Q)=i)_ Ajwj+B
j=1

is hyperbolic if the eigenvalues of Q(w), qy(w), satisfy
Re gy(w) < ¢ (9.2.8)

for some constant ¢, and if Q(w) is uniformly diagonalizable for large w, i.e., for each
w with |w| greater than some value K, there is a matrix M (w) such that

M (@) Q@M (w)

is diagonal and the norms of M(w) and M(w)~! are bounded independently of w.

The conditions for a hyperbolic system are precisely those needed to make the ex-
pression in (9.2.4) bounded; that is, §(w) is bounded by (9.2.8) and ¢*(w) can be taken to
be zero, since Q(w) is diagonalizable. Note, however, that M (w) need not be unitary, as
was O(w) in deriving (9.2.4), but M(w) and M (w)~! need to be bounded in norm. As
with parabolic systems the lower order term, in this case Bu, does not effect the well-posed
nature of the hyperbolic system (9.2.7).

Example 9.2.2. As an example of a hyperbolic system consider the shallow water equations
linearized around a constant velocity field (a, b):

M[+CIMX +buy +hx =07
v, +avy +bvy +hy =0, (9.2.9)
hy +ahy 4+ bhy +u, + v, = 0.
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a 0 1 b 0 0
—i(O a 0>a)1—i(0 b 1>a)2
1 0 a 01 b

aw) + bw) 0 W]
—i ( 0 awi + bwy wy ) .

w1 [0)) aw + bwy

For this system we have

Q(w)

The three eigenvalues of Q(w) are easily found to be

qo(@) = —i(awi +ban),  qi(@) = —i(aw| +bw)) £i/o] + o .

Since the eigenvalues are purely imaginary, the system is hyperbolic. O

Lower Order Terms

We next show that lower order terms do not affect the well-posedness of hyperbolic and
parabolic systems. We begin with a theorem applicable to the hyperbolic systems and to
the undifferentiated term in parabolic systems.

Theorem 9.2.3. If the system
i = Q(w)ii (9.2.10)

is well-posed and Qo (w) is bounded independently of w, then the system
i = (Q(w) + Qo(w)) i (9.2.11)
is also well-posed.

Proof. Let cp be a constant such that

|Qo(w)|l < co

and assume that C; as defined by (9.2.2) is a nondecreasing function of ¢. From (9.2.11)
we have

[e_Q(’”)tﬁ(t, a))] = 2@ 9 (w)ir(t, w)
t

and so
t
i, w) = e2 o (w) + / Q@D g0 (w)i(t, w) dr.
0
Therefore, by the well-posedness of (9.2.10),

t
lia(t, o) < Ctlfto(w)|+CoCz/ li(r, )| d, (9.2.12)
0
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where we have used our assumption that C; is a nondecreasing function of 7. If we define
the function U (¢, w) by

t
Ut,w) = / li(t, w)| dr,
0

then (9.2.12) can be written

d .
EU(MD) < Cilup(w)| + coCr U(t, ).
We then obtain, using a method similar to that used for obtaining (9.2.12),

coCrt __
Ut,w) =< ————lup()]
(€]

for 0 < r < T. Substituting this inequality in (9.2.12), we have that |i(¢, )| is bounded
by Cre®Cr! |ig(w)| for 0 < t < T. Taking T equal to 7, we have
(1, )| < Cre®" Jig(@)] = Cflitg(@)].
Since
it w) = (Q@F @)1y

and g(w) is an arbitrary value for each @, we have

%@wnm@m

< C/,

which shows that (9.2.11) is well-posed. [

Theorem 9.2.3 shows that the matrix B, the lower order term in the hyperbolic system
(9.2.7), does not affect the well-posedness of the system (9.2.7). If the matrix B is zero,
then the constant ¢ in (9.2.8) can be taken to be zero, and the constant K in Definition
9.2.2 can also be taken to be zero. These last results follow from the observation that if B
is zero, then Q(w) is a homogeneous matrix function of w, i.e., Q(axw) = aQ(w) for
any real number o.

Theorem 9.2.3 also shows that the matrix D in the parabolic system (9.2.5) does not
affect the well-posedness. We next show that the first-derivative terms, the C; in (9.2.5),
also do not affect the well-posed nature of the system. We actually prove a more general
theorem.

Theorem 9.2.4. If the system
iy = Q(w) u

satisfies
_ )
e < Kpe Pl

for some positive constants b and p, with K; independent of w, and if Qo(w) satisfies

Qo) = colwl”

with o < p, then the system
i =[0(w) + Qo(w)]i

is also well-posed.
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Proof.  'We prove this theorem dealing directly with the exponential of the matrix
(Q(w) + Qp(w)) t rather than the functions (¢, w), as was done in the proof of Theorem
9.2.3. Let

E(t, ) = e Q@+0o@)t

Then E(t, w) satisfies the ordinary differential equation

d
EE(LCO) = QW) E(1, w) + Qo(w)E(t, w)

with E(0, w) = I. Thus

j—t [e—Q(w”E(t, a))] = ¢ 2@ O E(, ),

and so we have the representation

t
E(t, w) =eQ<w>f+f L@ 00 (w)E(t, ») dr.
0

Therefore, using the estimates on Q@1 and Qo(w),
t
IEG, )| < K e 1 4 oKy lw|® / e Pt Bz, w)) dr. (9.2.13)
0
If we define the function F(¢) by

13
Foy = [ & IE o) dr,
0
then (9.2.13) can be rewritten as
d
57O =< K+ coK:lw|® F (1),

from which we obtain

eCoKrlol”t _
Ft) < ———— for0<t<T,
colw|”

where we have assumed, without loss of generality, that K; is a nondecreasing function
of ¢. Applying this in (9.2.13) with ¢+ = T, we obtain

IE(t, w)| < Kje~®lel" =kl < g

since p is greater than o. This proves the theorem. [l
We next show that the function C; in(9.1.2) can always be chosen to be an exponential
function of z.

Lemma 9.2.5. The function C; in (9.1.2) and (9.2.2) can always be taken in the form
Keat

for some constants K and a.
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Proof.  'We have
2@ < K for0O<t<1,

where
K = max C;.
0<r<1
For ¢ larger that 1, set
t=n+t,

where 0 <t < 1. Then
Q1 _ (eQ(w)>n Q@1

and so ,
”eQ(w)[” < ”eQ(w)”n“eQ(w)l “ < Kn-H < Keat,

where K = e“. This proves the lemma. [
The value of this lemma is that it shows that expressions such as

CteC()C;t’

which was obtained in the proof of Theorem 9.2.3, are unnecessarily pessimistic when
the growth of C; with ¢ is not specified. The actual growth will never be worse than
exponential growth in 7.

Weakly Hyperbolic Systems

It is also worthwhile to consider the consequences of relaxing the definition of a well-posed
initial value problem for systems. For example, the system

ul 1 1)\ [ u!
(), (3 D)),

is similar to a hyperbolic system since the eigenvalues of the symbol are purely imaginary;

however, the symbol
. 1 1
ow=in(} 1)

is not diagonalizable. Such a system is sometimes called a weakly hyperbolic system. It is
easy to see that the solution to (9.2.14) is

ul(t,x) = u' (0, x + 1) + tu>(0, x + 1),
uz(t, Xx) = u2(0, X +1).

As these equations show, the solution depends on the first derivative of the initial data as
well as the data itself, i.e.,

e+ 1@l = (DO, 91+ 12O, 91 + 1120, 91] . ©.2.15)
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This weaker estimate is not serious in itself; the difficulty with such a system is that the
addition of lower order terms will make the system ill-posed. In particular, the system

1 _ 1 2
u; _ux+ux’

2 _ 2 1
u; =u, +e¢eu

is ill-posed for any nonzero value of ¢. The eigenvalues of the system are

g+ =iw=x (isw)l/z,
and it is easily seen that condition (9.2.2) is not satisfied. In particular, the estimate (9.2.15)
shows that this system is not well-posed in the sense of Definition 1.5.2 or estimate (9.1.2).

As this example shows, Theorem 9.2.3 does not extend to the situation where weaker
estimates such as (9.2.15) hold. This example was used by Kreiss [33] to demonstrate
the effect of variable coefficients on the well-posed nature of systems. Examples such as
this show that estimate (9.1.2) is that which best embodies the notion of a well-behaved
process and which also leads to a reasonable mathematical theory of well-posed initial value
problems.

Systems of partial differential equations that describe physical systems are always
approximations based on assuming that certain effects are negligible. Systems such as
(9.2.14), which are not well-behaved under small effects such as variable coefficients and
lower order terms, cannot be useful in modeling initial value problems for physical systems.

Exercises

9.2.1. Show that the wave equation in two spatial dimensions u;; = uyy + uy, can be
transformed to the system

1_ 2 3
u, _ux—i—uy,

2 _ 1
u;y =uy,
3_ 1
up =uy.

Show that the system is hyperbolic.
9.2.2. Show that the system
Uy = Uy — vy,
Vr = Uy + Uy
is hyperbolic.
9.2.3. Show that the system

()= (7o) Ce) (4 2) (),

is parabolic.
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9.2.4. Show that the system

Uy ~+ Vpxx = Uy,

Uy +Vr = Uxx

can be put into the form (9.2.1). Determine if the system is well-posed. O

9.3 Estimates for Inhomogeneous Problems

We now consider the inhomogeneous initial value problem, Pu = f, to estimate the so-
lution at time ¢ in terms of the initial data and the data f (¢, x). We consider a single
partial differential equation, Pu = f, with constant coefficients, that is first order in the
derivative with respect to 7. Under the Fourier transform it may be written as

i (t, ) = q(@)i(t, ) + 1 (@) f(t, 0), (9.3.1)
where the factor of r(w) arises from normalizing the equation so that the coefficient of i,
is 1 (see Exercise 9.3.1). We also require that there are constants ¢ and C; such that the
well-posedness estimate (9.1.5) holds, i.e.,

Re g(w) < ¢q

and also
[r(w)| < Ci. (9.3.2)

The solution of (9.3.1) can be written as
t
0(t, ®) = e ho(w) + r(w) / e1@0=9) f(s w) ds. (9.3.3)
0
From this we easily obtain, from (9.3.1) and (9.3.2),
- t A~
i, o) < Ce™’ [mo(a))ﬁ + / £ (s, ) ds} :
0
and hence

~ t
lu(t, HI* < Ce*' [I|M0||2 + fo Il£ (s, )l ds] : (9.3.4)

For a stable finite difference scheme an analogous estimate holds. We prove it now
for one-step schemes. All the one-step schemes we have considered may be written as

0"+ (E) = g(he)D" (&) + kF" (&), (9.3.5)
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where g is the amplification factor and

@l = cIf" @+ 1 @1 9.3.6)
The solution to (9.3.5) can be written as (see Exercise 9.3.2)
n—1
() = g(h&)"0° (&) +k Y g(h&)"""F (&) (9.3.7)
=0

We then have by the von Neumann stability estimate (2.2.7) that
r 2

n—1
D" @) < 2| 1ghe) ' @) + |k Y ghg)" T FL(®)

£=0

B n—1 n—1
<2|1ghe) 2@ +k D 1ghEF" kY W(&)F}
L =0 =0

n—1 n—1
<2l A+ K™ °@P+k) A+ KOk |F‘f(s>|2}

L £=0 £=0

n—1
<2(1+ Kk [mo@nz + (kn)k Y W@)F}

£=0

n—1
<Cr [m(’@)ﬁ +hky |F‘f(s>|2} :
£=0
Then, by Parseval’s relation and (9.3.6),
n
"|* < Cr (nvon2 +hy ||le|2> : (9.3.8)
£=0

Estimates (9.3.4) and (9.3.8) show that for both the well-posed partial differential
equation and the stable finite difference scheme, the solution depends continuously on the
data. For example, consider the two initial value problems

Pu = O w0, x) = uf’ ),
2 — r(®@ (2) _ ., @
Pu” = ', (0, x) = uy” (x).

The difference of the solutions can be estimated in terms of the difference in the data, i.e.,

t
@, ) —u® @, )P < Cr (nué‘) —ul | + fo 1F Vs, ) — s, ->||2ds).
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Itis essential that a differential equation describing the evolution of a physical system
satisfy such an estimate. This estimate expresses the idea that small changes in the data
result in small changes in the solution at the later times. (See the discussion at the beginning
of section 9.1.) In particular, it shows that errors in the data will be magnified by only a
fixed amount, determined by Cr. For finite difference schemes the estimate shows that the
round-off error, which is inherent in all computation, will grow at a limited rate. It is for
this reason that the effects of round-off error are not a major concern in the study of finite
difference schemes for partial differential equations.

Duhamel’s Principle

Solution formulas (9.3.3) and (9.3.7) express Duhamel’s principle, which states that the
solution to an inhomogeneous initial value problem can be regarded as the superposition of
solutions to homogeneous initial value problems. For (9.3.3), consider the homogeneous
initial value problems for (9.3.1) with solutions u(f, w; s) that have initial data prescribed
at t = s given by

us, w;s) = r(a))f(s, ).

Then (9.3.3) can be written as
t
0, ) = o (w) + / u(t, w;s) ds.
0

Similarly, for (9.3.7) we have
n—1
" =gnﬁ0+z ﬁn,é’
=0

where "¢ is the solution to the homogeneous initial value problem starting at time level
¢ with
06t = kF*.

The well-posedness and stability estimates for the inhomogeneous initial value problems
are direct consequences of the estimates for the homogeneous problems.

Exercises
9.3.1. Show that equations (1.1.3) and (1.4.1) may be put in the form (9.3.1).
9.3.2. Show that the general solution to the one-step scheme (9.3.5) is given by (9.3.7).

9.4 The Kreiss Matrix Theorem

In Section 7.1 the stability condition for a one-step scheme for a system was shown to be
as follows: Foreach T > 0, there is a constant C7 such that

IG@.k h)"| < Cr (9.4.1)
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for all n with 0 < nk < T. As for the constants in the estimates for well-posed initial
value problems, we can always take the constant Cr in (9.4.1) to have the form

CT — Keat — Keakn
(see Lemma 9.2.5). Thus estimate (9.4.1) is equivalent to
IG@, k. "l < K 9.4.2)

forall n where G = e G.

The Kreiss matrix theorem gives several equivalent characterizations of families of
matrices satisfying conditions such as (9.4.2). The theorem considers a family, or set, F, of
M x M matrices. In the context of finite difference schemes, the matrices would depend
continuously on the parameters 6, k, and /; however, the theorem can be stated as a result
in matrix theory without referring to our intended applications.

Theorem 9.4.1. The Kreiss Matrix Theorem. For a family F of M x M matrices, the
following statements are equivalent.
A: There exists a positive constant C, such that for all A € F and each nonnegative
integer n,
[A*] < Ca.

R: There exists a positive constant C, suchthatforall A € F and all complex numbers
z with |z| > 1,
Il =A< Gzl = D7 9.4.3)

S: There exist positive constants Cy and Cp, such that for each A € F there is a
nonsingular hermitian matrix S such that B = SAS™" is upper triangular and

IS, 1S~ < €. (9.4.4a)
|Bii] <1, (9.4.4b)
|Bij| < Cpmin[l — |B;;|, 1 —|Bj;l] (9.4.4¢)

fori < j.
H: There exists a positive constant Cj, such that for each A € F there is a hermitian

matrix H such that
C,'1 < H < Gy, (9.4.52)

A*HA < H. (9.4.5b)

N: There exist constants C,, and c, such that for each A € F there is a hermitian
matrix N such that
C7'I < N < Gy,

Re (N(I —zA)) = cn(1 — |21

for all complex numbers z with |z] < 1.
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Q : There exists a positive constant C,, such that for each A € F there is a hermitian
matrix 2 such that
cl1 < Q < C,l,

[(RA"x, x)| -
xz0  (82x,x)

The original Kreiss matrix theorem (Kreiss [32]) contained only the first four condi-
tions, A, R, S, and H. The condition 2 was proved equivalent to the original four condi-
tions by Tadmor [59] and condition N was added by Strikwerda and Wade [58]. LeVeque
and Trefethen [39] showed that condition R implies condition A with C, < eMC, and
that this is the best possible bound on C, in terms of C,.

In some applications it is important to know when the matrices H, N, and Q2 canbe
constructed to be (locally) continuous functions of the elements of F. Although this result
can be established for some special families, it has not been established in general.

Proof. 'We will prove that these conditions are all equivalent by showing that each
condition implies the next one, in the given order, and finally that condition €2 implies
condition A.

We first show that condition A implies condition R. We have that

o
@I—A)~' =) UthAS
j=0

for large values of z. Thus

o0
Il =A< Y 127V C, < Callzl = D7
j=0

which is condition R. The expression (z/ — A)~! is called the resolvent of A; it is
an analytic matrix-valued function of z, and condition R is often called the resolvent
condition.

The proof that condition R implies condition S is the most difficult portion of the
proof, and we postpone this until the end.

We next show that condition § implies condition H. We construct the matrix H as
S$*D2S, where the matrix D is a diagonal matrix whose jth entry is eM—J where ¢ is
a positive parameter to be chosen later. Condition (9.4.5b) is then seen to be

A*S*D?’SA < S*D’S
or
B*D*B < D’
Finally, if we set B = DBD~!, this condition is

B*B < I
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or, equivalently,
|Bx|* < |x|? (9.4.6)

for any vector x in CM. Since B is an upper triangular matrix, we have that the elements
of B are given by

Bij = Bl‘j&‘j_l.

Thus, by the Cauchy—Schwarz inequality,

M M M
|Bx|> =" [(Bx)il> = ) |Y_ B/ x|
i=1

i=1 j=i

M M

PR -

|Bijle! ™ Ixj] > |Bijle! ™!
i j=i

M
=2
i=1 Jj

Now we consider each portion of this sum, beginning with the sum over j. Using estimate
(9.4.4¢), we obtain

M M
D IBijle! ™ =|Bil+ Y |Bijle’™
Jj=i

j=i+1
M
< |Biil + Cp (1 — | Bji|) Z g/t 9.4.7)
j=i+l
e
=< |Biil -|-Cb1 — (1—1|Bih) <1
if ¢ is chosen so that
C
o< (9.4.8)
1—¢

With this choice of ¢ we have

M M M J
- i ) .
1Bx? < >3 1Bijled T x P = xR Y 1Byl
i=1 j=i j=1 i=1
We next employ an argument similar to (9.4.7). Considering the sum over j we obtain

Chs

(1 — |Bjj|) < 1.

J
> IBijle’ ™ < |Bjj| + .
i1
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Thus if ¢ is chosen to satisfy (9.4.8), then (9.4.6) holds, which is equivalent to condition
(9.4.5b). The choice of ¢ is seen to depend only on Cp. Thus

H=S5*D*S < C2e™M

and, similarly, H > C; 282M, which establishes condition H.

To prove condition N, we start with
0<({—-zA*H I —zA)
= H — 2Re (HzA) + |z|>A*HA
=2Re[H(I —zA)]— H + |z]?PA*HA

<2Re [H(I —zA)] + (]z|> = DH.
Thus if |z] < 1 and using the bounds on H,
Co'(1—1zDI < H(1 —|z]) < H(1 — |z*) <2Re [H(I — zA)]

and condition N holds with N equalto H.

The proof that condition N implies condition €2 is similar to the proof of the
Halmos inequality given by Pearcy [50]. We begin with two relationships for all com-
plex numbers z,

n
1-z"= 1_[(1 — 8k2),

k=1

1= %Z [Ta-ao. (9.4.9)

j=1 k=1
k#j

where the ¢ are the nth roots of unity.
As purely algebraic relationships, these relationships hold also when z is replaced
by a matrix A. For any vector x and complex number y, with |y| =1, we define

n
Xj = 1_[ (1 —&ryA)x.
k=1
k#j
By (9.4.9) we have that

ln
x:—z Xj.

n "

J=1
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Condition N with z = y¢; implies that

1 n
0< ;j; Re (N(I — &y A)x;, x;)

n
= % Z Re (N(I — )/"A”)x,xj)
j=1

=Re (N(I - y"A")x,x).
By choosing y so that
Re (y"N A"x,x) = |(N A"x, x)|,
we obtain
[((N A"x, x)| < (Nx, x).

Thus condition N is satisfied with 2 equalto N and C, equal to C,.
The last implication is that condition 2 implies condition A. We use the following
relations: For a Hermitian matrix S we have

sup |(Sx, x)| = [IS]|

lx|=1

and for any matrix B
1 i
B=—-(B+ B*)— =(B — B"),
2( + BY) 2( )

so | ) . )
1Bl =35 |(B+ B9 + 3 (B — B < 2|SUP |(Bx, x)|.

x|=1

Since the matrix €2 is positive definite and hermitian, it has a positive definite and
hermitian square root 7', with both |7 and ||7~!| bounded by C(L/ 2. Thus we have
IA" = 1T~ T AT T < IT- " IT T AT
<2077 IT | sup (T AT~ x, x))|
|x]=1
=2(THIT] sup [(RA"T™'x, T~y
lx|=1

<2077 YT sup (T 'x, T7'x)]

lx|=1

=27 T < 2C,.
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It remains to prove that condition R implies condition S. We begin this portion of
the proof by assuming that the matrix A is upper triangular. This is permissible by Schur’s
lemma (Proposition A.5 in Appendix A). We may also assume that the diagonal elements
of A are ordered so that

laii| = |6ljj| fori < j; (9.4.10)

i.e., the eigenvalues are in order of decreasing magnitude. The resolvent of A, which is
R.(A) = (zI — A)~!, is also an upper triangular matrix. We also note that any element of
a matrix is bounded by the norm of the matrix.

The ith diagonal element of R,(A) is (z —a;;)~!, and this is bounded by
Cr(lz| = )™, Itis then immediate that |a;;| < 1. We now proceed to construct the matri-
ces B and S recursively, one diagonal at a time, for each diagonal above the main diagonal
of the matrices.

Let r;; denote the elements of the matrix R;(A). Since R (A) is the inverse of
zI — A, we obtain for j greater than i

J
[(z] = AR A(A))ij = (z —ai)rij — Y, aurj = 0. (9.4.11)
k=i+1
For j equalto i + 1 we have
(z — aij)rij — ajjrjj = 0.
Therefore, since rj; = (z — ajj)_l,

aijj

rij = —7——.

(z — aii)(z — ajj)
Since |rij| < Cr(Iz] — 1)~!, we have

[(z — aii)(z — ajj)|
lz] — 1

laij| < Cy (9.4.12)

for all z suchthat |z| > 1. If the eigenvalue a;; has magnitude of 1/2 or less, then from
(9.4.12), with z equal to 5/2, we obtain

+5)?
=1+32)° ¢ 9.4.13)

ai| < Cp——=—
gl = €= =

(Recall that by (9.4.10), |a;;| also has magnitude less than 1/2.)
If |a;;| is greater than 1/2 in magnitude, then we set 7 = t(@;;)~" in (9.4.12), where
t is real and greater than 1, and then take the limit as ¢ approaches 1. We obtain

(1 —la;i ) |11 — ajajj|
(1 — l|aiiDlaiil

|Clij| <C, <4C, |1 - éiiajj|. (9.4.14)
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As in the proof given by Morton and Schecter [45] (see also Richtmyer and Morton [52]),
we have

11— aiiajj| = |1 — laii|* + @i (ai; — aj;)
< (I +laiD = laiil) + laiil laii — ajjl
< (1 4 2a;i|) max(1 — laiil, lai; — aj;|)
< 3max(1 — |ajl, laii — ajjl).
Combining this estimate with (9.4.13) and (9.4.14), we obtain
laij| <12 C, max(1 — |aj;|, lai; — ajj).

If the maximum of 1 —|ag;;| and |a;; — aj;| is the latter quantity, we consider
the matrix S¢-/), which is the identity matrix except that the entry in location (i, j) is
ajj(aj; — ajj)_l. The matrix

S(i»j)A(S(llj))—l = A6

has a zero in location (i, j). Moreover, the elements of A¢-/) differ from those of A only
in the locations (i’, j') with i’ <i and j’ > j. Taking the product of all S¢/) formed
in this way—call it S—we have that the matrix

A=SAS"!

satisfies
laij] <12 C,(1 —laii), (9.4.15)

which is (9.4.4¢) for j =i + 1. We also have that the norm of S is at most
1+ 12¢cH)M 1,

since each /) has norm bounded by 1+ 12 C,. The matrix A satisfies the resolvent
condition (9.4.3) but with the constant C, equal to || S| [|IS~1C,.

We continue for j =i+ ¢ with £ > 1, assuming that (9.4.15) is satisfied for all
j — i lessthan £. From (9.4.11) we have

j—1
0= —a)rj— Y krej—aijrjj.
k=i+1
. . _1
So, since rj; is (z —a;j)” ",
j-1

aij =rij(z — aii) (2 — ajj) — Z aixrkj(z — ajj),
k=i+1
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and so by (9.4.15)

[(z — aii)(z — ajj)] Y. |z —aj;|(1 —aii])
;

aiil <C
laij| < Cy =1 E

We may proceed as in the case with j =i 4+ 1. Notice that the constant C, may
increase at each step of the proof. However, it can always be chosen to depend only on
the value of C, at the earlier step and on M. This recursive alteration of A terminates
in at most M — 1 steps, and thus the proof is complete, with B being the result of the
modifications to A and S being the product of all the S/} matrices. This proves that
condition R implies condition S.

Since we have shown that each condition implies the succeeding one, the proof of
the Kreiss matrix theorem is complete. [

The Kreiss matrix theorem is of theoretical importance because it relates the usual
concept of stability, condition A, with equivalent conditions that may be useful in different
contexts. It is of limited practical use in determining stability because the verification of
any of the conditions is usually quite as difficult as verifying condition A itself.

It is also notable that the only portion of the theorem that depends on the finite
dimensionality of the linear operators is that involving condition S. The conditions H, N,
and 2 are all equivalent for families of operators on Hilbert spaces. Condition H states
that in the norm || - ||z, defined by

Il = (x, Ho)'/2,
the operator A is a contraction, i.e.,
IAxllg < llxlla-

If this condition is satisfied, we say that A is equivalent to a contraction. It is easy to
see that if A is equivalent to a contraction, with H satisfying (9.4.5a), then A is power
bounded in the original norm; i.e., condition A holds. However, Foquel [19] has shown that
there exist power-bounded operators on an infinite-dimensional Hilbert space that are not
equivalent to a contraction. Thus condition § is an essential part of the finite-dimensional
Kreiss matrix theorem.

Exercises

9.4.1. Determine the resolvent for the M x M matrix

0 a 0 O 0
0 0 a O 0
0 0 0 a 0

()
()
()
IS}

for a real number a. Determine constants C, and C, for conditions A and R in
Theorem 9.4.1.
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9.4.2. By considering the contour integral
1 n _ -1
— | Z"(zl — A)” dz,
27 r
where T is the circle |z] =1+ (n 4+ 1)~', show thatif A satisfies the resolvent
condition (9.4.3), then
A" < C*(n+1)
for some constant C* depending only on C, and noton A.
9.4.3. Two other conditions that are equivalent to those of the Kreiss matrix theorem are:
M | : There is a positive constant C; such that for each N > 0, each real
value of 6, andeach A in F,
| N
An inf < C .
N+1 2 A =
n=0
M, : There is a positive constant C» such that for each N > 0, each real
value of €, andeach A in F,
2 N n
- 1——)A"f"9 <.
N1 ( NI =
n=0
Prove directly that condition A implies condition M, condition M im-
plies condition M, and condition M, implies condition R. Hint: To prove that
condition Mj implies R, consider the sum
00 N
Z PNl Z(N —n)A"e"?.
N=1 n=0
9.4.4. Show that condition M, of Exercise 9.4.3, is equivalent to condition R for oper-

ators on a Hilbert or Banach space. To prove that condition R implies condition
M>, consider the contour integral

1 N2 _ ,—=N/2
2mi Jr (

2
— 2l — A)~! dz,
) G-

where T is the circle |z| = 1 + N~!. Prove that

2

- d6 < 4eN [1 + O(N—l)] .

1 —NJ2

2 r

Z
12— ,-12




Chapter 10

Convergence Estimates for
Initial Value Problems

In this chapter we prove estimates for the convergence of solutions of finite difference
schemes. The concept of the order of accuracy of a scheme was presented in Chapter 3,
where it was stated that the order of accuracy of the scheme was related to the order of
accuracy of the solution. Here we provide the proofs for this assertion. We also give a
proof of the Lax—Richtmyer theorem (Theorem 1.5.1).

Estimates are given that show the rate at which the discrete solutions of finite dif-
ference schemes converge to the solution of the differential equation. For simplicity, we
restrict ourselves at first to one-step schemes. Multistep schemes are considered in Section
10.6. Equations second order in the time derivative are considered in Section 10.7. We
also consider only scalar equations; the extension of these results to systems of equations
is straightforward and is left to the exercises.

Only constant coefficient equations are considered in this text. The theorems we give
can be extended to cover equations with variable coefficients, but the extension requires
techniques beyond the scope of this text. Estimates for variable coefficient equations are
proved by Peetre and Thomée [51] and by Wade [67]. Convergence estimates similar to
what we prove here, but using different norms, are given in the lecture notes of Brenner,
Thomée, and Wahlbin [6].

For simplicity we consider only one-dimensional problems. The theorems for higher
dimensional cases are given in the exercises.

10.1 Convergence Estimates for Smooth Initial Functions

We begin by addressing the problem of how to compare discrete functions defined on the
mesh hZ with functions defined on the real line. The truncation operator maps functions
on the real line to functions on the grid, and the interpolation operator maps functions on
the grid to functions defined on the real line. Both operators are defined in terms of the
Fourier transform as defined in Chapter 2.

Definition 10.1.1. The truncation operator ‘T maps functions in L*(R) to functions in
L%(hZ). Given u € L*(R), we have

i (&) de,

u(x):\/%_n/iooe

235
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and Tu is defined as

Tty = " aE) dé

1 w/h
— e
V2 /Tr/h
for each grid point mh € hZ. Alternatively, the Fourier transform of Tu is given by

Tu(&) = i) for & < %

Definition 10.1.2. The interpolation operator S maps functions in L*(hZ) to functions
on L*(R). Given v € L*(hZ), we have

1 w/h

_ imh§ d

U = ir /he v(§)dé
—TT
and Sv(x) is defined as
1 w/h
Sv(x) = Nz /he”‘%‘ D(€) de (10.1.1)
-

for each x € R. Alternatively, the Fourier transform of Sv is given by

0E) iflEl=m/h,

e = {o ifIE] > 7/ h.

Both of the operators 7 and S depend on the parameter 4. We do not explicitly
show this in the notation in order to keep our notation simple. The operator S is called the
cardinal spline operator; see [55].

Example 10.1.1. Consider the function and transform

__ b ey = | E el
u(x)_1+x2, u) = 26 .

For this function the truncation operator gives

1

/h _(— —n/h
Tty = /” gimhe gl gp _ L= D"
—n/h

2 1 + (hm)?

The function u(x) and the discrete function 7Tu, are shown in Figure 10.1 for the
case of h = 1. The difference between Tu,, and u(x,,) is especially noticeable at x = 0.
For smaller values of 4 this difference is harder to see. O
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Figure 10.1. An example of the truncation operator.

Another formula for the interpolation operator can be developed by substituting the
formula (2.1.3) for the transform in the integral (10.1.1). We obtain

1 w/h
Sv(x) = — e 0(E)d
(x) N3 (6)dg
h /h 0

- ixé —imé& d
o 7n/he Z e U d&

m=—0oQ

hoo 0 e ime
- ix§ ,—im& g
o Z vm/n/he e &

m=—0o0

B i sin((x — mh)7/ h)
= G —mhyw/h

m=—0oQ
This formula shows that the interpolant is a superposition of functions using the “sinc” func-
tion sin(z)/t. The interpolation is called cardinal interpolation and is a limit of polynomial
spline interpolation as the degree increases; see [55].

We now consider the numerical solution of partial differential equations by stable
one-step schemes. We consider the differential equation in the form of (9.1.3), i.e., in the
form

i = q(w)i. (10.1.2)

(Second-order equations are considered in Section 10.7.) If the partial differential equation
has initial function ug(x), we take as initial function for the scheme

v;?, = (7740)m
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Although this is not what is done in practice, it is the initial function for the scheme that
gives the simplest estimates. Later we consider the effect of using other initial functions
for the scheme.

We also need to refine the concept of order of accuracy as given in Section 3.1. The
next definition of the order of accuracy of a finite difference scheme also takes account
of the power of the dual variable £ in the approximation of ¢¥4€) by the amplification
factor. This is needed to quantify the idea of how much smoothness is required of the initial
function so that the order of accuracy of the solutions of the scheme is equal to the order of
accuracy of the scheme. In Theorem 10.1.1 we show that this definition is consistent with
Definition 3.1.2.

Definition 10.1.3. A one-step scheme for a first-order system in the form (10.1.2) with
k = A(h) is accurate of order [r, p] if there is a constant C such that for |hé| < &

ek1®) — g (hg, k, h)
k

< Ch" (1 + |&])". (10.1.3)

Note that square brackets are used in Definition 10.1.3 to distinguish this order of
accuracy, i.e., [r, p], from the parentheses used in Definition 3.1.1, i.e., (p, q).

Theorem 10.1.1 [fa one-step finite difference scheme for a well-posed initial value problem
is accurate of order r according to Definition 3.1.2, then there is a nonnegative integer p
such that the scheme is accurate of order [r, p] according to Definition 10.1.3.

Example 10.1.2. We illustrate the use of Definition 10.1.1 using the Lax—Wendroff and
Lax—Friedrichs schemes for the one-way wave equation (1.1.1). For each case we take A

constant, i.e., k = Ah, and since there are no lower order terms, we may replace the factor
(I +1[&D” by |&]°. We have

292n2 31313
. 226 136
ka®) _ gmiakd _ | _ 50 2 3 +if 6 + 0.

For the Lax—Wendroff scheme the amplification factor is

1
2@ w =1—iaksin® — 2a*2? sin? 59

a?)29? n arg?
i
2 6

=1 —iar0 — + 00",

whereas for the Lax—Friedrichs scheme it is

92
gO)Lr =cost —iaksing =1—iaid - — + 0(63).
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For the Lax—Wendroff scheme,
K e — g@)w| < ke 10F = 27MCr ReP,

showing that the scheme is accurate of order [2, 3]. For the Lax-Friedrichs scheme,
K e —g@)p| < KTICo 101 =571 Co hlgP,

showing that the scheme is accurate of order [1,2]. O

We postpone the proof of Theorem 10.1.1 until after we state and prove the main results
of this section. For now we merely point out that for schemes for hyperbolic equations with
A constant, p is usually equal to r + 1, and for parabolic equations with u constant, p
is often r + 2; however, these relationships do not hold in general (see Exercises 10.1.4
and 10.1.7).

Notice also that if a scheme is accurate of order [r, p], then it is also accurate of
order [r — 1, p — 1] (see Exercise 10.1.6). Finally, we note that Theorem 10.1.1 requires
the initial value problem for the differential equation to be well-posed but does not require
the scheme to be stable. This last observation is important in proving convergence estimates
for multistep schemes that are initialized with unstable schemes (see Section 10.6).

We now state the main result of this section.

Theorem 10.1.2. [fthe initial value problem for a partial differential equation of the form
(10.1.2), for which the initial value problem is well-posed, is approximated by a stable one-
step finite difference scheme that is accurate of order [r, p] with r < p, and the initial
Sfunction is Tug, where uq is the initial function for the differential equation, then for each
time T there exists a constant Ct such that

lu(tn, ) — SV"II < Crh"uollue (10.1.4)

holds for all initial data wo and for each t, = nk with 0 < t, < T and (h, k) in A.

Before beginning the proof of this theorem we make several observations. First
notice that to get the optimal accuracy we must have sufficiently smooth functions. If the
initial function is not in H” (the space H” is defined in Section 2.1), then the order of
convergence in & will be less than r, as we show in the next section. Second, the choice
of the initial function for the scheme, 7Tug, is not natural in actual computation, nor is the
comparison of u with Sv. Later we examine the consequences of using uo(mh) instead
of Tug(mh) as the initial function and also comparing u(t,, x,,) with v}),.

For simplicity of exposition we make two assumptions to reduce the technical details.
We assume that g in (9.1.5) is zero and that the restricted stability condition (2.2.8) is
applicable; i.e., we assume

@] < 1 and |gh§)] < 1. (10.1.5)

The proof without these assumptions is left as an exercise (see Exercise 10.1.11).
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Proof of Theorem 10.1.2.  To begin, we seek an estimate of the difference between
Sv(x) and u(t,, x). We have by the definition of the amplification factor in Section 2.2
that

1 JT/h .
o = E/ e he " o6 de.

and so

1 X
S () = / ¢ g(hEY" i (€) dE.

TTJ—n/h

9

Also, by equation (9.1.4),

u(ty, x) = 38 4@ o (&) d.

1 o0
— e
il
The formula for Sv" differs from that for u(z,, x) in only two respects: There is g(h&)"

in place of ¢?®" and the interval of integration is [—m/h, 7w/ h] instead of (—o0, 00).
‘We have, therefore,

w/h
u(ty, x) — Sv" (x) =\/% o 8 (1S — g (hEY ) ig(§) dE

eixgeQ(é)lnﬁo(%-) dE.

1
=
2w Jig|>n/h

By Parseval’s relation, it follows that

2
()| d&

oo w/h
/ (i, x) — S0 () dx =/ Jerer —gamey
- - (10.1.6)

2
b feromioe)| de.
|§1>m/h

The first term on the right-hand side of (10.1.6) measures the error due to the finite
difference scheme and the second term, as we show, is related to the smoothness of the
function ug.

We estimate the first term on the right-hand side of (10.1.6) as follows. Let

7 = e4®k,

Then, since t,, = nk, we have that

n—1
1N — g(he)' =" — g = (=) ),
Jj=0
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Since |z|] <1 and |g| < 1 by stability, it follows that
2" —¢"| < lz—gln
or

‘eCI(E)l‘n _ g(h%')”

<n ‘eq@k — g(hé)‘ . (10.1.7)

Another estimate that will be useful is

1 _ o(hg)'| < 2, (10.1.8)

which is trivial since |z| and |g| are both at most 1, by (10.1.5).
We now use estimate (10.1.3) together with (10.1.7) in the first integral on the right-
hand side of (10.1.6).

w/h 2
/ o 7 — ghey"|" o) de

w/h 2
o I e
(10.1.9)

A

w/h
n2c2f K2RY (14 D> |ao®)|* d&
h

-/

IA

w/h
r ~ 2 r
C’tah? / (A +I1ED* Jao®)|” d& < CP1ah™ lluollye,
—n/h
where ||ug| ge is as defined in Section 2.1.
We now need only estimate the last term in (10.1.6). To do this we note that the

exponential factor is bounded by (10.1.5), and in the range of the integral we have 1 <
&l h/m, so

/$>ﬂ/h

2
eq(éﬁnﬁo(g)) de 5/ |fto(<§)|2 d§

|§1>7/h
(10.1.10)
h\* 20 | A 2 2p 2
< (= E1% |io(5)|” d& < Cah®|luoll -
T |&|>m/h
Combining (10.1.6), (10.1.9), and (10.1.10) we obtain the basic estimate
lu(ty, ) — SV"|| < C@O)h" luollue, (10.1.11)

which implies (10.1.4) and proves Theorem 10.1.2. [

As we remarked earlier, the choice of initial function for the scheme and the compari-
sonof u with Sv” in (10.1.4) are not natural in a computational setting. We now consider
the consequences of using ug(mh) instead of Tug(mh) as the initial function.
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The Evaluation Operator

Given a continuous initial function uo(x) for a partial differential equation, it is natural to
take the values ug(mh) as the discrete initial function for the scheme. Indeed, this is what
has been done in each of the computational examples in this text and in the exercises. This
is a mapping taking functions defined on the real line R to functions defined on the grid
hZ; we call it the evaluation operator and use the symbol £. Thus for a function u(x) the
evaluation operator is defined by

Euy = u(mh).

Notice that the evaluation operator £ cannot be defined for all functions in LZ(R),
since functionsin L?(R) are equivalent if they differ on a set of measure zero (see Appendix
B). Since the grid hZ is a set of measure zero, the evaluation of L?(R) functions is not
well defined. As we will see, the evaluation operator can be defined for functions that have
some degree of smoothness.

Our first goal is to find the discrete Fourier transform of £u. We have

Sy = imhé ;&) dE.

l o0
kY 27 J -0
To get this in the form of the Fourier inversion formula for a discrete function, the integral
must be over the interval [—7/h, 7/h]; we can do this using the periodicity of "¢

00 e Qre+mh™'
[ emeaeras= 3 e i e) dg
o0 t=—00"(

2 l—m)h~!

e w/h
- Z/ M G(E + 2mehY) de

l=—00 n/h

T/h o0
=/ e™E N i +2meh ) dé.

w/h oo

We conclude that
o0
Eu)= Y aE+2mth™h). (10.1.12)

{=—00

Formula (10.1.12) illustrates the idea of aliasing of Fourier modes. In sampling the
function u at the discrete points x,,, we are unable to distinguish frequencies that differ
by multiples of 2w /h.

We now wish to compare Eu with Tu; both of these operations take functions on R
to functions on hZ. Observe that the Fourier transform of 7Tu is just the term in (10.1.12)
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with £ equal to 0. We have, therefore, for some positive values of o

00 2

3 +2men

{=—00

|Eue) — Ta©)|* =

(s

{=—00

ate +2non | +2”eh]‘20> | (f g +2n£h1‘_m>,

where the prime on the Y means the term for £ equal to O is not taken in the sum. Since
[E] < wh~!, the second factor can be bounded by

200 ©

2%[(2@—1)71}1—1] e —2( ) Z(zz 55 — W C(0)?,
=1

which is finite when o > 1/2.
We then have

T/ 2 2
|Eu — Tul} < C(a)2h2”/ > |t +2men D[ g +2men! [ ae
—n/h

— C(o)2h f @) 1512 a

1=/ h
< C()*h* || D7ul®.
We collect this result in a theorem.
Theorem 10.1.3. If | D°u|| exists for o > 1/2, then
€u — Tulln < C(0)h | Dul.

Theorem 10.1.3 shows that if a function has “more than half a derivative,” i.e., is in
H° for o > 1/2, then the evaluation operator can be defined. Later we show that it can
also be defined for a special class of functions that are in H° for o less than 1/2 but not
in H'/2,

We now consider a stable finite difference approximation for the partial differential
equation (10.1.2) with initial function v% for the scheme equal to ug(mh). In addition,
consider the finite difference solution w}, with w% = Tug(mh). We wish to estimate the
difference between &u,, whichis u(nk, mh), and v),. We have

[E€u" — vl < NE€u" = Tu"lln + 1 Tu* — w™[In + w" — 0" |5 (10.1.13)

By Theorem 10.1.3 we can estimate the first term on the right-hand side using ¢ equal to
r. We have

[€u" = Tu"lp = Cr)R" D" ulty, )| < CrCr)A" | D" ulto, )|
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because the initial value problem for the partial differential equation is well-posed.
We can estimate the last term using Theorem 10.1.3 and the stability estimate (1.5.1).
We have, for nk equal to ¢,
lw" =" [lp < Cellw® = 0lln = G| Tuo — Euolln < C,C(r)A" D ug].
We now consider the middle term on the right-hand side of (10.1.13). First we use
Parseval’s relation for discrete functions and then Theorem 10.1.2.

ITa" — w2 =f

—n/h

w/h 5
|i(nk, &) — 0" (&)|" d&

=/ |ii(nk, s)—§u71(g)|2ds—/ll

Elzm

|a(nk, &)[* de
/h

< llu(tn, ) = Sw" > < Ct)h™ lluolly
by (10.1.11). In this way we pass from a norm on the grid to one on the line.
Combining this with Theorem 10.1.2, we obtain the next theorem.

Theorem 10.1.4. [f the initial value problem for a partial differential equation of the form
(10.1.2), for which the initial value problem is well-posed, is approximated by a stable one-
step finite difference scheme that is accurate of order [r, p] with p > 1/2 and r < p
and the initial function ”31 is equal to ug(mh), where uq isin H”, thenfor each positive

time T, there is a constant Ct such that
|Eu(tn, ) — V"l < Crh"|lugllne

foreach t, =nk with 0 < t, < T and (h,k) in A.

Table 10.1.1 shows the result of the periodic initial value problem
ur+uy =0
on the interval [—1, 1] with initial data up(x) = sin 27 x using the Lax—Wendroff scheme

with A = 0.9 and the error at time 2.7. As shown, for this infinitely differentiable solution,
the convergence rate is order 2 in both the L? and maximum norms; see Exercise 10.1.10.

Table 10.1.1
Second-order convergence for Lax—Wendroff scheme.
L?>  convergence L convergence

h Error Rate Error Rate
1/10 1.982e-1 1.969e-1
1/20 5.239e-2 1.92 5.223e-2 1.91
1/40 1.324e-2 1.98 1.323e-2 1.98
1/80 3.334e-3 1.99 3.334e-3 1.99
1/160 8.536e—4 1.97 8.543e—4 1.96

Similar results are displayed in Table 3.1.1 for the forward-time central-space and
leapfrog schemes. Results for multistep schemes, such as the leapfrog scheme, are discussed
in Section 10.6.

We now complete this section by proving Theorem 10.1.1.
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Proof of Theorem 10.1.1.  This proof is in two parts. In the first part we obtain an
estimate of the form
MO — g(hg k. h)
k

for each value of &, and then in the second part we prove the existence of the value of p.
Since the differential equation is first order in the time differentiation, its symbol
p(s, &) islinear in s and may be written as

= o) (10.1.14)

p(s, &) =qo€)s +q1(8).

The value of g (&) in (10.1.2) is then

q(&) = —qoE) ' q1(6).

By Definition 3.1.2 with ¢ = ¢/*$¢7®)" or Corollary 3.1.2 with s equal to ¢(£), we have
that

Pih (@), §) —rin (). §) p(g§).§) = OH).
Since g (&) is the unique root of p(x, &), wehave p(q(§),&) =0, and we obtain
Pk (q(§), §) = OH).

Moreover, g(h&) is the solution to

P (k—l In g(h®), g) — ko (g, he) =0, (10.1.15)

where ®(g, h€) is the amplification polynomial defined in Section 4.2. Thus

P (K71 Ing(h8),€) = prn (@(6). ©) = O").
By the implicit function theorem (see [3] or [8]), this last relation implies that

k~'ng(h&) — q(&) = O(h"),

and this gives the formula
g(hé) = k1@ gOkn")

from which we obtain (10.1.14).

We next use the well-posed nature of the initial value problem and the accuracy of the
scheme to prove that a value of p exists. We begin with the Taylor series with remainder
for the exponential function for complex variables in the form

J—1

j 1
Z ﬁ (J—l)'/ (1 — 1)’ Le'* dr.
j=0

]'
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From this we obtain

] j Tyl
Hf1® — 3 qu.(é)f L Ka® (1 — 1)?~1eka® g,
=]

We also have that g(6) is a ratio of finite trigonometric sums and thus is infinitely differ-
entiable for real values of 6. We can expand g(0) as a Taylor series in 6 as

I-1 ,;
gO)=>y" 9—g<’>(0) +5 “’(9)

i=0

or

g(hg) = Z f g"(0) + —— 5 gD @".

i=0

Substituting these expansions for ek1®) and g(h&) into (10.1.14), we obtain

I=1 1yigi
kq@)_g(hg e Z Lotaey -3 I o)
|
! i=0
K =lq@)! ! I kate) g, KRIED gy
+W/0(1_t) 1 g1 — = g0 = 0.

(10.1.16)
Now, recalling that k = A(h), we can choose J and I large enough so that the two
sums combine to be O (h"). Similarly, k/~!, whichis A(h)’~!, and k~'h!, which is
A(h)~'h!, can be made to be O(h"). The value of g)(6") is then bounded by some
constant, and the integral is also bounded independently of £ because the equation is well-
posed. Finally, g(£) is a rational function of &, and so the growth of (10.1.16) in £ is at
most polynomial. Thus (10.1.16) is bounded by A" times a constant multiple of (1 + |£])”
for some nonnegative integer p. [

Exercises

10.1.1. Show that the forward-time forward-space scheme (1.3.1) for the one-way wave
equation is accurate of order [1, 2].

10.1.2. Show that the box scheme (3.2.3) for the one-way wave equation is accurate of
order [2, 3].

10.1.3. Show that the forward-time central space scheme for the one-way wave equation
is accurate of order [1, 2].

10.1.4. Show that the forward-time central-space scheme (6.3.1) for the heat equation
(6.1.1) is accurate of order [2,4] when p is a constant.
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10.1.5.

10.1.6.

10.1.7.

10.1.8.

10.1.9.

Show that the backward-time central-space implicit scheme (6.3.3) for the heat
equation is accurate of order [1,4] if A is constant and of order [2,4] if u is
constant.

Show that if a scheme is accurate of order [r, p], according to Definition 10.1.3,
then it is accurate also of order [r — 1, p — 1].

Show that the Lax—Wendroff-like scheme
vn+1 _— 2

k
In =0 4 asgup, — L5262

. 5 e +up =0

for the equation
us+auy +u=0

is accurate of order [1, 1] when A is held constant.

Show that the scheme

() (B g (Y
k 2

U —Uxx = AUy (10.1.17)

for the equation

is unconditionally stable and accurate of order [2, 3] if A is constant.
Show that the scheme
n+l _ .n

for (10.1.17) is unconditionally stable and accurate of order [1, O] if A isaconstant.

10.1.10. Show thatif a stable one-step scheme for u; + au, = 0 isaccurate of order [r, p],

then -~
lvy, — u(ty, mh)| < C(tn)hr/ IE1° 10 (&) dE, (10.1.18)

where t, = nk and when the initial function is Tug. To obtain estimates of
convergence in the L° norm, use the simple inequality

If()] < | f (&) dg

l o0
A/ 2 /;oo
in place of Parseval’s inequality. Hint: The proof is similar to those in the text
for the L? results. Note that there is no Parseval’s relation for the L> norm and
that the interpolation operator S is not needed, since v}, and u(t,, mh) can be
compared directly.
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10.1.11. Prove Theorem 10.1.2 under the more general assumptions that
9] < ¢ and |g(h§)] < 1+ Kk

rather than the special case given by (10.1.5).
10.1.12. Prove that the estimate (10.1.4) holds for N -dimensional space.

10.1.13. Prove that for functions in L?(R"), the evaluation operator and truncation op-
erator satisfy
€u — Tullp < C(0)h” | Dul

for o greater than N /2.
10.1.14. Use the matrix identity

n—1
Z" - G" = Z z" =iz - G)G!
j=0

to prove Theorem 10.1.2 for systems of partial differential equations. (See Exer-
cise A.2.9.)

10.2 Related Topics

In this section we consider two topics that are related to those covered in the previous
section. First, we prove the assertions made in Section 5.3 about the group velocity of wave
packets. Second, we present the Poisson summation formula, which is useful in many areas
of applied mathematics. The study of these topics serves to give insight into the techniques
of Fourier analysis and the ideas that we use in this chapter.

Group Velocity and Wave Packets

We now consider the estimate of the finite difference solution of a wave packet, as given
in Section 5.3. Recall that we chose for our initial function (5.3.1) evaluated at the grid
points, i.e.,

Ugl = (Eup)m = eiéoxmgpm.

In Section 5.3 we referred to the function Ep as pj.
The claim in Section 5.3 was that the function v*(¢,;, x) givenin (5.3.4), i.e.,

v¥(t, x) = eS0T BED by — oy (hEG)D), (10.2.1)

is a good approximation to v/, and, for large values of &, this is a better approximation
to v" thanis u(t,, ). We now justify this claim.
We begin with an estimate of ||v*(¢,, -) — Sv"||:

V¥ (tn, ) = SV < M0t ) — Dt DNl + 10 ) — SV,
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where v is defined by (5.3.8), i.e.,

i(t, x) = ¢ (@H50)x pi(otbo)athath§0)t 505y dey . (10.2.2)

1 o0
A/ 2 w/—OO
First, we estimate the difference between v and Sv":

w/h

15t -) — Sv"|I? =/

—n/h
= |lp — SEpII* < (crh"Ipliur)?

N A 2d f D 2d
|p(@) — pr(w)|["dow + hlglzn“’(“’)' @ (10.2.3)

for any r greater than 1/2 (see Exercise 10.2.6). This justifies the claim, given after the
definition of v in (5.3.8), that the replacement of v by v is not a significant error.
We next examine the difference between v and v*. We have

o0
10" (1, -) — D(tn, I = f @ 112| p(w)|Pdw

—00

from the formulas (5.3.10) and (5.3.11). Moreover, since

1, d29a(9)‘
r@) = 29 7402 loer

for some value of 6* and || < 7, we have that
()] < clo|?

for some constant ¢. Thus

o0
0¥ (tn, -) — D(tn, ) < 2e2h? / o]} p(w)2do < 2R (|| pll y2)*.

—00

Combining this estimate with (10.2.3) we obtain
[v* (tn, ) — SV || < CU)h Pl - (10.2.4)

This estimate shows that v* is a good approximation to the solution of the finite difference
scheme.

We now can explain how the first-order approximation in (10.2.4) can be a better
approximation than the higher order approximation (10.1.4) and the related estimates. The
explanation is that the estimate (10.2.4) is essentially independent of &j. In the general esti-
mate (10.1.4), if the initial function u( is a wave packet such as (5.3.1), then ||(d/dx)”uo||
contains terms proportional to |&y|”| p||. Therefore, the quantity A" ||u0||'}){ will not be
small if h&p is not small, whereas &| p|l 2 can be small independently of &.
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The Poisson Summation Formula

A very interesting formula related to the topics of this chapter is the Poisson summation
formula. This formula is useful in many areas of applied mathematics, although we will
not need to make explicit use of it. The formula is obtained by considering the evaluation
operator applied to a function and evaluating the Fourier transform of the discrete function
in two ways. We have formula (10.1.12); also, from the definition of the discrete Fourier
transform (2.1.5),

EuE) = —imhg y (mp) b

1 o
N
2w T
for the Fourier transform of fu. Equating these two expressions, we have the Poisson

summation formula

% Z e "MEy(mh) h = Z A€ +2meh™h, (10.2.5)
T

m=—0o0 {=—00

which relates a sum of the function values to a sum of the Fourier transform values. This
formula is valid whenever both infinite summations are convergent.

One use of the Poisson summation formula arises when u is a slowly decreasing,
smooth function, making the series on the left-hand side of (10.2.5) converge slowly. Then
the transform # may be a more rapidly decreasing function, making the series on the right-
hand side converge rapidly, and vice versa. Another use of the summation formula is when
one of the two series is more amenable to obtaining an explicit formula for the summation.
Often, quite difficult sums can be explicitly evaluated in this way.

Example 10.2.1. We illustrate the use of the Poisson summation formula with the func-
tion u(x) = ¢~9*/2The Fourier transform of this function is u(w) = a_l/ze_“’zﬂa, and

applying the Poisson summation formula (10.2.5) with £ equalto O and % equal to 1 gives

> 2 [ 2
Z e—am /2 _ Z e—(%n) /2a
=—00 l=—00

a
m=—

-
Bl

or, if we setb = a/2m,

N i efbn'mzz Z efniz/b'

m=—00 {=—00

If b is small, then the sum on the left-hand side will converge slowly, but the sum on the
right-hand side will converge rapidly. Thus the quantity represented by these sums can be
evaluated very efficiently for all values of the parameter b. Notice that this same formula
can be obtained from (10.2.5) by setting / equal to /27 and & equal to 0. O
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Example 10.2.2. We illustrate a second use of the Poisson summation formula with the

function .
1 —|x|/a if x| < a,

u(x) = .
0 if [x] > a.

The transform of u is

12(0)):; ae_i")x (1 |x|) =,/ = / cOS wx 1——) dx
A 21 J-a
) [2 sin? éaw
" Nro oaw?
We apply the Poisson summation formula (10.2.5) with £ equal to 0 and h equal to 1,

obtaining
|n| sin” alrw
= 2,/
/_ Z( ) Z 4a€2n’

7 nl<a

or

|n| sin“ almw sin“ alw
T (1) § 2 e S

n|<a {=—00

We can then obtain the explicit representation for this last sum:

. sin? alrw 72
Z_ = la—lah = (@—LaD],

52
(=1

where |a] is the greatest integer not larger than a. Thus for 0 <a <1,

i sin” alrw _a(l— a)m? -
e 2 '
=1

The Poisson summation formula can be used in a similar fashion to evaluate many
other sums.

Exercises

10.2.1. Repeat the computations of Example 5.3.1 and verify the estimate (10.2.4) that
v*(t,, -) is a better approximation to v" than v" isto u(z,, -). Compute the norm
of the difference between v and both v*(z,, -) and u(z,, -).

10.2.2. Use the Poisson summation formula to evaluate:

%) 00

1 (=n"
Zn2+1 and Zn2+1'
n=0 n=0

Hint: Consider the Fourier transform of e~ ¥,
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10.2.3. Use the Poisson summation formula to verify the formula

o0 o0
N/ Z (_l)me—bnmzz Z e—n([+1/2)2/b‘

m=—00 {=—00

10.2.4. Given the relation

10.2.5.

l=—00

© cos wx T
dx = —,
—oo COsh x cosh(Fw)

use the Poisson summation formula to develop an efficient algorithm for computing
the value of the function

ad 1

Cla) = 2(:) cosh(an)

n=,

for 0 < a < co. Demonstrate your algorithm with a computer program. Hint:

0 plwX © cos wx
dx = dx
_ooCosh x —oo COSh x

if [x] < 1,
if |x] =1,

if |x| > 1

Use the function

ulx) =

S = =

and the Poisson summation formula to prove the relation

i sin2mla { la] + % if a is not an integer,

2rd a if a is an integer.

In the sum the term for £ = 0 is evaluated to be a.

10.2.6. Verify the estimate

Ip —SEpll < crh"llpllar

that was used in equation (10.2.3).

10.3 Convergence Estimates for Nonsmooth Initial

Functions

The convergence estimates of Section 10.1 are valid only if the initial function is sufficiently
smooth. Since many applications involve initial functions that are not as smooth as required
for the general estimates of Theorem 10.1.2, it is important to obtain estimates for the case
when the initial functions are not smooth. The estimates of this section give the convergence
rate for the solutions of finite difference schemes with order of accuracy [r, p] when the
initial function, uo, has fewerthan p derivativesin L2(R), i.e., when |lugl||g» isinfinite.
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The estimates given here are for general one-step schemes and first-order equations of the
form (10.1.2) satisfying the restricted stability and well-posedness conditions (10.1.5). In
the next section we show that for parabolic equations and dissipative schemes we can
improve on the results of this section. Results for second-order equations are given in
Section 10.7.

We now modify the proof of Theorem 10.1.2 under the assumption that ||ug| ge is
infinite and ||ug||ge is finite for some o less than p. Notice that the critical estimate
in that proof is given by the estimate (10.1.9). We begin by splitting the first integral in
(10.1.6) into an integral with || less than n and one with || greater than 7, where n
is chosen as wh™® with « positive and less than 1.

We then have

w/h 2
Ny, ) — S| = / o) de

—/

‘64(5)% — g(h&)"

2
e e
|El>7/h

n 2
= [ Jeromt — gmer | lanco)|” as

-n

+f |7k — gn)"
n=lgl=m/h

2
o feremage| e
[&|>m/h

2
lio(&)|” d&

In this last expression we use (10.1.7) and (10.1.3) on the first term, (10.1.8) on the second,
and (10.1.5) on the third to obtain

n
K2R (1 + €D o (®)]” d + 4 /|s| NGIREE
n >n

Nt =) — Sv"|P> < nzczf
n

< n2CURY / (14 2= (1 4 £ |ao(®)|* de
-n

T / £ [ao@) [ d
[&]=n

n
=t2c2h2r72(,0*(7)0l(h01 +7T)2(ﬂ*<7)/ (1 +|€_-|)20 }ﬁ0(§)|2 dg
-1

+4n—2"h2"“/ 117 [a0(€)] de.

|€1=n
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If we choose « equal to r/p, then both terms have & to the power 2or/p; this estimate
gives the following theorem.

Theorem 10.3.1. If a stable one-step finite difference scheme is accurate of order [r, p],
with r < p, the initial function to the partial differential equation is ug with || D ug||
finite and o less than p, and the initial function vg, is Tug, then the solution v" to the
finite difference scheme satisfies

lu(tn, ) = SV < CahtP|lug|| o, (10.3.1)

where
B=oar/p.
If o is greater than 1/2 and the initial function is either Euqy or Tug, then in addition

[Eu" — v" ||, < C1hP luoll go . (10.3.2)

Convergence Estimates for Piecewise Smooth Initial Functions

The convergence estimates of Theorem 10.3.1 often cannot be conveniently applied to many
functions that are useful in actual computations. For example, the function

if |x| < 1,
if x| =1, (10.3.3)

if x| > 1

ulx) =

S = =

isin H° foreach o less than 1/2, butnotin H'/? (see Example 10.3.1). Similarly the
functions

u(x) = { b=l ifla] < 1, (10.3.4)
0 if x| > 1
and 5 '
w(x) = {Cos 7¢ ikl <1 (10.3.5)
0 if x| > 1

arein H° for o lessthan 3/2 and 5/2, respectively, but notin H>/? or H>/?, respec-
tively (see Exercises 10.3.1 and 10.3.2). Because the function (10.3.4) is almost but not
quite in H 3/2 it is difficult to see what value of B should be used in the estimate (10.3.1).
We now show that we can take o equal to the limiting value if the estimate is modified
appropriately.

Each of the functions (10.3.3), (10.3.4), and (10.3.5) satisfy the relation

lullo < ——2_,

Voo —o
where og is 1/2, 3/2, and 5/2 for the three functions (10.3.3), (10.3.4), and (10.3.5),
respectively, and C(u) depends on u# but not on o. We demonstrate this only for the

function given by (10.3.3). The demonstration for the other two functions is left as exercises
(Exercises 10.3.1 and 10.3.2).

(10.3.6)
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Example 10.3.1. For the function (10.3.3) we have

. 2 sinw
u((,()) - ; ® )

so, for o with 0 < o < 1/2,

2
u o
” ”H B (1 w2)1—a

_C [ 1 g _ C (' d& o d&
_5/0 x> 72\) W+/1 (11 £y

N P 1sza/zfa) < c*
2 [

00 2 i 2 00 d
/ (1+a)2)a—sm—2w$Zw§ C/ @
T w 0

1
E—O'

Thus (10.3.6) is demonstrated for this function, and we also see that function (10.3.3) is in
H? foreach o lessthan 1/2. O

When the initial function satisfies (10.3.6) we apply Theorem 10.3.1 with o equal
to o — |In h|~!. First notice that =/~ — o=G/pYInhlInhl™" _ or/p  and so for

B=or/p and By = oor/p,

nP = pPop—r/elnhl™t _ r/pp B
In this way we obtain, from (10.3.1),
lulty, ) — Sv"|| < Coe"/PhPo|1n h|"/2C (uy).

We state this result formally as a corollary to Theorem 10.3.1.

Corollary 10.3.2. If the initial function uq satisfies (10.3.6), then estimate (10.3.1) in
Theorem 10.3.1 may be replaced by

le(tn, ) — SV"|| < ChhPo|In h|'2C (o), (10.3.7)

where o= oor/p.

In computations to check the order of accuracy of solutions, the factor of |1In #|'/? in
the estimate (10.3.7) is difficult to verify. For the order of accuracy we usually obtain only
the exponent of By, and the factor involving In /% is not noticed (see Exercise 10.3.6).
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Evaluation of Piecewise Smooth Functions

In many practical computations the initial function is piecewise differentiable with several
jump discontinuities. As an example, the function (10.3.3) is not in H'/?, and the eval-
uation operator is not defined for all functions in H 172 However, as we will show, the
evaluation operator can be extended to function (10.3.3) and to many other functions of
common occurrence. In this section we show how the results of Theorem 10.1.3 can be
extended to cover these functions.

We begin by considering the function

0 ifx =0,

y(x) = %e‘x ifx >0,

Le=xl ifx < 0.

We will show that even though it is notin H!/2, the evaluation operator can still be applied
to it. The Fourier transform of y is

(@) 1 —iw
w) = —
4 27 1+ ?
and by Definition 10.1.1 and (10.1.12),
Oo/
Ey@& —-TyE =Y pE+2mth™)
{=—00
=i i £ +2mth! N £ —2mth™!
- 2r Sl (E+2meh ™) 1+ (€ - 2nehTh)?

-y 26 [14 82— 2meh™1?]
Vo =1 [1 +E+ 2n€h—1)2] [1 + (£ — 27T€h_1)2]’

where the prime on the first sum means that the term for £ equal to O is not taken in the
sum. Therefore, for £ satisfying |£| < wh™!,

o (1+5¢2) 5
&y &) = Ty )| < [I&I (% Qi1 = = Ch7|§],

and hence

7/h

2 /w3
ey — Tyl < c2h4/ €1 dt = C2h4§(z) = C2h.

7/h
So for the function y we have

IEy — Tyln < Coh'/2.
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Notice that y is notin H'/2, so this estimate for y is stronger than the general result of
Theorem 10.1.3. Also notice that this estimate is valid for translates of the function y.

Now we extend this result to any function u(x) that is a piecewise differentiable
function except for a finite number of jump discontinuities. That is, there are a finite number
of points x; < xp < --- < xr, such that in each interval (x;, x;+1) the function u(x)
is differentiable. Let [u](x;) be the jumpin u at x;, i.e.,

[u](x;)) = lim [u(x; +&) —u(x; —¢)].
e—>0+
(The notation ¢ — 0+ means that ¢ is restricted to positive values as it tends to 0.) We
take for u(x;) the average of the values on either side, i.e.,

ulx;) = %slg% [u(x; + &) +u(x; —e)].

Finally, we assume that

/ lu(x))? + |Du(x)|* dx (10.3.8)
|lx|>K

is finite where K is larger than |x{| and |xr]|.
We now consider the function

L
i () = Y [ul(xi)y (x — x)
i=1
and the function wu>(x) = u(x) —uj(x). Notice that u; has precisely the same jump
discontinuities as does u; therefore, uy is continuous and in H!: see Exercise 10.3.3.
(Recall that ug is piecewise differentiable.)

L
Eur — Tuilln < Z Ll IEY (- = xi) = Ty (- = xi)lln

i=1
L
< Y )k Co.
i=1
Using this result for #; and Theorem 10.1.3 on u», we obtain

Eu — Tullp < l1Euzr — Tuzllp + I1Eu1 — Tuy|ln

A

IA

L
C(h|Duzl| + Y lul(x)|h'/>Co < C* () h'/>.

i=1
We state this result as a corollary to Theorem 10.3.1.

Corollary 10.3.3. Ifthe initial function uy of Theorem 10.3.1 is a piecewise differentiable
function except for a finite number of jump discontinuities and if (10.3.8) is finite for uy,
then the estimate (10.3.2) can be replaced by

I€w" —v" Il < [1n h|'2RP C (u),
where  =r1/(2p) and C(ug) depends only on uy.
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Exercise 10.3.6 provides demonstrations of the estimates of Theorem 10.3.1 and
Corollary 10.3.3.

Table 10.3.1 shows the result of the periodic initial value problem for the same equa-
tion but with the initial data

o (x) = { 1=20x] if x| < 5,
0 otherwise

using the Lax—Wendroff scheme for A = 0.9 and the error measured at time 2.7. As
shown, for this solution, for which ¢ = 3/2, the convergence rates are order 1 for the L?
convergence and order 2/3 for max-norm convergence (see Exercise 10.3.4).

The results of Table 3.1.2 also illustrate these ideas. There the value of ¢ is 3/2; the
rate of convergence for the Lax—Wendroff scheme is 1 and for the Lax—Friedrichs scheme
itis 3/4.

Table 10.3.1
Convergence for the Lax—Wendroff scheme.
L% convergence L convergence

h Error Rate Error Rate
1/10 6.603e-2 1.269e-1
1/20 3.347e-2 0.980 8.607e-2 0.560
1/40 1.671e-2 1.002 5477e-2 0.652
1/80 8.452¢-3 0.984 3.485e-2 0.652
1/160 4.295e-3 0.977 2.209e-2 0.658

Exercises

10.3.1. Verify that the relation (10.3.6) holds for the function (10.3.4) with op equal to
3/2.

10.3.2. Verify that the relation (10.3.6) holds for the function (10.3.5) with oy equal to
5/2.

10.3.3. Show that the function u#» used in the proof of Corollary 10.3.3 isin H 1

10.3.4. Show that if a stable one-step scheme for u; + au, = 0 is accurate of order [r, p],
then

vy, — u(ty, mh)| < C(tn)hﬁ/ &7 |0 (§)] dé .

where t, = nk, B =ro/p and when the initial function is Tug. See Exercise
10.1.10.

10.3.5. Show thatif r > p, then the value of S in estimate (10.3.1) must be o.
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10.3.6. Solve the initial value problems for the one-way wave equation u; + uy = 0 on
the interval [—1, 1] with periodic boundary conditions up to ¢ = 0.96 Use the
Lax—Wendroff scheme with A = 0.8 and grid spacing h = %, %, ﬁ), and %

Use the following initial functions:

1 if x| < 4,
(a) up(x) =y 1 if x| = 1,
0 otherwise;
(b) up(x) =cos(rx);
(©) up(x) = { cos’(rx) if || < 3,
otherwise.

Determine the rates of convergence of the numerical solution to the exact solution
as a function of 4. Compare the actual rates of convergence with those obtained in
this section. Discuss the results. Note that the convergence rate obtained for (a)
can be quite sensitive to the method of programming.

10.3.7. Repeat the computations of the previous exercise using the Lax—Friedrichs scheme.

10.4 Convergence Estimates for Parabolic Differential
Equations

The estimates of Theorems 10.1.1 and 10.3.1 are fairly sharp for hyperbolic equations
but unnecessarily pessimistic for many schemes for parabolic equations. Because of the
smoothing inherent in parabolic equations, it is reasonable to believe that nonsmooth initial
functions should not seriously degrade the rate of convergence of the finite difference
solution to the solution of the differential equations. Indeed, for dissipative schemes the
convergence rates are much better than those given by Theorem 10.3.1 and Corollaries
10.3.2 and 10.3.3.

Theorem 10.4.1. If a one-step scheme that approximates an initial value problem for a
parabolic equation is accurate of order [r, p], for p > r + 2 and dissipative of order 2
with n a constant and with p = kh=2, then for each time T, there is a constant Ct
such that for any t with nk =t < T and (h,k) in A,

lu(z, ) — Sv"|| < Cr(1 41t~ P7 /2 n" ||| (10.4.1)

A

and

€™ —v" Iy < Cr (141t~ P7D2) " ug]. (10.4.2)

A

Notice that these estimates require only that uo bein L?(R), which, for our purposes,
places no requirement at all on the smoothness of uy.
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Proof. To obtain the sharper estimates (10.4.1) and (10.4.2), we begin with sharper
estimates than we used in the proof of Theorem 10.3.1. In place of (10.1.5) we use

19| < (Ki1p=cE (10.4.3)

which holds for parabolic equations (see Definition 9.2.1) and, since p is constant and the
scheme is dissipative,

lg(he)] < (1 —co sinz%h%‘)(l FkK) < eKkemcEk (10.4.4)

The values of ¢ and K can be taken to be the same in both (10.4.3) and (10.4.4). In
(10.4.4) the value of |h&| is at most 7.
Using these estimates rather than (10.1.5), we obtain in place of (10.1.7)

S (U

IA

e % — g(he)] max (1e¥). |ghe)l)"

n|eq(‘§)k _ g(h%-)l eth—céz(t—k)

IA

ne ™ 1|t OF — g (hg)| KT,

IA

where we have used that e“§’% < eI for |h&| atmost m. Then in place of (10.1.9) we
have

7/h 7/h )
f le?®" — g(h&)" 1 |iig(§)|* d& < Cn*k*h* / (1+ €D e~ ig(8)|* dE.
—n/h —n/h

The expression (1 + |£])2* ¢~ is bounded by a constant, depending on p and c, times
(14 1712)20 or, equivalently, (14 17°/2)2 (see Exercise 10.4.3). Thus the preceding
integral is bounded by

2 m/h —1\2 h
(i 8) w [ jia@rds < ¢ (14T ) [ e ae.
—/h —n/h

7/

In place of (10.1.10) we have the estimate

. n\* g2
/m R CITE (;) 2K /|§| e @) de
>7 >

h 2r
(—) C K / 0 (&) di
T |&|=m/h

for some constant C. Combining these estimates and using the relation p > r 42, we
have (10.4.1). The estimate (10.4.2) follows easily using the methods of Section 10.1. [

A

IA
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Example 10.4.1. Figure 10.2 shows the initial condition and solution for the equation
U = Uxy for —1=<x<1

at time f = 0.052. The scheme is the forward-time central-space scheme with 7 = 0.1
and pu = 0.4. Because the scheme is dissipative, the solution is very smooth after only
13 time steps. The solution is also very accurate. The exact solution, which supplies the
boundary values, is

1 ©_gin?(kZ
u*(t,x) = 1 + 8; Ae‘”’zk2 cos(kmrx). O

(km)?

Figure 10.2. A smooth solution of a dissipative scheme.

Exercises

10.4.1. Solve the initial value problems for the heat equation u; = uy, on the interval
[—1, 1] with periodic boundary conditions up to + = 1. Use the explicit forward-
time central-space scheme with u = 0.4 and grid spacing & =1/10, 1/20,
1/40, and 1/80, with the following initial functions:
1 if x| <
(a) ug(x) =1 1 if x| =

0 otherwise;

(b) uo(x) =cos(mwx).
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The exact solution to (a) is

u(t,x) = 5—{- Z —1@it 1y +) cos[(2k + 1)mx].

For r =1 only a few terms are needed to give seven-place accuracy. Show that
the solution is computed to second-order accuracy in the L2 norm.

10.4.2. Solve the initial boundary value problem for u#; = u,, on —1 < x < 1 for 0 <
t < 1/2 with initial function given by the function a of Exercise 10.4.1 and using
Dirichlet boundary conditions. The exact solution, from which the boundary values
can be obtained, is the same as in Exercise 10.4.1. Use the Crank—Nicolson scheme
with h = %, 21—0 and 41—0. Compare the convergence behavior in the L? norm

and the L°° norm for the case in which A = 1 with the case in which u = 10.

10.4.3. Show that the expression (1 + |[£])%e™¢ ’ is bounded by a constant, depending
on p and ¢, times (1 4+ ¢71/2)2# and that this is equivalent to (1 4 r=*/2)2.

10.5 The Lax-Richtmyer Equivalence Theorem

In this section we prove the Lax—Richtmyer theorem, Theorem 1.5.1, for one-step schemes;
the extension to multistep schemes is discussed in Section 10.6. The definition of conver-
gence given in Section 1.4 is not complete, since the nature of the convergence of the
functions is not specified. We now make the idea of a convergent scheme precise using the
interpolation operator S as defined in Definition 10.1.2.

Definition 10.5.1. A finite difference scheme approximating the homogeneous initial
value problem for a partial differential equation is a convergent scheme if Sv"* converges
to u(ty,-) in L*(R), where t, = nk, for every solution u to the differential equation
and every set of solutions to the difference scheme v, depending on h and k, for which
Sv0 converges to u(0,-) in L*(R) as h and k tend to O in the stability region A.

The study of inhomogeneous initial value problems is easily done using the results
for homogeneous problems and Duhamel’s principle, as described in Section 9.3. We now
restate Theorem 1.5.1 for one-step schemes.

Theorem 10.5.1. The Lax-Richtmyer Equivalence Theorem. A consistent one-step
scheme for awell-posed initial value problem for a partial differential equation is convergent
if and only if it is stable.

The proof of this theorem is somewhat similar to the proof of Theorem 10.1.2; how-
ever, here we have much less information about the scheme than we did in Section 10.1.
For example, we do not even assume that the order of accuracy is O (h%) for any positive
«. However, since we are making so few assumptions about the scheme, we are also able
to obtain the equivalence of convergence and stability.
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Proof.  'We first prove that stability of the scheme implies the convergence of the
scheme. Later we show that an unstable scheme is nonconvergent, which completes the
proof of the theorem.

We prove that stability implies convergence without making the special assumptions
(10.1.5); rather we assume only that there is a constant Cr such that

7€) < Cr and |g(h&)"| < Cr (10.5.1)

for 0 <t < T and 0 < nk < T and (h, k) in A.
For the first part of the proof we assume that the initial function for the scheme is
Tuo. Then we have

o — SV = / o (&) dt.
|E[>m/h

which converges to zero as & tends to zero by the Lebesgue dominated convergence theorem
(see Proposition B.4.2 in Appendix B). We use consistency to obtain the estimate

k&) _ o(h
ekA —o(1) inhandk. (10.5.2)

The meaning of the notation o(1) is that for each £ the left-hand side of (10.5.2) tends to
zero as h and k tend to zero. The estimate (10.5.2) is obtained as was (10.1.3), with the
replacement of O(h") by o(1).

We now consider the L? norm of u(t,, -) — Sv". As in (10.1.6) we have the relation

/ }u(tn,x)—Sv”(x)|2 dx
-~ (10.5.3)
2

w/h 2
:/ o ‘EQ(E)l‘n — g(h&)" ‘eq@)t”ﬁo(é)’ dE.
-

fo®) > d + /

[El>7/h
We consider the right-hand side of (10.5.3) as one integral over R, with the specifi-

cation of the integrand given piecewise. That is, the integrand is the function

|4 @i — g(hg)"f lag(&)1* if |&] < %
én(§) =
9@ () if €] > %

Furthermore, for each &, when / is small enough, i.e., small enough that |£| < Th™l
the integrand is given as in the first piece. When & and k are both in A, the expression
e?®m _ g(hg)" satisfies

|70 _ o(hg)"| < n|e?OF — g(hg)| Cr,

which is essentially the same as (10.1.7) except it uses the more general estimates (10.5.1)
rather than (10.1.5). By (10.5.2) we have the estimate

e _ g(h)"| < nkCro(1) < o(1).
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We conclude that the integrand on the right-hand side of (10.5.3) converges to zero for each
value of & as h and k tend to zero in A. We thus have the set of functions ¢;, that are
in LY(R) and tend to zero at each point as 4 and k tend to zeroin A.

Before we can conclude that the norms of these functions tend to zero, we need one
more piece of information. This is given by observing that

|7 — g(hE)"? lao©)* < C1)*lio ().

This shows that the functions ¢ are bounded uniformly by a function in L! (R), namely,
4C%|120($ )|2. By the Lebesgue dominated convergence theorem (see Appendix B), we
conclude that
o o o
| onrae = [ a6 - SoerPas
—0oQ —o0
converges to zero as h and k tend to zero in A, and thus the scheme is convergent.

We now briefly consider the case where v° is not equal to Tug. First, define the grid
function w”, which is the solution to the difference scheme with initial function 7u°. We
then have

lutn, ) — SVl < lu(ty, ) — Sw"|| + |Sw" — Sv"|.

The norm of u(#,, -) — Sw™ converges to zero by our previous result. We have, by the
definition of S and by stability,

[Sw® = Sv™|| = [[S(w" — vl = [w" —v"[Ia
0_ .0 0_ .0
= Crllw” = v'lln =CrlTu” — vl

0 0
= Crlu” —Sv7|,

which converges to zero by assumption. This concludes the first part of the proof, showing
that a stable scheme is convergent.

We now prove that a consistent one-step scheme is nonconvergent if it is unstable.

The proof consists of constructing a function ug(x) such that the scheme with initial
function Tug does not converge to the solution of the partial differential equation. The
function ug(x) is constructed as the sum of functions wy,(x) determined as follows.

If the scheme is unstable, then by Theorem 2.2.1 the estimate

|g(hé, k, )| = 1+ Ck

does not hold for any constant C and sufficiently small 4 and k. Thus for any positive
integer M, there are values of &7, kps, and hys such that

lg(hméms ks hm)l = 1+ Mky (10.5.4)

and |hp&py| < . Since g(h&, k, h) is a continuous function, there is a positive number
ny such that

lg(hmé. kns, han)| = 1+ 3 Mky (10.5.5)
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for |& — &y| < ny, and moreover we may choose 1y to satisfy
< M2

and choose hy; and kps lessthan hjp;—1 and kp;—1, respectively. We now need a crucial
result, which relies on the consistency of the scheme.

Lemma 10.5.2. [fthe finite difference scheme is consistent, then the intervals Iy = [Epy —
nm»Em + nul can be chosen to be disjoint.

Proof.  'We prove this lemma by induction on M. For M = 1, there is only one
interval and the assertion is trivial.
Suppose that for some M the interval ), cannot be chosen as disjoint from Iy
with N less than M. Let
7= J Iy

N<M

and by our supposition, for any 4 and k less than hp_1 and kp—1, respectively, the
estimate
lg(h&, k., )| <1+ Mk (10.5.6)

holds for & ¢ J. From consistency of the scheme to the equation, it follows from (10.5.2)

that

g(hs. k. h) — 1%
k

< C(¥) (10.5.7)

foreach & as h and k tend to zero. Since J is a compact set, being the union of a finite
number of closed intervals,

supC(&) =C*

EeJ

exists and is finite. From (10.5.1) we also have that
e ©K) = 1@ 1/ < c1/" <1 4 Kk

for some value of K. These estimates imply, by (10.5.6) for £ ¢ J and (10.5.7) for & € J,
that
lg(h&, k, h)| < 1+max(M,C* + K)k

for h < hy—1 and k < kp—;, which contradicts our assumption that the scheme is un-
stable. Therefore, our supposition must be false, and there is a &y; ¢ J such that (10.5.4)
holds for some hjp; and kp; small enough. Since J is a closed set and g is continuous,
there is an interval [£y — nyr, Em + nu] disjoint from J such that (10.5.5) holds. This
proves the lemma. [

We now continue our construction of the functions wp;(x). Define the positive num-
bers ajp by aﬁ/[nM = M2 and then define the function wpy by

ay if§E —&ul| < nm,
0 otherwise.

@M($)={
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We define our initial function as the sum of the functions wjys. Let ug(x) = Z,owozl
wy (x); we will show that ug is in LZ(R). Because the intervals I, are disjoint, we
have that

[ morar = [Caeras= Y [ ioueP e
00 M=) Y~

—00 —

2

o0 oo
=220{%,117M=22 M72=n—,
M=1 M=1 3

which shows that ug isin L2(R).

We now show that the solution of the scheme applied to Tug does not converge. Let
vy be the solution to the scheme with this initial function. Given a time T, choose a time
level n and a value of M such that

N

<nky <T and (10.5.8)

Cr—1 <Z’
8

where Cr is the constant bounding e? @) in(10.5.1). We then have

w/h

ISV — ulty, I = 0" — Tulty, )} = f ) lg(h&)" — 1O 250 (&) % dé

-/
For h = hy; and & in Iy, we have the estimate
g(he)" — e?®X1| > |g(hE)|" — Cr > (1 + sMky)" — Cr.

Thus
ISV" — u(ty, HII* > f lg(he)" — T 2100(5)| d

|E—Em|<nm
1 " 2
> |:<1+§MkM> —CTi| Oljzw 2nm

2
_2[(1 + I Mky)" —CTi|

M

We estimate this last expression using the inequality (1 + x)” > 1 4 nx for positive x.
We then have, by (10.5.8),

1
”Svn — u(ty, )”2 > 2 <_nkM -

Cr—1\> T2
2 M

> — 0.
Z 0 7
Thus Sv" does not converge to u(t,, -), hence the scheme is nonconvergent. This com-
pletes the proof of the Lax—Richtmyer equivalence theorem. [

Notice that the proof we have given shows only that Sv” does not converge to
u(ty, -); in fact the norm of v must become unbounded as n increases.
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Exercises

10.5.1. State and prove the Lax—Richtmyer theorem for the inhomogeneous initial value
problem. Hint: Use Duhamel’s principle; see Section 9.3.

10.5.2. Using the computation of Exercise 10.4.2, show that in the L* norm the solution
computed with A = 1 does not converge to the exact solution. This is a demon-
stration that the Lax-Richtmyer theorem does not hold in the L°° norm when the
initial function for the scheme is Eug.

10.6 Analysis of Multistep Schemes

In this section we extend the results of the previous sections to multistep schemes. The
primary estimate for Section 10.1 is (10.1.3) and for Section 10.5 it is the similar estimate
(10.5.2). We will show that the convergence estimates for multistep schemes follow from
these results for one-step schemes. For a multistep scheme there is not a unique amplification
factor, and thus estimates (10.1.3) and (10.5.2) cannot be used without some clarification.
We restrict the discussion to schemes for single equations; the results for systems may be
proved in a similar fashion.

The first stage in the reduction of a multistep scheme to a one-step scheme is to
distinguish a special amplification factor.

Theorem 10.6.1. If a multistep scheme is accurate of order r as an approximation to a
partial differential equation in the form (10.1.2), then there is a unique amplification factor
go(h&) defined for |h&| < 6y for some positive value 6y such that

go(h§) = 1+ kq(§) + o(k) (10.6.1)
as h and k tend to zero. Moreover; there exists a nonnegative integer p such that

k1) — g (h&, k, h)
k

< Ch" (1 +[&])".

If go satisfies this last estimate, the scheme is said to be accurate of order [r, p].
Example 10.6.1. As illustrations of this theorem we consider the leapfrog scheme for the

one-way wave equation and the Du Fort—Frankel schemes for the heat equation. By the
formula for the amplification factor for the leapfrog scheme (see (4.1.2)),

g0(h&) = g4 (h&) = —iahsin hE 4+ /1 — a?A2 sin’ hé

=1+ k(—ia&) + OK*) + O(h?).

(10.6.2)
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For the Du Fort-Frankel scheme (6.3.6) for the heat equation (6.1.1), we have

2bu cos hé + \/ 1 — 4b2p2 sin® hé

go(h§) = g+(hé) = 1+ 251 (10.6.3)

=1+ k(—b&>) + O(k*)

when p is a constant. In (10.6.2) we can take 6y, the limit of the range where go is
defined, equal to m, since |aA| < 1; a similar statement can be made for (10.6.3) if
bu < 1. However, if by > 1, 6 should be chosen so that sin(fy) < (bu)~!. This is
necessary to define gp uniquely. O

Proof.  This proof is similar to the first part of the proof of Theorem 10.1.1. If we
set g(h§) =1+kq(§) + o(k), then

k' Ing(h) = q(&) + o(1).

Since there is at most one root of ®(z, k&) such that z is 1 when h& is zero, the im-
plicit function theorem guarantees the existence of a root, go(h§), to ®(g, h&) = 0 such
that k= '1n go(h€) = g(£€) 4+ o(1). This is equivalent to (10.6.1). The existence of p is
essentially the same as in the proof of Theorem 10.1.1. O

The amplification factor go(h&) may not represent a one-step scheme, e.g., (10.6.2)
or (10.6.3), but nonetheless it can be used to generate the sequence of functions

" (&) = go(h&)" 1°(8). (10.6.4)

For |h&| greater than 6y we can set go(h§) equal to zero. We will call the method in
(10.6.4) for generating the functions w"(¢) a pseudoscheme. An important observation
is that the results of the previous sections apply to one-step pseudoschemes as well as for
actual schemes. For multistep schemes, the methods of Section 10.1, such as Definition
10.1.3, apply for go(h&).

Now consider a multistep scheme for an initial value problem. Let J 4+ 1 be the
number of initial time levels that must be specified to determine the solution. That is,
assume that v°, v!, ..., v/ must be specified before v" for n > J can be computed by
the scheme.

Let w be the function generated by (10.6.4). By the results of Section 10.1 applied
to the pseudoscheme (10.6.4), we have that

lu(ty, ) — Sw" | = O(h").
Now consider the norm of the difference between u(z,, -) and Sv":
lu(tn, ) — SV"|| < llu(ty, ) — Sw"[| + |Sw" — Sv"|

= llu(ty, ) — Sw" || + [[w" — v [l5.
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We have by the stability definition, Definition 1.5.1, that

J J
4 . 0 ai
fw" —v"lp < Cr E |w/ — v/, =Cr E llgg " — o7 Il
=0 j=1

We thus see that to obtain the optimal accuracy of r, we must have that v/ approximates
w’ to within O(h"). But

Wl (&) = go(h&)! 1° = M1 0E) + O (k")
= 1 ig(§) + O (kh").

Thus
07 (&) — W (&) = 0/ (&) — 1O fp(8) + O (kR").

To obtain the optimal order of accuracy for the scheme, the initial functions for the
multistep scheme must satisfy

vl =u(t, )+ OM"). (10.6.5)

If the initial time levels are initialized using a one-step scheme with accuracy r’ and am-
plification factor g(h&), we have 9/ (&) = g(h&)/ 00, and requirement (10.6.5) becomes

g(he) 10(8) — 1 fip(8) = O(h").

Since
g(he) = 1O L okn"),

we see that ki’ shouldbe O (h"). Thus the initializing scheme may have order of accuracy
less than r and not degrade the overall accuracy. All that is required is that kh" be O(h").
Notice also that the initializing scheme need not be stable.

Theorem 10.6.2. If the initialization of a multistep scheme uses schemes of order of accu-
racy r' to compute the initial solution values v/ for j from 1 to J such that kh' is
O(h"), and the initial data isin H”, where [r, p] is the order of accuracy of the multistep
scheme, then the order of accuracy of the solution is r.

In particular, the leapfrog scheme may be initialized with the forward-time central-
space scheme, which is first-order accurate, and still be second-order accurate overall.
Similarly, the Du Fort—Frankel scheme with @ constant may be initialized using v,ln equal
to vf,’w a scheme accurate of order 0, and the overall scheme will be second-order accurate.

If the initial data is not in H”, the smoothness of the solution is given by the results
of Sections 10.3 and 10.4.
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Exercises

10.6.1. Show that the leapfrog scheme (1.3.4) is accurate of order [2, 3].

10.6.2. Show that the Du Fort—Frankel scheme (6.3.6) is accurate of order [2, 4].
10.6.3. Show that for the implicit multistep scheme (4.2.3)

1
2 — /1 —2iaisin®

and show that this scheme is accurate of order [2, 3].

go(0) =

10.6.4. Solve the heat equation with the Du Fort—Frankel scheme using the data of Exercise
6.3.10.
(a) Show that the initialization v
if u is constant.
(b) Show that if k = h3/2, then the initialization in (a) is accurate of order less
than 2.

) =10 gives second-order accurate solutions

10.6.5. Repeat Exercise 10.3.6 using the leapfrog scheme, using the forward-time central-
space scheme to compute the first time step.

10.7 Convergence Estimates for Second-Order
Differential Equations

The proofs for the convergence estimates for schemes approximating second-order equa-
tions are similar to those of first-order equations. We give only a brief discussion with
emphasis on the points of difference between the two types of equations.
The class of equations we consider is that for which the equations can be put in the
form
iy + 2a€)i, = bE)a. (10.7.1)

We assume also that the initial value problem for (10.7.1) is well-posed. That is, we assume
that the two zeros of

q* +2a(E)g —bE) =0

satisfy the estimate
Re g+(§) = ¢q.

as discussed in Section 9.1. We have

g+ () = —a() £ \/a@)? + b().

A further technical assumption that we need is that there is a constant ¢ such that

lg£(&)] =< colg+(§) — g-(8)] (10.7.2)
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for all real values of &. Inequality (10.7.2) is satisfied for most second-order equations
arising in applications (see Exercise 10.7.2).
We also define the number x as the largest value such that

clE < g+ ()| (10.7.3)

for large values of £| and some positive constant c.

We initially restrict ourselves to two-step schemes, which have two amplification
factors, denoted by g4 (h&) and g_(h&). These correspond to the two roots g (&) and
q—(&) of the symbol.

Corresponding to Definition 10.1.3 and Theorem 10.1.1, we have the next definition
and theorem.

Definition 10.7.1. A two-step scheme for a second-order equation of the form (10.7.1)
with k = A(h) is accurate of order [r, p] if there is a constant C such that for |h§| <rw

eka=®) — g (hE, k, h)

. <Ch"(1+I|&)". (10.7.4)

Theorem 10.7.1. If a two-step finite difference scheme for a second-order equation with a
well-posed initial value problem is accurate of order r according to Definition 3.1.1, then
there is a nonnegative integer p such that the scheme is accurate of order [r, p] according
to Definition 10.7.1. Moreover; if x is defined by (10.7.3), then

eka=&) _ g+(hE k, h)
kq+(§)

<ch"(1+ g~ *. (10.7.5)

We do not prove Theorem 10.7.1, since the proof parallels that of Theorem 10.1.1.
The main distinction between the proofs is that for second-order equations, there are the
two roots g4 (£) instead of only the one root as for first-order equations.

The solution to the initial value problem (10.7.1) with initial functions

u(0,6) =uo(§) and i;(0,8) =ui(§)

may be written as

_ gaten ~a- @@ +01E) | g e 44 @i0®) — (&)

i, §) 4+ (&) — q_ (&) q+() — q-(&)

(10.7.6)
For the two-step finite difference scheme, we consider a special solution of the scheme,

which we denote by w. We choose w%(&) equal to 7/'u\0($ ) and W' (&) so that the solution
is

—q—(&)iio(§) + i1 (§) 4o () q+&)io(§) — i1 (§)

(10.7.7)
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for h|&| < m. This special choice of initial function, as in Section 10.1, is convenient in
order to obtain the simplest convergence estimate.

Theorem 10.7.2. Ifthe initial value problem for a second-order partial differential equation
of the form (10.7.1), for which the initial value problem is well-posed, is approximated by
a stable two-step finite difference scheme with the solution (10.7.7), then for each time T
there is a constant Ct such that

lu(ty, ) — Sw"|l < Crh"(luollmr + llurllgo-x) (10.7.8)

for t, =nk with 0 <t, <T.

Proof.  This proof is similar in spirit to that of Theorem 10.1.2. We have, for
h§| = m,

A(ty&) — 0" (€) = (@M — g L (E)YNVALE) + (O — g_(E)YNA_(E),
where A4 (&) are the coefficients of g in (10.7.6) and (10.7.7). As with (10.1.7) we have
9" _ g, (h€)"| < n Cr |e=EK — g\ (hE)|.

We then have by (10.7.4)

O — g OIIAL©)] = et O — g, 16 i)
g+ @1 [eTOF — g, (hE)]

|1 (§)].

g+(&) —q- (&) g+ (&)

By (10.7.5), this estimate becomes
le?+®k — g (h&)[|AL(E)] < Ckh" [(1+ €D lioE)] + (1 + [EDP X |a1(®)]].

A similar estimate holds for A_(&). For || > h~'7, we have

g4 (£)ed-E1 — g_(&)e1+®)1 ed+ &) _ pq- (&)

MGG NG EY ARG R

U(ty, §) =
from which we obtain the estimate

|t (tn, §)| < Ch™ (€] [do(§)] + 1E1" @1 (E)D)

for r lessthan p. These estimates for k|&| < 7 and h|§| > 7 give estimate (10.7.8). 0
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Before considering solutions to the finite difference scheme other than those of the
form (10.7.7), we note that

ik, &) — Swl (&) = Okh"),

where w! is given by (10.7.7).

Now let v be any solution to a two-step finite difference scheme approximating the
second-order equation (10.7.1). We let w be the particular solution given by (10.7.7), and
then we have

lu(tn, ) — SVl < llu(t, ) — Sw” || + |Sw" — Sv”|.

The first term on the right-hand side is estimated using Theorem 10.7.2, and the second
term is estimated using the stability estimate (8.2.1). We have

1
1Sw" — Sv™|| = [w" = v"[p < (1 +m)C; Y lw! — v/ |5
j=0

We see that if |[w/ — v/, is of the order of kh”, then we have the estimate |u(t,,) —
Svt|| < Oh").
These observations give us the next theorem.

Theorem 10.7.3. If the initial value problem for a well-posed second-order partial differ-
ential equation of the form (10.7.1) is approximated by a stable finite difference scheme
that is accurate of order [r, p] and the initial functions are accurate of order r, then the
solution v satisfies

lu(ty, ) = SV"II < Crh" (luoll e + llurll o).

The extension to general multistep schemes for second-order differential equations
is similar to that for first-order equations in section 10.6; see Exercise 10.7.6.

If the initial data is not sufficiently smooth, then results similar to Theorem 10.3.1
hold; in particular, we have the following theorem.

Theorem 10.7.4. If a stable multistep finite difference scheme for a second-order equation
is accurate of order [r, p], with r < p, and the initial functions to the partial differential
equationare uy and uy with ||D®uqg|| and || D uy|| finiteand oo < p and o1 + x < p,
then the solution v" to the finite difference scheme satisfies

lu(ty, ) — Sv™|| < Coh? (luoll oo + lurllger) (10.7.9)
where

ro.
B= ;mm(ao,cn + ) .

The proof proceeds similarly to that of Theorem 10.3.1, with the main difference
being the role of u#;. The proof is left to Exercise 10.7.5.
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Exercises

10.7.1. Show that the scheme (8.2.2) for the second-order wave equation is accurate of
order [2, 3] with x equalto 1.

10.7.2. Show that the estimate (10.7.2) holds for the three second-order equations (8.1.1),
(8.1.9), and (8.1.11).

10.7.3. Solve the wave equation u;; = uy,, for x € [0, 1], with the scheme (8.2.2) using
the initial conditions

u(0,x) =sinx and u,(0,x) = cosx.
Obtain the boundary values from the exact solution u(¢, x) = sin(x + ). Demon-
strate by computation that the initialization
Up = (0, Xp) + kg (0, xp)

results in a first-order accurate solution, but the initialization (8.2.5) gives a second-
order accurate solution.

10.7.4. Prove the Lax—Richtmyer theorem for second-order equations under the restrictions
le'+®)] <1 and |g+(0)] < 1.

10.7.5. Prove Theorem 10.7.4 and verify the conclusion with computations using piecewise
smooth functions.

10.7.6. Extend Theorem 10.7.2 to cover multistep schemes for second-order equations.



Chapter 11

Well-Posed and Stable Initial-
Boundary Value Problems

In this chapter we present the theory pertaining to the well-posedness of boundary conditions
for partial differential equations and stability of boundary conditions for finite difference
schemes. We begin the chapter by reducing the general initial-boundary value problem to
a special form in which the only nonzero data are those associated with the boundary con-
ditions. Then after introducing the Laplace transform, we give a rather general discussion
of the basic formulation of the analysis of boundary conditions. We introduce the basic
ideas of the analysis of boundary conditions for finite difference schemes in Section 11.2
by considering the leapfrog scheme with four boundary conditions and then present the
more general theory in Section 11.3. Section 11.4 deals with the theory of initial-boundary
value problems for hyperbolic and parabolic partial differential equations. The chapter
concludes by presenting the matrix method for analyzing the stability of finite difference
initial-boundary value problems.

11.1  Preliminaries

Consider an initial-boundary value problem for either a partial differential equation or a
finite difference scheme

Pu=f (11.1.1)

on a domain 2 in R" with initial function
u(0, x) = up(x) (11.1.2)

and boundary conditions
Bu=p8 on 9Q. (11.1.3)

We first assume that there is an extension of equation (11.1.1) and the initial data (11.1.2)
to all of R" and that the resulting initial value problem is well-posed in the case of the
differential equation or stable in the case of the difference scheme.

Let w be the solution to equation (11.1.1) on R" satisfying the initial condition
(11.1.2), suitably extended to all of R". Writing the solution u to (11.1.1) as w + u/, we
obtain an initial-boundary value problem for u’ on the domain € similar to the original
problem for u except that the data f of (11.1.1) and the initial data uq for (11.1.2) are
equal to zero. The only nonzero data are the boundary data in (11.1.3).

275
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We now make a further modification, which simplifies the analysis. This is to extend
the time interval from (0, co) to (—o0, 0c0). This extension allows for a convenient use
of the Laplace transform in the analysis of the boundary condition.

The next simplification depends on the idea that well-posedness of boundary con-
ditions of partial differential equations is essentially a local property. That is, we need
consider only the differential equation and boundary condition at each boundary point,
and if it is well-posed at each of these points, then the global problem is well-posed. The
proof of this result is beyond this text, but this principle is extremely useful. For a general
domain 2 with smooth boundary, the analysis of the initial-boundary value problem at
a boundary point x¢ at time #y is reduced to considering the differential equation with
the values of the coefficients fixed at (7o, x9) and also the boundary conditions with their
coefficients evaluated at (¢p, x9). The domain €2 can be replaced by the half-space formed
by the tangent plane to the boundary of €2 at x( and the interior normal at x¢. In this way
the general analysis of initial-boundary value problems can be reduced to the analysis of
constant coefficient equations on half-spaces. If each of these frozen coefficient problems
is well-posed, then the original problem is well-posed.

Similar results hold for finite difference schemes, although the theory is not as com-
plete as it is for partial differential equations. We consider only one-dimensional problems
for difference schemes, and in this case the stability of an initial-boundary value problem
can be analyzed by considering the pure initial value problem and the two initial-boundary
value problems arising from the two endpoints. As with the well-posedness of partial dif-
ferential equations, the stability of the initial-boundary value problem can be determined
by examining only the frozen coefficient problems.

The Laplace Transform

The Laplace transform is employed with an independent variable, such as time, for which the
directionality is important. For a function u(¢) defined for ¢ € R, the Laplace transform
of u is a function & of a complex variable s = 1 + it defined as follows.

Definition 11.1.1. The Laplace transform u(s) is equal to the Fourier transform of

e "u(t) with dual variable t, i.e.,

i(s) = O+t (1) dit,

1 oo
— e
V2 /_oo
where s = n +it. (Note that most definitions of the Laplace transform omit the factor of

(2m)~V2; we include it for symmetry with the Fourier transform.)

Based on the Fourier transform, we have the Laplace inversion formula,

3

u(t) = / MO+ it) dt

—00

(11.1.4)

iy

n-+ioo
= eSi(s) ds.

A/ 27T i n—ioo




11.1 Preliminaries 277

An important result for the Laplace transform is that #(s) is an analytic function of the
complex variable s; see Appendix C. Because we are interested in the forward direction
of time, the functions of interest to us will be analytic for n positive. The discrete Laplace
transform is defined in a similar manner.

Definition 11.1.2. The Laplace transform of a discrete function v}, on a grid with spacing
k is defined by

1 > ,
U(s) = —k e*(nJrzt)nkvn.
=k 2

n=—oo

Usually we set z = MOk and, with an abuse of notation, set

1 o0
U(z) = —k Z 77",
21 oo
We have the inversion formula
1 Tk
V" &"5(s) dr

- Von —n/k

1
(n—1)~
z v(z) dz.
N2 ik %
|z‘:g’lk

(11.1.5)

There should be no confusion about the use of either s or z as the Laplace transform dual
variable. Notice that the relation Re n > 0 is equivalentto |z| > 1.

Example 11.1.1. As an example of the Laplace transform of a function of 7 consider

u(t):{l ift>q,
0 otherwise.

We have

1 oo 1 —das
-—/ww?—.
2w Ja N2 S

To check the inversion formula we have the integral

us) =

1 n+ioco es(t—a)

1) = —
u(®) 2mi Jy—ico s

ds . (11.1.6)

The path of integration is from n —ioco to n + ioco, where the value of 7 is positive. In

general, the value of n must be such that u(s) is bounded for Re s > n. Since u(s) is

an analytic function we can evaluate the integral with contour integration; see Appendix C.
By considering the integral over the curve given by the two sections,

n+iy for—R <y <R,
r= ,
n+ Re!? for—m/2 <6 <m/2.
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Notice that the integrand of (11.1.6) tends to O along the half-circle portion of T" as R
tends to infinity. So, by taking the limit as R tends to infinity, and since the integrand has

no poles inside T,
es(t—a) n+ioo es(t—a)
0 =/ ds :[ ds
r s n—ioco s

and thus u(¢) is O for ¢ less than a.
For the case with ¢ greater than a we use the curve

r {n+i3/ for —R <y <R,
| n=Re? for—m/2<6<mn)2.

As before, the integrand of (11.1.6) tends to 0 along the half-circle portion of I" as R tends
to infinity, but in this case there is a pole of the integrand inside of I". Thus

1 es(t—a) 1 n+ioo es(t—a)
= § = —

27i Jr s 2mi Jy—ico s

ds,

and thus u(¢) is 1 for ¢ greater than a. The analysis for ¢ equal to a requires some
careful analysis. It can be shown that u(a) = 1/2. O

Example 11.1.2. As an example of the Laplace transform for a discrete function, consider
" {(x" ifn >N,
vV =
0  otherwise

for any nonzero value of «. The transform is

1 > 1 a\V
1(z) = —k "o = —k (—) ,
V2 nX:;V 2w z z—o
for z with |z| > |«|. The Fourier inversion formula is

N
n 1 o 1
V= —— N dz .
V" -«
|z|=en*

The path of integration is chosen to enclose both the origin and «. For n greater than or
equal to N, there is only the one pole at « and the contour integral gives v = «". For
n less than N there is a pole at 0 in addition to the one at «. To evaluate the residue at «
we use the expansion

N N-1 o
(07 1 o 1 N—1 Z

N—n

k—N-+n

z—a Nl —z/a ak

< k=0

The residue at 0 is seen by taking the term with k = N —n — 1 to be —a”. The sum of
the two residues is 0, thus v is O for n less than N. O
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From Parseval’s relations for the Fourier transform, we have equality of the norm of
the function and its transform,

o0 o
||u||3,=f e_zm|u(t)|2dt=/ li(n +i7)|)? dt (11.1.7)
—0o0 —0Q
and
o w/k
W=k 3 = [ arinPar At
n=—00 —n/k
or, equivalently,
o0
i e=k > 1" P =k" y§ 5(2)[* b, (11.1.9)
n=—oo
|z|=e'7“

where z = e"™e!? ie., O = tk. The subscript of 1 on the norm identifies 7 as a pa-
rameter. By choosing 7 to be positive we are specifying that we are considering the
initial-boundary problem for ¢ in the positive direction.

When we consider both time and space dimensions, we have the norms

00 po0 oo
||u||% = / / / efzmlu(t, X, y)|2dt dx dy
—o0 JO —00

o0 o0 o0
2/ / / litn +it, x, w)|> dt dx do,
—o00 JO —00

where # is the transform in both ¢ and y. We also use the norm symbol with single bars
for the norm over the boundary; for example,

o0 o o0 o0
|ﬂ|%=f / e‘z"’m(r,ynzdrdy:f / 1B + it 0)* dt do.
—OQJ —00 —OQJ —00

The estimates for well-posed initial-boundary value problems are of the form

lll} + luly < COn) (|ﬂ|,% +IF1Z+ ||M0||2> :

showing that the norms of the solution in the interior and on the boundary are bounded
by the norms of the data 8 on the boundary as in (11.1.3), the data f asin (11.1.1), and
the initial data u¢ asin (11.1.2). By the process given earlier, the general problem can be
reduced to the case in which the only nonzero data are the boundary data . The estimate
relating the norms of the solution to the boundary data can be used to give the general
estimate, but these arguments are beyond this text.

A General Analysis of Boundary Conditions

Before delving into the particular details of the analysis of boundary conditions, it will be
helpful to make some general comments. The purpose of these comments is to illuminate
the basic ideas of these theories.
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Each boundary value problem, when transformed under the Fourier and Laplace
transforms, gives rise to a set of linear equations, one equation for each boundary condition.
The unknowns to be determined by these equations characterize the solution in the interior
of the domain. The boundary value problem is well-posed or stable if and only if this linear
system can be solved and if the solution can be bounded appropriately by the boundary
data.

To emphasize the basic ideas and to illustrate the approach, we consider first a simple
problem in linear algebra. Given a system of linear equations

Ax = b,

it is a standard result that there is a unique solution to this system if and only if there are no
nontrivial solutions to the system
A¢ =0.

If the only solution to this homogeneous equation is the trivial solution, then there is a
constant, namely, ||A~!|, such that

x|l < A7 11B].

In the theory for boundary conditions we wish to know if there is a constant such that
the solution is bounded in terms of the boundary data. To do this, we need examine only
homogeneous equations, as with the simple case just discussed. Many of the theorems in
the theory of boundary conditions state that if there are no nontrivial solutions to a certain
class of problems, then there is a constant by which the solution to the boundary value
problem is bounded by the boundary data.

We now consider a set of linear equations

A(p)x(p) = b(p), (11.1.10)

where the matrix A(p) and data b(p) depend continuously on a parameter p, whichis an
element of an open set, say p € (0, 1). There is a solution to equation (11.1.10) for each
value of p if and only if there are no nontrivial solutions to the homogeneous problems.
However, if we desire the bound on x(p) to be independent of p, we must also consider
the homogeneous problem for p equal to 0 and to 1. Assuming that A(p) is defined for
p in [0, 1], if there are no nontrivial solutions to

A(P)¢=0

for p in the closed set [0, 1], then there is a constant C, independent of p, such that

x(2)l = Clb(p)ll

for p € (0, 1). For boundary value problems the parameters, such as (s, w) or z, are in
open sets, e.g., Res > 0 or |z| > 1, and it is to be determined whether the solution
can be bounded by the boundary data uniformly, i.e., independently of the parameters. It
is rarely found in practical applications that a boundary condition is ill-posed or unstable
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for values of the parameters in the interior of the parameter set; the nontrivial solutions to
the homogeneous equations usually occur at the boundary of the parameter set. This may
present some difficulties, as we will see, but a consideration of the basic ideas will give
guidance toward handling the difficulties.

In the next two sections we examine the stability of boundary conditions for finite
difference schemes, and in Section 11.4 we examine the well-posedness of boundary con-
ditions for partial differential equations.

Exercises

11.1.1. Compute the Laplace transform for the function

e ift >0,

u(t):{
0 ifr<0O.

Verify the Laplace inversion formula (11.1.4) for this function.

11.1.2. Compute the Laplace transform for the function

v"—{n ifn >0,
0 ifn <O.

Verify the Laplace inversion formula (11.1.5) for this function.

11.1.3. Show that if two discrete functions a,, and b,, are related by a,, = b;,,+1, then
the Laplace transforms satisfy a(z) = zb(z).

11.1.4. Verify Parseval’s relations (11.1.7), (11.1.8), and (11.1.9) for the Laplace transform
by using the Parseval’s relations for the Fourier transform.

11.2 Analysis of Boundary Conditions for the Leapfrog
Scheme

We begin our analysis of boundary conditions for finite difference schemes by considering
the leapfrog scheme for u; — au, = 0, with a positive, written as

Vi =yl g (Vi — v _y) (11.2.1)

on the region Ry, which is the semi-infinite interval [0, oo), for —oo < ¢ < co. Notice
that we have changed the sign of the propagation speed from the one-way wave equation
(1.1.1) considered in most other chapters. The differential equation requires no boundary
condition, but the scheme requires a numerical boundary condition at x = 0. We will
examine in detail four boundary conditions for this scheme. This analysis will serve to
motivate the more general discussion of the next section.
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The first two boundary conditions are extrapolations to determine vy from values

of v’,}; for m positive, and the second two are one-sided difference approximations to the
differential equation. These boundary conditions are

v8+1 ZU?H + gt (11.2.2a)
v8+1 =" 4+ gl (11.2.2b)
v8+1 =v(r)l—1 +2ax (o —of) + g (11.2.2¢)
vt v+ an (] = o) + B, (11.2.2d)

where, again, the function B"T! is the result of subtracting solutions so that the initial
function is zero.

We begin by transforming scheme (11.2.1) via the Laplace transform in the time
variable to form the resolvent equation (see Exercise 11.1.3)

1
G—-)mzaumﬂ—a%g. (11.2.3)
Z

We wish to obtain solutions to the resolvent equation thatarein L2(hZ.) asfunctions
of x,,. The general solution to (11.2.3) is obtained as follows. Replacing ©,, by «™ for
m > 0, we obtain the equation

1 1
z——=aA<K——> (11.2.4)
Z K
for x as a function of z. Equation (11.2.4) has in general two roots «_(z) and «+(2),
which are continuous functions of z. The general solution of (11.2.3) is then given by

B = Ak_(2)" + Bics ()"

when «_ and x4 are distinct.

The first significant result is that for |z| > 1, one of the roots, which we denote by
k—(z), satisfies |k_(z)| < 1, and the other root, denoted by k4 (z), satisfies |ky(z)| >
1. In particular, this means that the two roots do not cross the unit circle for z larger
than 1 in magnitude. This result is a direct consequence of the stability of the scheme.
The general result is stated in Theorem 11.3.1. We could verify this result by directly
solving equation (11.2.4), essentially a quadratic in «, for the two roots x_ and k;. We
will, however, regard equation (11.2.4) as implicitly defining the two functions and avoid
explicitly determining «_(z) and x4 (z). As we will see, there are only a few facts we need
regarding these functions, and the information we need can be determined by avoiding the
algebra involved in explicitly computing «_(z) and k4 (z). We use this same approach on
more difficult problems in the next section.

Because we are interested only in those solutions of the resolvent equation that are in
L% (hZ,) when |z| > 1, the general form of 7, is

Um = A(@k—(2)™, (11.2.5)

where |k_(z)] <1 for |z] > 1.
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The coefficient A(z) is to be determined by the transform of the boundary function,
B(z). Substituting from (11.2.5) into the boundary conditions, we obtain

A@)[1 = k-] =B(2). (11.2.6a)

A@) [z — k- ()] =2B(2), (11.2.6b)
A@)k-a—ﬁ-hmu_@y-u}zqﬁm, (11.2.6¢)
A@){z — 1 —arlk_(z) — 11} =z (2) (11.2.6d)

for each of the boundary conditions (11.2.2a), (11.2.2b), (11.2.2¢), and (11.2.2d), respec-
tively.
The norm of the solution #,, in L>(hZ,) is given by

B> =h Y [in@P =hARIP ) k()"
m=0

m=0

=AQQ))? —.
|A(2)| @

In terms of the function v, the norm is

w/k h
lvll3 =/ |Ae™)[? .
k

——— dr,
-/ — |k_(e0)[?

where s = n + it. For simplicity, we use only the subscript / rather than both & and &
to denote the norm involving both x and t.
To obtain an estimate of the form

lvli? < CIBI - (11.2.7)

we must substitute the expression giving A(z) asafunctionof . For the first two boundary
conditions, i.e., (11.2.2a) and (11.2.2b), we have, from (11.2.2a) and (11.2.2b),

e 1B h
||v||%’h = / d (11.2.8a)

ok L=k (@O T— k(e “F

and

T 2PIBEe)? h
2
= dr, 11.2.8b
ol /_n/k e = @OP T= - @hP (25

respectively.

These equations show that we must obtain some lower bound on |1 —«_| for
(11.2.8a) and on |e’* —k_| for (11.2.8b). Because we choose 7 positive, we have
that |z| > 1 and, by Theorem 11.3.1, |k_(z)| < 1; therefore, neither of the expressions
|1 —k_(z)| or |z —«k_]| is zero, but, as k tends to zero, z —which is e*¥ —approaches
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arbitrarily close to the unit circle. Moreover, because x_(z) is a continuous, even analytic,
function of z, we can examine the behavior of x_(z) for k£ equal to 0, i.e., for |z| = 1.
The behavior for k positive but near to 0 can then be determined by methods such as Taylor
series.

This analysis reduces to checking for nontrivial solutions of the form (11.2.5), which
solve the homogeneous boundary condition. Thus we must check whether there is a «_(z)
such that

ARl —k—(2)]=0 (11.2.9a)

or
A@) [z —k-(2)]=0 (11.2.9b)

for the two boundary conditions (11.2.2a) and (11.2.2b), respectively.

To analyze boundary conditions (11.2.2a)—(11.2.2d), we first set « =1 in (11.2.4)
and we easily find that if ¥k = 1, then either z =1 or z = —1. Conversely, if z =1 or
z = —1, then k¥ =1 is aroot. This shows us that for z equal to 1, either x_(1) = 1 and
k4+(1) = —1, or, alternatively, x_(1) = —1 and x4 (1) = 1. To determine if the first of
these cases holds, i.e., if k_(1) =1, weconsider z =1+ ¢ andlet «k =1+ § for small
values of ¢ and 6. If for ¢ > 0 we find that § < O, then x_(1) is 1, but if instead for
& > 0 we find that § > 0, thenitis x4 (1) thatis 1 andso x_(1) is —1.

\‘1 -1 @:y
K,
z—»-1 z—»1

Figure 11.1. Behavior of k— and k4 as functions of z.

Substituting z=1+¢ and « = 14§ in (11.2.4), we obtain

z—l=28+0(82)=aA(K—l>=ak(28+0(52)).

Z K

Since aA is positive, we see that ¢ > 0 implies § > 0; thusitis «4 (1) thatis 1, and by
default x_(1) is —1, as represented in the right-hand image of Figure 11.1.
Similarly, for z = —(1 +¢) and x =1+ 4, we find

—26+0 () =ar (28 + 0(),
and ¢ > 0 implies § < 0. Thus «_(—1) =1 as depicted in the left-hand image of
Figure 11.1. Notice that for z near —1, wehavethat 1 —«x_(z) = —§ = O(¢) = O(Jz] —

1) = O(kn). Thus for boundary condition (11.2.2a) we have

11 —k_(2)| > enk, (11.2.10a)
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and this is the best possible estimate for the denominator of (11.2.8a), being achieved at
T ==n/k, ie., for z near —1.

For boundary condition (11.2.2b) we consider the quantity z — k_(z). To see if this
quantity can be zero or close to zero, we substitute x = z in (11.2.4), obtaining

o)
z——=arlz—-).
< <

Since aX isless than 1, this equation is satisfied only if z — 1/z is zero, i.e., only if z = 1
or z=—1. As we showed in the preceding analysis, x_(1) = —1 and x_(—1) = 1.
Therefore, it cannot be true that |z — k_(z)| is zero for |z| > 1. Hence there is a constant
¢, independent of k, such that

|z —Kk_(2)| = c. (11.2.10b)

From these estimates we see from (11.2.8a) and (11.2.8b) that the dependence of the
solution on the data is given by

1 w/k |,3|2h
z2 < d for (11.2.2 11.2.11
vl < 22 /_ﬂ/k e or ( a) ( a)
and
> o [™% IBIPh
vl <c ———dt for (11.2.2b). (11.2.11b)
' sk 1= -]

It remains to estimate the term A/(1 — |k— (Z)Iz) in the two expressions (11.2.11a)
and (11.2.11b). For general schemes, as we will show in Lemma 11.3.2, we have that

I —|k—(2)| = conk (11.2.12)

for some constant cp. We now show this for the particular case of the leapfrog scheme. We
set z = e** = ¢/" (1 4 nk 4+ O(nk)?) and consider two cases. Either |k_(z)| =1 for kn
equal to O or |[k_(z)| < 1 for kn equal to 0. We need to consider how |k_(z)| depends
on nk. In the first case set k_(z) = €'?(1 — §), and then, from equation (11.2.4),

2isint + 2nkcost + 0(17k)2 =ak [21’ sing + 25 cos ¢ + 0(82)] . (11.2.13)

We obtain that sint = aAsing, and so |sint| < al, from which we conclude that

|cost| > /1 — (a))2.

Thus we obtain for § from (11.2.13):
cos

T
s = Cownk + 0(k)* = V1 = (ar)? nk + O(nk)>.

For |sint| greater than aA, the value of |k_(z)| is strictly less than 1. Therefore, for n
positive and k in some range 0 < k < ko(n), it follows that (11.2.12) holds; thus, since
)\ is constant,

h h c

e @P S T— @] 7
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From (11.2.11a) we obtain the estimate

k—2
wﬁﬁsirmmh (11.2.14a)

for boundary condition (11.2.2a), where ¢* is some constant, and from (11.2.11b)

C*
wﬁﬁs;m@h (11.2.14b)

for boundary condition (11.2.2b), for some other value of c¢*.

Estimate (11.2.14b) is of the form of (11.2.7) and shows that boundary condition
(11.2.2b) is stable. However, because the estimate (11.2.10a) and, therefore, the estimate
(11.2.14a) are the best possible estimates, boundary condition (11.2.2a) is unstable. By
considering when the estimate (11.2.10) is achieved, we can choose v and S so that

2 -2 2
I2, = k21812,

For particular small data, i.e., |Bl|;,, we can have |v|,  arbitrarily large, and thus
boundary condition (11.2.2a) is unstable.

We complete this section by analyzing boundary conditions (11.2.2¢) and (11.2.2d).
We have that «_(z) is given by equation (11.2.4) for |z| > 1 and, as before, |k_(z)| < 1
for z outside the unit circle. Boundary condition (11.2.2¢), by (11.2.5), gives the equation

1=z =2ar(_ — 1) (11.2.9¢)

as the equation to be solved if there is to be a nontrivial solution to the homogeneous
boundary value problem. (The numbering of this last equation is chosen to show the
relationship to (11.2.9a) and (11.2.9b).) From (11.2.4) and (11.2.9¢) we obtain

z—1=2ak(/<_—1)=a)»</(_—i>.
Z K—
Since aA is not zero, we have that k_ = 1 is the only solution to this equation. We have
already determined from equation (11.2.4) that x_ isequal to 1 only when z is —1. We see
that z equal to —1 and «_ equal to 1 satisfies equation (11.2.9¢), and thus the boundary
condition (11.2.2¢) is unstable.

Boundary condition (11.2.2d) gives the equation

z—1=ak(k——1) (11.2.9d)

to be solved for a solution to the homogeneous initial-boundary value problem. Dividing
equation (11.2.4) by (11.2.9d), we obtain for z and x_ not equal to 1,
z+1  z—1/z  ark-—1/k_) k_+1
z z—1  ark_—=1) —  «k_

3

which implies that z equals k_. However, our analysis for boundary conditions (11.2.2a)
and (11.2.2b) showed that «_(1) is not equal to 1 when z is 1, noris k_(z) equal to z
for any other z. Thus there is no solution to (11.2.9d), and therefore boundary condition
(11.2.2d) is stable.
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Figure 11.2. Unstable boundary condition for the leapfrog scheme.

Example 11.2.1. The conclusions of this section are illustrated in plots of the solution of
the one-way wave equation computed with the leapfrog scheme and boundary condition
vnM+1 = 2vr1f4+—]1 - U;lwtlz’

which is similar to (11.2.2a) and is unstable; see Exercise 11.2.3. Figure 11.2 shows the
results of using the leapfrog scheme (11.2.1) with a equal to 1 on the interval [0, 1],
with the solution specified at the left-hand endpoint. The exact solution of the differential
equation is u(¢, x) = sin 2w (x + t). The solution of the finite difference scheme is plotted
with a line connecting the dots at the grid points, and the exact solution is plotted with a
solid line in the figure. The exact solution was also used to initialize the first time-step. The
value of A is 0.02 and A is 0.95. The upper left plot in Figure 11.2 shows the solution
for boundary condition (11.2.2a) at time 1.33. At this time, there is some inaccuracy near
the boundary opposite to that where the numerical boundary condition is applied. This is
evidence of the parasitic mode that propagates in the direction opposite of the true solution.
The upper right graph in Figure 11.2 shows the result of the computation at time 1.90. In
addition to the inaccuracy at the left boundary, there are small oscillations in the solution
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at the right boundary. In the lower plot in Figure 11.2, which shows the solution at time
2.47, it is seen that the solution using the unstable boundary condition has become very
oscillatory. Within a few more time steps the solution becomes much worse. Similar results
are shown in Figure 3.3 of Chapter 3.

By comparison, the use of the more accurate boundary condition (11.2.15b), which
is similar to (11.2.2b), will produce very accurate solutions (see Exercise 11.2.3). O

Exercises
11.2.1. Show that the leapfrog scheme (11.2.1) with the boundary condition

v6’+1(1 +ai) — akv'f“ — vy = gt

is stable.

11.2.2. Show that the leapfrog scheme (11.2.1) with the boundary condition
1 n+1 n+1 n ny __ ar n+1 n+1 n n n+1
E(v1 +uy = —vo)_?(v1 -, v =y + B

is stable.

11.2.3. Based on the results for (11.2.2a) and (11.2.2b), conclude that for the leapfrog
scheme the boundary condition

v8+1 _ ZU?—H _ U§+1 + IB"JFI (11.2.15a)
is unstable and that the boundary condition
U(r)l—H =2 — vg—l _|_'3"+1 (11.2.15b)

is stable.

11.2.4. Repeat the computations given in Example 11.2.1 and verify the results. Also use
the boundary condition (11.2.15b) and comment on the improvement this boundary
condition gives.

11.3 The General Analysis of Boundary Conditions

In this section we present the general method for checking the stability of boundary condi-
tions for finite difference schemes. These results were developed in the papers of Gustaffson,
Kreiss, and Sundstrom [26] and Osher [47], [48], and we will refer to them as the GKSO
theory. In these papers the method is developed for hyperbolic equations and systems,
but the method is applicable, with some minor changes, to more general time-dependent
equations. For simplicity we restrict our discussion to hyperbolic equations for now. See
the book by Gustaffson, Kreiss, and Oliger [25] for another presentation of this theory.
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We consider a scheme defined for all time and for x on the half-space Ry, with the
boundary at 0. Let the scheme be

Pi.hvy, = Rih fin- (11.3.1)

We assume the scheme is stable for the initial value problem and consistent with a hyperbolic
equation or system of partial differential equations. We also assume that there are no lower
order terms for the scheme, so that the restrictive von Neumann stability condition holds
for this scheme. The boundary conditions will be written

By nvy = B(tn). (11.3.2)

We assume that system (11.3.1) contains d equations and that each v}, is a vector of
dimension d. As discussed at the beginning of Section 11.1, we need consider only the
homogeneous version of (11.3.1). The definition of a stable finite difference scheme for a
hyperbolic initial-boundary value problem is one in which the following estimate holds:

vl + Wiy <Co G, + 181,

where the norms with double bars refer to functions defined for x in Ry and ¢ in R, and
the single-bar norms refer to functions of ¢ defined only on the boundary.

The general method begins by transforming in ¢ with the Laplace transform to give
the resolvent equation, which we will write as

P (2)m(2) = 0. (11.3.3)

The general solution of the resolvent equation (11.3.3) is obtained by considering particular
solutions of the form
Um(2) = A(D)k™,

where A(z) is a vector of dimension d. Substituting this form of solution in (11.3.3), we
obtain 3
Per@A@K™ =k~ Bz, ) A)™,

The matrix function p(z, k) is related to the symbol of Py as defined in Section 3.1 and
to the amplification polynomial defined in Section 4.2 by the relations

p(e®, ") = kpy n(s, &)

and ‘
p(g, €)= @(g,6).

We see that there will be solutions of the particular form only if
det(p(z, ) =0, (11.3.4)

where we regard this as an equation for « as a function of z. The vector A(z) is a null
vector of p(z, k). Our first important result is the following theorem.
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Theorem 11.3.1. [f scheme (11.3.1) is stable, then there are integers K_ and Ky such
that the roots, k(z), of equation (11.3.4) separate into two groups, one with K_ roots and
one with Ky roots. The group of roots denoted by k_ ,(z) satisfy

lk—v(@)| <1 for|z| >1,andv=1,...,K_,
and the group of roots denoted by k. ,(z) satisfy

lkyv(@)| >1 for|z| >1,andv=1,...,K;.

Proof.  The proof depends on the relations between p and the amplification poly-
nomial. If some « assumed the magnitude of 1 when the magnitude of z was larger than
1, then we may write k = ¢’ 9 for some real value of 6, and we have

®(z,0) = p(z,k) =0.

But if the scheme is stable, then z, regarded as a function of 6, must satisfy the von
Neumann condition, that is, |z| < 1. This contradiction shows that for |z| larger than 1,
the value of |k| cannot be 1. Thus the roots split into two groups, those less than 1 in
magnitude and those greater than 1 in magnitude. This proves the theorem. U

As an extension of Theorem 11.3.1 we prove the following lemma, which is important
in proving (11.2.12) for general schemes for hyperbolic equations.

Lemma 11.3.2. If «(2) is a root of the equation (11.3.4) with |k(z)| =1 for |z| =1,
then there is a constant C such that

|lc] = 1] > C(lz] = D).

Proof. The proof depends on the observation that the roots of the amplification
polynomial ®(g,0), which are on the unit circle, are simple and that « is an analytic
function of z. Moreover, since |k| isnot 1 for |z| larger than 1, it follows from the Taylor
series expansion of k as a function of z that the estimate of the lemma must hold for some
constant. [

By Theorem 11.3.1 K_ is independent of z, and we may write the general solution
in L?>(R,) of the resolvent equation as

K_
In(2) = Y _ ()AL (@™, (11.3.5)

v=1

in the case when all the «_ , are distinct. The vectors A, (z) are particular null vectors
of p(z,k—,) and the «, are arbitrary scalar coefficients. If the «_ , are not distinct,
then the preceding representation will have to be altered to account for the multiplicity of
the root. Since this occurs infrequently, we omit the details of the construction here (see
Example 11.3.2). Note that the functions «_ ,(z) are distinguished by the property that
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they are less than 1 in magnitude for z outside the unit circle, but they are also defined by
continuity for z on the unit circle. When z is on the unit circle, we must take some care
to distinguish between the functions «_ , and those functions «y , that may also have
magnitude 1.

Definition 11.3.1. An admissible solution to the resolvent equation is a solution that
is in L*(hZy) in the case when |z| is larger than 1, and, when |z| is equal to 1, an
admissible solution is the limit of admissible solutions with z greater than 1 in magnitude.
That is, v(z) is an admissible solution if |z| is larger than 1 and v(z) is in Lz(hz+);
or, if |z| isequalto 1, then

v(z) = lim v(z(1 4+ ¢)),
e—0+

where v(z(1 +¢€)) isin L>(hZ.) for each positive value of ¢.

Admissible solutions will have the form (11.3.5) when the roots «_ , are distinct. It
is easily seen that the set of admissible solutions is a vector space of dimension K_.

The number of boundary conditions necessary for stability must be precisely K_. If
we substitute expression (11.3.5) into the transformed boundary conditions, obtained from
(11.3.2) by applying the Laplace transform,

Bio(z) = B(2),

we obtain K_ equations forthe K_ coefficients «,,. Thisequation is of the form (11.1.10).
As discussed in Section 11.1, the coefficients «,(z) can be determined by these equations,
and the solution can be bounded independently of z only if there are no nontrivial solutions
to the homogeneous equation for z satisfying |z| > 1.

Thus the check for stability of the boundary conditions reduces to checking that there
are no admissible solutions to the resolvent equation that also satisfy the homogeneous
boundary conditions,

Bio(z) = 0. (11.3.6)

The basic result is given by the following theorem.

Theorem 11.3.3. The initial-boundary value problem for the stable scheme (11.3.1) for
a hyperbolic equation with boundary conditions (11.3.2) is stable if and only if there are
no nontrivial admissible solutions of the resolvent equation that satisfy the homogeneous
boundary conditions (11.3.6).

The proof of this theorem is not given here. In the generality given by Gustaffson,
Kreiss, and Sundstrom [26], it applies to schemes for hyperbolic equations with variable
coefficients and uses techniques beyond those of this text.

We also state the corresponding theorem for schemes for parabolic equations. We
restrict ourselves to the case when the finite difference scheme requires no numerical bound-
ary conditions, i.e., when the finite difference scheme requires as many boundary conditions
as does the differential equation.
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Theorem 11.3.4. [f the initial-boundary value problem for the stable scheme (11.3.1) to-
gether with boundary conditions (11.3.2) approximates a well-posed initial-boundary value
problem for a parabolic differential equation and the number of boundary conditions re-
quired by the scheme is equal to the number required by the differential equation, then the
initial-boundary value problem is stable if and only if there are no admissible solutions
of the resolvent equation that satisfy the homogeneous boundary conditions (11.3.6) for
|z| = 1 exceptfor z = 1.

The main difference between these theorems is that in Theorem 11.3.4, there is no
need to check for admissible solutions in the case when z is 1. The reason for this is that
the assumption that the differential problem is well-posed removes the need to check at z
equal to 1. There may be solutions to the resolvent equation with z equal to 1 and «_
on the unit circle, but these do not cause instability because of the well-posedness of the
initial-boundary value problem for the partial differential equation.

We now illustrate Theorems 11.3.3 and 11.3.4 by applying them to several schemes
and boundary conditions.

Example 11.3.1. Our first example is for the Crank—Nicolson scheme (3.1.3) for the one-
way wave equation and the quasi-characteristic extrapolation boundary condition (3.4.1),
or, equivalently, the scheme for u; = au,, with a positive, given by

ar .4 n+1+ak ntl _ ar ar
m

— g Umel T 2 Une1 = Zv,';“jtvz-Ivfnfl (11.3.7)

with boundary condition (11.2.2b).
Corresponding to equation (11.3.4) we obtain

z—1 ai 1
=—|le=-=). (11.3.8)
z+1 4 K

This equation is equivalent to a quadratic equation in « and we see that if «(z) is a root,
then so is —1/k(z). Thus, there is one root inside the unit circle and one outside, and by
Theorem 11.3.1 they remain separated for z outside the unit circle. Thus the functions
k—(z) and k4 (z) are well defined. An alternate way of deducing that K_ and K, are
both 1, one that can apply in more general cases (e.g., Example 11.3.2 and Exercise 11.3.5),
is to examine the roots for z near —1 where the left-hand side becomes infinite. If we set

z = —(1 4 &), then from (11.3.8) we have that one root satisfies
2 ah
- X —K
& 4

and is therefore inside the unit circle. Thus K_ and K, are both 1.



11.3 Analysis of Boundary Conditions 293

The boundary condition (11.3.6) resulting from the substitution v,, = ™ results in
the equation
z—k_(z) =0.

Since z is restricted to |z| > 1 and k— is restricted by |k_(z)| <1, the only way that
equation (11.3.8) can be satisfied is if z =k_(2) = ¢ for some real value of 6. Substi-
tuting this relation in equation (11.3.8), we obtain

i0
el—_l — @(619 — eiie)
el? +1 4
or
tan %9 = %ak sin @ = aA sin %6 cos %0.

This equation is satisfied if either sin %6 is zero or cos? %9 = (an)~ L

We first check the possibility that sin %9 is zero. This is equivalent to showing that
k—(1) is 1. Notice that for z equal to 1, thereis aroot « of (11.3.8) equal to 1, butitis must
be determined whether this rootis «_(1) or «4+(1). As done earlier in analyzing boundary
conditions (11.2.2a) and (11.2.2b) for the leapfrog scheme (see estimates (11.2.10a) and
(11.2.10b)), we set z =1+ ¢ and « = 1 + 5. We easily obtain from (11.3.8):

¢ 2, _ ar 2
2+0(€)— 2[5+0(5 )],

and thus we see that it is «4 (1) thatis 1, and not «_(1). Thus there is no difficulty with
the case when z is 1.
We next consider the situation with

cos® 16 = (ar) . (11.3.9)

We see immediately that if a) is less than 1, then the boundary condition is stable, since
this equation cannot be satisfied for real values of 6. For a)\ equal to 1, (11.3.9) holds
only for 6 equal to 0, and as we have already shown, this is not an admissible solution. If
al. is greater than 1, then we set

eiel—i—e
—¢

z= and K=ei9(1+5),

where we have chosen the form of z to facilitate the algebraic manipulations. Substituting
these expressions into (11.3.8), we obtain

.1 _l—igcot$6
itan —6

A ‘
— 2 06 = Llising + 8cosh — 5% + 0(8Y)],
2 l4istan 50 2

and hence to within O(g?) and O(8?),

e(l+ tan? %6) = S%a)» cosf.
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Thus, if cos @ is positive, then itis k4 (z) thatisequal to z, and if cos6 is negative, then
k—(z) isequal to z and the scheme with the boundary condition is unstable. The condition
that cos@ is negative is equivalent to the condition that cos?(6/2) is less than 1/2, and
so by (11.3.9) we see that the scheme is unstable for aX larger than 2. When aA is equal
to 2, then both «k_(z) and x4 (z) are equal to z, and thus this case is also unstable.

We conclude that the Crank—Nicolson scheme (11.3.7) with boundary condition
(11.2.2b) is stable for aX less than 2 and unstable if aA is greater than or equal
to2.0

Example 11.3.2. Our next example is for the (2, 4) leapfrog scheme

pitl =l n2 5
A =1 - —8)8u” 11.3.10
2k 6 ) m ( )
for u; = u, on x > 0. This is the same scheme as (4.1.7). Because this scheme involves
vy, and v; _, to compute vfn“, it requires two boundary conditions. This can also be

seen from the equation for the roots of p(z, k), which is equivalent to

() ()
z2—72 ==\k——)|8—=|k+—-)]|. (11.3.11)
6 K K

For z very large we see that there are two roots satisfying
A 2
Z ~ —(—K
6( )
so that K is 2. There are two roots satisfying
Ao
I~ —(k
6( )

so that K_ is 2, and this must be the number of boundary conditions. For our boundary
conditions at m equal to 0 and 1, we take the quasi-characteristic extrapolations

U8+1 _ 21):11 . vg—l (11.3.12a)
and
vilz+1 =2} — v;l—l' (11.3.12b)

Recall that the stability condition for scheme (11.3.10) is

. 1\"! 3\ ~1/2
)\<,\=(1+%) («/6—§> (11.3.13)

as shown in Example 4.1.2. (See (4.1.9).)
The general admissible solution to the resolvent equation for the scheme (11.3.10) is

Um = o1 (2)k—1(2)" + a2(2)k—2(2)" (11.3.14)
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when the two roots are not equal and is of the form
O = a(2)k_ 1(2)™ + o' (@)mr_ 1 (z)" " (11.3.15)

when «_ 1 equals k_ 7.
Applying the boundary conditions (11.3.12) to the solution (11.3.14), we obtain the
equations

[z— /c_’1(z)]2011 +[z- K—,z(Z)]2 =0

and ) )
(z = 1-1@) k-1 + (2 = k- 2(2)) " k- 202 = 0.

There will be a nontrivial solution to this system of equations for «; and oy only if the
determinant of the system is zero. The determinant is

(z—k-1)° (z—k-2)° ) )
det 5 5 =(z—k-1)7(2—k-2)"(k—2 —Kk_1).
(Z—k-1D%k-1 (T—Kk-2)K_12

Since we have assumed that the values of the «x_ are distinct, we see that the only way that
the determinant can vanish is when at least one of the two functions x_ | or x_ isequal
to z. We may assume that «_ j, which we will now denote as x_(z), is equal to z and,
as we have discussed before, this can only happen when both z and «_ are on the unit
circle, i.e., when z = k_(z) = ¢'? for some real value of 6. Substituting this relation in
(11.3.11), we see that several cases are possible. Either z =«x_ =1, z=k_ = —1, or

1=2[s L) = 2@ - cos
o1 il G | RECRE

which is equivalent to A and 6 being related by

3
COSG:4_X' (11.3.16)

It is not hard to show that the first two cases are not possible, i.e., that x_(1) # 1 and
k—(—1) # —1. This is left as an exercise (see Exercise 11.3.6). In the third case, the
scheme is unstable if the value of 6 is determined by (11.3.16). Since the scheme itself is
stable for 0 < A < A (see (11.3.13)), instability can only occur for 3/5 < A < X. Notice
that in this case, cos6 is negative. For A in this range we check on whether it is a x_
root, or a k4 root which is equal to z. As before, we set

z=6¢%1+¢) and k=€91+96)
and we obtain the equation for § from (11.3.11) as

5= 8§ 1 +4cos® —2cos? 6 + o)
A cosf
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Since cos6 is negative, we have that the root « will be inside the unit circle when z is
outside, i.e., § <0 when ¢ > 0, only when

1+ 4cosé —2c0s26 > 0.

This relation is true when |cosf| is greater than the value determined by making this
inequality an equality. This gives a quadratic equation, only one of whose roots has magni-
tude less than 1. When the value of cosf from this equation is set equal to the expression
(11.3.16) we have

3 3
cosp=1—,/—=4— —.
2 Ao
We conclude that the boundary condition for this scheme is stable when | cos 6| is greater
than | cosfy|, or, equivalently, when X is less than

M:(H%)l.

For A greater than Ag, the value of cos6 as given by (11.3.16) is greater in magnitude
than cos 8y, and the scheme with the boundary conditions (11.3.12) is unstable. As in
the previous cases, when A is equal to Ag, then two roots, one a k_ root and one a x4
root, are equal and equal to z. It remains to check that there are no additional admissible
solutions of the form (11.3.15) that satisfy the homogeneous boundary conditions. This is
left as an exercise (see Exercise 11.3.7). Thus the scheme is unstable for A equal to Ag.
We conclude that scheme (11.3.10) with boundary conditions (11.3.12) is stable only for

1\
)\<,\0=<1+— <
JE)

Since A9 A~ 0.7101 and A &~ 0.7287, the boundary conditions exclude a rather small range
of values for A.

Figure 11.3 displays the result of computations with the (2, 4) leapfrog scheme with
the boundary conditions (11.3.12) applied on the right-hand side. The exact solution, which
gives the initial condition and left boundary data, is

u(t,x) =sin(m(x —t))

and is displayed in the figure as the curve without dots. The top left part of the figure shows
the computation with # = 0.1 and A = 0.7 at time 14. Although the solution is not very
accurate, it is apparently stable. The top right part displays the computation with # = 0.1
and A = 0.72 at time 4.032. The solution is becoming quite poor due to the instability.
The lower part of the figure shows the computation with 4 = 0.025 and A = 0.7 at time
14 displaying that the solution is quite accurate for smaller values of & for this value
of . O
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Figure 11.3. Stable and unstable boundary conditions.

Example 11.3.3. We consider the heat equation (6.1.1) with the Neumann boundary con-
dition u, = 0 at x = 0. The scheme is the Crank—Nicolson scheme

n+1 n
U — Un

bu
= 7(Sz(vfnJrl + ),
and the boundary condition to implement the Neumann condition is

n+1 n+l n+1
3y —4v]T + v,
2h

=0.

The equation relating z and « is

z—1 1
=b -2+,
z+1 M<K +K>

and the boundary condition yields the relation

0=3—4k_+k2=(1—-k_)3—kK_).
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From the boundary condition, we see that the only possible solution is with «_ equal
to 1, and the relation between z and k implies that « is 1 only when z is 1. Since
the differential equation with the boundary condition is well-posed by Theorem 11.3.4,
there is nothing further to check. The finite difference equation and boundary condition
are stable. O

Exercises
11.3.1. Show that the scheme
St —dup ot vk — vl
2k N 2h
for the equation u; = u, on x > 0 with the boundary condition
=y vy
k T h
is stable only if 1 < 5/3. (See also (4.2.3) and Exercise 4.4.3.) Hint: The critical
values are
V1+400—-1D2 -1 20 =34+ /14400 —1)2
K_ = — and 7 =— .

11.3.2.

11.3.3.

11.3.4.

11.3.5.

2)
(See also Exercise 11.3.12.)

Show that the scheme
+ — +1 +1
3" 1L _ gy i1 v 1 — " 1

2k 2h
for the equation u;, = u, on x > 0 with the boundary condition

n+1 n n+1 n+1
Vo —Y% V1 Y

k h

is unconditionally stable.

Show for the Lax—Wendroff and Crank—Nicolson schemes for the one-way wave
equation u; + u, = 0 on x > 0, for which the data should be specified at x = 0,
that extrapolation of the solution given by either (11.2.2a) or (11.2.2b) is unstable.

Show that the Crank—Nicolson scheme discussed in Example 11.3.1 with boundary
condition (11.2.2a) is stable.

Show that the (2,4) Crank—Nicolson scheme

’ —1
k 6 2

for the equation u; = u, on x > 0 with the boundary condition

n+l _ . n
Vo =1V

is stable only for A < 2.
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11.3.6.

11.3.7.

11.3.8.

11.3.9.

11.3.10.

11.3.11.

11.3.12.

Show for the (2, 4) leapfrog scheme in Example 11.3.2 that «_(1) is not equal to
1 and «_(—1) isnotequal to —1.

Show for the (2, 4) leapfrog scheme in Example 11.3.2 that there are no admissible
solutions of the form (11.3.15) that satisfy the homogeneous boundary conditions.

Show that the Du Fort-Frankel scheme (6.3.6) for the heat equation (6.1.1) with

the boundary condition

n+1 n+1 n+l
3T — AT+,
2h

=0

is astable approximation to the heat equation with the Neumann boundary condition.

Show that when the Crank—Nicolson scheme for the heat equation (6.1.1) with the
Neumann boundary condition is approximated by the boundary condition

+1
5. (%) o

the initial-boundary value problem is unstable.

Show that the (4,4) scheme for u; —u, =0,

1

o N R o\ 5 2opt — v+ 2071 0.
4k 6 3

which was discussed in Example 4.3.3, is unstable with the boundary condition

n+1 __ n+l _ n+1 n+1
v, =3v 3uv, 7 vy

Hint: Show that k_(—1) = 1.

Show that the (4,4) scheme of Exercise 11.3.10 is stable with the boundary
condition

n+1 __ n n—1 n—2
vy = 3v) —3v2 +vy .

Demonstrate with a computer program the instability of the boundary condition
given in Exercise 1 using the data u(t, x) = |sin(x + ¢)| on the interval [0, 1]
for ¢t between 0 and 17, using A equal to 1.7, and the stability of the boundary
condition when A is 1.6 and ¢ between 0 and 16. Use grid spacings of 1/10,
1/20, and 1/40. The boundary condition at x equal to 1 should be that the exact
solution is specified.

11.3.13. Demonstrate the instability discussed in Example 11.3.2 with numerical compu-

tations.
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11.4 Initial-Boundary Value Problems for Partial
Differential Equations

In this section we present the method of determining if boundary conditions for initial-
boundary value problems are well-posed. We give illustrations of the method using several
examples, but we do not give complete proofs of the results.

We present the theory using as an example the parabolic equation

ur = b(uyy +uyy) + f(t,x,y) (11.4.1)

on the region {(¢,x,y) :f,y € R, x € R;}. At the boundary we consider the boundary
condition
uy +auy = B(t, y). (11.4.2)

We assume that the constants b and « are complex numbers and hence that # is acomplex-
valued function. By considering the real and imaginary parts of u, we can replace (11.4.1)
and (11.4.2) by an equivalent system of two equations involving two real-valued functions.
For (11.4.1) to be parabolic we must require that the real part of b be positive.

We begin our analysis by taking the Fourier transform in the variable y and the
Laplace transform in ¢. We obtain the equation

oy = (b s +oHa—b7 1 f (11.4.3)

for the transform (s, x, w) of u. The general solution of (11.4.3) that is in L2(R+) asa
function of x is

1 [® .
i =ig(s, w)e " + ﬂ/ T F(x, z, w) dz
* (11.4.4)

X

- —(x—2)k £ d
+2;<b A e f(s,z,0) dz,
where
k= (b""s —1—a)2)1/2 and Rex > 0.

Recall that the real part of s, i.e., 1, is positive.
The function #g(s, w) is determined by boundary condition (11.4.2), which, after
transforming, is
Uy +aioln = ,é(s, ).

Substituting (11.4.4) in this boundary condition, we have
1 o0 A A
(—k +iow) [ﬁo — 2—/ e f(s,z,w) dzi| = B(s, w). (11.4.5)
Kk Jo

This is a linear equation for the unknown o much like (11.1.10), where here the parameter
o varies over the set {(s,®) : Res > 0, w € R}. We see that we can solve for i1y only
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if the quantity —« + iaw is not zero. Moreover, we can get a uniform estimate for g in
terms of B only if —« 4+ ixw is bounded away from zero.
Let us now determine when —« + iaw is zero. This occurs when

Kk =+vbls+w? =iaw,

and since w can be either positive or negative, we lose no information if we square both
sides of this relation, obtaining

s = —b(a? + Do’
This equation can be satisfied for (s, w) with Re s > 0 and o real only if
Re b(e® +1) < 0.

If this is satisfied, then the solution to (11.4.5) cannot be uniformly bounded by the data
in this case. We conclude that the requirement for the boundary condition (11.4.2) to be
well-posed for equation (11.4.1) is

Re b(a®+1) > 0. (11.4.6)

There are several things we should point out about this example that apply to more
general problems. First, notice that the function f (¢, x, y) does not play a role in deciding
whether or not an estimate exists. Also, if condition (11.4.6) is satisfied, then an estimate
relating u to B and f can be obtained.

In general, for a partial differential equation of the form

ut:P(amay)u‘Ff(t,xv,Y) (]].4.7)
for x € Ry and y € RY with boundary conditions
Bu = f(t,y) (11.4.8)

on the boundary given by x equal to zero, the procedure to determine the well-posedness
of the boundary conditions is as follows.
First, consider the resolvent equation

[s — P(dx, iw)]lu =0, (11.4.9)
which is an ordinary differential equation for # as a function of x. The parameter s is
restricted so that Re s > 0 and @ € R?. The boundary condition for @ is

Bi = 0. (11.4.10)

Both the resolvent equation (11.4.9) and the boundary condition (11.4.10) are obtained by
applying the Laplace transform in ¢ and the Fourier transform in y to the homogeneous
equation corresponding to (11.4.7) and the homogeneous boundary conditions (11.4.8).

Definition 11.4.1. An admissible solution to the resolvent equation (11.4.9) is a solution
thatisin LZ(R+) as afunctionin x inthe case when Re s is positive, and, when Re s = 0,
an admissible solution is the limit of admissible solutions with Re s positive. That is,
u(s, x, ) is an admissible solution if Re s is positive and (s, x, w) is in L2(R+). Oy,
if Re s isequalto O, then

(s, x,w) = lim u(s + ¢, x, w),
e—>0+

where Ui(s + €, x, w) is an admissible solution for each positive value of €.
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Theorem 11.4.1. The initial-boundary value problem for differential equation (11.4.7) with
boundary condition (11.4.8) is well-posed if and only if there are no nontrivial admissible
solutions to the resolvent equation (11.4.9) that satisfy the homogeneous boundary condition

(11.4.10).

Theorem 11.4.1 deals with the strongest notion of a well-posed initial-boundary value
problem. The estimates that characterize the well-posedness involve estimates of the so-
lution in the interior of the domain and also L? estimates of the solution on the boundary
in terms of L? estimates of the boundary data. For the proof of Theorem 11.4.1, see [9],
[25], or [34].

If we modify the requirement to allow other norms of the solution and data on the
boundary, then some initial-boundary value problems that are ill-posed under Theorem
11.4.1 are well-posed in a weaker sense. This weaker form of the well-posed estimate
occurs frequently for hyperbolic systems. Based on the work of Kreiss [34] and [35], we
have the following theorem.

Theorem 11.4.2. If a nontrivial admissible solution i(sg, x, wg) to the hyperbolic system
(11.4.9)with Re so = 0 and |so|2 + a)(2) # 0 satisfies the homogeneous boundary condition
(11.4.10) but there is a constant ¢ such that

I Bit(so + €, 0, wo) || = cv/ellit(s0, 0, w) ||

for ¢ sufficiently small and positive and there are no nontrivial admissible solutions with
Re s > 0 satisfying the homogeneous boundary conditions, then the initial-boundary value
problem is weakly well-posed.

The following example illustrates the use of the two theorems.

Example 11.4.1. We consider the hyperbolic system

1 1 1
" =1 0) (u 0 1)\ (u
<u2),_( 0 1)(”2)x+(1 0>(u2) (11.4.11)
y
on the domain R4 x R, with boundary condition

u' +au® = B, y) (11.4.12)

on x =0.
The resolvent equation is equivalent to

'\ = iw) (a!
w? . \—io s n?

and the general admissible solution is

il —iw \ _ix
(#)_a(,{_s)e , (11.4.13)
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where « = /52 + w2, with the convention that Re « > 0.
Substituting the admissible solution (11.4.13) into the homogeneous boundary con-
dition, we have
[—iw + alk —s)]a =0,

which has a nontrivial solution for « only if

iw=alk —5) :a(\/sz—i—a)z—s). (11.4.14)

If there is a solutionto (11.4.14) with @ € R and Re s > 0, then the initial-boundary
value problem consisting of the equation (11.4.11) and boundary condition (11.4.12) is ill-
posed; otherwise it is well-posed.

To examine (11.4.14), set s equal to ¢|w| and obtain, after dividing by |w]|,

ih:aCM2+1—§>
or, after multiplying by /¢2 + 1+ ¢,

2+ 1+¢ = Zia. (11.4.15)

The mapping taking ¢ to w =+/¢2+ 1+ ¢ maps the plane given by Re ¢ > 0
onto the domain D ={w :Rew >0 and |w]| > 1}. Therefore, there is a solution to
(11.4.15) with Re ¢ nonnegative if and only if |a| > 1. Conversely, there is no solution
to (11.4.15) with Re ¢ nonnegative if |a| is less than 1.

We conclude that the initial-boundary value problem for (11.4.11) with the boundary
condition (11.4.12) is well-posed in the strong sense only if |a| is less than 1.

If a is 1 or —1, then the initial-boundary value problem is well-posed in the weaker
sense, as we now show. For a equal to 1, we have an admissible solution satisfying the
homogeneous boundary condition when (so, wg) is equal to (i, —1) by (11.4.14). All
other solutions are proportional to this solution. In this case, we have from (11.4.13) that

. i _
Mm+&mwm=a< )e”,

K—I—¢

where « = ((i + )2 +1)"/* = V/2ig + 0(e). Notice that [lu(so, 0, wp)|| = ~/2|t]. Sub-
stituting this function in the boundary condition with a equal to 1, we have by (11.4.12)
that

i+ 0% = Jalli +x —i — ¢

= lallc — &| = |e|[v2e + 0(e)].

By Theorem 11.4.2 boundary condition (11.4.12) with a =1 is well-posed in the weaker
sense; a similar analysis holds for a equalto —1. O
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Example 11.4.2. For our second example we use the system

u; +auy +buy +hy =0,
v +avy +bvy +hy =0, (11.4.16)
hy +ahy 4+ bhy 4+ ux + vy, =0,
which is obtained by linearizing the shallow water equations around a constant flow;
see [46].
We consider this system on the domain {(x,y): x >0, y € R} and consider the
case when the coefficient a satisfies 0 < a < 1. The resolvent equation for this system

can be written as .
aliy +hy + s =0,

avy +5'0+iwh =0, (11.4.17)
ahy + fiy +iwd + s'h =0,

where s’ = s + ibw. We first determine « so that there are solutions to (11.4.17) of the

form . .
u uo(s, w)
(l:)> - (QO(S’O))> e_KX
h ho(s, w)

with the real part of « being positive. The equation for « is

s —ax 0 —K
0 :det( 0 s' —ak iw )

—K iw s’ —ak

= (s' —an)((s' — an)* + 0* — k?).

Thus the values of « with real part positive are
ko=a's' and ki = (—as’ +Vs?+ (1 —a)w?)/(1—a*) .  (11.4.18)

These two roots are distinct as long as s” is not equal to |aw|.
The general form of an admissible solution when x(p and «; are not equal is

i iw K1
(i;) = Ay <K0> e 0% 1 A ( —iw ) e X, (11.4.19)
h 0 st —aK;

Since there are two values of « that have positive real parts, there must be two
boundary conditions. For this example we consider the case where both # and v are
specified. The homogeneous boundary condition corresponding to thisis # =0 and v =0
at x equal to 0.

From (11.4.19) we obtain that the homogeneous boundary condition are satisfied only
if the equations

Agiw + A1k =0,

Agkg — A1iw =0
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are satisfied. There is a nontrivial solution for Ag and A; only if
K1Ko = 2,
which is equivalent to
s'(—as’ +V/s? 4+ (1 —a®)w?) =a(l — at)w?.
Rearranging this last equation we have
s'Vs2+ (1 — a?)w? = a[s/2 +(1 - az)w2].

This relation is satisfied either if 52 + (1 — a®)w? is zero or if

s =a*[s” + (1 — aH)o?]. (11.4.20)

The expression 5’2 + (1 — a®)w? is zero when s’ is +i(1 —a®)!/?

this possibility first.

w. We will consider

Since for this case we have an admissible solution that satisfies the homogeneous
boundary condition, the initial-boundary value problem is not well-posed in the stronger
sense of Theorem 11.4.2. We now show that it is well-posed in the weaker sense of Theorem
11.4.2. We take sy =i(1 — a®)!/? and wy = 1; the other possibilities are equivalent.

We have for this choice of (sg, wg) that the admissible solution satisfying the homo-

geneous boundary condition is

iwg K1
a ( Ko )e""x + (1 —a®H)'/? < —iwyg )e"‘x.
0 80 — aK|

Note that kg = ia~'(1 —a®)'/? and x| = —ia(l — a®)~1/2,
Replacing s by s, + & and wp by 1in (11.4.18) we have

Ko = ia_l(l — a2)1/2 +ale

and

k1 = —ia(l —a>)™ 2+ V2ie(1 —a®>)3* + 0(e).

The boundary condition for the admissible solution at (s, w) equal to (s(’) + €, wp) is

<12(s6 +¢,0, wo)) (aiwo + (1 — a2k )
u _

sy +€0,m0) ) \akg — (1 —a®)iay

&

_ («/21'8(1 — a4 0(s)>

zﬁ(@(l —a)H* + 0(Jfe)

JE

)
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The norm of the vector (&, 0, h)T therefore satisfies the condition of Theorem 11.4.2,
and so this boundary condition is well-posed in the weak sense, except that we must still
check the admissible solutions for (11.4.20).

Rearranging (11.4.20), we see that it is satisfied only when s’ is equal to |aw|.
(Recall that Re s is nonnegative.) For these values of s’ and w, the values of ko and k|
are equal, as noted before. Thus the admissible solutions are not of the form (11.4.13) but

rather .
u 0 iw
<1§> = By < -1 ) e " + (By + xBy) ( K )e“,
h ioca 0

where o = sign(w) and « = |w|. Itis easy to check that the only admissible solution with
7 and v equal to zero is the trivial solution, i.e., with By and B; equal to zero.

We conclude that the boundary condition specifying both # and v for the system
(11.4.11) is well-posed in the weak sense. O

Exercises
11.4.1. Show that the initial-boundary value problem for the system
Up = Uyy + Uyy + Vyy,
Vr = Uxx + Vyy
for x > 0, y € R with boundary conditions
ux +crvy = B,
vy +couy = B
at x = 0 is well-posed if and only if

ey —3) < 1.

11.4.2. Show that the boundary condition for system (11.4.16) where u +a~'h and v are
specified at x = 0 is well-posed when 0 < a < 1. Show that specifying # and
h is an ill-posed boundary condition.

11.4.3. For the system (11.4.16) when —1 < a < 0, show that one boundary condition is
needed and that specifying & is well-posed and specifying v is ill-posed.

11.4.4. Verify for a parabolic system of the form (6.2.1) that the boundary condition of the
form (6.2.4) is well-posed if and only if the matrix 7' givenin (6.2.5) is nonsingular.

11.4.5. Consider the parabolic system
Uy = Uxx + VUxx,
Ur = Uxx
on x >0, —0o < t < 0o, with the boundary conditions
uy + ave = Bi(0),
bu + v = Bo).
Using both the method discussed in Exercise 11.4.4 and the method discussed in
this section, show that this initial-boundary value problem is ill-posed if and only

if b (a — %) = 1. Demonstrate this behavior with a computer program.
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11.4.6. Show for the hyperbolic system (1.2.2) with 0 < a < b that the boundary condi-
tions
coru + copv = Bo(t) atx =0,
cniu +cpv=p1(t) atx=1

are well-posed if and only if they are equivalent to (1.2.4).

11.5 The Matrix Method for Analyzing Stability

Another method that is frequently used to analyze stability of finite difference schemes is
the matrix method. The method considers the total initial-boundary value problem together,
not separating the initial value problem from the boundary conditions as we have done in
Sections 11.2 and 11.3. Because of this it is more difficult to make conclusions about the
results of the matrix method. We introduce the method with an example.

Example 11.5.1. We illustrate the matrix method and its deficiencies by applying it to
the forward-time backward-space scheme (1.3.2) for the one-way wave equation (1.1.1)
on the unit interval. We assume the characteristic speed a is positive and hence that vy
is specified. Considering the unknowns v}, for m from 1 to M as the components of a
vector V", we can write the scheme as

vl = cv" 4+ p", (11.5.1)

where the matrix C has the form

1 —ah 0 0
ai 1—ai 0
ai 1—ar O

ar 1—ak 0
0 ar 1 —ax
and b" = (arvg, O, ..., 0)’. The solution of this equation can be written as
n . .
vi=cvi4 Y il
j=0
The superscript on V and b is the index for the time level, whereas the superscript on

C indicates the multiplicative power. If A is a constant and the matrix norms ||C/| are
bounded uniformily for 0 < nk < T, we obtain

n
RV < Cr [ RIVOL+EY VI |
j=0
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where |V = (Zﬁ;’:l |vm|2>1/2 and VOJ is the boundary data at m = 0. This is precisely
the estimate we need to demonstrate the stability of the initial-boundary value problem,
analogous to (1.5.1) with the addition of the boundary data. Moreover, it is not difficult to
see that the boundedness of ||C"|| for 0 < nk < T is necessary and sufficient to obtain
the preceding estimate. We will show that the powers of the matrix C are bounded for 0 <
a) < 1, which agrees with our earlier results that the scheme, together with this boundary
condition, are stable. To do this we first obtain relations between several matrix norms.
The reader may wish to consult Appendix A for the definitions of the norms.

Lemma 11.5.1. Fora M x M matrix A,

1
— Al < Al2 < (1Al lIAlle) ',
i 00

Proof. 'We prove the right inequality first. It is easy to show that
p(B) = |IBI

for any norm; therefore,

Al = p(A*A) < ||A*Al|,
IA* |11 1Al

[Allco 1ALl

A

For the left inequality we use the fact that |v]|; < +/M]|v|2 by the Cauchy—Schwarz
inequality; also, if ||v]l2 < 1, then ||v]]> < ||v]l;. Hence, by the definition of the norms,

[All2= sup [[Avl2 = sup [Av]2

llvlla<1 lvli=<1

1 1
> —= sup [Av|y = T Al O

VM =1

We now consider the matrices C". The element of C" on the jth lower diagonal is
(".) (1= ar)" (@n),
J

where we take (;’) equal to zero if j is greater than n. Thus, by Proposition A.1.6,

M

I =" (’;>|1 — an"Ilanl!

j=1
< (Il —ai|+ larD)",
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where we have equality only if n is less than or equal to M. Lemma 11.5.1 gives us

1 n n
—= (1 —ar| +lar])" = [C"||2
M

T

for n < M and, since we also have ||C"|s = ||C"|1,
IC*l2 < (|1 —ak| + larD"

forall n. If |aA| is a constant, these two inequalities show that a necessary and sufficient
condition for the stability of the finite difference initial value problem is that 0 < aA <1,
which agrees with the GKSO method given in Section 11.3. O

Although the matrix method incorporates both the initial conditions and the boundary
conditions into its analysis, this advantage is offset by the difficulty of analyzing, in general,
matrices such as C and proving the estimates on its powers. This arises because the order
of the matrix increases as & decreases and yet the estimates must be independent of /.

A common misuse of the matrix method is to determine the conditions on C such
that C" tends to zero or is bounded as n increases without bound and to regard this as
the finite difference stability condition. It is a well-known theorem of matrix analysis that
powers of C ultimately tend to zero if and only if the eigenvalues of C have modulus less
than 1 (see Exercise A.2.12 in Appendix A). Also, C" is bounded if the eigenvalues of C
are at most 1 in magnitude and those eigenvalues of magnitude 1 are semisimple; i.e., they
correspond to trivial Jordan blocks. For the particular example we have been considering,
the matrices C” tend to O if

[1 —ar| <1

and the matrices are bounded if we allow, in addition, that al = 0. Thus the condition
0 <ar < 2

is the necessary and sufficient condition that ||C"| is bounded independent of n. The
explanation of the discrepancy between this result and the CFL condition is that for ai
larger than 1 but less than 2, the norms of C" will increase initially and then ultimately
decay; however, there is no bound on C” that is independent of M, which is equivalent
to a bound independent of k or A.

Another difficulty with the matrix method is that if we determine by this method that a
scheme with boundary conditions is unstable, there is no easy way of determining whether
the instability is due to the scheme itself or to the boundary conditions. Von Neumann
analysis determines the stability of the scheme alone and is easier to perform than the
matrix method. Although the GKSO analysis of Section 11.3 for the boundary conditions
can be somewhat difficult, it is usually easier than the matrix method. Thus the separation
of the stability analysis into the consideration of the two parts by themselves is, in general,
easier and more informative than is the matrix method.

The analysis for Example (11.5.1) works because matrix C satisfies ||C||; =1 for
0 < ai <1, whichis related to all the coefficients of the scheme being positive. By Theo-
rem 3.1.4 the matrix method will have ||C||; greater than 1 for any scheme for hyperbolic
equations that is more than first-order accurate; see Exercise 11.5.2. This means that the
matrix method is more difficult to apply for higher order schemes.
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Exercises

11.5.1.

11.5.2.

11.5.3.

11.5.4.

Using the method of Section 11.3, show that the forward-time backward-space
scheme for the one-way wave equation (1.1.1) on the unit interval is stable with the
solution specified at the left endpoint and the scheme being applied up to the right
endpoint.

Use Theorem 3.1.4 to show that for any scheme for hyperbolic equations that is
more than first-order accurate, other than the trivial cases given in the theorem,
matrix C, asin (11.5.1), satisfies ||C||; > 1.

Determine conditions under which a matrix of the form

0 B 0
a 0 B
a 0 B

oz' 0. B
0 B
0 a—pB 28

satisfies ||C||1 < 1. Apply this result to the stability of the Lax—Friedrichs scheme
(1.3.5) for the one-way wave equation on the unit interval with the solution specified
at the left endpoint and the quasi-characteristic extrapolation (3.4.1) at the right
endpoint.

S

Show by using the matrix method that the forward-time central-space scheme for the
heat equation (6.1.1) with the Neumann condition approximated by (6.3.8) is stable
for by < 1/2. Also show that this scheme with the Dirichlet boundary condition,
where the solution is specified at the endpoints, is stable for b < 1/2.



Chapter 12

Elliptic Partial Differential
Equations and Difference
Schemes

This chapter is the first of three chapters dealing with elliptic partial differential equations
and finite difference schemes. We start with a survey of important properties of elliptic
equations and the effects caused by boundary conditions. Then we show that finite difference
schemes have properties analogous to those of the differential equations. The following
two chapters are devoted to methods for obtaining the solution of the finite difference
schemes.

12.1 Overview of Elliptic Partial Differential Equations

The archetypal elliptic equation in two spatial dimensions is Poisson’s equation

Uyx +Uyy = f(x,) (12.1.1)

in a domain  as illustrated in Figure 12.1. The Laplacian operator is the operator on the
left-hand side of (12.1.1), and we will denote it by V2, ie.,

2O 9
0x2 9y’
In polar coordinates the Laplacian is given by the formula
N A N 1 8%u
Uu=-—\r— - —.
ar r2 962
The homogeneous equation corresponding to (12.1.1) is called Laplace’s equation, i.e.,

Viu =0. (12.1.2)

The solutions of Laplace’s equation are called harmonic functions and are intimately con-
nected with the area of mathematics called complex analysis (see Ahlfors [2]).

To determine completely the solution of (12.1.1) it is necessary to specify a boundary
condition on the solution. Two common boundary conditions for (12.1.1) are the Dirichlet
condition, in which the values of the solution are specified on the boundary, i.e.,

u=>by ondQ, (12.1.3)

311
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Figure 12.1

and the Neumann condition, in which the values of the normal derivative are specified on
the boundary, i.e.,

ou

on
where 02 refers to the boundary of 2. Only one boundary condition can be specified at
each point of the boundary, perhaps with (12.1.3) specified on one portion of the bound-
ary and (12.1.4) specified on the remaining portion. Elliptic partial differential equations
together with boundary conditions are called boundary value problems.

To gain a physically intuitive understanding of (12.1.1), we may regard it as describing
the steady-state temperature distribution of an object occupying the domain 2. The solu-
tion u(x, y) would represent the steady temperature of the domain 2 with heat sources and
sinks given by f(x, y). The Dirichlet boundary condition (12.1.3) would represent spec-
ified temperatures on the boundary and the Neumann boundary condition (12.1.4) would
represent a specified heat flux. In particular, the Neumann boundary condition (12.1.4) with
b equal to zero would represent a perfectly insulated boundary.

An important observation concerning (12.1.1) with the Neumann condition (12.1.4)
specified on the boundary is that for a solution to exist, the data must satisfy the constraint

// fz/ by. (12.1.5)
Q 02

If the data do not satisfy this constraint, then there is no solution. This relationship is called
an integrability condition and is easily proved by the divergence theorem as follows. We
have, from equation (12.1.1), the divergence theorem, and (12.1.4), that

flo=lfee s L

The vector 7 is the outer unit normal vector to the boundary 9$2. The integrability condition
(12.1.5) has the physical interpretation that the heat sources in the region must balance with
the heat flux on the boundary for a steady temperature to exist. Also, the solution to
(12.1.1) with (12.1.4) is determined only up to an arbitrary constant. This has the physical

=b, on 9Q, (12.1.4)
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interpretation that the average temperature of a body cannot be determined from the heat
fluxes on the boundary and heat sources and sinks alone.

Although Poisson’s equation (12.1.1) is the most common elliptic equation, there are
many other elliptic equations that occur in applications. We now define elliptic equations
more generally.

Definition 12.1.1. The general (quasi-linear) second-order elliptic equation in two di-
mensions is an equation that may be written as

a(x, Yuxx +2b(x, y)uxy + c(x, Yuyy +d(x, y, u, ux, uy) = f(x,y) (12.1.6)

where a,c > 0 and b* < ac.

Notice that the definition requires that the quadratic form

a(x, Y)E2 4 2b(x, y)En + c(x, y)n?

be positive for all nonzero values of (£, n) for all values of (x, y) in Q.

Other Elliptic Equations

We shall be primarily concerned with second-order elliptic equations, but there are elliptic
equations of any even order. In addition, elliptic equations in three dimensions are very
important in many applications. The biharmonic equation in two space dimensions is

Vi = VE(V2U) = thyxnx + 2Uxryy + yyyy = f- (12.1.7)

There are also elliptic systems such as the Cauchy—Riemann equations

we = vy =0, (12.1.8)
uy +v, =0
and the steady Stokes equations
Viu— pe = fi,
Vi —py = fo, (12.1.9)
uy +vy, =0.

The steady Stokes equations describe the steady motion of an incompressible highly
viscous fluid. The velocity field is given by the velocity components (u, v), and the
function p gives the pressure field. The biharmonic equation (12.1.7) is used to describe
the vertical displacement of a flexible, thin, nearly horizontal plate, subjected to small
vertical displacements and stresses on the boundary.
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The essential property of these equations and systems is that the solutions are more
differentiable than the data. For example, the solution, u, of (12.1.1) has two more deriva-
tives than does f. Similarly, the solution, u, to the biharmonic equation (12.1.7) has four
more derivatives than does the function f. In particular, the solutions to Laplace’s equa-
tion (12.1.2) and the Cauchy—Riemann equations (12.1.8) are infinitely differentiable. This
property—that the solution is more differentiable than the data and that this gain in differ-
entiability of the solution is equal to the order of the differential operator—characterizes an
equation or system of equations as elliptic. (For systems such as (12.1.9) some care has to be
taken in appropriately defining the order; see Douglis and Nirenberg [14].) The ellipticity
of an equation is often expressed in terms of regularity estimates, as we demonstrate in the
next section.

As will be shown in the discussion of regularity estimates, the ellipticity of a single
equation depends on the nonvanishing of the symbol of the differential operator. More
precisely, if P is a differential operator of order 2m, then the operator is elliptic if there
is a constant co such that the symbol of P, denoted by p(x, &), satisfies

Ip(x, £)] = col€*" (12.1.10)

for values of |&| sufficiently large. The symbol of a differential operator is defined as in
Definition 3.1.4, but for elliptic equations the factor of ¢*' is not required, since elliptic
equations do not depend on time.

We point out that equations such as

Uyy —Uyy =0

do not have the property that its solutions are more differentiable than the data. This equation
is the wave equation, discussed in Chapter 8, and it has discontinuous functions in its class
of solutions. It does not satisfy the ellipticity requirement (12.1.10).

Exercises

12.1.1. Verify that if (u, v) is a solution of the Cauchy—Riemann equations (12.1.8), then
u and v also satisfy Laplace’s equation (12.1.2).

12.1.2. Show that second-order elliptic equations according to Definition 12.1.1 satisfy the
condition (12.1.10).

12.1.3. Show that the biharmonic operator in (12.1.7) satisfies the condition (12.1.10).

12.1.4. Show that the elliptic equation with constant coefficients auyy + 2buyy + cuyy +
diuyx + douy + eu = f can be transformed to an equation of the form

Veg + gy +yv = g(&, ),

where y is 1 or —1, using a linear change of coordinates, i.e., (§,n) = (x, y)M
for some matrix M, and where

v(E, n) = Au(x, y)e*s TP

for some constants A, «, and S.
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12.2 Regularity Estimates for Elliptic Equations

In this section we prove estimates that show how the smoothness of the solutions of el-
liptic equations depends on the data. We prove these estimates only for equations with
constant coefficients; similar estimates hold for equations with variable coefficients but the
techniques used to prove these estimates are beyond this text. We begin with the constant
coefficient equation

AUyy + 2buyy + cuyy + diuy + douy +eu = f (12.2.1)

for (x,y) € R?, and we study this equation using the Fourier transform. We have the
Fourier transform of the solution

1 e
a6 = 5o [ [ TGy dr ay
2 R2
and the Fourier inversion formula
1 i )
u(x,y) = >— / / ¢ IDRi(E), &) dEr db
2 R2
as given in Section 2.1. There is also Parseval’s relation,

ff e, ) dx dy=ff &1, &) &) dés.
R? R?

Also note that for nonnegative integers r and s,

ar+s 2
// ——u(x,y)| dxdy= // | &] & a(51. &) dE) d&
R2 | 0x"0y*$ R2
(12.2.2)
< [ @+errie or e
Applying the transform to (12.2.1), we obtain
(&t +2b&1&2 + &5 — id\&1 — idaky — o)fi = — f
or R
i1, &) = —/ L&) (12.2.3)

aEl +2bE1E) + &} —idi&) — idaEr — e

By the requirements that b> < ac and a and c be positive, according to Definition

12.1.1, we have
agl + 2b&1& + &5 > co(E] + £3) (12.2.4)

for some constant ¢, and hence when |£|> = 512 + 522 > Cg for some value Cy,

lag] + 2b&1&y + c£3 — idiE) — idoky — e| > c1(E} + £3) (12.2.5)
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for some positive constant c¢j. Therefore, from (12.2.3) there is a constant C; such that

FGRD]

n(&€q, <C
i (&1, &) < Cy @162

for 512 + 522 > Cg. Then by Parseval’s relation and (12.2.2),
ffR |3 32u(x, y)|? dx dy = ffR &' &% a6, &)1 dEy dE

N //|;| o 618" £2)I b1 dér + &' &%01(51., &)1 dE) d&

[&]1>Co

< / / ENER A, ) dEy dEs
[£]1=<Co
+Ct f fs . L+ EHTT2 f (&1, 82) 7 dE dEy
>Co
=i [ [ i e e de

+Ci / /R L+ E)T f 6 ) db db.
If we use the norms defined by

2 51 8 2
Il =Y [958l

S1+$2=<s

(see Section 2.1), then the preceding estimate leads to
lully 1y < CoClFIZ + Nuld)- (12.2.6)

Estimate (12.2.6) is called a regularity estimate. It states that if a solution to (12.2.1)
existsin L2, i.e.,if |jullo is finite and the function f has all derivatives of order through
s in L2(R?), then the function u has s + 2 derivatives in L%(R2).

Notice that the relation (12.2.4) is essential to proving the regularity estimate (12.2.6).
A curve on which a“g‘lz + 2b&1& + cézz is constant is an ellipse in the (&1, &) plane. This
is the historical reason for the name elliptic, although now the name is applied to more
general equations. (See the discussion of the origin of the names hyperbolic and parabolic
in Section 8.1.)

The property that characterizes an elliptic equation is that the solution of the equation
is more differentiable than the data and that the increase in differentiability of the solution
is equal to the order of the equation. For a second-order equation the property of ellipticity
is expressed by the regularity estimate (12.2.6). The biharmonic equation and other fourth-
order elliptic equations satisfy analogous estimates, showing that the solution has derivatives
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of order 4 more than the data (see Exercise 12.2.2). Elliptic systems, such as the Stokes
equations, satisfy regularity estimates, but the concept of order must be generalized; see
Douglis and Nirenberg [14].

If equation (12.2.1) holds on a bounded domain € in R2, we can easily obtain an
interior regularity estimate on a subdomain €2; whose boundary is contained in the interior
of Q. The interior regularity estimate is

20,6, = Cs(@. 20 (IfI2.q + luld g)- (12.2.7)

This has the same interpretation as (12.2.6), but it gives estimates only in the interior of the
domain. Norms such as || f||s.q are defined as in Section 2.1 for integer values of s, but
the integration is only over the domain 2.

The estimates (12.2.6) and (12.2.7) also hold if the coefficients of (12.2.1) are func-
tions of (x, y), aslong as a constant ¢g can be found so that (12.2.4) holds for all (x, y).
More sophisticated techniques than those used here must be employed to obtain the esti-
mates when the coefficients are variable. The theory of pseudodifferential operators has
been developed to extend the techniques used here to the situation when the coefficients
are not constant; see, for example, Taylor [61].

Exercises
12.2.1. Prove relation (12.2.4) for equation (12.2.1) from Definition 12.1.1.
12.2.2. For a fourth-order elliptic equation of the form

AUxxxx + 2bUxyyy + Cliyyyy = f

with a and ¢ positive and with b > —./ac, prove the regularity estimate
lulls+4 = Cs (L Sflls + lullo) -

12.2.3. Prove (12.2.7) by considering the function ¢u, where ¢ (x, y) is a smooth cutoff
function such that ¢ is 1 on €21 and 0 onthe boundary of 2. Hint: The function
¢u can be extended to all R? by setting it to zero off of Q and ¢u satisfies a
differential equation similar to (12.2.1), but where the right-hand side depends on
u and its first derivatives.

12.3 Maximum Principles

Maximum principles are a very useful set of tools for the study of second-order elliptic
equations. The usefulness of maximum principles is restricted to second-order equations
because the second derivatives of a function give information on the function at extrema.
The next two theorems are expressions of maximum principles.

Theorem 12.3.1. Let L be a second-order elliptic operator defined by L¢ = apyy +
2bgpyy + coyy; ie., the coefficients a and ¢ are positive and b satisfies b* <ac. Ifa
function u satisfies Lu > 0 in a bounded domain 2, then the maximum value of u in
Q2 is on the boundary of Q.
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This theorem can be regarded as an extension to two dimensions of the following
result: If a function of one variable has a positive second derivative on a closed interval,
then that function must achieve its maximum value at the ends of the interval. Figure 12.2
shows a cartoon illustrating the idea that if a second-order differential elliptic operator is
positive, then the surface shape is somewhat upwardly concave and the maxima occur at
the boundary. On the other hand, if the operator is negative, then the minima occur at
the boundaries.

Figure 12.2. A cartoon illustrating the maximum principle.

Theorem 12.3.2. [f the elliptic equation
Uy + 2buyy + cuyy + diuy + douy +eu =0

holds in a domain 2, with a and c positive and e nonpositive, then the solution u(x, y)
cannot have a positive local maximum or a negative local minimum in the interior of 2.

We prove both of these theorems under the assumption that u is in C>. We prove
Theorem 12.3.1 only in the case when Lu is positive, and we prove Theorem 12.3.2 only
in the case when e is negative. The proofs for the general case, when Lu is nonnegative
and e is nonpositive, require a more careful analysis; see Garabedian [23].

Proof of Theorem 12.3.1. If u is any C> function with a local maximum at
(x0, yo), then the gradient of u is zero at (xo, yo), i.e.,

uy (X0, Yo) = uy(xo, yo) = 0.

See the illustration in Figure 12.3. By the Taylor series expansion about (xg, yg), we have
that

u (xo + Ax, yo + Ay) = u (xg, o) + % (szugx +2AxAy ugy + Ayzu?,y)

+ O (max(Ax, Ay))3 .

We use the superscript of O to indicate that the functions are evaluated at (xp, yg). Since
u(xo + Ax, yo + Ay) < u(xo, yo) for all sufficiently small values of Ax and Ay, it
follows that

Ax*u®, +2AxAy ugy + Ayzu(y)y <0.

Since this expression is homogeneous of degree 2 in Ax and Ay, we have
o?ul, + 2epul, + A, <0 (12.3.1)

for all real values of @ and S.
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Figure 12.3. An interior maximum.

We now prove Theorem 12.3.1 for the case when Lu > 0. Applying (12.3.1) twice,
first with @ = +/a® and B = b%/+/a® and then with @« =0 and B2 =" — (b0)2 /a®,
we have

0

_ 0.0 0 0.0
Lu=a"u,, +2b Upy +cu

yy
2

2 bo bO (bO)Z
= (V) b2 () () (4 )
0.

IA

Since this inequality contradicts the assumption that Lu > 0, Theorem 12.3.1 is
proved. [

Proof of Theorem 12.3.2.  We prove the theorem only for the case when e(x, y)
is strictly negative. The case when e(x, y) is zero at a maximum requires a more careful
analysis, and we will omit it; see Garabedian [23].

We first conclude from Theorem 12.3.1 that if # has a maximum at (xg, yo), then
Lu cannot be positive there. Thus we have

—Lu(xo, yo) = e(xq, yo)u(xo, yo) > 0.

Since e(xg, yp) is negative, it follows that u(xg, yp) is not positive at an interior local
maximum. Similarly, by considering —u(x, y), we can show that u is not negative at a
local minimum. O

The maximum principle applied to Laplace’s equation (12.1.2) on a domain has the
physical interpretation that for a steady temperature distribution, both the hottest and coldest
temperatures occur at the boundary of the region. This means that harmonic functions,
solutions of Laplace’s equation, have their maximum and minimum values on the boundary
of any domain. Figure 12.4 displays a portion of a surface plot of the harmonic function
x2 — y? illustrating the locations of the maximum and minimum values. For any domain
the highest and lowest points of the surface above the domain must occur on the boundary
of the domain. Figure 12.5 is a contour plot of the same function shown in Figure 12.4. The
maximum principle can be used to prove the uniqueness of the solution to many elliptic
equations.
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Figure 12.4. A surface plot of a harmonic function.

V/

o

Figure 12.5. A contour plot of a harmonic function.

Example 12.3.1. As an example of the application of maximum principles consider the

equation
Uy Uy —u=f (12.3.2)

in adomain 2 with Dirichlet boundary conditions. Assume that there are two solutions u
and v to (12.3.2) and assume that u is greater than v somewhere in 2. Set w = u — v;
then w satisfies (12.3.2) except with f equal to zero, and w is zero on the boundary.
Since w is positive somewhere in 2 and is zero on 9€2, w must have a positive interior
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local maximum. But this contradicts Theorem 12.3.2, and thus equation (12.3.2) has at
most one solution. In fact, (12.3.2) does have a solution if 2 has a smooth boundary, but
we will not prove this. O

Example 12.3.2. As an example of an equation with a nonunique solution, consider
Uy + ity +21%u =0 (12.3.3)
on the unit square with u equal to zero on the boundary. It is easily checked that
u=Asin wx sin Ty

is a solution for any value of A. Also, equation (12.3.3) with u equal to 1 everywhere on
the boundary has no solution. O
Exercises

12.3.1. Show that the equation

u
Uxy +Uyy — e =f

on a domain 2 with u# equal to zero on the boundary has a unique solution, if a
solution exists. Hint: For two functions u and v, the function (e* — e")/(u — v)
is positive.

12.3.2. Show that if u satisfies the elliptic equation
allyy + 2buyy + cuyy, =0

on a domain, where the coefficients a, b, and ¢ are constant, then the quantity
u? + u? takes its maximum on the boundary of the domain.

12.3.3. Prove that if u satisfies the elliptic equation of Exercise 12.3.2 on a domain and
P is a positive definite matrix, then the function

F,y) = 3vulx, »' Pvu(x,y)

takes its maximum on the boundary of the domain. ( Vu is the gradient vector of
u with components du/dx and du/dy.)

12.3.4. Show by example that if V#x =0 in a domain €, then u can have an interior
maximum or minimum. Hint: Consider quadratic functions of (x, y).

12.3.5. Prove that there are no closed contours in the contour plot of a harmonic function.
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12.4 Boundary Conditions for Elliptic Equations

We restrict our discussion of boundary conditions to second-order equations and to the
Dirichlet condition (12.1.3), the Neumann condition (12.1.4), and the more general Robin

condition
ou
— +au = b. (12.4.1)
on

The existence and uniqueness of the solutions of the general second-order elliptic equation
(12.1.6) given boundary conditions of the form (12.1.3), (12.1.4), and (12.4.1) depend on
“global” constraints, such as the integrability condition (12.1.5). For certain equations,
especially (12.1.1), on domains with smooth boundaries, the existence and uniqueness
questions have been answered. With the Dirichlet boundary condition (12.1.3), Poisson’s
equation (12.1.1) has a unique solution, and with the Neumann condition (12.1.4) there
is a unique solution, up to the additive constant, if and only if the integrability condition
(12.1.5) is satisfied. See Section 13.7 for more on solving boundary value problems with
the Neumann boundary condition.

General statements can be made about the local behavior of solutions to (12.1.6) given
the different types of boundary conditions. If a Dirichlet boundary condition is enforced
along a smooth portion of the boundary, then the normal derivative at the boundary will
be as well behaved as the derivative of the boundary data function in the direction of the
boundary. If the boundary data function is discontinuous, then the normal derivative will
be unbounded at discontinuities.

Example 12.4.1. As an example of this last statement, consider Laplace’s equation in the
upper half-plane, i.e., y > 0, with

0 ifx > 0,

ulx,0) =
0 {1 ifx < 0.

A solution is

1 0
ux,y) = ;tam*1 % = -

where 6 is the angle in radians measured from the x-axis. The normal derivative of the
solution along the boundary is the derivative with respect to y. We have

dy w4+ (y/x)? w(x24y2)

du(x,y) 1 1/x X

At the boundary we have the normal derivative
1
u y (-x ) O) = —,
’ X

which is unbounded at the point of discontinuity in the boundary data function. The normal
derivative is unbounded at the point where the tangential derivative of the boundary data is
unbounded.
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Notice also that in the interior of the upper half-plane, the solution and its derivatives
are all well-defined and smooth functions. The behavior of the solution near a point on the
boundary is primarily influenced by the boundary condition and data near that point. The
conditions and data at other boundary points have less effect the further they are away. O

If either the Neumann or Robin conditions are enforced along a smooth boundary,
then the solution will be differentiable up to the boundary and the first derivatives will be
as well behaved as the boundary data function.

Example 12.4.2. As an example, again on the upper half-plane, consider the boundary data

ou {0 ifx > 0,

—(x,0) =
By( ) x|/ ifx < 0.

Laplace’s equation has the solution
ulx,y) = —%r3/2 cos %0

using the polar coordinates of (x, y). The derivatives are given by

ou 0 1 1
—u, o = | =r'2cos -0, r1/2sin =6
dx dy 2 2

and we see that the tangential derivative, i.e., du/dx, has the same qualitative behavior as
the normal derivative. O

A serious difficulty occurs at points on the boundary where the boundary conditions
change from Dirichlet to Neumann or Robin type.

Example 12.4.3. Consider Laplace’s equation in the upper half-plane with the boundary
conditions

u(x,00=0 forx >0 and uy(x,0) =0 forx <0O.
This problem has as a solution

2

u(x,y) =r'/?sin 10. (12.4.2)

Note that u and its first derivatives are in L?(2) for any bounded domain € in the upper
half-plane whose boundary includes a portion of the real axis around zero. This function
u, however, does not have second derivatives in LZ(2) because of their growth near the
origin. The first derivatives are also unbounded, but are in L3(Q). O
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Example 12.4.4. Similar difficulties arise at reentrant corners. Consider the domain
containing the points (r, ), in polar coordinates, with 0 < r < rg and 0 < 6 < 3m/2,
see Figure 12.6. Laplace’s equation with the solution equal to zero on the two rays given
by 8 =0 and 6 = 37/2 has the solution

u(x, y) = r*?sin 26. (12.4.3)

Again, this function is in LZ(SZ), as are its first derivatives, but its second derivatives
are not.

Notice that the difficulty has nothing to do with the data at the reentrant corner. In

this case the data near the corner is identically zero, but the derivatives are not bounded at
the corner. See Exercise 12.4.2 for reentrant corners with different angles. O

Figure 12.6. A region with a reentrant corner.

In summary, the solutions of elliptic equations with any of the boundary conditions,
Dirichlet, Neumann, or Robin, will be well behaved near smooth portions of the boundary.
At boundary points where either the boundary conditions change type or the boundary is
not smooth, difficulties in the form of singularities in the solution’s derivatives can occur.
An appreciation for these difficulties is important to understanding the numerical methods
for elliptic equations.

Exercises

12.4.1. Find a function of the form r*sinwf, with « taking the least possible posi-
tive value, that is a solution to Laplace’s equation in the region 0 <r < 1 and
0 < 6 < 37/2 and that satisfies the given boundary conditions.

@ u=0o0n6=0, 0<r<l1,
u=r"on6 =31/2, 0<r<1.
) u=00nH=0,0<r<l1,
ou/on=00n60 =3w/2, 0 <r < 1.
Compare the behavior of these functions with (12.4.2) and (12.4.3).
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12.4.2. Find solutions comparable to that of Example 12.4.4 on domains with 0 < 6 < 6
for 0 < 89 < 2m. Show that the radial first derivative is unbounded when 7 < 6.

12.5 Finite Difference Schemes for Poisson’s Equation

We begin our discussion of difference schemes for elliptic equations by considering Pois-
son’s equation (12.1.1) in the unit square. In general, one has grid spacings Ax and Ay
in the two directions. For simplicity, we will usually restrict our discussion to the case of
equal grid spacing in the x and y directions, and denote the grid spacing as #. We use
the index ¢ for the x direction and the index m for the y direction. A schematic of the
grid is shown in Figure 12.7. The standard central difference approximations for the second
derivatives lead to the difference formula
Sivﬁ,m + Sivi,m = f
or, equivalently,
1

o (Vetm + Ve—tm + Vemst + Vem—1—40em) = fom. (12.5.1)
The difference operator on the left-hand side of (12.5.1) is called the five-point (discrete)
Laplacian. We will use the symbol V,f to refer to the discrete five-point Laplacians, i.e.,

Vi =067+6.

@ S
®
? ‘(l,m)
®
€ S

Figure 12.7. The five grid points involved in the five-point Laplacian.
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We begin our study of finite difference schemes for elliptic equations by obtaining
error estimates for the solution to (12.5.1). In the next two chapters we consider methods
for solving equations such as (12.5.1).

The Discrete Maximum Principle

We can prove a maximum principle for the discrete five-point Laplacian that is analogous
to that for the differential equation.

Theorem 12.5.1. Discrete Maximum Principle. If V,fv > 0 on a region, then the max-
imum value of v on this region is attained on the boundary. Similarly, if V}Zlv <0, then
the minimum value of v is attained on the boundary.

Proof. 'We prove the principle only for the case when Ax = Ay. The condition
V}%v > 0 is equivalent to

1 :
Vem < 7 (Ver1m + Ve—1m + Vem+1 + Vem—1);

i.e., vg, in the interior of the region is less than or equal to an average of its four nearest
neighbors. This easily leads to the conclusion that an interior point can be a (local) maximum
only if its four neighbors also have this same maximum value and that the inequality
is actually an equality. This argument then implies that at all grid points, including the
boundary points, v must have the same value. So either there is not a maximum value in
the interior or all points have the same value. This proves the principle when V,%v > 0.

When V%v < 0, by considering V}%(—v) > 0, this case reduces to the previous case.
This completes the proof of the discrete maximum principle. [

The maximum norm on a region €2 is defined by

[vllco = llVlloo,@ = max |vg,ml,

where the maximum is taken over all points in the region.
The chief tool in our error estimates is the following theorem.

Theorem 12.5.2. If v, is a discrete function defined on a grid on the unit square with
ve.m = 0 on the boundary, then

1
vl < gnvgvnoo. (12.5.2)

Proof. Define the function fy , in the interior of the unit square by

2
Vh Vem = f@,m-

Then, obviously,
—11flloe < Vv < [ flloo- (12.5.3)
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To prove the theorem we consider the function

Thus from (12.5.3) we have
Vi = flloow) < 0.

By the discrete maximum principle and this inequality, the function v — || f|lccw has its
minimum on the boundary of the square, i.e.,

—[ fllocllwlloo,a < vem — Il fllooWe,m < ve,m,

where |[w|co,s 1s the maximum value of |wg | for grid points on the boundary of the
square.
Similarly, from (12.5.3) we also obtain

Vi + 11 flloow) = 0,
and by the maximum principle,

Ve < Vem [ flloowem = I1f lloollwlloo,s-

The value of ||w|s0,s is 1/8, and so the preceding two inequalities for vy , give

1 1
llleo = 2l lloo = gllvﬁvlloo,

which proves the theorem. [
Theorem 12.5.2 leads to the error estimate in the maximum norm for the solution of
(12.1.1) as approximated by (12.5.1).

Theorem 12.5.3. Let u(x, y) be the solutionto V*u = f on the unit square with Dirichlet
boundary conditions and let vy, be the solution to V,%v = f with vg, = u(xe, ym) on
the boundary. Then

294
llu = vlloo < ch[8"ullco,

where |0*ulloo is the maximum magnitude of all the fourth derivatives of u over the
interior of the square.
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Proof. By using the Taylor series for the central difference approximation to the
second derivative (see Section 3.3), we have that

Viu=f+ 0(h?,
where the O (h2) terms are bounded by
Ch|9*u]l 0
for some constant C. Thus
V7 = v)lloo < CR?10%ull o

and u — v is zero on the boundary. Together with Theorem 12.5.2, this estimate proves
the theorem. [

The Nine-Point Laplacian

Another very useful scheme for Poisson’s equation (12.1.1) is the fourth-order accurate
nine-point Laplacian. To derive this scheme we approximate (12.1.1) by

—1

—1
Ax? Ay?
(1+55) st (14558) Bu=rrowh

which gives

Ax? Ay?
=1+ =-8%)(1+ =452 o(A*

1
- [1 + E(szaﬁ + Ay2a§)] f+ 0.
Rearranging this expression we have the fourth-order accurate scheme
Viv+ & (Ax2 + Ay2> 52520 = [+ 15 (szaf + Ay25§) f

In the case with Ax = Ay = h, this scheme can be written

1
5 (vz+1,m+1 + Vet1,m—1 + Ve—1,m+1 + UZ—I,m—l)

2 10

+ 3 (v/z+1,m + Ve—1,m + Vemt1 + U/é,m—l) 3 Vem (12.5.4)

2

= E (ff-i—l,m + fe—1.m + fem+1 + fom—1 + Sfl,m) .
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Table 12.5.1
Comparison of second-order and fourth-order schemes.

Second-order Fourth-order
h Error Order Error Order
0.100 2.79-5 9.40-9
0.050 7.01-6 1.99 5.85-10 4.01
0.025 1.75-6 2.00 3.66-11 4.00

This scheme is due to Rosser [54], and it satisfies maximum principles and error estimates
similar to the standard five-point Laplacian; see Exercise 12.5.6.

Table 12.5.1 shows the results of computations employing both the second-order
accurate five-point Laplacian (12.5.1) and the fourth-order accurate nine-point Laplacian
(12.5.4) applied to Poisson’s equation on the unit square. (The results were computed
using a preconditioned conjugate gradient method, which is discussed in Section 14.5.)
The exact solution is given by u = cosxsiny and f = —2cosx siny. The second and
fourth columns give the errors for the two methods, measured in the L? norm due to the
difference between the finite difference solution and the solution of the differential equation.
The third and fifth columns display the order of accuracy for each method, as computed
from the approximation that

e(h) =ch”,

where e(h) is the error. Thus

. log(e(hy)/e(h2))
log(h1/h3)

for two successive errors due to grid spacings /1 and hj. The five-point Laplacian (12.5.1)
is obviously second-order accurate, and the nine-point formula (12.5.4) is obviously fourth-
order accurate. Notice that the error for the fourth-order scheme with & equal to 1/10 is
much smaller than that of the second-order method with 4 equal to 1/40. The gain in
accuracy of the nine-point formula is significant compared to the slight increase in work
that it requires.

Schemes for the general second-order elliptic equation (12.2.1) need not satisfy a
maximum principle. For example, if the mixed derivative term in (12.2.1) is approximated
by

Sox 80yU7

then the resulting scheme does not satisfy an obvious maximum principle. If the coefficient
b(x,y) is positive, then the second-order accurate approximation

a d 1

— — R —b (8x4+8y4+ + 6x—5y—

ax dy 2 (osdy +3:-8y-)
will satisfy a maximum principle if b is not too large compared with the coefficients a
and c. Schemes that do not satisfy a maximum principle may have solutions and satisfy
error estimates such as in Theorem 12.5.3; however, the proofs are not as simple as those
just given. We do not need a maximum principle to hold in order to use the scheme.
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Regularity Estimates for Schemes

We can prove discrete regularity estimates for schemes for elliptic equations, as is done for
the differential equation. For example, the scheme

aﬁfv + 2b30x b0y v + c8§v + d180xv + dadoyv +ev = f

has the symbol
asin® $h&| + 2b sin S hé sin $hé; cos $hE cos 1hg + csin’ Thé,
p&1,&) =—4 2
in A in
+idy smh & Y+ idy smh & s

The analogue of the estimate (12.2.5) for the symbol is, with 8 = h&; and ¢ = hé>,

a sin® %9 + 2bsin %9 sin %d) cos %9 cos %qb + csin? %qb . sinf@ | sing
4 —idy —idy —
h? h h
> co4h™*(sin® 16 + sin” 1¢),

e

which holds for some positive constant c¢p, when % is small enough and when 912 + 922 >
hZCS for some value Cj.
The interior regularity estimate that follows from this estimate is

1l 4200 = Cs (1710 + Nl o)- (12.5.5)

The discrete interior regularity estimate can be used to prove the following result.

Theorem 12.5.4. If the elliptic equation Lu = f is approximated by the scheme
Lyv = Ry f onadomain Q such that

ILhu — RypLullps—2,0 < coh”|lulls (12.5.6)

and
lu —vlno.a < cth|ulls (12.5.7)

and 21 is contained in 2, then
85 u — 8% vllno,.Q < c2h'llulls,

where c> depends on the distance between 21 and 0X2.
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Proof. The discrete function u — v satisfies the scheme
Lp(u—v)=Lyu—Ryf =Lyu—RyLu
and, by (12.5.5),

2 2 2
I = vl 0 = Coma (ILnit = RnLull} ;3 0+ e = 01 .0)
2 2
< Coah™ Jull?,

from which the theorem follows. U

This theorem shows that if the function f is smooth enough, then the divided dif-
ferences of v approximate the divided differences of u to the same order that v itself
approximates u. This is demonstrated in Exercises 13.5.3 and 13.5.4.

At first look, this is a very surprising result. Notice that in general, if a discrete
function vy, is an approximation to u#(x, y) of order 4", then

Verl,m — Vi—1,m du(xe, ym) r—1
7 =— TO (")
because the divided difference divides the error by a factor of #. However, Theorem 12.5.4
implies that when vg ,, and u(x, y) are solutions of elliptic equations, then the error term
can be O(h") rather than O(h"~!) The reason is that for elliptic equations the error is
smooth, and a divided difference of the error is again a smooth function.

We look more closely at how Theorem 12.5.4 can be used to obtain approximations
to derivatives of solutions of elliptic equations that are of the same order of accuracy as the
solution itself. Suppose the solutions of a fourth-order accurate scheme satisfy estimates
(12.5.6) and (12.5.7) with r equal to 4. Then

h2
H (1 - Eag) 82v — d%u
= 0%

2 h* 2\ 42
v — (1 + —48 ) o;u

X 12 X X h’O’Ql
(see formulas (3.3.6) and (3.3.7)). Note, however, that

1620 — 82ulln0.0, = O(h?),

= 0%
h,0,2;

and

since 8% is only a second-order accurate approximation to 8%. These results also apply to
equations with variable coefficients; see Frank [21] or Bube and Strikwerda [7].

By comparison, such results do not hold for solutions of hyperbolic problems. If
vy, is a solution to a second-order accurate scheme for a hyperbolic equation, such as
the one-way wave equation (1.1.1), then, in general, dpvj, is only a first-order accurate
approximation to the first derivative of u.

Also, as was discussed in Section 12.4, the solutions of elliptic equations have, in
general, a loss of regularity at certain boundary points. The implication for finite difference
solutions is that the errors will be largest at these points, such as reentrant corners. Shown
in Figure 12.8 is a contour plot of the error for the solution of Laplace’s equation with
the boundary data given by the exact solution u(r, #) = r2/3 sin(%@). As the contour plot
shows, the error is concentrated at the reentrant corner.
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Figure 12.8. Contour plot of the error at a reentrant corner.

Exercises

12.5.1. Prove the discrete maximum principle on the unit square for the case with Ax not
equal to Ay.

12.5.2. Show that on a domain that is contained in a square of side d the analogue of the
estimate (12.5.2) is

> _,
[vlloo = §IIV;1v||oo-

12.5.3. Prove the equivalent of Theorems 12.5.1, 12.5.2, and 12.5.3 for the nine-point
scheme (12.5.4).

12.5.4. Consider the domain givenby —1 <x <1, —1 <y < 1, exceptfor 0 <x < 1,

—1 <y <0, i.e., the points in quadrants 1, 2, and 3 with |x| and |y| less than 1.
For this domain prove the estimate

5192
[vlloo = 51V V]loo

corresponding to Theorem 12.5.2. Hint: Consider w = (x + 1/2)2 + (y — 1/2)2.
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12.5.5. Using the results of Exercise 12.5.4, prove the analogue of Theorem 12.5.3 for the
domain of Exercise 12.5.4. Why is this theorem nearly useless for computation?
Hint: See Section 12.4.

12.5.6. Show that the nine-point Laplacian (12.5.4) satisfies a discrete maximum principle.

12.5.7. Show that the “diagonal” five-point Laplacian scheme given by

1
= (Ve—tm—1 + Vestm—1 + Ve tms1 + Vertmt1 — 4em) = fom

2h?
does not satisfy a regularity estimate by showing that the symbol of the scheme
p(&1, &) vanishes for & and & equal to m/h. (The vanishing of the symbol is
areflection of the fact that this scheme decomposes into two separate schemes, one
for grid points with £ + m being even and the other for ¢ 4+ m being odd.)

12.6 Polar Coordinates

Many applications involving elliptic equations are for domains on which it is natural to use
polar coordinates, and so we now examine the effects of using polar coordinates. Consider
Poisson’s equation on the unit disk

ror

19 [ du N 1 9%u £9) 12.6.1)
—— | r— _—— = r, 0.
ar r2 902

with 0 < r < 1and 0 < 6 < 2m. Weuseagrid as shown in Figure 12.9 with r; =i AR
and 0; = jA6. We approximate the equation by

U, wivy—wij i —wicij) ]
—\rivip— 00— —ricip—— | —
T Y Ar =l Ar Ar

Lowjjir —2uij +uij—
RN j o uij

= fii, 12.6.2
rl.2 AB? fu ( )

where u;; and f;; are the grid functions at (rl-, 0]-) = (i Ar, jAO) . The grid functions are
periodic in j with period J = 27/A6, and ug; is independent of the value of j.

The main new feature of polar coordinates is the condition that must be imposed at the
origin. It is important to realize that any difficulties that arise at the origin are only a result
of the choice of coordinate system and are not reflected in the continuous function u (7, ).

To derive our condition at the origin we integrate equation (12.6.1) over adisk D of
radius e, obtaining

179 [ du 1 92u
dr df = - =(r— ——— rdrdo
[, oo = {1, (50)] - i
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Figure 12.9. A polar grid for a circular domain.

Now choose ¢ equal to Ar/2 and approximate this relation by

Ar\? / uij — ug Ar
0 — = "= A#.
f()(z)” 2 8

j=1

Since uq; is independent of j—call this value uo—we have

1< Ar\2
w= > urj— £0) (TF) . (12.6.3)
j=1

Using this formula preserves the second-order accuracy of scheme (12.6.2).
For parabolic and hyperbolic equations on a disk, a procedure analogous to the one
that gave rise to (12.6.3) can be used to give accurate difference formulas at the origin.

Exercises

12.6.1. Show that the discrete maximum principle holds for finite difference scheme (12.6.2)
on a disk with formula (12.6.3) used at the origin.

12.6.2. If we denote the finite difference operator on the left-hand side of (12.6.2) by V?Z,
show that the estimate

172
[vlle = 2IVjvlloo

holds for a disk of radius 1, where the formula (12.6.3) is used at the origin.
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12.7 Coordinate Changes and Finite Differences

Frequently partial differential equations must be solved on domains that are not rectangles,
disks, or other nice shapes. Sometimes it is possible to change coordinates so that a con-
venient coordinate system can be used. To illustrate the techniques and the difficulties, we
will work through a relatively simple example. It is not hard to come up with much more

difficult examples.

Figure 12.10. The trapezoidal region and grid.

We consider Poisson’s equation on the trapezoidal domain given by 0 < x < 1 and
0 <y < (14 x)/2 and shown in Figure 12.10. We take the new coordinate system
_
C14x

§=ux, n

so that (&, ) in the unit square maps one-to-one with (x, y) in the trapezoid. To change
coordinates we use the differentiation formulas

3 9 2y 9 0 n 9
ax 9t (1+x)2dn 9 1+&dy
9 2 9 2 9

ay  l+xon 1+&an

Using these relations, Poisson’s equation (12.1.1) becomes

n n ] 4
M T Ty T (@u"L tater (nuy), + a+e2m= S @Em-
(12.7.1)
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If we were to discretize (12.7.1) in this form using second-order accurate central
differences, the matrix arising from the matrix representation would not be symmetric.
Since the iterative solution methods we will study in the next two chapters will work if
the matrix is symmetric, we will show how to modify the equation (12.7.1) to obtain a
symmetric, positive definite matrix. To do this we must get the equation in divergence

form, i.e., in the form
—ai—) = F,
8x,’ Y 8x]'

ij
where (x1,x2) = (§,7) and (a;;) is a symmetric matrix at each point (xp, x2). (See
Exercise 12.7.3.) If we multiply (12.7.1) by (1 + &), we can collect terms such that
(12.7.1) is equivalent to

4+n?
[+ &)ue], — (nug), — (nun), + (ﬁ) =1+ f.
n

This equation may be discretized on a uniform grid in £ and 7, as

(T4 &ir1y2) Wivrj —uij) — (A +&—12)(uij —ui—1;)

AE?
Mt i = i) = 01 i1 — i1 1)
4ANEAn
C @i = i) = 0 i1 — wi1j-1) (12.7.2)
4AE A

L GA i —wp) — G ) Gy — )
(1+&) A

={1+&) fij.

We now show that the matrix corresponding to this discretization is symmetric. The
matrix is symmetric if the coefficient of uy, in the equation at grid point (i, j) is the
same as the coefficient of u; ; at (£, m). We check that the coefficient of u; ;41 in the
equation at (i, j) is — (nj4+1 + nj) /4A§An, and this is also the coefficient of u;; in the
equation at (i + 1, j + 1). The same is true for all the other nonzero coefficients. Thus
the matrix is symmetric.

To show that the matrix of the equations in (12.7.2) is negative definite, we consider
the operator on the left-hand side of (12.7.2) applied to a grid function ¢;; that is zero on
the boundaries of the unit (£, ) square. Multiplying the operator applied to ¢ at (i, j)
by ¢;; and summing over all (i, j) gives a long expression that we will consider in three
parts. Denote these sums by > ., >°,,, and ) . The terms from the second difference
in £ are

Y =AY g [ &) @i — dim1)) — L+ Em12)@ij — di1))]

133

=—A&? Z (14 &iy172) (i1 — ¢ij)2
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by summation by parts. Similarly, the terms from the second differences in n are

4+ 2
do=-Ary 14:2/ ijr1 = ij) -

nm

The sums are over all interior (i, j) values. The sums from the mixed differences are also
treated by summation by parts and become

Z = 2A&AD)~! Z i (Bir17 — di—15) (Dij+1 — dij—1).
&n

To show that the matrix is negative definite, we must show that

YHY 4Y | =-Cc|D+> | =0
133 &n & n

n

for some positive number C. This is easily done using the inequalities

—0j (biv1j — bi—1)) (bij+1 — Bij—1) [2AEAn

2
Git1; — di—1;\” N L (ijv1 — Bij—1 2
2AE al+§ 2An

a _ Gi+1j — Gij : Gij — bi-1j 2
< S| (L) (2]
1 n; Gij+1 — bij\° ¢ij—¢ij—1>2
+2a1+s,-[( w) () |

IA

a(1+Ei)<

A

Therefore,

Z+Z+Z < —a)A&™ ZZ L+&11)( ¢z+1j—¢ij)2

-0t pla+n?
) i+1/2 12 2
An Z 1+ (¢lj+1 ¢z]) .

If we choose a = 1/2, say, then both sums are nonnegative. Thus the system of difference
equations (12.7.2) has a matrix that is symmetric and negative definite.

This system of equations can be solved by the methods discussed in Chapters 13
and 14.
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Exercises

12.7.1. Consider Poisson’s equation (12.1.1) on the domain given by 0 < x < 1 and
0 < y < H(x). Change coordinatesto (&, ) givenby & = x and n = y/H (x).
Write the scheme in a form that gives a positive definite and symmetric matrix.

12.7.2. Consider Poisson’s equation in polar coordinates (12.6.1) on the domain given
by 0 <r <s(@) and 0 < 0 < 2m. Change coordinates to (o, ¢) given by
p =r/s(0) and ¢ = 6. Write the scheme in a form that gives a positive definite
and symmetric matrix.

12.7.3. Show that by multiplying an elliptic equation of the form

ay (x, Yuxx + 2a12(x, y)uxy +an(x, Yuyy = f(x,y)

by a function ¢, the resulting equation can be put in divergence form,

with (x1, x2) = (x, y) if and only if the coefficients satisfy

dajp  dax daiy dain
o [ (G T - ()

dx ajax —ai,
da da da da
i 2, Oaxm) . o, dan
n 9 ax ay 9x ay _0
dy aijan — ai, '

Hint: Obtain equations that ¢ and its first derivatives must satisfy; then use the

identity
d (19¢\ 9 (13¢
ix (5@) oy <E£) '

Conclude that the equation e uy, + uyy, = f(x,y) cannot be put in divergence
form. This equation is used in Example 13.7.2 in Chapter 13.



Chapter 13

Linear Iterative Methods

In this chapter we consider the class of iterative methods known as linear methods, con-
centrating primarily on the class of methods related to successive overrelaxation. These
methods are relatively easy to implement and require minimal computer storage and, for
these reasons, are very widely used in the numerical solution of elliptic equations.

13.1 Solving Finite Difference Schemes
for Laplace’s Equation in a Rectangle

We begin by considering methods for solving Laplace’s equation (12.1.2) in a rectangular
domain. The basic method can be extended to solve general elliptic equations such as
(12.1.6) on general regions, as discussed in Section 12.7.

Consider Laplace’s equation (12.1.2) on the unit square with Dirichlet boundary
conditions (12.1.3). For the finite difference scheme we use the standard second-order
accurate five-point Laplacian with equal grid spacing in the x and y directions. This has
the finite difference formula

Vetrl,m + Ve—1,m + Ve ma1 + Ve m—1 — 4vgm =0 (13.1.1)

for all interior points (x¢, y,). For the Dirichlet boundary condition (12.1.3) we assume
that the values of vy, in (13.1.1) are given when (x¢, y,) is a boundary point. The
Neumann boundary condition is considered in Section 13.7.

Equations (13.1.1) comprise a system of linear equations for the interior values of
ve,n Wwith the boundary vy, values prescribed. These equations can be written in the
standard matrix notation

Ax = b, (13.1.2)

where the vector x consists of the interior values ve ,, and b is composed from the values
of v, on the boundary, i.e., the known values.

We could solve (13.1.2) by standard methods for systems of linear equations, such
as Gaussian elimination. However, the matrix A in (13.1.2) is a very sparse matrix and is
often quite large. For example, if the grid spacing in the unit square is N~!, then A is
an (N — 1)2 x (N — 1)? matrix, and each row contains at most five nonzero elements. If
N is taken to be about 40, then only about 0.3% of the elements are nonzero. Gaussian
elimination is not efficient for such sparse matrices, and so direct methods such as Gaussian
elimination are not often used to solve (13.1.1). Instead, iterative methods are usually
employed. Because matrix A has a well-defined structure, due to the finite difference
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scheme, using a good iterative method is usually more efficient than the use of general
sparse matrix methods for Gaussian elimination.

The Jacobi Method

The first iterative method we will consider is the Jacobi algorithm. Itis given by the formula

k11 [k k k k
Vym =13 (ve+1,m T V1 m T Vg1 + Ue,m—1> (13.1.3)

for all interior points. This formula describes how we proceed from an initial approximation

v?m to successive approximations véf me Given the values of véf ,, tor all grid points,

equation (13.1.3) shows how to compute vk l ! at each interior grid point. Having computed

v**1 for all the grid points, the iterative process can be continued to compute v 2, and so

on. Of course, throughout the computation the values of véf’ ,n on the boundary all remain
at their prescribed values.

The Jacobi algorithm (13.1.3) converges as k increases, and we stop the iterations
when some criterion is satisfied. For example, one criterion would be to stop when the max-
imum value of |vk'H — véf | taken over all values of (£, m) is less than some prescribed
tolerance. ’

The Gauss-Seidel Method

The Jacobi algorithm has been described as the slowest of all converging methods; it
certainly is not hard to improve on it. A method that converges twice as fast as (13.1.3) is
the Gauss—Seidel algorithm, given by

11 [k k1 k k+1
Vem =1 (Ue+1,m TV T Ve T Uz,m—1> . (13.1.4)

In this formula we see that if we proceed through the grid of points in the natural order, then
we do not need to keep two copies of the solution, one for the “old” values at iteration k& and
another for “new” values at iteration k 4 1. In (13.1.4) we can use immediate replacement,
i.e., when vk‘H is computed it can be stored in the location where vf was stored. Thus
(13 1.4) uses less storage than (13.1.3) and, as shown in Section 13.3, it is twice as fast.
The natural order of progressing through the grid points is also called the lexicographic
order. Itis the order we obtain in programming using two nested loops, the inner loop being

on ¢ and the outer loop being on m.

The SOR Method
A method that improves on (13.1.4) is successive overrelaxation (SOR), given by
k+1 1.k k+1 k k+1
UZ m = vl m t+o [Z(UZ+1,m + UZ—],m + Ve m+1 + UZ,m 1) Yy m] . (13.1.5)

If the parameter  is chosen properly, then (13.1.5) can be very much faster than
(13.1.4). Notice that when w isequalto 1, then SOR reduces to the Gauss—Seidel algorithm.
SOR also uses immediate replacement.
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In the next sections we analyze each of the preceding methods to determine their
relative rates of convergence. We also present other versions of SOR.

Analysis of General Linear Iterative Methods

There is an extensive literature on iterative methods for solving linear systems of equations,
and we give only an introduction to these methods. More exhaustive discussions are con-
tained in the books by Young [73], Varga [65], Wachpress [67], and Hageman and Young
[29]. The Jacobi, Gauss—Seidel, and SOR methods are particular cases of the general class
of methods called linear iterative methods. The general linear iterative method for solving
a linear system

Ax =b (13.1.6)

involves decomposing the matrix A by writing it as
A=B-C (13.1.7)

and then iteratively solving the system of equations
Bx*t! = cxk +b. (13.1.8)

Of course, we wish to choose B so that (13.1.8) can be easily solved. As we will
show, the Jacobi, Gauss—Seidel, and SOR methods are different ways of splitting the linear
system for the five-point Laplacian. Since the exact solution satisfies (13.1.6), we obtain
from (13.1.8), the equation for the error,

B€k+1 — Cek
or, equivalently,
& = plcek. (13.1.9)
The matrix B~'C is called the iteration matrix for the algorithm.

A necessary and sufficient condition for the error given by (13.1.9) to converge to
zero is that all the eigenvalues of B~!'C are less than 1 in magnitude. For a matrix M, its
spectral radius p(M) is defined by

p(M) = max |A;].

where the A; are the eigenvalues of M; see Appendix A. Thus (13.1.8) is a convergent
method if and only if

o (B_IC) < 1.
The quantity p (B’1 C) is a measure of the error reduction per step of the iteration. Fur-

thermore, the speed of convergence of the method is dependent on the size of p(B~'C).
If we have two different splittings of A,

A=B;—C
=B—(C
and
p(B'C:) <p(Bi'Cr),
then the second method, with the smaller spectral radius, converges faster than does the
first.
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Exercises

13.1.1. For a linear system of the form (A; 4+ Az)x = b, consider the iterative method

(I 4+ pADF = (I — pA)x* + b,

(13.1.10)
(I + pA)x* = (I — pA)Z + pb,

where p is a parameter. Show that this iterative method can be put in the form
(13.1.8) and determine the iteration matrix for the method. (This method is based
on the ADI method discussed in Section 7.3.)

13.1.2. Show for the system

Xj —Xj41 =bj forj=1,...,K —1,

)CKZbK

that the iterative method

k+1 k .
X; :xj+1+bj forj=1,...,K — 1,
x’;{+l=b1{

converges in K steps. Show also that p(B~'C) is zero.

13.1.3. Prove that a linear iterative method converges in a finite number of steps if and only
if p(B~1'C) =0.

13.2 Eigenvalues of the Discrete Laplacian

In the analysis of the numerical methods introduced in the previous section we will require
the eigenvalues of the discrete Laplacian operator. In this section we will derive formulas
for these eigenvalues.

The equation for eigenvalues of the discrete Laplacian is

2
\% Vem = _)\Ul,m»

where vy ,, is a grid function that is identically zero on the boundary of the region, but is not
identically zero. We will determine the eigenfunctions and eigenvectors for a rectangular
grid for a region with 0 <x <X and 0 <y <Y. Wehave Ax =X/L, Ay=Y/M,
and

Ve—1m = 2Vem + Vetim | Vem—1 — 2V¢,m + Ve m1
: - — 4+ — - : =—Av 13.2.1

for all interior points and vy , equal to zero on the boundaries.

It is important to make a distinction between the eigenvector v, which has unknowns

corresponding to the (L — 1)(M — 1) interior grid points, and the grid function v, which
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has (L + 1)(M 4+ 1) values corresponding to both the interior and boundary points. Be-

cause we specify that the boundary values of v are zero, we can write the simple formula

(13.2.1). The equations for v are different than (13.2.1) if (¢, m) is next to a boundary, in

which case at least one of the terms on the left-hand side of (13.2.1) would not be present.
We begin by looking for solutions of the form

vem = A(€)B(m), (13.2.2)

where A(-) and B(-) are functions of one integer variable. (Note that it is not clear a priori
that we can obtain such solutions.) By substituting the relation (13.2.2) in (13.2.1) and then
dividing by A(€)B(m), we obtain the equation

AW —1) —2A0) + A +1)  B(m—1)—2B(m)+Bm+1)

Ax2A(L) Ay2B(m) -

In this relation we see that we have an expression that depends on £ and one that depends
on m and their sum is a value independent of both £ and m. This can only occur if both
of these expressions are actually constant. That is, we have

AL —1) — 2400 + A + 1) = —2(1 — @) A(L),
B(m — 1) —2B(m) + B(m + 1) = —2(1 — B)B(m)

(13.2.3)

for some complex values « and § related by

1 1
@, ,1=F

A=2 —_— .
Ax? Ay?

Since the equation for B(-) is similar to that of A(-), we consider only the equation
for A(-). To solve the equation for A(-), a recurrence relation, we substitute

AW =¢*
in the first equation in (13.2.3). We obtain the quadratic equation
> —2004+1=0
for the two values of ¢. The two roots are
l+ =aE+vVa?-1.
Note that ¢— = 1/¢4. Thus the equation for A(-) is of the form
A0 = Apti + ALt

for some constants Ay and A_.
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To determine A, and A_ and also «, we consider the boundary conditions for
A(-). These are
A0)=0 and A(L)=0.

The condition A(0) = 0 is satisfiedif Ay + A_ =0, so
A@) = A(ch —¢h. (13.2.4)

Note that we cannot determine a value for A4 since the equation for A(:) in (13.2.3)is a
homogeneous equation.
The boundary condition A(L) = 0 is equivalent to

AL) = A+(ty —¢5H =0

) -

=1

or

Also, since {_— = 1/¢4, we have

Thus ¢4 (and ¢_) isa 2Lth root of unity, i.e.,
Cp = emE, (13.2.5)

for some integer a ranging from 0 to 2L — 1. Since {_ = 1/¢4 we can restrict a so
that 0 < a < L and (13.2.4) gives all of the L — 1 nontrivial solutions of the equation for
A(+) in (13.2.3).

Moreover,

1—|—§2 Ta
o= * —cos— for some integer a, 0O0<a < L.

264

Similarly,

b
B = cos nﬁ for some integer b, 0<b < M.

From equation (13.2.3), we have that the eigenvalue corresponding to the pair of
integers (a, b) is

1 — cosZ4 1 —cos Z2 sin 22 sin ZL
A =2 o L 42 A2 M _ 4 szzL +4 A;é” (13.2.6)

for integers (a,b) with 0 <a < L and 0 < b < M. Moreover, also from (13.2.2) and
(13.2.4), we obtain that the corresponding eigenvector is given by

—a.b . almw . bmm
Uyl = SIN A sin w ) (13.2.7)

So there are (L — 1)(M — 1) eigenvalues, and each corresponds to a distinct eigen-
vector. This shows that the discrete Laplacian has a complete set of eigenvalues and
eigenvectors given by (13.2.6) and (13.2.7), respectively.
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13.3 Analysis of the Jacobi and Gauss—Seidel Methods

In this section we analyze the Jacobi and Gauss—Seidel methods for the five-point Laplacian.
For simplicity of exposition, we restrict to a square with the same spacing in both directions
with Ax = Ay = h and N points in each direction.

To analyze the Jacobi and Gauss—Seidel methods, we rewrite (13.1.1) as

1 1 1

1
Ve — gV—1m — 7Vem—1 — 7Ve+1m — 7Vem+1 =0 (13.3.1)

for all interior points. If this were written in the form (13.1.2), then all values of vy41
and vy 41 that correspond to boundary points would have to be placed on the right-hand
side of the equation. For example, if (¢, m — 1) is a boundary grid point, then instead of
(13.3.1) we have

1

1
2V-1m — g

1
2V+1m — g1

1
Ve,m 2V¢m+1 = zV¢m—1-

Using the natural ordering of the grid points, we can write (13.3.1) as
Ax =b

with
A=I1—-L-U,

where L is a lower triangular matrix and U is an upper triangular matrix.

It is important to realize that the vector x is indexed with pairs of indices corre-
sponding to the grid points vg,,, and the matrix A is indexed with pairs of pairs. In
particular,

1

Am).em) = Agm.ertm ==7  Awm.e-1m) =7,

A= A=

11
Aw,m), (6mt1) = —%, Aw,m),(6,m—1) = —

when these elements are defined. All other elements are 0. If the grid spacing is given by
h = 1/N, then the matrices have order K equal to (N — 1)2.

We now consider the splittings corresponding to the two methods that we are studying
in this section. Notice that the B matrix multiplies the unknowns of iteration k + 1 and
the C matrix multiplies those of index k.

For the Jacobi method we see that

B=1 and C=L+U. (13.3.2)

The splitting for the Gauss—Seidel method depends on the order of the unknowns.
We take the order in which the unknowns are updated to be the same as that used in the
vector x. With this proviso, the Gauss—Seidel method has the splitting

B=I—-L and C=U. (13.3.3)

The matrix decomposition (13.3.2) for the Jacobi method is a restatement of (13.1.3),
which shows that the updated variables, those multiplied by B, are only the diagonal
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elements. The variables evaluated at step £ in formula (13.1.3) are those corresponding
to the off-diagonal elements of the matrix. Similarly, the decomposition (13.3.2) for the
Gauss—Seidel method is a restatement of (13.1.4) in which the variables evaluated at step
k + 1 are those corresponding to the elements of the matrix on the diagonal and below.
Notice that the matrix B, being a lower triangular matrix, is easy to invert.

It is important to realize that in the actual implementation of these methods in a com-
puter program, we do not store the matrices A, B, and C. They are all quite sparse and
it is very inefficient to store them as matrices. The matrices are useful in the analysis, but
the implementation can be done without explicit reference to them. That is, a computer im-
plementation should not have an (N — D2 x (N —1)?2 array for storage of these matrices.
Instead the implementation should use a form such as (13.1.4), in which only the current
values of vf,m are stored. There is no reason to store other arrays.

Analysis of the Jacobi Method

To determine the spectral radius of the iteration matrix for each of these methods applied
to the five-point Laplacian, we first find the eigenvalues and eigenvectors of the iteration
matrix for the Jacobi method (13.1.3). That is, we must find a vector v and value p such
that

uv = (L + U)v.

If we represent v as a grid function with indices from 0 to N in each direction, with the
indices 0 and N corresponding to the boundaries, we have

1woem = g (Ve—1m + Vem—1 + Vet 1m + Vemt1) (13.3.4)

for all interior points and vy , equal to zero on the boundaries.

As mentioned after equation (13.2.1), it is important to make a distinction between the
eigenvector ¥, which has unknowns corresponding to the (N — 1)? interior grid points,
and the grid function v, whichhas (N + 1)? values corresponding to both the interior and
boundary points. Because we specify that the boundary values of v are zero, we can write
the simple formula (13.3.4). The equations for v are different than (13.3.4) if (€, m) is
next to a boundary, in which case at least one of the terms on the right-hand side of (13.3.4)
would not be present. The use of the grid function v in place of the eigenvector v allows
for a simpler way to write the equations.

Since L + U isan (N — 1)?> x (N — 1)® matrix, there should be (N — 1)? eigen-
values and eigenvectors.

Comparing equation (13.3.4) with (13.2.1), we see that the eigenvalues of the Jacobi
method are related to those of the Laplacian by

172

“”’—1[ (ﬂ)+ (b—”ﬂ (13.3.5)
ph? =5 Jeos| cos| — 3.

So the eigenvalues are
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for 1 <a,b < N — 1. By equation (13.2.7) the eigenvectors are given by

0 b
Z’fr’l = sin (%) sin (%n) . (13.3.6)

This gives all (N — 1)? eigenvalues and eigenvectors for the Jacobi iteration matrix. See
also Exercise 13.3.1.
From the formula (13.3.5), we see that

v

bid
o(B7'C) = p(L+U) = cosﬁ =publ

Since p(L + U) isless than 1, the Jacobi method will converge; however, since p(L + U)
is very close to 1, i.e.,

2

2N?’

T
cos—~1—
N

we see that the convergence will be slow.

The relationship u¥ =4V~ = —u%? shows that the nonzero eigenvalues occur in
pairs and that if p is an eigenvalue, then —pu is also an eigenvalue. Notice also that the
eigenvalues u®N~¢ for a between 1 and N — 1 are all equal to 0 and these are the only
eigenvalues equal to 0. Thus there are N — 1 eigenvalues of L + U that are zero, and
consequently there are (N — 1)(N — 2) nonzero eigenvalues.

Analysis of the Gauss—Seidel Method

We now consider the Gauss-Seidel method. An eigenvector v of the iteration matrix
(I — L)~'U with eigenvalue A satisfies

Al —Lyv=Uv,
or, for the grid function vy ,,, we have
Mem = 3 (Mot + A0em—1 + Vestm + Vemt1) (13.3.7)
for all interior points and vy, equal to zero on the boundaries. Notice that the coefficient
A in (13.3.7) multiplies only the variables with superscript of k 4 1 in the formula (13.1.4).
In the form (13.3.7) the formula is rather intractable; however, there is a substitution that
reduces the analysis of this case to that of the Jacobi method. If we set
v = A2y, (13.3.8)

for each nonzero eigenvalue A, we obtain, after dividing by petm+D/2

M ug = T (e—tm + e m—1 + term + Uemrt) - (13.3.9)
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By comparing (13.3.9) with (13.3.4), we see that the nonzero eigenvalues A of the
Gauss—Seidel method are related to the eigenvalues p of the Jacobi method by

1 b\’
Jb — (uaby? = : (COS % 1 cos W”) . (13.3.10)
In particular,

pl(I — L)"'UT = p(L + U)?,

which shows that the Gauss—Seidel method converges twice as fast as the Jacobi method
for the five-point Laplacian.

The eigenvalues of the Gauss—Seidel iteration matrix from equation (13.3.10) give
only (N — 1)(N — 2)/2 eigenvalues corresponding tothe (N — 1)(N — 2) nonzero eigen-
values of the Jacobi iteration matrix. An examination of the corresponding eigenvectors
for the Gauss—Seidel method shows that they are given by

ab abbtm alm . [ bmm

v, = sin| — | sin| ——

e = W) < N N
N—a,N—b a,b

with v, = v,’,,. All other eigenvalues are zero, and they are not semisimple. (See
Appendix A for the definition of a semisimple eigenvalue.)
An alternative way to describe the preceding analysis is to consider the equation

detihl — (I = L) 'U1=0
for the eigenvalues of the Gauss—Seidel iteration matrix. We have the relationship
0=det[A] — (I — L)"'U] =det(Al — AL — U)det(I — L)\,

The value of det(/ — L)~! is 1, since L is strictly lower triangular. We next transform the
matrix Al — AL — U by a similarity transformation using the diagonal matrix S, where
the (€, m)th entry on the diagonal is 2 E+m/2 - (Recall that the rows and columns of L,
U, and S, are indexed by the ordered pairs of integers corresponding to the grid indices.)
We then have

ST'I — AL —U)S = Al —AY2(L +U)

corresponding to (13.3.9). Thus
detM] — AL — U) = det[A] — AV2(L + U)]
— AV=D2 4ot A 12] — (L 4 U)]

—  (N=D?/2 1—[ (/2 — paby
1<a,b<N-1

— )\’N(Nfl)/z 1_[ [)\‘ _ (Ha,b)Z]’
2<a+b<N-1
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a,N—a N—a,N-b _

where in the last product we used the facts that is zero foreach a and p
—u®?. This last formula confirms our previous conclusion that there are N (N — 1)/2 zero
eigenvalues and shows that (13.3.10) gives the (N — 1)(N — 2)/2 nonzero eigenvalues.

An examination of why the substitution (13.3.8) works shows that the updating of
values in the Gauss—Seidel method can be organized either in the standard lexicographic
order or in the order of increasing values of ¢ 4+ m. When one updates a value at a grid
point with indices (¢, m), the computation involves only points of lower value for the sum
of the indices, the points with “new” values, and points of larger value for the sum of the
indices, the points with “old” values.

The Jacobi method can also be regarded as solving the heat equation

Uy = Uyy + Uyy

until a steady-state solution is reached using forward-time central-space differencing and
At = 1ih2 In general it seems that finding steady-state solutions by solving the correspond-
ing time-dependent equations is less efficient than using special methods for the steady-state
equations. The Gauss—Seidel method can be regarded as a finite difference approximation
for the time-dependent evolution for the equation

Ur = Uxy +Uyy — e(uxr + Myt),

where At = %hz and & = 1h. The equation should be discretized about (r, x, y) equal
to ((n+ 1)At, Lh, mh) to obtain (13.1.4).

Methods for Diagonally Dominant Matrices

We now state and prove a theorem about the Gauss—Seidel and Jacobi methods for the
class of diagonally dominant matrices. Many schemes for second-order elliptic equations,
including the five-point Laplacian, give rise to diagonally dominant matrices.

Definition 13.3.1. A matrix is diagonally dominant if

Z laij| < lai;| (13.3.11)
J#
for each value of i. A row is strictly diagonally dominant if the inequality in (13.3.11)

is a strict inequality and a matrix is strictly diagonally dominant if each row is strictly
diagonally dominant.

By a permutation of a matrix A, we mean a simultaneous permutation of the rows
and columns of the matrix; i.e., a;; is replaced by ae(j),s(j) for some permutation o.

Definition 13.3.2. A matrix is reducible if there is a permutation o under which A has

the structure
A1 O
, 13.3.12
(Alz Az) ( )

where A\ and A, are square matrices. A matrix is irreducible if it is not reducible.
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For an arbitrary matrix A the Jacobi iterative method for equation (13.1.1) is

= DN (D = A)xk +b)

T (13.3.13)
=T -D'A)x*+ Db,

where D is the diagonal matrix with the same diagonal elements as A. If A is written as
A=D-L-U,

where L and U are strictly lower and upper triangular matrices, respectively, then the
Gauss—Seidel method for (13.1.2) is

(D — L)x*!' = Uuxk +b. (13.3.14)

Notice that the diagonal dominance of a matrix is preserved if the rows and columns
of the matrix are permuted simultaneously. The Gauss—Seidel method is dependent on the
permutations of the matrix, whereas the Jacobi method is not, and a matrix is reducible if
in using the Jacobi method it is possible to have certain components of x* be zero for all
values of k& while x° is not identically zero (see Exercises 13.3.4 and 13.3.5).

Theorem 13.3.1. If A is an irreducible matrix that is diagonally dominant, with at least
one row being strictly diagonally dominant, then the Jacobi and Gauss—Seidel methods are
convergent.

Proof. We prove the theorem only for the Gauss—Seidel method; the proof for the
Jacobi method is easier. Our proof is based on that of James [31]. We begin by assuming
that there is an eigenvalue of the iteration matrix, A, that satisfies |A| > 1. Let x be
an eigenvector of the iteration matrix with eigenvalue A, and we normalize x so that
xlloo is 1.

Let x; be a component of x with |x;| equal to 1; then we have the series of
inequalities

i—1 n
Mlaiillxil = (2D aijx+ Y aijx;
j=l1

j=i+l

IA

i—1 n
Y laijlll+ Y laijllxg]
j=1

i (13.3.15)
<MY laijllxg]
J#
<MY laijllx| < (Al llx;].
J#i
Since the first and last expressions are the same, each inequality in the preceding

sequence must be an equality. This implies that for each j, either |x;| is 1 or g;; is zero.
This conclusion follows for each i with |x;| equalto 1.
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If we permute the indices of A so that the components with |x;| equal to 1 are
placed first and the others, for which |a;;| is zero, are last, then the structure of A is of
form (13.3.12). Since A is irreducible, we conclude that |x;| is 1 for each value of j.

By choosing a row that is strictly diagonally dominant, the last inequality of (13.3.15)
is then a strict inequality, which leads to a contradiction. This implies that the assumption
that A satisfies |A| > 1 is false. Therefore, |A| is less than 1 for the iteration matrix, and
the Gauss—Seidel method is convergent. [I

Exercises

13.3.1. Verify by direct substitution that the eigenvalues and eigenvectors for the Jacobi
iteration matrix are given by (13.3.5) and (13.3.6), respectively.

13.3.2. Determine the eigenvalues of the Jacobi iteration matrix when applied to the “di-
agonal” five-point Laplacian scheme given by

1
— (ve—t,m=1 + Vet 1 m—1 + Vet m+1 + Vet tmt1 — 4vem) = fem (13.3.16)

2h?
on a uniform grid with Ax = Ay = h. Hint: The eigenvectors for this Jacobi
method are the same as for the Jacobi method for the usual five-point Laplacian.
The eigenvalues, however, are different.

13.3.3. Verify that zero is not a semisimple eigenvalue of the iteration matrix for the Gauss—
Seidel method for the five-point Laplacian on the unit square.

13.3.4. Show that the Jacobi method (13.3.13) is not affected by a simultaneous reordering
of the rows and columns of a matrix, whereas the Gauss—Seidel method (13.3.14)
is affected. Note that such a permutation is equivalent to applying a similarity
transformation using a permutation matrix P to the matrix A resulting in the
matrix PAP!.

13.3.5. Show that a matrix is reducible if in using the Jacobi method, it is possible to have
certain components of x* be zero for all values of k while x° is not identically
zero (see Exercise 13.3.4).

13.3.6. Show that the matrix for the five-point Laplacian on the unit square is irreducible.

13.4 Convergence Analysis of Point SOR

We now analyze the convergence of SOR for the five-point Laplacian as given by (13.1.5).
We have to determine the splitting matrices B and C. As before, B multiplies the un-
knowns atiteration k + 1 and C multiplies those atiteration k. We also have the condition
that A= B — C =1 — L — U. After rearranging the formula (13.1.5) and dividing by o,
we obtain that the splitting is given by

1 —
B=—1-L, C=——1+U.
w w
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By the same reasoning used with the other methods, from (13.1.5) we obtain that the
eigenvalues A are given as the solutions to

o' Atow—Duvn, = i (Ave—tm + Avem—1 + Vet 1m + Vemt1) (13.4.1)

for interior grid points, with vy, = 0 on the boundary. We use the substitution (13.3.8)
for the nonzero eigenvalues, which we used on (13.3.7), obtaining

Adow—1 1
W”e,m =7 (W—l,m +Uugm—1+ Uem + Mz,m+1)-

From this relation we see that the nonzero eigenvalues for SOR are related to those

of the Jacobi method by
Adow—1

wrl/2
for each eigenvalue p of the Jacobi iteration matrix. We rewrite this relationship as

=u

A= op+0—1=0, (13.4.2)

which is a quadratic equation in A!/2.
First note that the iteration matrix for SOR is nonsingular for @ not equal to 1. We

have
det B'C = det(w'T — L) ' det[w™ ' (1 — w)I + U]

=001 - o))" =1 -o)f,

where K is (N — 1)2, the order of the matrix. In particular, zero is not an eigenvalue of
the iteration matrix for SOR when ® is not equal to 1.

Equation (13.4.2) relates each eigenvalue of the Jacobi iteration matrix to two eigen-
values of the SOR iteration matrix. Since u®? = —uN=%N=b and there is an ambiguity in
the sign of A!/2, there is actually a one-to-one correspondence between the pair of nonzero
eigenvalues {u®?, uN=N=b} of the Jacobi iteration matrix and the pair of solutions of
equation (13.4.2) with u equal to u®?. For u%® equal to zero, there corresponds the
one eigenvalue A equalto 1 — w. Thus equation (13.4.2) determines the (N — 1)? eigen-
values of the SOR iteration matrix from the (N — 1)2 eigenvalues of the Jacobi iteration
matrix.

Since we wish to have both roots of (13.4.2) less than 1 in magnitude and the product
of the roots is w — 1, we see that a necessary condition for the convergence of SOR is

lw—1| <1,
or, equivalently,
0<w<?2. (13.4.3)

This same conclusion is reached for the N — 1 eigenvalues corresponding to u%? = 0.
Solving (13.4.2), we obtain

312 — %[wu-l-\/m] (13.4.4)
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We choose the nonnegative square root when the square root is real in this formula
so that when  equals 1, then A = pu? for positive p and A is zero for negative . This
correspondence is somewhat arbitrary, but since SOR reduces to the Gauss—Seidel method
for w equal to 1, it is useful to relate the eigenvalues in this way.

We now assume, without loss of generality, that u is positive, and we wish to find
the value of @ that minimizes the magnitude of 212 when A1/2 is real, i.e., when the
quantity inside the square root in (13.4.4) satisfies

. 2\* 1
o'p—dot+d=\op——|) —4|——-1)=0.
M 0

1/2

To determine how A varies as a function of w, we take the derivative of (13.4.4):

a 1 1
M= pt S (op? = D — 4o + 472

w 2
S [N TSR
2 V@/w—ow? —4u2—1)

Since this derivative is negative, we see that to decrease the size of A!/? we must increase
. The maximum value of @ for which A!/2 is real is the root of

0’ —do+4=0 (13.4.5)

that satisfies (13.4.3).

When p is negative and A2 s real, then A2 is less than the value of Al/2
corresponding to |u| and thus does not affect the spectral radius of the iteration matrix.
Since we are ultimately concerned with determining the spectral radius of the iteration
matrix, we need not consider this case in detail.

Now consider the case when A!/2 is complex. Notice that since the polynomial in
(13.4.2) has real coefficients, the two values of A correspondingto u and —u are complex
conjugates of each other. The magnitude of A can be computed from (13.4.4) as follows:

A =2P = b ok + 4o - D — o] =0 — 1.

From this relationship we see that to decrease |A| we must decrease w. The minimum
value of w for which A!/2 is complex is again the root of (13.4.5) satisfying (13.4.3).
We now consider the eigenvalues )L(u“*b ) for the SOR iteration matrix for all eigen-
values u%? of L 4 U. The spectral radius for the SOR iteration matrix is the maximum
magnitude of all the A(u®?). We wish to choose @ in order to minimize the spectral
radius.
First, consider w very close to 2—so close that

@ (n4?)? — 4w + 4
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is negative for all eigenvalues u%?. By our previous discussion, all the A corresponding to
nonzero values of u%? are complex with magnitude equalto @ — 1. Those A correspond-
ing to u®? that are equal to zero have the value —(w — 1), which means all eigenvalues
have the same magnitude. The spectral radius is therefore w — 1. As we decrease w, we
will reach some value o* at which some A(u%?) that is complex will become real. It is
easy to see that this must happen for u%? equalto fi, the largest eigenvalue of L + U in
magnitude. For @ less than w*, the spectral radius will now increase because dA'/2/9w
is negative for A corresponding to . Thus the optimal choice for w is w*, where w*
satisfies
0> — 4w +4=0

and (13.4.3), which gives the optimal value as

N 2
1) (13.4.6)

BTN

Since for Laplace’s equation &t = cos /N, the value of w* for Laplace’s equation
is

N 2
0= —
1+sin /N
and the spectral radius is
P m et — 1= 1—sin7t/NNl_2_7r

" l+sinz/N = N

The behavior of the spectral radius as a function of @ is displayed in Figure 13.1
for N = 10. The optimal value of w is the lowest point on the graph. For « larger than
*, the spectral radius is seen to be the linear relation p = @ — 1. Otherwise, the spectral
radius is obtained from (13.4.4) for u = .

1 T T T

0.5 -

0 ! ! !
0 0.5 1 1.5 2

Figure 13.1. The spectral radius p as a function of @ for N = 10.

It is also useful to consider the behavior of all of the eigenvalues of the iteration
matrix for SOR as functions of @ as w increases from 1. For o equal to 1, there are
N(N —1)/2 eigenvalues that are 0, and the rest are real and located between O and 1,
given by (13.3.10). As w is taken to be larger than 1, these eigenvalues between 0 and
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1 all decrease in magnitude. Of the eigenvalues that are O for w equalto 1, N — 1 of
them become negative for w larger than 1 and have the value 1 — w, and the rest become
positive and increase as w increases. When an eigenvalue from the group that is decreasing
with w coalesces with an eigenvalue from the group that is increasing with w, they become
a pair of complex conjugates of magnitude @ — 1. The optimal value of w is that value
where only two eigenvalues in the interval (0, 1) are real and are equal to each other. This
value is given by (13.4.6).

Figure 13.2. Eigenvalues for v = 1.25,1.35,1.56, 1.60 with N = 11.

This is illustrated in the plots in Figure 13.2 that show the eigenvalues A%’ as
functions of w for N equalto 11. There are 100 eigenvalues in all. For @ equal to 1.25,
the figure in the upper left shows four real eigenvalues larger than @ — 1 and four positive
real eigenvalues less than this value. In addition, there is the real eigenvalue —w + 1 of
multiplicity 10. The other 82 eigenvalues are complex. The arrows at the top and bottom of
the circles show the direction that the eigenvalues move as w increases. The eigenvalues
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on the positive real axis move toward the circle of radius w — 1 as  increases. The plot
at the upper right shows the positions of the eigenvalues for @ equal to 1.35. For this case,
there are only two pairs of positive real eigenvalues. As w increases through the values
1.25 to 1.35 the magnitude of the largest positive eigenvalue decreases and one pair of
real eigenvalues becomes complex. At 1.56, which is just slightly less than w*, there
remain only two positive eigenvalues, and they are very close to w — 1. For w equal to
1.60, shown in the lower right plot, all eigenvalues are of magnitude w — 1.

Because of the relationship u®? = u?#, whichholdsif Ax = Ay, the set of eigen-
values has fewer than (N — 1)(N — 2) + 1 elements. If N is even, the set of eigenvalues
has N(N — 2)/4 + 1 elements, andif N isodd, the set of eigenvalueshas (N — D2/44+1
elements.

We now examine how the number of iterations for an iterative method to achieve a
certain error tolerance is related to the spectral radius. Suppose an iterative method has
spectral radius p and we wish to know how many iterations, I, it will take to reduce the
norm of the error to a certain multiple, ¢, of the initial error. From (13.1.9) we see that we
must have

pl ~e
or
__ —loge
—logp’
If p isclose to 1, then
1 -1
[~ 288
l—0p

So, for the Gauss—Seidel method, from p = (cos(w/N))* ~ 1 — n2/N?,

N2
1~ —zloga_l,
b4

and for SOR with o = w*,
1

1 Nl -
~ —loge™ .
271g

These formulas show that for the Gauss—Seidel and Jacobi methods, the number of iterations
is proportional to N2, whereas for SOR it is proportional to N. This is why SOR is a
dramatic improvement in efficiency over the Gauss—Seidel method for even small values
of N.

Exercise

13.4.1. Determine the optimal value of w for SOR applied to the “diagonal” five-point
Laplacian (13.3.16).
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13.5 Consistently Ordered Matrices

In relating the eigenvalues of the Gauss—Seidel and SOR methods to the eigenvalues of
the Jacobi method, we made use of the fact that if « is an eigenvalue of AL + U, then
ar~ Y2 isan eigenvalue of L 4 U. (See the discussion relating to (13.3.7) and (13.4.1).)
If L 4+ U has this special property, it is said to be consistently ordered.

Definition 13.5.1. A matrix of the form I — L — U is consistently ordered if whenever
o is an eigenvalue of AL + U, then ar™'/? is an eigenvalue of L + U.

An examination of our analysis shows that we have proved that if I — L — U is
consistently ordered, then the Gauss—Seidel method will converge if and only if the Jacobi
method converges, and the Gauss—Seidel method will converge twice as fast. We have also
shown that SOR will converge under these conditions, and the optimal value of w is given
by (13.4.6). The reader should check that in deriving (13.4.6) we used nothing special about
the matrix I — L — U other than that it was consistently ordered and that its eigenvalues
are real (see Exercise 13.5.6). Thus we have proved the following theorem.

Theorem 13.5.1. [f the matrix A, which is equal to 1 — L — U, is consistently ordered
and has real eigenvalues, then the SOR method, given by

(0 ' = D)x* ' = (' —w)I + U)x* + b,

converges to the solution of Ax = b for all w in the interval (0,2) if and only if the
Jacobi method converges. Moreover, the optimal value of w is given by formula (13.4.6),
where [i is the eigenvalue of L + U with largest magnitude.

In case matrix / — L — U is consistently ordered but with complex eigenvalues,
we can determine those values of @ for which the SOR method converges, but it is more
difficult to determine the optimal value of w.

Theorem 13.5.2. If the matrix A, given by I — L — U, is consistently ordered, then the
SOR method converges for those values of w in the interval (0, 2) that satisfy

2
(Re 111)? + <%) (Im ui)? < 1 (13.5.1)

for each eigenvalue w; of L + U. In particular, if |Re u;| < 1 for each p;, then there
is an interval (0, ®) of values of w for which SOR converges.

Proof. Let 1; = Al.l /2 Then equation (13.4.2) can be written

1 l—w Wi
R kLl
gi A - 2

We consider the mapping of the complex plane that takes the complex variable 7 to ¢ =
(t — (1 — w)/7t)/2. This mapping takes circles in the complex t plane to ellipses in the
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complex ¢ plane. The circle |t| = |1 — w|!/?

by

is mapped to the degenerate ellipse given

Re¢=0, |Im¢|<v1-w

when 0 < w < 1 and
Im¢ =0, IRe ¢| < Vo —1

when 1 < w < 2. In either case the annulus |w — 1|1/2

ellipse

< |t| <1 is mapped onto the

2 2
<E> + <Im—§) <1 (13.5.2)
w/2 1-—w/2

For each value of ¢ we obtain two roots; if 71 is one root, then 73 = (w — 1)/1]
is the other root. It is therefore necessary that |w — 1| = |7172| must be less than 1. We
also see that one root, say 7|, must satisfy |o — 12 <71 < 1. If we set £ = wui/2
in (13.5.2) we obtain (13.5.1), which proves the first assertion of the theorem. We also see
that if |Re w;| is less than 1 for all w;, then there are values of w near O that satisfy

(13.5.1). This proves the theorem. [

Estimating the Optimal Value of

SOR often converges when I — L — U is not consistently ordered, for example, when
used on more general elliptic equations with variable coefficients. Even though formula
(13.4.6) is not valid, we often find that the optimal w is close to 2. In fact, the relation

L2
w* = (13.5.3)
1+ Ch

is often nearly true, where /1 is some measure of the grid spacing and C is some constant.
This formula is computationally very useful and can be employed as follows. First, for a
coarse grid we find a good estimate for w*, the optimal w, by experimentation, i.e., by
making several calculations with different values of w. Given this w* and h, we can
determine C and then use (13.5.3) to estimate w* for smaller values of 4. This formula
can considerably reduce computational effort.

Garabedian [22] showed that the optimal value of @ for Poisson’s equation on a
domain other than the square can be approximated by

¥ & —2
1+ kih/v2

where & is the mesh width and k; is the first eigenvalue of the Laplacian, i.e., the least
positive value k; such that
VZu +kiu =0

has a nontrivial solution with # equal to zero on the boundary. He also pointed out that
the value of k; can be estimated from below by the Faber—Krahn inequality

=i(3)"
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where A is the area of the domain and kj is the first eigenvalue for a circle of radius 1. The
constant kj is the first zero of the Bessel function Jy and is approximately 2.4. Because
the Faber—Krahn inequality is sharp for circular domains and less sharp for elongated and
nonconvex regions, we can estimate k; as a multiple of kj (r/ A2 the multiplying
factor being determined by experiment. In ways similar to this, we can usually estimate the
optimal value of w quite well in situations for which it cannot be explicitly determined.

In estimating the optimal value of , it is important to realize that it is better to
overestimate @* than it is to underestimate. This is because, as shown in Figure 13.1 for w
larger than w*, the spectral radius varies linearly with , but the derivative with respect
to w of A(r) for w less than w*, as given in (13.4.4), is infinite for the optimal value
of w.

Variations of SOR

There are several variations of SOR. The one we have considered is often called point SOR
with natural ordering. One variation is to use a different ordering of the points. If we
update all the points with £ + m equal to an even number, followed by an update of all
those with £ + m equal to an odd number, we have point SOR with checkerboard ordering.

We can also do one iteration of point SOR with natural ordering followed by one
iteration of point SOR with reverse natural ordering. This is called symmetric SOR, or
SSOR.

Line SOR, or LSOR, updates one line of grid points at a time. The formula is

~ ~ ~ k k+1 k
Ve—1,m — 4Vem + Vegim = — (”E Lm T U£+1 m TV my T Uf m+1 4U£,m) )
k+1
Vym = vzm + Vgm (13.5.4)

when taking the lines in the usual order. LSOR requires that a tridiagonal system be solved
for each grid line. This extra work is offset by a smaller spectral radius of the iterative
method. Generally it is considered to be faster than point SOR by a factor of V2 see
Exercise 13.5.7.

In general, line, or block, SOR is derived by writing the system (13.1.6) as

— Z LjmXm + Djxj — Z Ujmxm = bj,
m<j m>j

where each x; isa vector consisting of a subset of all the components of x. The coefficients
Ljm, Ujm, and D; are matrices of the appropriate sizes. In the usual case x; is the set
of unknowns ass001ated with the jth grid line. The line Jacobi method is given by

k+1 —l(b +Zme +ZU/mx )

m<] m>]

and the LSOR is given by

le§+1 — xj’? _}_ij_l (bj + Z ijxrlfj_l + Z Ujmx;]; - Djxf)’

m<j m>j

from which we obtain (13.5.4) for the special case of the five-point Laplacian.
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It is easy to implement a symmetric LSOR method, in which the lines are swept in
the opposite order during each successive iteration. As with point SOR, symmetric LSOR
has a better convergence rate with almost no extra work.

One case where LSOR is useful is in the solution of elliptic equations on domains
with polar coordinate systems (r, 8); see Section 12.6 and Exercise 12.7.2. Each “line”
consists of the grid points with fixed value of r. At the center we use formula (12.6.3). The
periodic tridiagonal system for each line can be solved by the methods of Section 3.5 (see
also Exercise 3.5.8). We first update all the points other than the origin; then (12.6.3) can
be used to compute the new value at the origin. In the SOR iterations it appears to be best
to proceed from the boundary of the disk in toward the center. The equation to update the
center value using (12.6.3) is

2
SH = ulé +w ZukH — “0 f£(0) < )

Implementing SOR Methods

The implementation of SOR methods is quite straightforward, but there are some small
details that should be mentioned. The SOR methods are usually terminated when the
change in the solution is sufficiently small. One usually sets a tolerance and proceeds until
the changes are smaller than that tolerance. Rather than using formula (13.1.5) it is better
to use the two-step procedure

vlllcm = A_IL(UZ+1 m + v§+11m + UZ ,m+1 + vé—;l 1) - vlz,m’

k+1 k

" (13.5.5)
Uﬁm :UZ +wv£,m’

where ﬁéf . 18 used to measure the change in the solution per iteration.

Of course, since SOR uses immediate replacement, in the computer implementation
there is no need to index the solution by the index k. Also, the temporary variable vy,
is not stored as an array; it need only be a scalar. Both steps of (13.5.5) are computed at
each grid point before proceeding to the next point. The two-step procedure (13.5.5) is
less sensitive to loss of significance than is the procedure of first using (13.1.5) and then
determining the change by computing the difference between the successive values of vy .
The line SOR (13.5.4) is given as a two-step procedure for the same reason. For more details
on the implementation, the reader is referred to Hageman and Young [29].

Here is a section of pseudocode illustrating how to implement the SOR method.
Notice that it requires only the one two-dimensional array v .

Initialize solution
while change > tolerance
change = 0
loop on £
loop on m
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change pt = [v(£-1,m)+v(£+1,m)+v(£ ,m-1)+v (L ,m+1)
-4v (€ ,m)]/ 4.
v(€,m) = v(£,m) + omega*change pt
change = change + change pt " 2
end of loop on m
end of loop on ¢
change = sqrt( change*h ™ 2
end of while loop

The changes in the solution can be measured by the L> norm of o, either with or
without the factor of w. The L? norm preferred by the author is

172
155 = (Z brk h2> . (13.5.6)

L,m

The factor of % in the measurement of the norm causes the stopping tolerance to be
relatively independent of the grid size. The results given in the examples in this book use
the norm (13.5.6).

In checking for the optimal value of @ for a SOR method, it is often found that the
optimal value of w to achieve convergence for a given tolerance in the norm (13.5.6) is
close to, but not the same as, that given by formula (13.4.6). One reason for this discrepancy
is that the convergence criteria are different; i.e., the use of (13.5.6) is not a measurement of
the spectral radius that was used in deriving (13.4.6). This discrepancy is of little concern,
since formulas such as (13.4.6) and (13.5.3) can be used to give nearly optimal values
for w.

For Poisson problems, the values of f(x,y) at grid points should be computed
once and stored in an array, rather than be computed as needed. For standard computers,
accessing an array element is much faster than a function call and its related computation.

For other information on these and other iterative methods, see the compendium of
numerical methods by Barrett et al. [4].

Exercises

13.5.1. Using the point SOR method, solve Poisson’s equation
Uyx + Uyy = —2COS X siny

on the unit square. The boundary conditions and exact solution are given by the
formula # = cosx sin y. Use the standard five-point difference scheme with 4 =
Ax = Ay = 0.1, 0.05, and 0.025. The initial iterate should be zero in the interior
of the square. Comment on the accuracy of the scheme and the efficiency of
the method. Use w = 2/(1 4+ mh). Stop the iterations when the changes in the
solution as measured in the L? norm (13.5.6) are less than 10~7. Note: For some
computers the value of 10~ will be too small unless double-precision variables
are used.



362

Chapter 13. Linear Iterative Methods

13.5.2.

13.5.3.

13.5.4.

13.5.5.

13.5.6.
13.5.7.

13.5.8.

13.5.9.

Solve the same problem as in Exercise 13.5.1 but use the fourth-order accurate
finite difference scheme (12.5.4). Comment on the efficiency and accuracy of the
two methods. Even though the matrix for this scheme is not consistently ordered,
the SOR method will converge, as is shown in the next section. A good estimate
for the optimal value of w is 2/(1 + 7h).

Use the results of Exercise 13.5.1 to show that the values of §p,v and 8§v, where
v is the computed solution, are second-order approximations to the corresponding
derivatives.

Use the results of Exercise 13.5.2 to show that the values of the approximations
to the first and second derivatives given by (3.3.3) and (3.3.7) give fourth-order
approximations to the corresponding solutions.

Solve the same equation as in Exercise 13.5.1 but on the trapezoidal domain dis-
cussed in Section 12.7.

Prove Theorem 13.5.1.

Determine the formula for the optimal value of @ as a function of the grid spacing
for LSOR on the unit square in the case of equal spacing in both directions. Hint:
You will have to use the fact that the natural ordering of the lines is a consistent
ordering and also that the eigenvectors for the line Jacobi method are the same as
for the point Jacobi method. The eigenvalues, however, are different.

Suppose matrix A, given by I — L — U, is consistently ordered and L 4+ U is
skew with eigenvalues ;. (A skew matrix is one for which ST = —S.) Show
that SOR is convergent if and only if @ is in the interval (0, 2(1 + 8)~'), where
B = max |j| and the optimal value of w is given by

. 2
0=
T+ (1+ )12
Notice that w* is less than 1.

Show that the fourth-order accurate finite difference scheme (12.5.4) is not consis-
tently ordered with the natural ordering of points. Also show that it is consistently
ordered for LSOR.

13.5.10. Show that the optimal value of @ for point SOR with the checkerboard ordering

13.6

applied to the five-point Laplacian on the unit square is given by formula (13.4.6).
Hint: Show that the checkerboard ordering is a consistent ordering.

Linear Iterative Methods for Symmetric,
Positive Definite Matrices

We can also analyze linear iterative methods when the matrix A is symmetric and positive
definite. The methods of this section can be applied to many schemes that are not consis-
tently ordered and thus cannot be analyzed by the methods of the previous section. For
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example, the fourth-order accurate nine-point scheme (12.5.4) is not consistently ordered
for point SOR, but the matrix is symmetric and positive definite (see Exercise 13.6.3). On
the one hand, the method of analysis of this section requires less detailed understanding of
the matrix than is required to establish the consistent ordering of A; on the other hand, it
is not apparent how to determine the optimal value of w.

It should be pointed out that one need not write out the scheme in matrix form to
determine if the matrix is symmetric. The matrix A representing the scheme is symmetric
when the coefficient multiplying v, in the scheme applied at grid point (¢, m) is the
same as the coefficient multiplying v, in the scheme applied at grid point (¢, m’) for
each of the unknown grid function values.

The main result for symmetric, positive definite matrices is the following theorem.

Theorem 13.6.1. If A is symmetric and positive definite, then the iterative method (13.1.8)
based on the splitting (13.1.7) is convergent if

Re B > 1A (13.6.1)
or, equivalently, that BT +C is symmetric and positive definite, i.e.,

BT +C>o. (13.6.2)

Proof. We first establish that the two conditions in the conclusion are equivalent.
The matrix Re B is (B 4+ B”)/2, and thus (13.6.1) is equivalent to

BT+B—A>0. (13.6.3)

The defining relation of the splitting (13.1.7) shows that this is equivalent to (13.6.2)
and that BT + C is symmetric.

We now begin the proof. We measure the error in the norm induced by A, i.e.,
lIxlla = (x, Ax)'/2. In this norm we have the relation

k1 1k -1 k
e a = 1B~ Ce"lla < 1B~ Cllalle®lla

(see Appendix A). If the norm of B~LC isless than 1, then the error will decrease at each
iteration and the method will converge. We have that the norm of B~!C is given by

1B-1CI = sup (B~'Cx,AB”'Cx)  (x,C"BTAB 'Cx)
AT (x, Ax) 0 (x, Ax)

Thus the condition [|[B~!C||4 < 1 isequivalentto CTB~TAB~!C < A, and we consider
now the matrix CT BT AB~'C. We have, using relation (13.1.7) to eliminate C,

CTBTAB 'Cc=(U-AB YA - B~'A)

=A—(ABTA+AB'A—AB TAB ' A).
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Thus we see that CT B~TAB~!C < A if and only if
ABTA+AB'A—ABTAB 'A > 0. (13.6.4)
But this last expression can be factored as
AB "B+ BT —A)B'A
or
(B'A)T B+ BT — A)B7'A.

Thus (13.6.4) is true if and only if (13.6.3) is true, and this implies that ||[B~'C]||4 is less
than 1 and so the method is convergent. This proves the theorem. [

Example 13.6.1. As our first application of Theorem 13.6.1 we consider SOR for a sym-
metric matrix A of the form
A=I1-L-L". (13.6.5)
Note that L need not be the lower triangular part of A, although in most applications it
is. We have the splitting
1 l-—w

B=—1-1L, C=——1+1LT,
w w

and the condition (13.6.2) is

2_
BT+c=""%r-0.
[0)]

We conclude that SOR for the matrix (13.6.5) will converge for w in the interval (0, 2) if
the matrix A is positive definite.

This result applies to the fourth-order accurate nine-point scheme (12.5.4), which is
not consistently ordered; see Exercise 13.6.3. O

Example 13.6.2. For our second application we consider SSOR for a matrix in the form
(13.6.5). For SSOR the splitting is

(o1 (Gr-)
B=—-—-I-L)|—-I-L"),
2—w \w w

1— 1—
CZL(_CU]+L> <_w[+LT)
2—w w w

(see Exercise 13.6.1). In this case both B and C are symmetric and

(13.6.6)

B+C=02—w)" [w—2(2 204+ —L—LT + 2LLT]

02 —-w)! [MI + (LI - ﬁL) <i1 - szT)]

207 V2 V2
e ) ()

which is positive definite if and only if 0 < w < 2. O
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As we see from these two examples, this analysis shows rather easily that the iterative
methods will converge for w between 0 and 2, but it does not give an indication of the
optimal value of w. The method used to prove Theorem 13.6.1 can be refined to give
estimates of the optimal w, but we will not pursue this topic. Formula (13.5.3) and the
discussion of that formula should suffice for most applications.

Exercises
13.6.1. Verify that the matrices in (13.6.6) define the splitting for SSOR.

13.6.2. Consider the iterative method (13.1.10) based on the ADI method and assume that
the matrices A; and A, are symmetric. Use Theorem 13.6.1 to determine the
values of p for which the iterative method will converge.

13.6.3. Show that the matrix arising from the fourth-order accurate scheme (12.5.4) is
positive definite when written in the form

10 2
?ve,m 3 (Uz+1,m + Ve—1,m + Vemt1 + ve,m—l)
1
~ 5 (UZ+1,m+l + Vetlm—1 + Ve—1m+1 + W—l,m—l)
2
=0 (fextm + fo—tm + fems1 + fem—1 + 8 fem) -

13.7 The Neumann Boundary Value Problem

In this section we examine second-order elliptic equations with the Neumann boundary
condition (12.1.4). More specifically, we confine ourselves to equations of the form

a(x, Y)uyy +2b(x, Yuyy + c(x, Yuyy +di(x, YIuy +do(x, yIuy = f(x,y) (13.7.1)
on a domain 2 with the boundary condition

9
M px,y) onodQ, (13.7.2)
on

which is the same as (12.1.4). Notice that equation (13.7.1) depends on u# only through
its derivatives. As opposed to the Dirichlet boundary value problem for equation (13.7.1),
the solution to (13.7.1) and (13.7.2) is not unique. Indeed, if # is any solution to (13.7.1)
and (13.7.2), then for any constant ¢ the function u, given by u.(x,y) =u(x,y)+c
is also a solution. The solution of this boundary value problem is unique to within the
additive constant; that is, any two solutions differ by a constant (see Exercise 13.7.2). (The
nonuniqueness of the solution of elliptic equations can occur for any type of boundary
condition; see Example 12.3.2.)
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In addition to the solution not being unique, a solution may not exist unless the data, f
and b in (13.7.1), satisfy a linear constraint. For many applications, especially symmetric
problems, we can easily determine the constraint to be satisfied, but for some problems it
may be quite difficult to determine this constraint. For Poisson’s equation (12.1.1) with the
Neumann boundary condition (13.7.2), the constraint on the data is equation (12.1.5).

As an example of an equation for which it is difficult to determine the constraint, we
have

Uxx + exy“yy =f

with the Neumann boundary condition (see Exercise 12.7.3). The solutions of this boundary
value problem are unique to within an additive constant, and numerical evidence confirms
that there is a constraint on the data.

The nonuniqueness of the solution of the differential equation boundary value problem
and possible nonexistence of a solution causes some difficulties in obtaining the numerical
solution. A careful examination of the difficulties leads to effective strategies to surmount
them.

We now consider using a finite difference scheme to obtain an approximate solution
of the Neumann problem. As an example, we consider solving the Neumann problem for
the Laplacian on the unit square. Either the five-point Laplacian (12.5.1) or the nine-point
Laplacian (12.5.4) might be used to approximate the differential equation. For the boundary
condition, suitable approximations are

u —3vom + 4V1m — Vom
—(0, ~ = b(0, 13.7.3
Bx( Ym) 2Ax ©, ym) ( )
or 3
u Vim — Vo
—(0, ym) & ———= = b(0, ym). (13.7.4)
0x Ax

The approximation (13.7.3) is second-order accurate, whereas (13.7.4) is first-order
accurate. For each of these methods we obtain one equation for each unknown v,
0 < ¢,m < N. The linear system can be written as

Ax = b (13.7.5)

as for the Dirichlet boundary conditions, except in this case the vector of unknowns, x,
also contains the components of vy, on the boundary. Thus, K, the order of the system
(13.7.5),is (N + 1)2.

The nonuniqueness of the solution of the Neumann problem for (13.7.1) implies that
the matrix A in (13.7.5) is singular or nearly singular. Because the solution of (13.7.1)
with the Neumann boundary conditions is unique only up to a constant, most difference
schemes for (13.7.1) and the boundary conditions will also be unique only to within an
additive constant. That is, if x is a solution to (13.7.5), then

A(x +axg) =b

is also true, where xo is the vector all of whose components are 1 and o is any real
number. Comparing this equation with (13.7.5), we see that xo is a null vector of A, i.e.,

AX() =0.
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We will assume that the null space of the matrix A is one-dimensional. (The null
space of a matrix is the linear subspace of vectors z such that Az is the zero vector.) The
matrix A is said to have a (column) rank deficiency of 1. This is a reasonable assumption,
since the null space of the differential operator is also one-dimensional.

A fundamental result of linear algebra is that the row rank of a matrix is equal to
its column rank. Thus there is a nonzero vector yg such that yOT A is the zero vector.
The vector yp represents the constraint that the data in (13.7.5) must satisfy in order for a
solution to exist. We have

0=l Ax =yl Ax)=ylb (13.7.6)

if a solution x exists for (13.7.5). If A is symmetric, then yy may be taken to be xp.

There are two problems concerning constraint (13.7.6). The first is that we may
not know the constraint vector yp, and the second is that the constraint (13.7.6) may not
be satisfied exactly for the known or given data, either because of errors in the physical
data or through truncation errors. One solution to these difficulties is to use only simple
boundary condition discretizations that maintain the symmetry of A, when that is possible.
Unfortunately, this usually results in only first-order accurate boundary conditions (see
Exercise 13.7.1).

If we delete one equation from the linear system (13.7.5) and arbitrarily fix one
component of x, then the resulting system will usually be nonsingular. However, the
accuracy of the solution will depend on which equation is deleted.

An approach that does not single out any particular equation or variable is to use the
concept of a factor space. We consider two vectors vy and vy to be equivalent if their
difference, v; — vo, is a multiple of the null vector xo. We consider equation (13.7.5) for
solutions in the resulting factor space, which we denote by RX /(xq). If we consider the
data in the factor space RX /(yo), then the system is nonsingular. If we do not know 1y,
we can consider the datain RX /(xo), and the system will be nonsingular as long as yOT X0
is nonzero (see Exercise 13.7.3). We will assume that yOT Xxo is nonzero for each system we
discuss.

This abstract reasoning is useful only if it leads to a useful and convenient algorithm.
In this case it does, as we now illustrate. The norm of a vector x in RX /{x0), where xg
is the vector with all components equal to 1, is given by

1/2

K
x|l = <Z<xu —f)z) :
v=1

where X is the average of the components x,. The equation being solved is no longer
(13.7.5), but rather
Ax =b — yxo, (13.7.7)

where y is the average of b — Ax, i.e., the average residual. When a solution to (13.7.7)
is obtained, the value of y is an indication of how closely the data vector b satisfies the
constraint. A nonzero value of y can be due either to errors in the data or to the truncation
errors implicit in the use of finite difference schemes.
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We now give formulas for using this method on an elliptic equation. First, we write
the finite difference equation at each grid point (£, m) in the form

- Z Le.my m) e m' = Z Uie,my@ .m Ve .m = bem,

where L and U refer to the lower and upper triangular parts of the matrix. One sweep of
SOR applied to this system may be described as follows. At each grid point (£, m), the
value of réf o the update is computed:

k+1
= Z L(E,m)(@’,m’)”@/—j_m/ + Z U([,m)(g/,mf)vz’m/ — UIZ’m +bem.

k+1

The value of V. is obtained as

k+1 __ k
vé m UE m + wr[ m*

The iteration continues until the updates are essentially constant, independent of (£, m),
i.e., until ||r — 7|, the norm of the update in the factor space, is sufficiently small. To make
the method efficient requires a convenient means of computing the average of the update
and computing ||r — 7||.

We now show how to compute both the average of the update and the norm of the
update in the factor space. The algorithm for computing the averages and norms is due to
West [70], who introduced it as an efficient means of computing averages and variances
of statistical quantities. First, the variables r’é“ and ka, which will accumulate the
average values of the update and v, respectively, are set to zero along with the variables
Rg and Vé‘ , which will accumulate the norms of these quantities. It is also convenient to
use the variable J to count the total number of points that have been updated.

At each grid point the accumulators of the norms are computed as

k+1 k+1 et phil)2
Ry =Ry + (g — T J+1

V;Cill — Vk+1 + (vk+1 —k+1)2J

+1°
and then the averages are computed:

k+1 —k+l

r
—k+1 _ —k+1 em Ty
rya=r; t——

J+1
k+1 _ —k+1
—k+1 _ —k+1 vl m vy

Vit =0+ T

The value of J is then incremented by 1, and the computation proceeds to the next
grid point.
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At the completion of one SOR sweep, the value of J will be equal to the total number
of grid points at which values have been updated, which is K. The value of 71;(“ will be

equal to the average update and 6’?1 will be the average value of v**!. The norms
1/2
||vk+1 _ 'Dk+1 ” — Z(vzcj’-nl _ vk+l)2AxAy
£,m
and
1/2
||rk+1 _ fk-‘rl ” — Z(réf:lr;ll _ 7k+1)2AxAy
£,m

will be equal to (Vf‘“AxAy)l/2 and (R];'HAxAy)l/z, respectively. The SOR iterations
can be stopped when |#¥+1 — 7%F1|| is sufficiently small.

Example 13.7.1. We show results of using the factor space method and the method in
which a specified variable is fixed in Table 13.7.1. The equation being solved is Poisson’s
equation

Uxy +Uyy = —5sin (x +2y)

on the unit square with the normal derivative data being consistent with the solution

u(x,y) =sin (x +2y) + C. (13.7.8)
The five-point Laplacian was used, and the boundary conditions were approximated
by the second-order approximation (13.7.3).
The finite difference grid used equal grid spacing in each direction. The three different
grid spacings are displayed in the first column of the table. The next columns show the
number of iterations required to obtain a converged solution and the error in the solutions.

Table 13.7.1

Comparison of using factor space or fixing the center value.

Factor method Fixed center value
h Iterations Error* Iterations Error* Error**
0.100 55 3.40-3 95 4.47-3 2.38-2
0.050 93 9.384 241 1.13-3 7.70-3
0.025 200 2.47-5 958 2.87-4 2.37-3

*In the factor space L? norm.
**In the usual L2 norm.

For each method the initial iterate was the grid function, which was identically zero.
Each method was terminated when the appropriate norm of the change in the solution was
less than 10~7. This convergence criterion was sufficient to produce results for which the
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error was primarily due to the truncation error. For the factor space method, the iteration
parameter @ was chosen as 2/(1 + wh/~/2), since 7 is the smallest eigenvalue for the
Laplacian on the square with Neumann boundary conditions.

For the fixed-value method, the value of w was 2/(1 + h) for h equal to 1/10,
it was 2/(1 4+ 1.1h) for h equal to 1/20, and it was 2/(1 4+ 2h) for h equal to 1/40.
These values give convergence but are not optimal. For this method, the exact value of the
solution was fixed at the center point of the square; the constant in (13.7.8) was chosen so
that u(1/2, 1/2) was zero.

The solutions show the second-order accuracy of the finite difference methods when
measured in the factor space norm. Notice that the error in the factor space norm is signif-
icantly smaller than in the usual L? norm. O

Example 13.7.2. Table 13.7.2 shows the results of using the factor space method on equation
eVur +uyy = f (13.7.9)

on the unit square with Neumann boundary data. The values of f and the boundary data
are determined by the exact solution

ulx,y) =e¢ .

The last column gives the average update for the last iteration. It can be seen that the
average update is quite small compared with the error. The results clearly show that the
solution is second-order accurate.

This example is interesting because the integrability constraint is unknown. The
integrability condition is discussed in Section 12.1 and is a linear relationship involving the
boundary data and the data f in equation (13.7.9). The integrability condition must be
satisfied for a solution to exist.

In spite of not knowing the integrability condition, the solution can be computed. The
integrability constraint for this equation is difficult to obtain because this equation cannot
be put into divergence form; see Exercise 12.7.3.

Table 13.7.2
The factor space method for a nonsymmetric equation.
h Iteration Error r
0.100 60 2.054 1.13-5
0.050 103 5.07-5 1.56-6
0.025 233 1.26-5 1.98-7

If a nonzero constant, say 1, is added to the value of f in (13.7.9), then the integra-
bility condition is not satisfied. This method will compute a solution in the factor space,
but the value of the average update, corresponding to y in (13.7.7), will not be small, since
the constraint is not close to being satisfied. O
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Exercises

13.7.1. Show that the five-point Laplacian and first-order accurate boundary condition
(13.7.4) on the unit square give a symmetric matrix if the equations are scaled

properly.

13.7.2. Using the maximum principle, show that equation (13.7.1) with boundary condition
(13.7.2) has a unique solution to within an additive constant.

13.7.3. Consider a K x K matrix A that is singular with rank deficiency 1 and with
a left null vector yy and right null vector xp. Show that when considered as a
linear mapping from the factor space RX/(xo) to the factor space RX/(xo), A
is nonsingular if and only if the inner product of x¢ and yq is nonzero.

13.7.4. Solve Poisson’s equation
Uyx +Uyy = —27% cos x cos Ty

on the unit square with the Neumann boundary condition

ou

% =
The exact solution is u(x, y) = coswx cosmy. Use both the first-order accurate
approximation (13.7.4) and the second-order accurate approximation (13.7.3) to
approximate the boundary conditions. Use equal grid spacing for both directions,
and use grid spacings of 1/10, 1/20, and 1/40. Use w = 2/(1 + wh//2).

13.7.5. Consider the Jacobi iteration given by the five-point Laplacian on the unit square
given by

k+1 _ 1,k k k k
Vo =7 Wogtm T Vet + Vit + Ve m_1)

for £=0,...,N and m =0, ..., N with grid spacing h equal to N~L. The
boundary conditions are used to eliminate the variables vy, with £ or m less
than O or greater than N, with the relations

V_1.m = Vim form=0,...,N,
Vg, —1 = VUg,] for{=0,..., N,
UN+1.m = UN—1.m form=0,...,N,
Vg N+1 = Vg, N—1 for¢ =0,...,N.

Show that the eigenvalues are given by

M“’bzl cos( X + cos b
2 N N
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13.7.6.

13.7.7.

for 0 < a,b < N and the corresponding eigenvectors are

ab almw bmm
UZ,’m = COS T COS T .

Show that the Jacobi method will not converge in the factor space RX/(x¢) in
which xq is the vector with all components equal to 1. Show also that the Gauss—
Seidel method will converge. This result does not contradict Theorem 13.5.1, since
the Jacobi method in the factor space is not the true Jacobi method.

Show that the optimal value of w for point SOR applied to the equations in Exercise
13.7.5 in the factor space is

2
1+ sin(w/2N)+/1 + cos(w/2N)

2
1+ 7h/V2

%

Verify that the following algorithm can be used to compute norms and vector prod-
ucts in the factor space RX/(xo), where x( is the vector with all components
equal to 1:

Given vectors x and y in RX . let ox and tx denote the factor space
norms of x and y, respectively, and their inner product will be denoted by 7.
The quantities xx and yx are the averages of x and y, respectively.

The algorithm is: Set 09 =0, 10 =0, 719 =0, xo =0, yo = 0. Then for
k from 0 to K — 1, compute the quantities
X1 = Xk + (X1 — %) /(k + 1), Vel = Yk + kg1 — i) /(k + 1),
Okt = 0k + (k1 — XK/ + 1), wr =+ Okr — 30/ + 1),
Tk+1 = Tk + (X1 — X)) k41 — YK/ (k + 1).

Then, at the conclusion of the algorithm,
ik =Y 5 /K =%, yk =Y vi/K =7,
ok =Y i (x — )7, Tk = Y0 — 92

TK = Y0 (g — B — )



Chapter 14

The Method of Steepest Descent
and the Conjugate Gradient
Method

In this chapter we consider a class of methods for solving linear systems of equations when
the matrix of coefficients is both symmetric and positive definite. (See Appendix A for the
definitions of these terms.) Although we are interested primarily in the application of these
methods to the solution of difference schemes for elliptic equations, these methods can be
applied to any symmetric and positive definite system. We begin by discussing the method
of steepest descent and then the conjugate gradient method, which can be regarded as an
acceleration of the method of steepest descent. Our approach to the conjugate gradient
method is based on that of Concus, Golub, and O’Leary in [10]. There have been many
variations and extensions of the conjugate gradient method that cannot be discussed here.
A good reference for these additional topics is the book by Hageman and Young [28] and
the compendium of iterative methods by Barrett et al. [4].

14.1 The Method of Steepest Descent

We consider a system of linear equations
Ax =D, (14.1.1)

where matrix A is symmetric and positive definite. As in the previous chapter we will let
K be the order of the matrix. Consider also the function F(y) defined by

F(y) =30 —x Ay —x), (14.1.2)

where x is the solution to (14.1.1) and (-, -) is the usual inner product on RX. Obviously,
the function F has a unique minimum at y equalto x, the solution of (14.1.1). Similarly,
the function E given by

E(y) = F(y) = F(0) = 5(y, Ay) — (y, b) (14.1.3)

has a unique minimum at the solution of (14.1.1). Both the method of steepest descent and
the conjugate gradient method are iterative methods that reduce the value of E at each
step until a vector y is obtained for which E(y) is minimal or nearly minimal. In many

373
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applications the function E(y) represents a quantity of significance, such as the energy of
the system. In these cases the solution of (14.1.1) is the state of minimum energy.
We first consider the method of steepest descent. The gradient of the function E(y)

is the vector
G(y)=Ay—-b=-r, (14.1.4)

where r is called the residual (see Exercise 14.1.1). Since the gradient of a function points
in the direction of steepest ascent, to decrease the value of the function it is advantageous
to go in the direction opposite of the gradient, which is the direction of steepest descent.

The method of steepest descent, starting from an initial vector x°, is given by

A = Xk ok, (14.1.5)
where
K =b— Axk

and oy is some parameter.

The notation we will use is that lowercase Roman letters will denote vectors and have
superscripts, and Greek letters will denote scalar quantities and have subscripts. The norm
of a vector v will be denoted by |v|, where |v| = (v, v)!/?%.

The parameter oy in (14.1.5) will be chosen so that E(x**1) is minimal. We have

E (o) = E (¢ + art)
= 1 (5, axt) e (5, AxF) + S (4 arF) = (x5, 0) — e ()
= B (x) —a (7. %) + S (. art).

This expression is a quadratic function in o and has a minimum for some value of o.
We find the minimum as follows. Setting dE/dax = 0, we find that o given by

(rk, k) B I 2

(rk, Ark) N (rk, Ark) (14.1.6)

o =

is the value at which E(x**!) is minimal.
We now derive some consequences of this choice of «. From (14.1.5) we have that

pRtl — pk ozkArk
and so from (14.1.6),
(rk+1,rk) = (rk, rk) — oy (rk, Ark) =0, (14.1.7)
showing that consecutive residuals are orthogonal. For this optimal choice of o we have
1 |rk |4
E(xk+1) =E(xk>———, 14.1.8
2 (rk, Ark) ( )
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showing that E(x*) will decrease as k increases until the residual is zero. Notice also
from the definitions of E (x*) and r¥ that

E(x) =1 (a7 ) - FO

and hence (14.1.8) is equivalent to

k4
(A—lrk+1 rk+1> — (A—I,k ,k> __ e
s ’ (rk’ Ark)'
We now collect the formulas for steepest descent:
U= xk gk, (14.1.9a)
P = ko Ak, (14.1.9b)
kP2 (14.1.9¢)
o = ) .1.9¢
k (rk, Ark)

Notice that to implement the method, we need only one matrix multiplication per step; also,
there is no necessity for storing the matrix A. Often A is quite sparse, as in solving linear
systems arising from elliptic systems of finite difference equations, and we need only a
means to generate the vector Ar given the vector r. Formula (14.1.9b) should be used
instead of the formula r* = b — Ax* to compute the residual vectors rX. When using
the finite precision of a computer, there is a loss of significant digits when the residual is
computed as b — Ax¥, since the two vectors b and Ax* will be nearly the same when k
is not too small. The formula (14.1.9b) avoids this problem.

Although our derivation of the steepest descent method relied on matrix A being
both symmetric and positive definite, we can apply the algorithm (14.1.9) in case A is not
symmetric. The following theorem gives conditions on which the method will converge.

Theorem 14.1.1. If A is a positive definite matrix for which AT A=' is also positive

definite, then the algorithm given by (14.1.9) converges to the unique solution of (14.1.1)

for any initial iterate x°.

Proof.  First note that if A is positive definite, then A~! is also positive definite,
andif ATA1 is positive definite, we have that there are constants cg and c; such that

cotx, A7 %) < (x, ATA 1x) (14.1.10)

and
c1(x, Ax) < (x,x) (14.1.11)
for all vectors x (see Exercise 14.1.2). We now consider (rk“, A_lrkH) , where r9 =

b — Ax? and r*¥*! depends on r* by (14.1.9b). We have
(rkH, Ailrk“) = (rk, Ailrk> — oy (rk, rk) — oy (Ark, Ailrk) + oz,% (rk, Ark)

_ (rk’ Aflrk> — (rk’ ATAflrk)
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by the definition of ox. Now using (14.1.11) we have

(.
= (rk, Ark) =l
and thus, by (14.1.10),
(r"“, A_lrkH) < (rk, A_lrk) (1 = coc) fork > 0. (14.1.12)

Notice that 1 — cpcy is nonnegative, since Al g positive definite. Therefore,
(rk, A_lrk> < (ro, A_1r0> (1 - cocl)k

and thus (r¥, A=1r*) tends to zero.

But r¥, given by (14.1.9b),is b — Ax*, as can be shown by induction. Since Al
is positive definite, we have that the vectors rk converge to zero, and because

K =Aa"Tb -

it follows that the vectors x¥

of (14.1.1). O

converge to A~'b, which is the unique solution

Corollary 14.1.2. If A is symmetric and positive definite, then the steepest descent method
converges.

The estimate (14.1.12) shows that if the product coc; can be taken to be close to
1, then the method of steepest descent will converge quite rapidly. As can be seen from
Exercise 14.1.2, one way of having coc; close to 1 is if A is close to being a multiple
of the identity matrix. However, steepest descent can often be quite slow, and this usually
occurs because the residuals oscillate. That is, in spite of (14.1.7), we can have r*+2 bein
essentially the same direction as r* or —rk.

Because the method of steepest descent is often quite slow, we consider several means
to accelerate it. One method that accelerates steepest descent is the conjugate gradient

method, which is the subject of the next several sections.

Exercises

14.1.1. Using the relation
E(y+2) = E()+ (z, Ay —b) + 0(z])

for the function E(y) given by (14.1.3), verify that the gradient of the function
E(y) is G(y) = Ay — b, as asserted in (14.1.4).
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14.1.2.

14.1.3.

14.1.4.

14.1.5.

14.1.6.

14.1.7.

14.2

Show that the constants ¢y and c¢; of (14.1.10) and (14.1.11) can be taken to be

A3
co=— and ¢ = —,

A2 Al

where A1 and X, are the greatest eigenvalues and 13 is the least eigenvalue of
T(A+AT), fa7'+A™"), and 1A7'AT +447T),

respectively.

Consider the matrix

()

(a) Show that A is positive definite if |b| < 2+/2.
(b) Show that AT A1 is positive definite if |b| < 4/3.
Show that if |b| < 2, then |r¥*2| < |r¥| when the steepest descent algorithm is

applied to the matrix of Exercise 14.1.3. Conclude that the method converges when
|b| < 2. Hint: Show that if r¥ = (’yc) , then

k+1_ [y x(x —by)
rih = .
—x ) (x2+bxy +2y?)

Discuss the relationship between the example of Exercise 14.1.4 and Theorem
14.1.1 when 4/3 < |b| < 2.

Show that the method of steepest descent applied to the matrix of Exercise 14.1.3
does not converge for |b| > 2. Hint: Consider r0 = (e, DT, where o+
a—1=0.

Prove the Cauchy—Schwarz inequality for a symmetric, positive definite matrix A:
(x Ay) < (x, A0 (v, An)'/2.

Hint: Consider (ax — By, A(ax — By)).

The Conjugate Gradient Method

The conjugate gradient method can be viewed as an acceleration of steepest descent. We
begin our derivation of the method by writing

M =x oy [’k + G - xkfl)]
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for some scalar parameters «x and yj. This formula shows that the new change in position,
xk+1 — x* is alinear combination of the steepest descent direction and the previous change
in position x¥ — x¥~1. We rewrite the preceding formula as

P

where

Pr=rf+n (xk —xk_l> = + peag_1 !

=r 4+ Bapt

Combining these formulas we have

= K gk, (14.2.1a)
e R (14.2.1b)
Pl = kL g ok (14.2.1¢)

where the parameters o and S are to be determined. The vector p¥ is called the search
direction to the kth iteration.

We now wish to determine the parameters oz and S and also determine what p°
should be so that (14.2.1) converges as rapidly as possible. As with steepest descent, we
wish to choose x**! sothat E (xk+1) is minimal. To begin we assume that pf is known,
and we choose oy so that E (x**!) is minimized. We have

E (xk‘H) = % (xk, Axk> + oy (Pk, Axk) + %ot,% (pk, Apk> - (xk, b) 7 (Pk, b)
=EFE (xk> — o (pk, rk) + %(x,% (pk, Apk> .
By considering the derivative of E(x**!) with respect to ay, we obtain that

(", ")

is the optimal value of «j. Using this value of «; we have
k k)2
B () = B () - 2T
2 (p*, Ap*)

We first consider the case k = 0, where we have complete freedom to choose po. From
this formula we see that 0 isa good choice for po, since it will make E (xl) less E (xo) .

From now on we will assume po = rY: later on we will see other advantages to this choice.
Next we use (14.2.2) with (14.2.1b) to give

(pk’ rk+l) _ (pk’ rk) — <pk7 Apk> —0.
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Then using this relation with (14.2.1c), we have
(pk—&-l’ rk+1> _ <rk+1’ rk+1> + B <pk’rk+1)
= P12 for k > 0.
Then by our choice of p° we have
(pk, rk) = |rk|2 for k > 0.

This pattern of alternatively using (14.2.1b) and (14.2.1c) will be used repeatedly in our
analysis of the conjugate gradient method.
With this last relation and (14.2.2) we have that

Irf? (14.2.3)
o = ——, 2.
(P, ApF)

which is a convenient formula for computing «. We also have that

ke
k+1Y _ kY _ =
E(x )_E<x ) Z(pk,Apk).

This formula shows that pk should be chosen so that ( pk, Apk) is minimal, since that
will minimize E (x**') given x*. By (14.2.1c) we see that Bx—; should be chosen to
minimize (p*, Ap*) given p*~!. We have

(P* ap") = (. Ark) + 281 (7, A1) + B2y (44 4047

and so the optimal choice of Br_1 is

(rk7Apk—1)
=" fork>1
Br-1 (T, ApE Ty or k >
or, equivalently,
(rk—i-l’ Apk)
Br = _W for k > 0. (14.2.4)

Our first conclusion from this formula results from using this formula for g; with
(14.2.1c). We have

(pk+l’ Apk) _ (rk+1’ Apk> + B <pk’ Apk> -0
and so we obtain the important result that

@“ﬁAﬁ):Ofmsz (14.2.5)
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which we describe by saying that consecutive search directions are conjugate. Using
(14.2.5) with (14.2.1c), we find

(pk, Ap") = (r", Apk) + B (p"_l, Ap")
= (. 4).
which we use with (14.2.1b) and (14.2.3) to obtain
(rk+1’ rk) _ (rk’ rk) — oy <Apk’ rk)
— (,k, rk) — <pk’ Apk) (14.2.6)

0.

We now obtain a more convenient formula for S than (14.2.4). First, by (14.2.1b)

and (14.2.6),
(rk+1’ rk+l> _ (rk+1’ rk) —a (rk+l’ Apk)

= —a (rk+1’ Apk> 7
so by (14.2.4) our formula for B is

1 |rk+l|2 |rk+1|2

Br = — = -
ax (pk, Ap¥) |rk|?

We now collect the formulas for the conjugate gradient method:

D=0 = b A, (14.2.7a)
XK = kg pF, (14.2.7b)
PRl kg Apk, (14.2.7¢)
[P R (14.2.74d)
P2 (14.2.7¢)
o = , L. /e
(P, ApF)
|rk+l |2
Br = FIR (14.2.771)

The implementation of these formulas in a computer program is discussed in the next
section. We conclude this section with some basic observations about the algorithm.

We see from formulas (14.2.7) thatif B issmall, i.e.,if |[r¥*!| is much less that |r¥|,
then pt! is essentially #¥*! and the conjugate gradient method is close to the steepest

descent method. If |r¥*!| is not much less than ||, then the new search direction, p*+1,
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will not be close to the local steepest descent direction, rf*!. Notice that the vectors
rk as defined by (14.2.7¢c) are equal to the residual b — Ax* for all values of k; see

Exercise 14.2.1.
Next we prove a very interesting and significant result about the residuals and search

directions for the conjugate gradient method.

Theorem 14.2.1. For the conjugate gradient method (14.2.7), the residuals and search
directions satisfy the relations

(5.r7) = (. Ap7) =0 fork # j. (14.2.8)

Proof. 'We prove this result by induction. First notice that
(ro, rl) =0

and
(2 0') =0

by (14.2.6) and (14.2.5).
Next, assume that

(re,rf) = (pe,Apj) =0 for0<j<4t<k.

We wish to show that this holds for all j and ¢ with 0 < j <€ <k + 1 as well. First,
by (14.2.6) and (14.2.5), we take the case with j equalto k and ¢ equalto k+ 1 :

(rk+1, rk) _ (pk+1’ Apk> —0.
Now assume that j is less than k. By (14.2.7¢c) and (14.2.7d) we have
<rk+1, r-/) = (rk, rj> — o (Apk, r-j>

= —ay (Apk, p’ - ﬂj—mj_l)

=0
since (p*, Ap’) and (p®, Ap/~') are zero by our induction hypothesis. Also, for j less
than &

<pk+l7Apj) _ (rkH,Apj) s (pk’Apj)
= (rk“,rj - er) aj_l
=0

by the result just proved. This completes the proof of the theorem. [
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Theorem 14.2.1 has the following immediate corollary.

Corollary 14.2.2. If the matrix A is a K x K symmetric positive definite matrix, then
the conjugate gradient algorithm converges in at most K steps.

Proof. By Theorem 14.2.1 all the residuals are mutually orthogonal, by (14.2.8).
Thus X is orthogonal to r* for k=0, ..., K — 1. Since the dimension of the space is
K, rK must be zero, and so the method must be converged within K steps. [

This corollary is not often of practical importance, since for an elliptic difference
equation on the square, e.g., the five-point Laplacian (12.5.1) with grid spacing Ax =
Ay = 1/N the vectors have dimension K = (N — 1)2, which is quite large. However, it
does turn out that often the conjugate gradient method is essentially converged in far fewer
than K steps. When viewed as an iterative method, it is very effective, the number of
iteration steps being on the order of N (i.e., K'/2) for elliptic difference equations. This
is proved in section 14.4.

We have derived the conjugate gradient method by minimizing the quadratic func-
tional E(y) or F(y). Notice that by (14.1.2)

F(y) =50 —x A0 —x)
=1 (—A’lr, —r) =1 (r, Ailr) :

Thus, the conjugate gradient method minimizes the functional (r, A~!r) at each step in
the search direction.

Example 14.2.1. Table 14.2.1 displays the results of computations using both the SOR and
conjugate gradient methods to solve for the solution of the five-point Laplacian on the unit
square with Dirichlet boundary conditions. The exact solution of the partial differential
equation was u = e¢*siny for 0 < x,y < 1. The finite difference grid used equal grid
spacing in each direction. The three different grid spacings are displayed in the first column
of the table.

For both methods the initial iterate was the grid function that was equal to the exact
solution on the boundary and was zero in the interior of the square. The SOR method was
terminated when the L2 norm of the changes to the solution, given by

12
1,.n n+1 n n+1 n (212
w(Z 12 We 1 F Ve T Vet T V1) = Vel "h ) ;
L,m

was less than the tolerance of 10~7. The sum is for all interior grid points. The value for
w was 2(1 +h)~! for each case.

The conjugate gradient method was also terminated when the norm of the updates
to the solution was less than the tolerance of 10~’. The norm of the updates is given
by hay|p¥|. For each method the number of iterations and the norm of the error are given
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Table 14.2.1
Comparison of SOR and conjugate gradient methods.
SOR Conjugate gradient
h Iterations Error Iterations Error Residual
0.100 31 5.52-5 27 5.51-5 1.91-8
0.050 64 1.38-5 54 1.39-5 3.19-8
0.025 122 3.21-6 107 3.48-6 2.59-8

for the three values of 4 equal to 1/10, 1/20, and 1/40. In addition, the norms of the
residuals are displayed for the conjugate gradient method.

Table 14.2.1 clearly shows for both methods that the number of iterates is proportional
to h~!. The table also demonstrates the second-order accuracy of the five-point Laplacian
finite difference scheme. Decreasing the tolerance from 1077 to 1078 and 10~ decreased
the residuals for the conjugate gradient method but did not decrease the errors. This shows
that the error given is primarily due to the truncation error inherent in the finite difference
scheme and is not the error due to the iterative method.

The error shown for & equal to 1/40 for the SOR method actually increased as the
tolerance was reduced from 10~7 to 1078, The error shown in the table is due to the
fortuitous circumstance that the iterate at which the method was stopped was closer to the
solution to the differential equation than it was to the true solution to the difference scheme.
When the tolerance was reduced to 1078, the error was essentially that of the conjugate
gradient method. O

In doing computations to demonstrate the order of accuracy of schemes and the speed
of iterative methods, we must be careful to distinguish between errors due to the use of
finite difference schemes, i.e., truncation errors, and errors due to the iterative method. The
results shown in Table 14.2.1 were done in double precision to remove the arithmetic errors
due to the finite precision of the computer. Double-precision calculations are often not
needed in practical computations because the arithmetic errors are usually much smaller
than the uncertainty of the data.

Since the conjugate gradient method is more expensive per step than SOR in terms of
both storage and computation time, Table 14.2.1 shows that SOR is more efficient than the
conjugate gradient method for this problem. A major advantage of the conjugate gradient
method is that it can be easily modified to a preconditioned conjugate gradient method, as is
shown in Section 14.5. A second advantage of the conjugate gradient method is that it does
not require the user to specify any parameters, such as the iteration parameter @ required
by SOR methods.

Exercises

14.2.1. Prove by induction that the vectors r* as defined by (14.2.7) are equal to the
residual b — Ax* for each k.



384 Chapter 14. Method of Steepest Descent and Conjugate Gradient Method

14.2.2. A skew matrix A is one for which AT = —A. Show that the following algorithm
converges when A is skew and nonsingular:

po = —Ar,
= ko pk,
P = kg Ak,

PR = — AP 4 ﬂkpk,

ar = |AF* P/ AP,

Br = [AF T2 /| AFR .
Hint: Show that o and S;_; minimize |rk|2
(rk+l, Apk) = (Ark“, Ark) =0 for all k.

at each step. Also show that

14.2.3. Show that if A is skew but singular, then with the algorithm given in Exercise
14.2.2, the vectors x* converge to a vector x* and the vectors r¥ converge to
r*, such that
r*=>b— Ax*

and r* is a null vector of A. Hint: Show that |r¥| converges and that |Ark| <
Al 7K = FF 1) and [PEHY — 52 = K2 — k2,

14.3 Implementing the Conjugate Gradient Method

We now discuss how to implement the conjugate gradient method using the five-point
Laplacian on a uniform grid as an illustration. We begin by considering (14.2.7) and see
that four vectors of dimension K are required. These are x*, pk, and an additional
vector ¢¥, which is used to store the values of Ap*.

We start with an initial iterate x° and then compute r = b — Ax?, ¢° = Ar°, and
oo with p® = rO. Then (14.2.7) becomes

KT = ko pt, (14.3.1a)

P =k gk, (14.3.1b)

P = 4 g ok (14.3.1¢c)

¢t = ArFt 4 g, (14.3.1d)
k|2

oy = W (14.3.1e)

|rk+1|2
B, = SETR (14.3.1f)
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One can avoid using the vectors ¢* if Ap* is computed twice, once for (14.3.1b) and once
for evaluating of.

We now show what these formulas become for the example of solving Poisson’s
equation on the unit square with equal spacing in both directions. The vectors will now be
indexed by their grid point indices, and we denote the components of the vector x by the
grid function vy ,,. The equations to solve are

2
—Vet1m — Ve—lm — Vem+1 — Ve,m—1 + 4Vem = —h" fom, (14.3.2)

which forms the system of equations Ax = b. Notice that A is positive definite and
symmetric and that the vector b contains both the values h? fe.m and the values of the
solution on the boundary.

First, U?,m is given and then rgm is computed in the interior as

0 _ 32 0 0 0 0 0
Fom = —h fl,m + Vetl,m + Vi 1,m + Vo m+1 + Vom—1— 4v€,m’
0 _ .0
pﬁ,m - rl,m’
with |r0|% also being computed. Then q?m is computed as

0 _ 4.0 0 0 0 0
Dom =4 0m —Tertm — Tieim — Toms1 — Tem—1 (14.3.3)

and the inner product (po, qo) is also computed to evaluate ag as [r°1%/(p?, ¢°). Note
that for Dirichlet boundary data, rk, pk, and qk should be zero on the boundary.
Now begins the main computation loop. First v and r are updated by

k+1 _ k k
Uf,m - v@,m + akp@,m’

k+1 _ k k
Tom =Tem — %9¢ m»

with |r¥*1]2 also being computed. Using [r¥*112, B is computed; then p and ¢ are
updated by
k+1 k+1 k
p[,m = rﬁ,m + ﬁkpﬁ,m’
(14.3.4)
k+1 _ 4 k+1 k+1 k+1 k+1 k+1 k
qﬁ,m - 4]’( m rl+l,m - rl—l,m - rﬂ,m+l - ré,m—l + 'quf,m’
and the inner product (p**!, g¥*1) is computed by accumulating the products p’ﬂ: qéffnl .

Finally, oz is computed as the ratio |rK+1|2/ (pk+1, qk‘H) and k is incremented.

It is important to notice that in the computer code there is no need to use variables
indexed by the iteration counter k. The values of «; and i are not required beyond the
kth iteration, and thus the implementation should use only variables o and f.

A trick can be used to reduce the code that initializes p° and ¢°. After v° and r°
have been computed, set 8 equal to zero and then use the code for formulas (14.3.4) to
compute p® and ¢°. This avoids using separate code for (14.3.3) and (14.3.4).
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The conjugate gradient method is terminated when either ay|p*| or |r¥| is suffi-
ciently small. For most systems these two quantities are good indicators of how close the
current iterate x* is to the true solution. As with the general linear methods, e.g., SOR, the
method should be continued until the error in the iteration is comparable to the truncation
error in the numerical method. There is no reason to solve the linear system exactly when
there is intrinsic truncation error due to using finite difference methods.

It should also be pointed out that it is not wise to compute the residual ¥ as b — Ax*,
and the formula (14.3.1b) should be used instead. Although r* is mathematically equivalent
to b — Ax¥, when using the finite precision of a computer there is a loss of significant digits
when the residual is computed as b — Ax¥, since the two vectors b and Ax* will be nearly
the same and much larger than r* when k is not too small. The formula (14.3.1b) avoids
this problem.

In those cases where the matrix A isill conditioned, there will usually be a significant
difference between the computed vector r¥ and the true residual for large values of k.
Nonetheless, the method, as given by (14.3.1), will converge to machine precision even in
the presence of these rounding errors. Of course, one must not set the convergence criteria
smaller than what can be obtained with the machine arithmetic.

Exercises

14.3.1. Use the conjugate gradient method to solve Poisson’s equation
Uyy + Uyy = —4cos(x + y) sin(x — y)

on the unit square. The boundary conditions and exact solution are given by the for-
mula u = cos(x + y) sin(x — y) . Use the standard five-point difference scheme
with h = Ax = Ay = 0.1, 0.05, and 0.025. The initial iterate should be zero in
the interior of the square. Comment on the accuracy of the scheme and the effi-
ciency of the method. Stop the iterative method when the L? norm of the change
is less than 107°.

14.3.2. Use the conjugate gradient method to solve Poisson’s equation
Uyy +Uyy = —2cOsxsiny

on the unit square. The boundary conditions and exact solution are given by
the formula u = cosx siny. Use the standard five-point difference scheme with
h=Ax = Ay =0.1, 0.05, and 0.025. The initial iterate should be zero in the
interior of the square. Comment on the accuracy of the scheme and the efficiency of
the method. Stop the iterative method when the L? norm of the change is less than
10~%. Compare with the results of the SOR method applied to this same equation
(see Exercise 13.5.1).
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14.4 A Convergence Estimate for the Conjugate Gradient
Method

Theorem 14.2.1 shows that the conjugate gradient method will converge in at most K
steps if A is a K x K matrix. However, we will now prove an estimate on the rate of
convergence of the method that shows that the method is often essentially converged after
far fewer than K steps.

Theorem 14.4.1. If A is a symmetric positive definite matrix whose eigenvalues lie in the
interval [a, b], with O < a, then the error vector * for the conjugate gradient method
satisfies

(ek, Aek>l/2 <2 (%)k <e°, Aeo)l/z. (14.4.1)
a

Proof. 'Webegin with the observation based on (14.2.7b) and (14.2.7¢) that the resid-
ual after k steps of the conjugate gradient method can be expressed as a linear combination
of the set of vectors {A/r0} for j from 0 to k. We express this observation as

r* = Re(A)r°, (14.4.2)
where Ry (L) isapolynomialin A of exactdegree k (see Exercise 14.4.1). The coefficients

of the polynomial Ry() depend on the initial residual r°. We will also make use of the
observation that

Re(0) = 1 (14.4.3)

for all nonnegative integers k. (If A =0, then by (14.2.7¢), r* = r0.)

The error ¢X onthe kth step of the conjugate gradient method is related to the residual
by
k= Aek (14.4.4)

Since matrix A commutes with R;(A), a polynomial in A, we have by (14.4.2) that
A (e = Rea)e”) =0,
and since A is nonsingular we have
F = Rp(A)eY. (14.4.5)
We now use Theorem 14.2.1 to establish that

ek, Aet) = (0r(A)e, Ak (14.4.6)
(¢hact) = ( )
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for any polynomial Q()X) of degree k satisfying Q(0) = 1. Relation (14.4.6) is proved
as follows. Using (14.4.5) and Theorem 14.2.1, we have

(ek, Aek) = (ek, rk)
k—1
=+ Zyjr-/, r
i=0

for any choice of the coefficients y;. But we then have, by (14.4.4) and (14.4.5), that

k—1

Re(A) + ) vjAR;(A) |
j=0

k—1
e+ Z yjr!
j=0

= Qr(A)e°,

where it is easy to see that, by appropriate choice of the y;, Q(A) can be any polynomial
of degree k satisfying Qy(0) = 1. This establishes (14.4.6).

We now use the Cauchy—Schwarz inequality for positive definite matrices (see Exer-
cise 14.1.7) to obtain

(ek, Aek) = (Qk(A)eO, Aek>
< (0, a0uare?) (&, ac) "
from which we obtain
(ek, Aek) < (Qk(A)eO, AQk(A)eO). (14.4.7)

We now wish to choose Qf(A) so that the right-hand side of (14.4.7) is as small as possible,
or nearly so. We will actually only estimate the minimum value of the right-hand side. We
begin by using the spectral mapping theorem (see Appendix A). Since the eigenvalues of
A are in the interval [a, b], we have that

(Qc)e’, AQ(A)") = max |0c()P (0. ae). (14.4.8)

We will choose the polynomial Q(A) sothat |Q(A)| is quite small for A in [a, b]. Recall
that Q4 (0) is 1. Based on an understanding of the properties of orthogonal polynomials,

we choose
b+a—2\
(M)

7 (54)

Qr(2) =
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where T () is the Tchebyshev polynomial of degree k given by

cos(k cos™! if <1
Ty = | T T 1 = (14.4.9)
[sign(u)]* cosh(kcosh™" |u]) if |u| > 1.

See Exercise 14.4.2. Notice that Q(0) is 1.
For A intheinterval [a, b], the value of |b 4+ a — 2A|/(b — a) is bounded by 1 and
|Tx ()| for w € [—1, 1] is at most 1; therefore, we have

-1 -1
max | Qr(1)] < I:Tk(b+a>i| = [COSh ("C"Shl <b+a>>] '
a<i<b b—a b-a

As k increases, the value of cosh{kcosh™! [(b + a) /(b —a)]} also increases, showing
that (ek, Aek) decreases with k. To obtain a more useful estimate of this quantity, we set

b+a e? +e°
=cosho = ——.
b—a 2

Solving this equation for ¢, we have

o Yot va
Vb —Ja
(There should be no cause for confusion between ¢, which is the exponential of o, and

ek, which is the kth error vector.)
We then obtain

coshko—ek0+e_ka_l Vb +a ' 1+ —\/E—ﬁ *
2 2\Ub-va Vb+/a

Thus we have '
Vb —Ja
b+ Jal

This estimate with (14.4.8) gives (14.4.1), which proves Theorem 14.4.1. 0

Theorem 14.4.1 shows that the conjugate gradient method converges faster when the
eigenvalues of A are clustered together in the sense that a/b is close to 1. Notice also that
the estimate (14.4.1) is independent of simple scaling of the matrix A; i.e., the estimate
is the same for Ax = b and aAx = ab for any positive number «. For the five-point

Laplacian on the unit square, the value of (\/1_7 - ﬁ) / <\/2_7 + ﬁ) is 1 —0(h), as

with SOR, and indeed the two methods are about equal in terms of the number of iterations
required for a solution, as shown in Table 14.2.1 (see Exercise 14.4.3).

max |Qk(A)] < 2(
a<i<b
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Exercises

14.4.1. Using induction on k, verify relation (14.4.2). You may wish to also show that
p* can be expressed as a polynomial in A multiplying r°.

14.4.2. Verify that the Tchebyshev polynomials Ty () given by (14.4.9) are indeed poly-
nomials of degree k. Hint: Use the formula

cos(k + 1) = —cos(k — 1)0 + 2 cos kO cos 0

and a similar formula for cosh(k + 1)0 to establish a recurrence relation between
the Ty (w).

14.4.3. For the five-point Laplacian on the unit square with equal spacing in each direction,
show that \/a/b is approximately wh/2.

14.5 The Preconditioned Conjugate Gradient Method

A technique resulting in further acceleration of the conjugate gradient method is the pre-
conditioned conjugate gradient method. We first discuss this method in some generality
and then examine the particular case of preconditioning with SSOR.

The basic idea of the preconditioned conjugate gradient method is to replace the
system

Ax=b

by
B 'ABT (BTx) — B p,

where B~'AB~T is a matrix for which the conjugate gradient method converges faster
than it does with A itself. Matrix B is chosen so that computing B~7y and B~y are
easy operations to perform. Note that B~!AB~T is symmetric and positive definite when
A is.

According to Theorem 14.4.1, to get faster convergence, we wish to have the eigen-
values of B~'!AB~T more clustered together than are those of A. Since A is symmetric
and positive definite, there is a matrix C so that A = CC”, and B is usually chosen to
approximate C in some sense. Note also that B need only approximate a multiple of C,
sothat B~'AB~T is closer to being a multiple of the identity than is A itself.

Consider now the conjugate gradient method applied to

AX = b,

where
A=B'AB T, i=B"x, b=Bb.
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We have from (14.2.7) that

ik-i—l — ik +akﬁk»

P = — g Aph, (14.5.1)
p‘k+1 — ;k+1 +ﬁk1§kv
where oy = |7%|2/(p*, Ap¥) and B = |F*TL 2/ 7K 2.

Now let us rewrite (14.5.1) in terms of the original variables x rather than x. Using
xk = B~ T3k, pk = B_Tﬁk, and r*¥ = B7¥, we have

k+1

A = kg pk,

rkHl =k akApk,

P = 1A gk
where M = BBT and

(rk7 M—lrk) (rk+l7 M—lrk-i-l)

Y= (ok. ApF) P = (k. M—17%)

We see that the effect of the preconditioning is to alter the equation for updating the search
direction p**! and to alter the definitions of oz and B¢. For the method to be effective,
we must easily be able to solve

r=Mz=BBTz

for z. A common choice of B is to take B = L, where L is an approximate lower
triangular factor of A in the sense that

A=LL" +N,

where N is small in some sense.

Preconditioning by SSOR

We now consider SSOR and show how it can be used as a preconditioning for the conjugate
gradient method. We assume that A can be written in the form

A=I1—-L-L".

Notice that the matrix A in (14.3.2) is actually in the form 4(/ — L — LT), but the scalar
multiple does not affect the conclusions. SSOR is a two-step process given by

P12 — gk +w(ka+1/2 L LTk — ok +b),
(14.5.2)
PR — k172 +w(ka+1/2 4+ LTkt yht1/2 —i—b).
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We wish to rewrite this in the form M (v¥*t! — v*) = k. Notice that we can express vkt —

v¥ as a linear function of ¥ in this way because the construction of v¥*! is linear, and if

rk were zero, then the update v¥*! — v¥ would also be zero. It remains to determine the

matrix M and to determine if it has the form BB .
We rewrite the first step as

FHZ koL <vk+1/2 — vk) =w (ka + LTk — ok 4 b) = wrk.
We can therefore write
V2 = ok 4 (I — L) wrk. (14.5.3)

The second step of (14.5.2) can be rewritten as
(1 - a)LT> V= (I(1 = w) + wL) V2 + wb,
and substituting from (14.5.3) we have

(1 — a)LT> [ = o) 4+ oL]v* 4+ [(1 — o) + oLl (I — wL)~ wr* + wb

or

(1-o27) (#4-)

= (—a)I + wL + wLT) V8 + wb + [A—) +oLl]( — a)L)_1 wrk

= wrf + [(1—w)] +wL]l( — a)L)_1 wrk
= —-wL) '[I —oL+0—w)l+wL]rF
= —oL)' 2 - w) ot

‘We thus have

If we compare expression (14.5.4) with the identity

we see that SSOR can be viewed as an iterative method, which approximates A by the
matrix in (14.5.4). Since the matrix in (14.5.4) is in the form BBT, it is natural to employ
the preconditioned conjugate gradient method with B = (w (2 — a)))_l/ 2 (I —wL).

It is important to note that if we are going to use SSOR alone to solve the problem,
we would use (14.5.2) with immediate replacement. Formula (14.5.4) is important only
when using SSOR as a preconditioner.
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We now apply this preconditioning matrix to Laplace’s equation in a square. We have

k+1 k k
X =X +agp,
k1 ‘ ' (14.5.5)
r =r" —airAp",
and
Pl = kg ok
where zX*! is computed using (14.5.4). The computation of z**! is implemented as
follows:
skl _ 1 (sk+1 ~k+1 k+1
Zm =70 (Zﬁ,mfl + Zéfl,m) ToC-w)ry,.
(14.5.6)
k+1 1 k+1 k+1 sk+1
Zem = 3@ <Z/Z,m+l + Zz+1,m) T 2em

for all interior points with Z and z being zero on the boundaries. Notice that the first of
these relations should be executed in the order of increasing indices, and the second should
be done in the order of decreasing indices.

Notice that the quantities z and z can occupy the same storage locations. The
parameters for the preconditioned method are computed by the formulas

o= 2
(p*. Ap)

ﬂk _ (rk-H, Zk+l)
(rk, 2F)

The method of (14.5.6) is a method for solving
(I — L) =0 2 - w) rF,
(1 _ wLT) LRl skl

Other ways of computing z**! can also be used. Notice that we have scaled Z to avoid

taking the square root of @ (2 — w). We can also dispense with the factor (2 — w), since
it represents only a scaling factor.

To implement the preconditioning requires two more loops than does the regular
conjugate gradient method. The additional loops, given by (14.5.6), are very simple, and
the slight extra effort is more than justified by the substantial increase in speed of the
preconditioned method.

We now collect the formulas for implementing the preconditioned conjugate gradient
method. To initialize the preconditioned conjugate gradient method, we use

PO =20 = M0,
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as we see from the relations between po, 130, r9, and 7. The formulas are:

oK = xk 4 akpk, (14.5.7a)
P =k — g, (14.5.7b)
= ke (14.5.7¢)
PRl = K4 gk, (14.5.7d)
"t = A 4 gigt, (14.5.7¢)
o = (rk’zk), (14.5.7f)
(P*. q%)
B (7.2 (14.5.7g)

As with (14.3.1), we can avoid using the vectors ¢* if Ap* is computed twice, once for
(14.5.7b) and once for evaluating ok in (14.5.71).

The preconditioned conjugate gradient method can be significantly faster than the
conjugate gradient method. As we can see, it requires only minor modifications to a con-
jugate gradient method to implement a preconditioned conjugate gradient method. The
choice of @ in the SSOR preconditioner is not as critical as it is in the SSOR method
itself. The spectral radius for the preconditioned conjugate gradient method with the SSOR
preconditioner is 1 — O (N~!/2) . This is illustrated in Table 14.5.1.

Example 14.5.1. Table 14.5.1 shows the results of solving Poisson’s equation using the point
SOR method, the conjugate gradient method, and the preconditioned conjugate gradient
method, with SSOR as the preconditioner. The exact solution that was calculated was
u=-cosxsiny for 0 <x,y < 1. The finite difference grid used equal grid spacing in
each direction. The three different grid spacings are displayed in the first column of the
table. The next columns show the numbers of iterations required to obtain a converged
solution.

For each method the initial iterate was the grid function that was equal to the exact
solution on the boundary and was zero in the interior of the square. Each method was
terminated when the L? norm of the change in the solution was less than 10~7. This
convergence criterion was sufficient to produce results for which the error was primarily
due to the truncation error. For both the SOR method and the SSOR preconditioner, the
value of w was 2(1 + h)~!. The table shows that the number of iterations for the first two
methods is roughly proportional to 2~!, whereas for the preconditioned conjugate gradient
method, the number of iterations is proportional to £ ~!/%. These results are similar to those
of Table 14.2.1.

Since the work in one iteration of the SOR method is less than that in one iteration
of the other two methods, it is not appropriate to judge the methods solely on the number
of iterations. The conjugate gradient method involves roughly twice as much work per
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Comparison of the speeds of SOR, the conjugate gradient method,

Table 14.5.1

and the preconditioned conjugate gradient method.

h SOR C.G PC.G
0.100 33 26 12
0.050 60 52 16
0.025 115 103 22

iteration as does point SOR, and the preconditioned conjugate gradient method involves
three to four times as much work as SOR. Thus the preconditioned conjugate gradient
method is faster than SOR for & equal to 1/40, but probably not for the grid spacing
of 1/10. Of course, for even smaller values of the grid spacing &, the preconditioned
conjugate gradient method would be even faster relative to SOR. In terms of computer
storage, the SOR method requires much less storage than the other two methods, but this
is not a significant concern in many scientific computations. O

Formulas (14.5.7) show that five vectors are required to implement the preconditioned
conjugate gradient method, as opposed to only four vectors for the conjugate gradient
method. One way of using only four vectors for the preconditioned conjugate gradient
method is to work with 7 = B~!r rather than r; see Eisenstat [16]. We then obtain the
algorithm

k+1

X =x*+ ozkpk, (14.5.8a)
Pl = 7 — o B¢, (14.5.8b)
P = BT gy pk, (14.5.8¢)
gt = Apttt, (14.5.8d)

= 7%/ (p", q") : (14.5.8¢)
Br = [P 12 /174 (14.5.8f)

The results of the calculations of the vectors B~!g% and B~T#*! are stored in the
vector q.

Preconditioning by Approximate Cholesky Factorization

Other preconditioning matrices for the conjugate gradient method can be obtained by ap-
proximating A as LLT for a convenient form of L. A factorization of a matrix as LL”,

where L is a lower triangular matrix, is called a Cholesky factorization; thus the product
LLT is called an approximate Cholesky factorization of A. As an example of an approx-
imate Cholesky factorization for the matrix for the five-point Laplacian, consider a matrix
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L of the form
(Lv)e = Vg + BV 1+ VL1, (14.5.9)
,m

where a, b, and c are constants. It is easy to see then that
(ZTv)e — QU + BV + COLmt] (14.5.10)
,m

if we use the natural ordering of the components vy, in the vector v. We then have, by
(14.5.9) and (14.5.10),

(I:ZTU> =a (I:Tv) —l—b(I:Tv) +c<l~,Tv>
L,m ,m {—1,m L,m—1

= a (avem + bvesim + CVemt1)
+ b (ave—1,m + bvem + cve—1 mt1)

+ ¢ (ave,m—1 + bvesim—1 + cvem)
(2 2 2
= (a +b°+c ) Vem + abvgi 1 m + acve i

+abvg_1pm + acve 1 + bcvg_1 mi1
+ bcvpyim—1.

Tohave LLT approximate A, where A corresponds to the five-point Laplacian, we may
set
a?+ b+ = 1,
1
ab=ac=—7.
The two terms in LLTv for the terms with subscripts ({ —1,m+1) and (£ +1,
m — 1) do not match with terms in the five-point Laplacian. They represent the error
in the approximation of A by LLT.
Solving the equations for a, b, and ¢ we have

2442
a=———-,

2
b o 1
T T

To implement this method it is often convenient to approximate A by LDLT, where D is
a diagonal matrix. For our particular choice of L, Dis just @ times the identity. Using
this choice of L the preconditioned conjugate gradient method is (14.5.5), with (14.5.6)

replaced by
I R e ) V)
(14.5.11)

k+1 __ k+1 k+1 sk+1
Z(Zm - (Z(Zm—H +Z€+1 m)d+ Em’
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Comparison of three preconditioning methods

Table 14.5.2

for the nine-point Laplacian.

h None Cholesky | Five-point | Nine-point
0.100 28 16 18 16
0.050 57 28 25 23
0.025 112 52 34 32

where

—1
d= (2 - ﬁ) :
The temporary variable z is defined by
. 2 -
f=—rr—1Tz

2442

We can try more sophisticated choices for the matrix L. For the discrete Laplacian on
a square, the preceding methods all do quite well. For matrices arising from other problems
we may have to work quite hard to get a good preconditioning matrix.

Example 14.5.2. To solve the difference equations for the fourth-order accurate Poisson’s
equation (12.5.4), we can use preconditioning based on the five-point Laplacian. This is a
simple way to accelerate the solution procedure and it does not affect the accuracy of the
scheme. In fact, using SSOR based on the nine-point Laplacian as the preconditioner with
the nine-point Laplacian does not give a significant improvement over that using SSOR
based on the five-point Laplacian as the preconditioner. This is illustrated in Table 14.5.2.

Table 14.5.2 displays the results of solving Laplace’s equation using the nine-point
Laplacian with the conjugate gradient method and with three different preconditioning
methods. The three preconditioning methods are the approximate Cholesky factorization
(14.5.11) for the five-point Laplacian, the SSOR preconditioning using the five-point Lapla-
cian, and the SSOR preconditioning using the nine-point Laplacian. The exact solution that
was calculated was u = ¢3* sin 3y for 0 < x, y < 1. The finite difference grid used equal
grid spacing in each direction. The three different grid spacings are displayed in the first
column of the table. The next columns show the number of iterations required to obtain a
converged solution. For each method the initial iterate was the grid function that was equal
to the exact solution on the boundary and was zero in the interior of the square.

Each method was terminated when the L? norm of the change in the solution was less
than 10710, This convergence criterion was sufficient to produce results for which the error
was primarily due to the truncation error, similar to the results shown in Table 12.5.1. For
both of the SSOR preconditioners, the value of w was 2(1 4+ wh)~!. The table shows that
the number of iterations for the last two methods is roughly proportional to £~!/2. There is
not a significant difference between the last two methods, but the nine-point preconditioner
is better, as would be expected. The approximate Cholesky method based on the five-point
scheme is not as good as the other two methods, but it still offers a significant improvement
over the basic conjugate gradient method. O
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As Example 14.5.2 illustrates, a preconditioner based on the five-point Laplacian
may be a good preconditioner for the nine-point Laplacian. The reason for this is that they
are both related to the same partial differential equation. In general, there is a trade-off
between the effort it takes to find a better preconditioner and the perhaps marginal increase
in performance.

Currently, there is an extensive literature on preconditioning methods. For equations
other than those discussed here, one should check the literature to see what methods other
researchers have employed.

Exercises

14.5.1. Repeat the calculations of Exercise 14.3.1, but using the preconditioned conjugate
gradient method with the SSOR preconditioning. Comment on the efficiency of
the method and observe that the number of iterations increases as O (N!/ 2).

14.5.2. Repeat the calculations of Exercise 14.3.2, but using the preconditioned conjugate
gradient method with the SSOR preconditioning. Comment on the efficiency of
the method and observe that the number of iterations increases as O (N1/2).

14.5.3. Repeat the calculations of Exercise 14.3.1, but using the preconditioned conjugate
gradient method with the approximate Cholesky factorization as the precondition-
ing. Comment on the efficiency of the method and observe that the number of
iterations increases as O (N1/2).

14.5.4. Repeat the calculations of Exercise 14.3.2, but using the preconditioned conjugate
gradient method with the approximate Cholesky factorization as the precondition-
ing. Comment on the efficiency of the method and observe that the number of
iterations increases as O (N1/2).



Appendix A
Matrix and Vector Analysis

In this appendix we collect results about matrices and vectors that are used throughout the
text. Since many of the applications of linear algebra in the text use vectors with complex
components, we concern ourselves primarily with this case. We denote the set of complex
numbers by C. The proofs of many of the results stated here are included for completeness.

A.1 Vector and Matrix Norms

We may consider a vector, v, as an element of CM e, v= (v1,...,vy), where vj,
the jth componentof v, is a complex number. Norms are real-valued functions on vector
spaces that provide a notion of the length of a vector. There are three norms on C¥ that
we use. The most common norms are the ¢2 or Euclidean norm,

1/2

M
2
= (> W] .
j=1

the ¢! norm,
M
ol =Y Iyl
j=1

and the £°°, or maximum, norm,

[Vloo = max |vj|.
I<j<Mm

Each of these norms satisfy three important properties.

Proposition A.1.1. Each of the norms just given satisfy the following three conditions.
(@) |v| =0, with equality if and only if v = 0.
®) [v+w| < ||+ |wl|.
©) lav| = |a| |v|fora € C.

The proof is easy and is omitted.

The three properties in Proposition A.1.1 are those that define a norm. In property (c)
the expression |«| is the absolute value of the complex number ¢, and since the absolute
value isanormon C, the use of the same symbol for absolute value of a number and norm

399
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of a vector should cause no difficulty. We write expressions such as (CM |- |;) when we
wish to signify which norm is being considered.
The following relations between the norms given earlier are easily proved:

172
ol < M'2|vl,,

(A.1.1)

vl2 = M2 Jv]cc.
We let ¢; denote the vector whose components are all zero except for the jth component,
which is 1.

Matrices and Matrix Norms

An M x N matrix may be defined as a linear map from CV to C™. The (i, j)th com-
ponent of a matrix A will be written as A;; or a;;, where a;; is defined as the ith
component of Ae;. The transpose of an M x N matrix A isthe N x M matrix A%,
defined by

(A%)ij = Aji,

where the bar denotes the complex conjugate.
If we consider both CV and CM with norms, then we define the normof an M x N

matrix A by

|Av]
Al = sup |Av| =sup —, (A.1.2)
lvl=1 w0 |V

where, of course, the expression |Av| refers to the norm C™ and |v| refers to the norm
on CV. The equivalence of the two expressions in (A.1.2) follows from the linearity of
A and property (c) of Proposition A.1.1. The matrix norm defined in this way satisfies the
properties of Proposition A.1.1 and thus is a norm on the vector space of M x N matrices.
We collect the important properties of matrix norms in the following proposition.

Proposition A.1.2. Let A and B be M x N matrices and let D be an N x P matrix.
Then the following five conditions are satisfied.

(a) ||A]l = O with equality if and only if A = 0.

(®) 1A+ Bl < [[All + [IB]|.

©) lleAll < || [|A]l for o € C.

(d) |Av| < ||A| |v| forall v e CN.

() IAD] = Al D]

The proofs of these results follow immediately from the definition of the matrix norm
in (A.1.2).

An important consequence of inequality (e) in Proposition A.1.2 is that for a square
matrix A, i.e., one for which M = N, we have

A" < IANI". (A.1.3)
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Scalar Products

The ¢2 norm has several useful properties not shared by the other two vector norms just
given. These properties are a consequence of the ¢2 norm having an associated scalar
product on C¥ given by

M
(v, w):Z T wj. (A.1.4)
j=l
We have

lul2 = (v, v)'/?

and

4Re (v, w) = v+ w}—v—wj

We also have
(v, Aw) = (A*v, w)

for the transpose matrix of A. Vectors v and w are said to be orthogonal if
(v, w) =0.

There is a difference in terminology that should be pointed out here. The scalar
product (-, -) is sometimes called a hermitian product, whereas the term scalar product
is used to describe a product like (A.1.4) but without the conjugate on the v;. Also, the
transpose is often called the conjugate transpose or adjoint.

Unitary Matrices

One of the most useful properties of the £2 norm is that there is a large class of matrices
that leave the norm invariant.

Proposition A.1.3. For a square N x N matrix U, the following statements are equiv-

alent.
(a) UU =1
(b) |Uvl|p = |vl|p forall veCV

Matrices satisfying the conditions of Proposition A.1.3 are said to be unitary. Unitary
matrices whose elements are all real numbers are called orthogonal matrices.

Proof of Proposition A.1.3.  Interms of the components of the matrix U, condition
(a) is

XN: {1 ifj =k,
Ujj Uik = e
P 0 ifj#k.

This shows that the rows of U are vectors of unit norm that are orthogonal to each other.



402 Appendix A. Matrix and Vector Analysis

To prove condition (b) from condition (a), we have

N N N
2
v =Y |3 w (z )
i=1 \j=1 k=1
N N
33 v—j(z ) u
j=1 k=1 i=1
N
2 2
=> =l
Jj=1

using the orthogonality of rows of U.
To show that condition 2 implies condition 1, we first take v = ¢;, the vector whose
only nonzero component is a 1 for the jth component. Then

N
2 2 —_—
1= |€j| = |U€j| = Z Ujj Ujj
i=1

for each j. Second, let v =e¢; + aer for j # k and @ a complex number of absolute

value 1; then

N
2 2 2
2=v]" =|Uv| =E luij + aujg|

i=1
N
=2+ 2Re (oez u_ijuik>.
i=1
This implies that
N
Re o Z ujj uix =0
i=1

for all values of o, which means that the complex number given by the summation must
be zero. This proves that condition (a) follows from condition (b). [

For both the ¢! and €% norms, the class of matrices leaving the norm invariant is
much smaller.

Proposition A.1.4. If P is a matrix such that
|Pv| = |v]

for all vectors v and where the norm is either the £\ or € norm, then P is a complex
permutation matrix; i.e., there is only one nonzero element in each row and column of P
and each nonzero element has magnitude 1.
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Proof. We give the proof only for the ¢! norm; the proof for the £ norm is
similar. First, let v = ¢;; then

N
L=1[Pejl =" Ipijl.
i=1
so each column of P has norm 1. Next let

v =e¢; + aeg,

where || =1 and j # k. Then

N N
wl=2=[Pvl =) Ipij+epul <Y |pijl + |pixl =2.

i=1 i=1

Thus the preceding inequality must be an equality, i.e., |p;; + apir| = |pijl + |pix| for
each value of i. But this can be true for « equal to 1 and —1 only if either p;; or pj;; is
zero. Therefore, we conclude that p;; = 0 if p;; # 0, and vice versa. Since each column
has norm 1, each column has at least one nonzero element, and the proposition is proved. [

The ¢% norm is similar to the norm on the space L?(hZ) defined in Chapter 1. We
use the notation L2 to refer to norms in which the grid parameter % is used, and use the
notation ¢> when # is not used.

Eigenvalues

Associated with every square N x N matrix A are numbers called eigenvalues. An
eigenvalue A is characterized by having A — Al be a singular matrix. An eigenvector
associated with the eigenvalue A is a nontrivial vector v such that (A — AI)v = 0.

A generalized eigenvector is a nonzero vector such that (A — A1)¥v = 0 for some
integer k. An eigenvalue A is a simple eigenvalue if any two of its eigenvectors are
multiples of each other. An eigenvalue A is a semisimple eigenvalue if the only vectors
satisfying (A — A1)*v = 0 are actual eigenvectors, i.e., satisfy (A — AI)v = 0. We denote
the set of eigenvalues of a matrix A by A(A).

An important result using unitary matrices is Schur’s lemma.

Proposition A.1.5. Schur’s Lemma. Foreach N x N matrix A, there exists a unitary
matrix U such that
U*AU =T

is an upper triangular matrix, i.e.,

T, =0 ifi >}
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Proof. Let vy be an eigenvector of A with unit £> norm and with eigenvalue 11,
1.€.,
Avy = fvy.

The matrix
A® = (I —vv)HA

maps the space of vectors orthogonal to v intoitself. By considering A® on the subspace
of vectors orthogonal to vy, we see that A® has an eigenvalue ty> and eigenvector v;
of unit norm such that v, is orthogonal to vq, i.e.,

A® vy = V2

or
Avy = vy + 11201,
where
1) = UTAUQ = (v1, Avp).
By setting

A® = (I —v3)A?,
we may continue the process, obtaining vectors v; with
j
Avj = Z 1ijv;.
i=1
Defining the matrix U as that whose ith column is the vector v;, we have
AU =UT,

where Tj; = f;j, andso T is upper triangular and U is unitary. []

Formulas for Matrix Norms

We now prove some formulas for explicitly evaluating and estimating the matrix norms.
First, we define the spectral radius of a square matrix A to be the largest of the magnitudes
of the eigenvalues, i.e.,

p(A) = max |A|.
LEA(A)

The estimate p(A) < ||A|l holds for any matrix norm; see Exercise A.2.1.

Proposition A.1.6. If A maps (CM,|-|,) to (CN,|-1,), then

N
Al = max Z aii|l i =1,
Al Linnpe laijl i p

1=

M
Al = max Z aiil 1 =00
I141= max, 3 la| i p=oo.
j:

and
Al = p(A*A)V? if p=2.
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Proof. For p equalto 1, we have

N

[Av =)

i=1

M

M
Z aijvj| < Z Z laij| [vj]

j=1 j=1 i=1

N
< max Z laij| [vl1.
T

This shows that ||A|l is at most equal to the quantity given in the proposition. We can
prove that equality holds by choosing v = e;, where

N N
D lail =max Y aijl.
i=l !

i=1
We see that
N
|Aexli = lail.

i=1

Thus the proposition is proved for p equal to 1.
For p infinite, we have

M M
|Avloo = max |} | aijv;| < max Y laijl |vj]

j=l1 j=l1
M
< [max >~ jaij| | max |y,
! ; J
j=1

which shows that ||A|| is bounded above by the expression in the proposition. To show
that equality is obtained, we choose k such that

M M
> lajl = max }  laij|
j=1

j=1

and set
{ 0 if axj =0,
j =

axj/laxj| otherwise.

It is easy to check that
M
[Avl =Y Jagl v,
j=l1

which proves the proposition in this case.
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For the case p equal to 2, we have

|Av|> = (Av, Av) = (v, A*Av),
and by Schur’s lemma there is a unitary matrix U such that
U*A*AU = D
is upper triangular. But D* = D, and thus D is diagonal. Therefore,
0 < |Av)? = (v, UDU*v) = (U*v, DU*v) = (w, Dw)

for all vectors w.
For a diagonal matrix with d; being the ith element on the main diagonal, we have

(w, Dw) Zdlw, )

and so we see that each d; is nonnegative; moreover,
|Av]* < max d; |w|?,
l
and since
lw| = [U*v| = |v],

we have that
IAlI* < max d;.

The d; are the eigenvalues of A*A; moreover, by choosing w to be an eigenvector
of D whose eigenvalue has maximum magnitude, the proposition is easily proved. [

A.2 Analytic Functions of Matrices

We also need to define analytic functions of square matrices. (See Appendix C.) For an
analytic function with power series expansion

0]

fR =) az—z0)"

n=0
around a point zg in the complex plane, we define f(A) for a square matrix A as

e8]

FA) =" an(A—zoD)".

n=0

In particular,

Sl |
te 2 A
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The convergence of this series is proved in a manner similar to proving that e exists for
all complex numbers z. We have

oo oo

1 1
lefll =3 — A" = ) — )" < el

n=0 n=0
Thus the exponential of a matrix is always defined.

We can also define ¢’4 as the unique solution to the matrix differential equation
aXx
E:AX’ X0 =1 (A2.1)

This equation can also be viewed as a linear ordinary differential equation in the vector
space of matrices. Because linear systems of ordinary differential equations have unique
solutions, ¢4 is the unique solution to (A.2.1) and to the equation

dX
— =XA, X0)=1.
dt

It is important to realize that in general
eBeA £ eheB £ oATB.
If A and B commute,i.e., AB = BA, then
€A€B = €A+B.
Another useful formula is
S'AS _ sl oAy

for any invertible matrix S.

The Spectral Mapping Theorem

The spectral mapping theorem for matrices is the statement that if f is an analytic function
defined on a set containing A(A), then

F(A(A)) = A(f(A)). (A.2.2)
This result is an immediate consequence of the observation that if A is an eigenvalue of
A, then f(A) isan eigenvalue of f(A).

Square Roots of Matrices

In our discussion of boundary conditions for parabolic systems we need the following result.

Proposition A.2.1. Let B be an N x N matrix whose eigenvalues r,, v=1,..., N,
satisfy
Re A, > 0.

Then there exists a unique N x N matrix C such that
C*=B
and whose eigenvalues ,, v=1,..., N, satisfy

Re u, > 0.
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Proof. Let O be a unitary matrix such that B = OBO* is an upper triangular
matrix with elements (b;;). The upper triangular matrix C = (¢;;) is defined by

C?=B.
This means that the diagonal elements of c satisfy
& = b,

and we choose ¢;; with real part positive. This is possible, since none of the l;,-i are
negative real numbers. The off-diagonal elements for j > i satisfy

j-1
Gj@i+ &)+ Y Gl = bij.
k=i+1

These equations uniquely determine the ¢;;, since ¢;; + ¢j; is nonzero. Then
C=0%"Co

is the matrix whose existence is asserted in the proposition. [

Positive Definite, Hermitian, and Symmetric Matrices

We say amatrix A is positive semidefinite and write A > 0 if (v, Av) > 0 for all vectors
v. Using this notion, matrices can be given a partial ordering. Wesay A > B if A — B > 0.
The usual rules for an ordering relation hold for this ordering of matrices. For example,
if A >0, then «A > 0 for any positive real number «, and A > 0 and B > 0 imply
A+ B >0. Wealsodefine A < B if B> A.

We say a matrix is positive definite and write A > 0 if A > eI for some positive
number e. A matrix A is said to be negative definite or negative semidefinite if —A is
positive definite or positive semidefinite, respectively.

An important class of matrices are those such that A* = A. These matrices are called
hermitian matrices. For any matrix A we define its real part Re A as %(A* + A). Re A
is a hermitian matrix. If all the components of a hermitian matrix are real numbers, then
the matrix is called a symmetric matrix.

Proposition A.2.2. If Re A < cI, then ||eA|, < e“.

Ar dz
Proof. Let Z(t) = e?'. Then s = AZ, and so

4 [z*t) z()] = azy" Z+ 79% _ 7 ary +Z*AZ
dt dt dt

IA

2c Z* () Z(1).
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This implies
d —2ct
— Z*Z@®] < 0.
ph le (NHZ@)] =
By integrating this inequality, we obtain
e ZNNZU) 1 < 0

or, equivalently,

ZXZ(t) < 1.
Therefore,

I1Z@O)]2 < €. a

Proposition A.2.3. Ifall the eigenvalues of a matrix A have positive real part, then there
exists a matrix S such that
Re SAS™! > 0.
Proof. By Schur’s lemma,
UAU*=T

is upper triangular for a suitable unitary matrix U. Let D() be a diagonal matrix with
D=8 fori=1,...,M. Then DT D has elements

8780 = 18771

Therefore, Re (v, D~'TDv) = Re Y™, #;|vi|> 4+ O(8), and for § small enough
Re (v, D_lTDv) > 0
since each eigenvalue satisfies Re #;; > 0. Then
S=D"'U

is the desired matrix. [
Proposition A.2.4. [f the eigenvalues of A satisfy Re A(A) > 0, then there are positive
constants Co and & such that

lle™] < Coe™".

Proof. By Proposition A.2.3 there is a matrix S such that
Re SAS™' > 0.

By Proposition A.2.4 i
le™ ) < e,

Since ¢4 = S71¢7'4S, we have
1A -1 —et
le™™ 1 < IS IS e,

which proves the proposition. [
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Exercises
A.2.1. Show that
p(A) < ||A]l
for a square matrix from (CV,|-|) to itself for any vector norm.
A.2.2. If A isan N x M matrix considered as a map from (CV, |-]}) to (CM, |- |x),
show that
1Al = sup ayj].
ij
A.2.3. If B isan N x M matrix considered as a map from (CV, |-|s) to (CM, |-1]1),
show that
M N
1BI <Y Y 1bijl-
i=1 j=1
Show that equality holds in this estimate only if
bijbxe bic bij
is nonnegative for all indices (i, j) and (k, £).
A.2.4. Show that
ol AplB — H(A+B)
for all ¢ if and only if A and B commute. Hint: Take the second derivative of
each side.
A.2.5. Show that
sin | ¢ 0 1 (01 sinh ¢
-1 0/ \-1 0 ’
A.2.6. The trace of a square N x N matrix is defined by

N
Tr(A) = Z ai;.
i=1

It is easy to show that
Tr(CAC™") = Tr(A)

for any invertible matrix C. Show that
dete? = T,

and thus e is invertible for every matrix A. Hint: Use Schur’s lemma.
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A2.7.
A.2.8.

A2.9.

Show that if § satisfies $* = —S, then ¢S is unitary.

Show that there are 2"V solutionsto X?> = B if B isanonsingular N x N matrix.

0 1). Show that there are infinitely

Show that there are no solutions to X2 = (0 0

. 0 0
many solutions to X2 = (0 0).

Verify the matrix factorization formula
n—1

A" — B" = Z A""1=tA — B)B". (A.2.3)
£=0

A.2.10. Show thatif A isan N x N matrixand B isan M x M matrix with Re A; (A) +

Re A;(B) >0 forevery i =1,...,M and j=1,..., N, then the solution to
AX+XB=C

is given by -
X :/ e ACe B dr.
0

A.2.11. Prove the spectral mapping theorem given by relation (A.2.2).

A.2.12. Use the relation p(A") = p(A)", derived from the spectral mapping theorem, to

prove that
lim [|[A"|| =0 if and onlyif p(A) < 1.
n— o0



Appendix B
A Survey of Real Analysis

This appendix is a survey of some basic concepts of real analysis. The selection of topics
is based upon the demands of the text and is not intended to be exhaustive.

B.1 Topological Concepts

One of the most basic concepts of analysis is that of an open set. Aset O in C" is an
open set if for each point xo in O there is a positive real number & such that the set
{x :|x — x| < &} is contained in O. The norm |-| on C" may be any of the vector
space norms discussed in Appendix A.

A set F is closed if its complement, written ~ F, is open. A compact set is any
set K such thatif K is contained in the union of a collection of open sets, then there is a
finite subcollection of these open sets whose union contains K. In C" compact sets are
sets that are closed and bounded.

Several important properties of open sets are that the union of any collection of open
sets is open, and the intersection of a finite number of open sets is also open. The empty
set is open by definition.

Afunction f from C" to C™ iscontinuous atapoint xq if for each positive number
¢ there is anumber § such that | f(x) — f(x0)| < & whenever |x — xg| < 8. A function
is continuous if it is continuous at each point in its domain. A continuous function may
also be characterized as one such that f~!(0) is an open set for each open set O in C™,
where f71(0) ={y: f(y) € O}.

B.2 Measure Theory

If {fu};2, is a sequence of continuous functions on C" such that for each x in C" the
sequence {f,(x)};2, converges, it need not be that the function f, given by f(x) =
lim,—~ fn(x), is continuous. The function f(x) is called the pointwise limit of the
sequence {f,}°0.

It is useful to consider a class of functions that contains the continuous functions but
also contains pointwise limits of sequences from the class. A very useful class of functions
that has this property is the class of measurable functions.

Before defining a measurable function we must define a measurable set. To do this
we begin with the class of Borel sets. The collection of Borel sets is the collection of sets 3
containing all the open and closed sets and also containing any countable union or countable

413
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intersection of sets in B. Note that if the sets A and B are in B, then A\B, which is
{x :x € Aand x ¢ B}, isalsoin B. The set of Borel sets is an example of a o -algebra.

A measure is a function that assigns to sets a real number or infinity. The measure of
a set generalizes the notion of the length, area, or volume of the set. For convenience, we
restrict our discussion at this point to the real line. On the real line a Borel measure is a
function w defined for each interval; the value of p for an interval (a, b) will be written
as u(a, b). Except for trivial cases, a measure cannot be defined for all subsets of the real
line; it can, however, be defined for all Borel sets. The basic property satisfied by a measure
is that it be countably additive. This means that if {M;}7°, is a countable collection of

disjoint Borel sets, then
o0 o0
u(U Ml-) =D nMy). (B.2.1)

i=1 i=1
Asaconsequence of the countable additivity (B.2.1), it follows thatif {M;}7° isacollection
of Borel sets that satisfy M;;11 € M; for each i, then the measure of the intersection

M = (2, M; is given by

wM) = ilirgo w(M;).

It can be shown that the countable additivity condition (B.2.1) completely determines the
(Borel) measure if w(a, b) is defined for each open interval (a, b).

The usual measure on the real line is defined by w(a, b) = b — a. Lebesgue measure
is the completion of this Borel measure; the completion is thatif Z is any subset of a Borel
set A and w(A) is zero, then u(Z) is defined to be zero also. The o -algebra formed
from the Borel sets and these sets of measure zero is the collection of Lebesgue measurable
sets. Unless we explicitly state otherwise, we restrict our discussion to Lebesgue measure
in the rest of this appendix.

If F is a monotone increasing function on R, then one can define the measure up
by

wr(a,b) = F() — F(a).

This is an example of a Stieltjes measure. If F is continuous and strictly monotone, then
the completion of wr determines the same collection of measurable sets as does Lebesgue
measure.

B.3 Measurable Functions

A measurable function on R is a function f suchthat f~!(a, b) is a measurable set for
each open interval (a, b). This definition is easily seen to be an extension of the concept of
a continuous function; in particular, each continuous function is measurable. As with con-
tinuous functions, the sum and product of measurable functions is also measurable. Among
the important properties of measurable functions is that pointwise limits of a sequence of
measurable functions are measurable. That is, if {f,};2 is a sequence of measurable
functions and f is the pointwise limit of the sequence, i.e.,

f@) = lim £, (x) (B.3.1)
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foreach x, then f isalsoameasurable function. Similarly, the function formed by taking
the pointwise supremum, sup,, f,(x), is also measurable.

Measurable functions need be defined only to within sets of measure zero. If f and
g are measurable functions, but they differ only on a set of measure zero, then they are
equivalent for most purposes in the theory. Similarly, if the limit (B.3.1) holds for all x
except for x in a set of measure zero, then the function f is still a measurable function.
The convergence (B.3.1) is said to be convergence almost everywhere (a.e.) if it holds for
all x except for those in a set of measure zero.

B.4 Lebesgue Integration

One of the most powerful uses of measurable functions is in the definition of Lebesgue
integration. For any set A the characteristic function of A, x4, is defined by

{1 ifx € A,
XA = .
0 ifx ¢ A.

The function x4 is a measurable function only if A is a measurable set. A simple function
@ is one that can be represented as

N
¢ = aixa (B.4.1)
i=1

for a finite number of measurable sets A; and real numbers «;. The representation is not
unique. For each simple function ¢ represented as in (B.4.1), the integral of ¢ is defined
by

N
/w =Y ain(A)
i=1

whenever the sum is defined. (The sum is not defined if there are sets A; and A; that have
infinite measure and the corresponding o; and «; have opposite signs.) It is straightfor-
ward to show that the definition of the integral is independent of the representation of the
simple function.

For any nonnegative measurable function f, the integral of f over R is defined by

[r=an [e
O<ep=f

where the supremum is over simple nonnegative functions. For any measurable function

f, the integral is defined by
[r=[r-[r.
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where f = f4 — f- and f; and f_ are nonnegative measurable functions. The integral
of a measurable function f over measurable set A is defined by

1= 2

A function f is said to be integrable if [ f is defined.

This definition of the integral gives the same value as the Riemann integral when f
is a continuous function and the set A is a finite interval; thus we may write

b
/ f=/ fx) dx.
(a,b) a

The choice of notation for the integral in formulas is arbitrary and will depend on the
particular application.

The basic result relating the integral of a limit of a sequence of measurable function
to the sequence of integrals is Fatou’s lemma. Fatou’s lemma is easily proved using the
basic definitions.

Proposition B.4.1. Fatou’s Lemma. If {f,}°, isa sequence of nonnegative integrable
functions that converges almost everywhere to a measurable function f, then

f §liminf/fn.

n—oo

In Chapter 10 we require the Lebesgue dominated convergence theorem, which relies
on Fatou’s lemma.

Proposition B.4.2. Lebesgue Dominated Convergence Theorem. If {f,}72, is a
sequence of integrable functions that converges almost everywhere to a function f, and if
there is an integrable function F such that | f,| < F forall n, then

n—00

[ £=im [ 5.

The proof depends on Fatou’s lemma applied to the function sequences {F + f,}7°
and {F — fu}2 .

Functions that take on complex values are measurable if both the real and imaginary
parts are measurable; a similar statement is true for the integrals of such functions.

On R", Lebesgue measure is defined by starting with Cartesian products of intervals
and defining the measure as the usual volume of the region.
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B.5 Function Spaces

One advantage of Lebesgue integration over Riemann integration, one that is very important
in the application of this text, concerns the set of functions L*(R) and the Fourier transform.
The space L*(R) consists of those functions such that

£l = (/ |f|2)1/2

is finite. The quantity || f|/;> is a norm, which satisfies the properties of Proposition
A.1.1, on the vector space L2(R). Actually, L?(R) is composed of equivalence classes of
functions. Two functions f; and f> are equivalentif || f; — f>| is zero.

The Fourier transform of a function f in L?(R) is given by

. ) 1 K
f(“”:KIE“WT—,,f_Ke

The Fourier transform, as the pointwise limit of the continuous functions

—lo¥ £(x) dx.

K

L/ e'% £(x) dx,
V2 J-k
is a measurable function and, moreover, is also in L2(R). By Parseval’s relation and
the Fourier inversion formula (see Chapter 2), the Fourier transform is a one-to-one and
onto mapping of L2(R) to itself. This statement does not hold if we consider Riemann
integration in place of Lebesgue integration.

Other spaces of functions of some interest in the text are L'(R) and L°(R). The
norms are defined by

i1 = [ 171

[ flloo = esssup [ f(x)]

for L'(R) and

for L°°(R). The essential supremumof | f|, written esssup, | f(x)|, is the infimum of the
supremum of |g(x)| for all measurable functions g thatare equalto f almosteverywhere.



Appendix C

A Survey of Results from Complex
Analysis

This appendix gives the basic concepts of complex analysis and a few of the principal results
that we need in the text.

C.1 Basic Definitions

A function f is an analytic function in a domain 2 in the complex domain C if at each
point of €2, f has a power series expansion with a nonzero radius of convergence. An
equivalent definition is that f has a derivative, defined by

fz+e)— f(2)

&

f'(2) = lim (C.1.1)
e—0

ateach point z in . The derivative defined by (C.1.1) must be independent of the way the

complex parameter ¢ tends to zero. If f is written as u + iv, for real functions u and

v, and if ¢ in (C.1.1) is taken alternatively to be real and purely imaginary, we conclude

that f’ is well defined if and only if u and v satisfy the Cauchy—Riemann equations

8u( ) 8v( )
— X, = — X, )
ax Y ay Y

Bu( ) 8v( )
— X, = ——W, )
dy Y ax Y

where z = x 4+ iy. The Cauchy—Riemann equations imply that # and v are harmonic
functions (see Chapter 12). Examples of analytic functions are polynomials, the trigono-
metric functions, the exponential function, and functions built up from them. For example,
compositions of analytic functions are also analytic functions. Specific examples of analytic
functions are the functions given by the expressions

COS

22 I +26).
+ 73

sin z,
These functions are analytic functions in any region in which they are single valued and
finite. In particular, since Inre’® =Inr +i6, the logarithm is analytic only in regions
that exclude the origin and for which the value of 6 can be well defined. The formula
¢'? = cos z + i sin z relating the exponential function with the sine and cosine functions is
a basic result of great significance.

419
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C.2 Complex Integration

Integrals of analytic functions along a curve are defined using either Riemann sums or
Lebesgue integration along the curve. The most important result concerning integrals of
analytic functions is that if I" is a closed curve in a domain 2 and f is analytic in €2,
then the integral of f along I' is zero, i.e.,

Af:&

This result is called Cauchy’s theorem. An equivalent formulation of Cauchy’s theorem is
thatif I'; and I'» are two curves with the same endpoints, then

Jor=ho

if the function f is analytic in the region bounded by the two curves. In particular, for n

not equal to —1, we have
b 1 1
/ " bn+ _an+
"dz= ———
a

n+1
for any two complex numbers a and b.
If f is analytic in a neighborhood of a point zg, except at zg itself, and f can be

expanded as
o0

f@ =) alz—z0",

{=—L

then the residue of f at zo isthe coefficient a_;. As a consequence of Cauchy’s theorem,
we have

f f(@) dz =2mia_; (C.2.1)
r

for any curve I' that winds once around zo in a counterclockwise direction. This result is
proved by replacing I' by a circle around zg with small radius. Using the power series of
f, we may explicitly evaluate the integral.

In the special case when L in expansion (C.2.1)is 1, the residue is determined by

a_q = Zliﬁnzlo(z —20) f(2).

In this case f is said to have a simple pole at zg.
Formula (C.2.1) is the basis of the calculus of residues to evaluate integrals. The
method is defined by the next proposition.

Proposition C.2.1. If f is analytic in the domain Q2 bounded by the simple closed curve
I', except for a finite set of points z1,...,zn at which f has residues ry,...,rn, then

N
/ f@)dz =2mi Zre,
r =1

where the curve T is taken in the counterclockwise direction.
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Example C.2.1. As an example of Proposition C.2.1, we use it to compute the Fourier
transform of the function given by u(x) = (x> + 1)~!. By formula (2.1.1) the Fourier
transform is

—iwx

d
J2 / x2+1 *

To evaluate this integral, first note that the function u(z) = (z2>+ 1)~! is analytic in the
whole complex plane except at the two points i and —i. We first evaluate i(w) for w
positive. We consider the family of curves ['g given by the interval [—R, R] on the real
axis and the arc in the lower half-plane given by Re'® for 6 in the interval [, 27]. The
residue of e~#®%(z2 4+ 1)~ at —i is given by

u(w) =

) (Z + i)efiwz ) e*iwz e @
lim ——— = lim —_— = .
z—>—i (22 +1) 7——i (2 —1) —2i

When R is larger than 1, then Proposition C.2.1 states that

e—iwz e~
/ 5 dz =2mi—— = —mwe™ ®.
rp 2-+1 —2i

Moreover, in the limit as R tends to infinity, the value of the integral over the arc tends to
zero, as seen by the estimate

7160Z
/ dz
‘ RZ2+1

Since the integrand is bounded and tends to zero pointwise as R tends to infinity, the
Lebesgue dominated convergence theorem (see Appendix B) shows that in the limit the
integral over the arc is zero. Therefore, we obtain

—00 e—iwz
/ 5 dz = —me™ .
o 2-+1

By reversing the direction of the integration on the real line and dividing by the factor of
+/2m, we obtain the Fourier transform for @ positive. A similar analysis, but using an arc
in the upper half-plane, gives the value of & for negative values of w. The final result is

R Ry 2
27 J—o0 x2+1 2

21 ewa\sinﬂl
5/ —— R d6.
L R2—1

See Exercise 2.1.1. O

A special case of Proposition C.2.1 is the Cauchy integral formula

L[ f©
f(Z)_QJTi r¢—z

d¢ (C.2.2)



422 Appendix C. A Survey of Results from Complex Analysis

for any closed curve I' winding once around the point z. If T is a circle of radius r,
formula (C.2.2) is equivalent to the formula

27
fz) = 1 f(z+re'?) do. (C.2.3)
27[ 0

From (C.2.3) we obtain the result

If @) < |zrflga\ir|f(§)|’

with equality only if f is a constant. This result can be easily extended to prove the
following maximum principle.

Proposition C.2.2. The Maximum Principle. If f is analytic in a bounded set 2, then
| f] attains its maximum on the boundary of 2.

By applying Proposition C.2.2 to the analytic function e/@ we can conclude that
the real part of f must also attain its maximum value on the boundary. This leads to an
alternate proof of Theorem 12.3.2 for the special case of Laplace’s equation.

C.3 A Phragmen-Lindel6f Theorem

The next two results are needed in Chapter 6 to prove Theorem 6.3.1. The first of these
is an example of a class of theorems called Phragmen—Lindel6f theorems. The proofs of
these results are an excellent illustration of the power of the methods of complex analysis.
A Phragmen—Lindel6f theorem states that if an analytic function satisfies a weak bound in
some unbounded domain and a stronger bound on the boundary, then the function actually
satisfies the stronger bound throughout the region.

Proposition C.3.1. If f is an analytic function in the quadrant Q1 given by Re z > 0
and Im z > 0 and there are constants K and d such that

If(2)] < Kell for z € 0

and s
|f ()] < Ke " for bothRe z = 0and Im z = 0,

then, in fact,
1F@I < Ke ™ forallz € Q).

Proof. 'We begin by considering the function

2 ip\" a
hz) = (1+Z: ) exp [—s (%) }f(z),
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where ¢ is any positive number, « is between 1 and 2, ¢ is an arbitrary real number, and

n is any positive integer. The square root of i is taken to be (1 4+ i)/~/2. For the first part

of the proof, the parameters ¢, ¢, and n are fixed; later we will vary them as appropriate.
We first use the estimate

lh(z)] < (1 + %)nexp {—s|z|“ cos [a (9 - %)]} | f(2)]

together with the estimate
X\
(142) =
n

to conclude that on the boundary of Q;

h(z)] < e exp [—SIZI“ cos (a%)] Ke <k,
and in the interior of Q;

|h(2)| < Cylz|*" exp {—8 [|z|"‘ cos (a%)“ Kl

where C,, is some constant depending only on n. If |z| is taken large enough, say |z| = R,
then on this arc |h(z)| < K, since the first exponential factor ultimately suppresses the
growth of the other factors.

Thus h(z) is bounded by K on the boundary of the subdomain of Q;, whose
boundary consists of the real and imaginary axes and the circular arc |z| = R. By the max-
imum principle Proposition C.2.2, i is bounded by K in the interior as well. Moreover,
since the value of R was arbitrary, / is bounded by K in all of Q.

We now fix the value of z and vary ¢ and n. We have

Z2ei¢> n z \%
(1+ . ) f(z):exp|:8<$> }h(z),

and by the estimate on #,

2 ip\"
(152

n

< Kexp [elzl"‘ cos (%)] .

Taking the limit as ¢ tends to zero, we obtain

2 ip\"
’<1+” ) £

n

<K.

Next we take the limit as n tends to infinity, obtaining

e F)| < K

or S
f@)] < Ke Re @™,

This estimate holds for all values of ¢, and by choosing ¢ so that Re z%¢’? is equal
to |z|%, we have proved the proposition. [



424 Appendix C. A Survey of Results from Complex Analysis

C.4 A Result for Parabolic Systems

Proposition C.3.1 applied to parabolic systems of equations gives the next proposition about
parabolic systems.

Proposition C.4.1. If u(t, x) is a solution to the parabolic system
U; = Buyy + Auy + Cu

and both u(0, x) and u(T, x) are zero for x > 0, then u(t, x) is identically zero.

Proof. 'We begin by considering the Fourier transform of u(0, x), which is

00, w) = —IOX 0, x) dx

1 0
L / y
V21 J -0
since u(0, x) is zero for x positive. If we set w = o + i, where o and § are real, we
have

400, w) = —iex =180, x) dx.

1 0
LY, 27 J—00
We see that each component of #(0, @) is an analytic function of w for Im w > 0.
Moreover, we can estimate the vector norm of & by

1 0
1400, )| < —— / e B |u(0, x)| dx
27

—00

1 0 1/2
< [lu(0, ')”E (f e 2Pl dx)
—00
1

Jarp

so u(0, w) is bounded for Im w = B > By > 0. Note that ||#(0, w)|| denotes the vector
space norm of the function 7 evaluated at (0, w), and [|u(0, -)|| denotes the L? norm of
the function u(0, x). By the assumptions of the theorem, an estimate of the same form as
the preceding also applies to u(7T, ).

We apply these estimates to the ﬁ(%T, ). We have

= [lu(0, )l

AT, 0) = exp (B +iwA + O)1T) (0, )
(C.4.1)
= exp (—(—a)2B +iwA + C)%T) (T, w).

From the first of these relations we conclude for w = o + ifp that

~ a2
lA(5T, )l < Kie
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for some positive constants K; and c;. Using the second representation for ﬁ(%T, w),
with w = if for B > By, we have that

~ _ 2
23T, )] < Kpe 2P
for some positive constants K, and ¢. Using both representations (C.4.1) shows that
” lT < K d|w|
lu(zT, w)|| < Kze

for some constants K3 and d.
Proposition C.3.1, with some adjustment, shows that each component of ﬁ(%T, )
satisfies 2
ue(3T, )| < Ke™*1*!
for all w with Im w > By. We now use the Fourier inversion formula (2.1.2) and this
estimate on ﬁ(%T, w) to show that u(%T, x) is zero. We have

1 /00+i/3
V21 J—co+iB

for any B8 > Bp. (We may replace the path of integration from the real line to the line given
by Im z = 8 because of Cauchy’s theorem.) Therefore,

u(3T,x) = AT, ») do

1 o0 2 2
lu(3T, 0)|| < Cf ePlele=c@+FY) g

—00

— ClePllg=ch

By taking g arbitrarily large, we conclude that u(%T, x) is zero for all x, both positive
and negative. By representations (C.4.1) we conclude that u(0, x) is also zero, and hence
that u(t, x) is zero. O

Exercises

C.4.1. Show thatif | f(z)| is bounded on the boundary of the quadrant Q1, as defined in
Proposition C.3.1, and if | f(z)| < C(1 + |z|™*) inthe quadrant Q; for some value
of m, then in fact | f(z)| is bounded in Q;.

C.4.2. Show that Proposition C.4.1 can be extended to R", where u(0, x) and u(T, x)
are zero, for x in the half-space x; > 0.

C.4.3. Use the calculus of residues to verify the formulas given in Exercise 10.2.4. Hint:
Consider the integral over the real line and the line Im z = 7.

C.4.4. Use the calculus of residues to show that

o x® bid
/ 2 dx = i
o Xx-+1 2cos yam
for 0 <« < 1. Hint: Consider curves similar to those used in Example C.2.1 and

use the relation x® = ¢/™¥|x|* for x negative when z% is defined in the upper
half-plane.
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ADI methods, 172-185, 342
boundary conditions for, 176
implementation of, 177-180
with mixed derivatives, 181
for second-order equations, 202
stability, 177

admissible solution, 291, 301

amplification factor, 48
for multistep scheme, 97, 267
of second-order equations, 193, 271

amplification matrix, 166

amplification polynomial, 103, 123, 245,

289
analytic function, 419
artificial viscosity, 161

backward-time backward-space scheme, 35
backward-time central-space scheme
for the heat equation, 147
for hyperbolic equations, 35, 57
biharmonic equation, 313
block tridiagonal systems, 90
boundary conditions, 275-310
for ADI schemes, 176
analysis of, 279
for elliptic equations, 322
for finite difference schemes, 85, 281
for parabolic equations, 152
box scheme, 57, 77
modified, 78
Brownian motion, 141

Cauchy-Riemann equations, 313
Cauchy—Schwarz inequality, 377
cell Peclet number, 159

cell Reynolds number, 159

CFL condition, 34

Chapman—Kolmogorov equation, 141
characteristics, 2

incoming, 11

outgoing, 11

for systems, 9

for variable coefficients, 5
checkerboard ordering, 359
Cholesky factorization, 395

preconditioning, 395
conjugate gradient method, 377

convergence estimate, 387

implementation, 384
conjugate search directions, 380
conjugate transpose, 401
conservative polynomial, 109
consistent scheme, 25
consistently ordered matrix, 357
continuity of the solution on the data, 205
convection-diffusion equation, 140, 157
convergence estimates

for nonsmooth initial functions, 252-258

for parabolic equations, 259-261

for smooth functions, 235-246
convergent scheme, 23, 262
coordinate changes and schemes, 335
Courant-Friedrichs—Lewy condition, 34
Crank—Nicolson scheme for heat equation,

147

nondissippative, 151

Crank—Nicolson scheme for hyperbolic
equations, 63

adding dissipation to, 123

boundary conditions, 86, 292

modified, 85

order of accuracy, 68

solution of, 88

stability of, 77
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Index

diagonalizable matrix, 3
diagonally dominant matrices, 349
difference calculus, 78-82
Dirichlet boundary condition, 145, 152,
176, 199, 311
dispersion, 125
in higher dimensions, 202
dispersive equation, 190
dissipation, 122
adding to nondissipative schemes, 123
convergence estimates, 259
for parabolic schemes, 146
and smoothness of the solution, 149
Douglas—Rachford method, 175
Du Fort-Frankel scheme, 148, 268
Duhamel’s principle, 32, 225, 262
D’Yakonov scheme, 175
dynamic stability, 59

efficiency of higher order schemes, 101,
181
eigenvalue of a matrix, 403
semisimple, 403
eigenvector, 403
generalized, 403
elliptic equations
boundary conditions, 322
differentiability of the solution, 314
discontinuous boundary data, 322
regularity estimates, 315
energy method, 145, 191
envelope of a wave packet, 130
Euler backward scheme, 57, 75
Euler-Bernoulli equation, 190
scheme for, 195, 200
evaluation operator, 242
and piecewise smooth functions, 256-258
explicit schemes, definition, 34
exponential of a matrix, 214, 406

Faber—Krahn inequality, 358

factor space, 367

finite difference grid, 16

finite Fourier transform, 46

five-point (discrete) Laplacian, 325

Fokker—Planck equations, 140

forward-time backward-space scheme, 17,
47

forward-time central-space scheme, 17
for hyperbolic equations, 17, 51
and smoothing, 55
for the heat equation, 145
forward-time forward-space scheme, 17, 27
Fourier analysis
differentiability of functions, 42
on the integers Z, 38
on the real line, 37
Fourier inversion formula
on the grid, 38
on the integers, 38
multidimensional, 44
on the real line, 37
Fourier series, 38
Fourier transform
of derivatives, 42
in higher dimensions, 44
on the integers, 38
on the real line, 37
fourth-order accurate approximations
of first derivative, 79, 80
of second derivative, 80
fourth-order accurate nine-point Laplacian,
328
frozen coefficient problems, 59, 276
function spaces, L'R), ? (R),
L®R), 417

Gauss—Seidel algorithm, 340
analysis of, 347
and diagonally dominate matrices,
349-351
iteration matrix for, 345
Gaussian elimination, 88, 89, 339
grid, 16
group velocity, 130, 190, 248
Gustaffson—Kreiss—Sundstrom—Osher
(GKSO) method, 288, 309

H", 43, 239, 243

harmonic functions, 311, 319, 419

heat equation, 137

hermitian matrix, 226, 230, 408

Hurwitz polynomial, 117

hyperbolic equation, 1
differentiability of solutions, 2
with variable coefficients, 5
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hyperbolic systems, 3, 166, 217
weakly, 221

implementation of iterative methods, 346
implicit schemes, 34

solution of, 88
initial value problem

analysis of, 205-225

for heat equation, 137

for one-way wave equation, 1

for second-order equations, 187
initial-boundary value problems, 275-310

for hyperbolic schemes, 291

for parabolic schemes, 292

for partial differential equations, 300
initialization

for leapfrog scheme, 18

of multistep schemes, 18, 98, 269

of schemes for second-order equations,

197

integrability condition, 312, 370
interior regularity estimate

for finite difference schemes, 330

for partial differential equations, 315
interpolation operator, 236
irreducible matrix, 349
iteration matrix, 341

Jacobi method, 340
analysis of, 345, 346
for diagonally dominate matrices, 349
iteration matrix for, 345
line Jacobi method, 359

Kreiss matrix theorem, 225-233

L? norm
on grid, 29, 39
on real line, 38
Laplace transform, 276, 291
of a discrete function, 277
Laplace’s equation, 311
Laplacian operator, 311
Lax—Friedrichs scheme, 17
stability, 51
Lax—Richtmyer equivalence theorem, 32-33
proof, 262-266
for second-order equations, 194

Lax—Wendroff scheme, 61, 70
dispersion, 126
dissipation, 122
modified, 84
for parabolic equations, 162
smallest stencil, 72
stability of, 76
leapfrog scheme for heat equation, 147
leapfrog scheme for hyperbolic
equations, 17, 195, 267
(2,4) explicit, 100
(2,4) implicit, 101
adding dissipation to, 123
dispersion of, 127
initialization, 98
parasitic mode, 99
stability of, 95-97
for u; + aug, = f, 102
Lebesgue dominated convergence theorem,
264, 416
Lebesgue integration, 415
Lebesgue measure, 414
lexicographic order, 340
linear iterative methods, 341
lower order terms
and stability, 53, 149
and well-posedness of systems, 218

MacCormack scheme, 77
time split, 171
matrix method for analyzing stability, 307
matrix norms, 400
formulas for, 404
maximum principle
for analytic functions, 422
for the discrete five-point Laplacian, 326
for elliptic equations, 317
measurable function, 414
measurable set, 414
Mitchell-Fairweather scheme, 180
monotone schemes, 73
multistep schemes, 18, 30, 95
convergence 24, 267-269
dispersion of, 127
initialization and order of accuracy, 269
as systems, 167
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Neumann boundary condition, 145, 152,
199, 312, 365-370
norms
H", 43,239, 243
L%, 39
for discrete functions, 29
in the factor space, 367
for vectors, 399
numerical boundary condition, 85, 281-288

one-way wave equation, 1
order of accuracy
for homogeneous equations, 69
and initialization of multistep schemes,
269
for multistep schemes, 267
of a scheme, 64
and smoothness of parabolic equations,
149
of the solution, 73
using symbols, 66

parabolic equations, 137
lower-order terms and stability of, 149
schemes for, 145
parabolic systems, 143, 216
parasitic mode, 99
dispersion, 128
Parseval’s relations, 39
Peaceman—Rachford algorithm, 175, 181
boundary conditions, 176
periodic problems, 14
periodic tridiagonal systems, 91
phase error, 126, 203
for multistep schemes, 127
Poisson summation formula, 250
Poisson’s equation, 311
polar coordinates, 333
positive definite matrix for elliptic schemes,
336
iterative method for, 362
preconditioned conjugate gradient method,
390
implementation, 393
pseudoscheme, 268

quasi-characteristic extrapolation, 86, 282,
292, 294

Rayleigh equation, 191, 200
reducible matrix, 349
reentrant corners, 324, 331
regularity estimates, 314, 315, 330
residual, 374
resolvent condition
for finite difference equations, 227, 289
for partial differential equations, 301
restricted stability condition, 50
reverse Lax—Friedrichs scheme, 36, 58
Riemann integral, 416
Robin condition, 322
robustness, 206
Rouché’s theorem, 110

scalar product, 401
Schrodinger equation, 191
Schur polynomial, 108, 109, 125, 198
Schur’s lemma, 403
Schwartz class, 46
search direction, 378
second-order equations, 187
convergence estimates for, 270
stability of, 193
semisimple eigenvalue, 404
Sherman—Morrison formula, 91
simple root, 104
simultaneously diagonalizable, 169
SOR, 340
analysis of, 351
efficiency of, 356
estimating the parameter, 358
implementation, 360
line, 359
and Neumann boundary condition, 368
symmetric, 359
symmetric positive definite matrices, 364
spectral radius, 341, 404
SSOR, 359, 391
preconditioner, 391
stability
for ADI methods, 177
condition, general, 50
definition, 28
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stability (continued)
for initial-boundary value problems, 288
and lower-order terms, 53
for multistep schemes, 105
region, 29
for systems of equations, 165
and variable coefficients, 59
and von Neumann polynomial, 108
steepest descent method, 373
implementation, 375
Stokes equations, 313
strictly nondissipative schemes, 122
successive-over-relaxation (SOR), 340
symbol
of a differential operator, 69, 314
of a finite difference scheme, 69
symbolic calculus, 81
symmetric matrix, 408
for elliptic schemes, 336
symmetric successive-over-relaxation
(SSOR), 391

Tchebyshev polynomial, 389
Thomas algorithm, 88, 174, 177
time split schemes, 170

tridiagonal systems, 88
truncation error, 64
truncation operator, 235

unitary matrix, 401
upwind differencing, 160

variable coefficients, 59, 163, 205, 235,
291, 315, 331
effect on well-posedness, 222
von Neumann analysis
for first-order equations, 47
for second-order equations, 193
von Neumann polynomial, 108, 109, 198

wave equation, 187
in two dimensions, 202
wave packet, 130, 248
frequency of, 130
well-posedness
for initial value problem, 31, 206
initial-boundary value problem, 279
for second-order equations, 190
West’s algorithm, 368



