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Preface to the Second Edition

I am extremely gratified by the wide acceptance of the first edition of this textbook. It

confirms that there was a need for a textbook to cover the basic theory of finite difference

schemes for partial differential equations, and I am pleased that this textbook filled some

of that need.

I am very appreciative that SIAM has agreed to publish this second edition of the

text. Many users of this textbook are members of SIAM, and I appreciate the opportunity

to serve that community with this improved text

This second edition incorporates a number of changes, a few of which appeared in

later printings of the first edition. An important modification is the inclusion of the notion

of a stability domain in the definition of stability. The incompleteness of the original

definition was pointed out to me by Prof. Ole Hald. In some printings of the first edition the

basic definition was modified, but now the notion of a stability domain is more prevalent

throughout the text.

Asignificant change is the inclusion of many more figures in the text. This has made it

easier to illustrate several important concepts and makes the material more understandable.

There are also more tables of computational results that illustrate the properties of finite

difference schemes.

There are a few small changes to the layout requested by SIAM. Among these are

that the end-of-proof mark has been changed to an open box, , rather than the filled-in box

used in the first edition.

I did not add new chapters to the second edition because that would have made the

text too long and because there are many other texts and research monographs that discuss

material beyond the scope of this text.

I offer my thanks to the many students who have taken my course using the textbook.

They have encouraged me and given a great many suggestions that have improved the

exposition. To them goes much of the credit for finding the typographical errors and

mistakes that appeared in the first edition’s text and exercises.

My special thanks is given to those former students, John Knox, Young Lee, Dongho

Shin, and Suzan Stodder, for their many thoughtful suggestions.

John C. Strikwerda

March 2004
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Preface to the First Edition

This text presents the basic theory of finite difference schemes applied to the numerical

solution of partial differential equations. It is designed to be used as an introductory graduate

text for students in applied mathematics, engineering, and the sciences, and with that in

mind, presents the theory of finite difference schemes in a way that is both rigorous and

accessible to the typical graduate student in the course. The two aims of the text are

to present the basic material necessary to do scientific computation with finite difference

schemes and to present the basic theory for understanding these methods.

The text was developed for two courses: a basic introduction to finite difference

schemes for partial differential equations and an upper level graduate course on the theory

related to initial value problems. Because students in these courses have diverse back-

grounds in mathematics, the text presumes knowledge only through advanced calculus,

although some mathematical maturity is required for the more advanced topics. Students

taking an introduction to finite difference schemes are often acquainted with partial differ-

ential equations, but many have not had a formal course on the subject. For this reason,

much of the necessary theory of partial differential equations is developed in the text.

The chief motivation for this text was the desire to present the material on time-

dependent equations, Chapters 1 through 11, in a unified way that was accessible to students

who would use the material in scientific and engineering studies. Chapters 1 through 11

contain much that is not in any other textbook, but more important, the unified treatment,

using Fourier analysis, emphasizes that one can study finite difference schemes using a

few powerful ideas to understand most of their properties. The material on elliptic partial

differential equations, Chapters, 12, 13, and 14, is intended to be only an introduction; it

should enable students to progress to more advanced texts and implement the basic methods

knowledgably.

Several distinctive features of this textbook are:

• The fundamental concepts of convergence, consistency, and stability play an impor-

tant role from the beginning.

• The concept of order of accuracy of a finite difference scheme is carefully presented

with a single basic method of determining the order of accuracy of a scheme.

• Convergence proofs are given relating the order of accuracy of the scheme to that of

the solution. A complete proof of the Lax–Richtmyer equivalence theorem, for the

simple case of constant coefficient equations, is presented using methods accessible

to most students in the course.

• Fourier analysis is used throughout the text to give a unified treatment of many of the

important ideas.

• The basic theory of well-posed initial value problems is presented.

• The basic theory of well-posed initial-boundary value problems is presented for both

partial differential equations and finite difference schemes.

Asuggested one-semester introductory course can cover most of the material in Chap-

ters 1, 2, 3, 5, 6, 7, 12, 13, and 14 and parts of Chapters 4 and 10. A more advanced course

could concentrate on Chapters 9, 10, and 11.

xi



xii Preface to the First Edition

In many textbooks on finite difference schemes, the discussion of the von Neumann

stability condition does not make it clear when one may use the restricted condition and

when one must use the general condition. In this text, theorems showing when the restricted

condition may be used are stated and proved. The treatment given here was motivated by

discussions with engineers and engineering students who were using the restricted condition

when the more general condition was called for.

The treatment of accuracy of finite difference schemes is new and is an attempt to make

the method for analyzing accuracy a rigorous procedure, rather than a grab-bag of quite

different methods. This treatment is a result of queries from students who used textbook

methods but were confused because they employed the wrong “trick” at the wrong time.

Because many applications involve inhomogeneous equations, I have included the forcing

function in the analysis of accuracy.

The convergence results of Chapter 10 are unique to this textbook. Both students

and practicing computational engineers are often puzzled about why second-order accurate

schemes do not always produce solutions that are accurate of second order. Indeed, some

texts give students the impression that solutions to finite difference schemes are always

computed with the accuracy of the scheme. The important results in Chapter 10 show

how the order of accuracy of the scheme is related to the accuracy of the solution and the

smoothness of the solution.

The material on Schur and von Neumann polynomials in Chapter 4 also appears in a

textbook for the first time. Tony Chan deserves credit for calling my attention to Miller’s

method, which should be more widely known. The analysis of stability for multilevel,

higher order accurate schemes is not practical without methods such as Miller’s.

There are two topics that, regretfully, have been omitted from this text due to lim-

itations of time and space. These are nonlinear hyperbolic equations and the multigrid

methods for elliptic equations. Also, it would have been nice to include more material

on variable grids, grid generation techniques, and other topics related to actual scientific

computing. But I have decided to leave these embellishments to others or to later editions.

The numbering of theorems, lemmas, and corollaries is done as a group. That is, the

corollary after Theorem 2.2.1 is numbered 2.2.2 and the next theorem is Theorem 2.2.3.

The end of each proof is marked with the symbol and the end of each example is marked

with the symbol .

Many students have offered comments on the course notes from which this book

evolved and they have improved the material immensely. Special thanks go to Scott

Markel, Naomi Decker, Bruce Wade, and Poon Fung for detecting many typographical

errors. I also acknowledge the reviewers, William Coughran, AT&T Bell Laboratories;

Max Gunzberger, Carnegie-Mellon University; Joseph Oliger, Stanford University; Nick

Trefethen, Massachusetts Institute of Technology; and Bruce Wade, Cornell University, for

their helpful comments.

John C. Strikwerda

April 1989



Chapter 1

Hyperbolic Partial Differential
Equations

We begin our study of finite difference methods for partial differential equations by con-

sidering the important class of partial differential equations called hyperbolic equations. In

later chapters we consider other classes of partial differential equations, especially parabolic

and elliptic equations. For each of these classes of equations we consider prototypical equa-

tions, with which we illustrate the important concepts and distinguishing features associated

with each class. The reader is referred to other textbooks on partial differential equations

for alternate approaches, e.g., Folland [18], Garabedian [22], and Weinberger [68]. After

introducing each class of differential equations we consider finite difference methods for

the numerical solution of equations in the class.

We begin this chapter by considering the simplest hyperbolic equation and then extend

our discussion to include hyperbolic systems of equations and equations with variable

coefficients. After the basic concepts have been introduced, we begin our discussion of finite

difference schemes. The important concepts of convergence, consistency, and stability are

presented and shown to be related by the Lax–Richtmyer equivalence theorem. The chapter

concludes with a discussion of the Courant–Friedrichs–Lewy condition and related topics.

1.1 Overview of Hyperbolic Partial Differential Equations

The One-Way Wave Equation

The prototype for all hyperbolic partial differential equations is the one-way wave equation:

ut + aux = 0, (1.1.1)

where a is a constant, t represents time, and x represents the spatial variable. The

subscript denotes differentiation, i.e., ut = "u/"t. We give u(t, x) at the initial time,

which we always take to be 0—i.e., u(0, x) is required to be equal to a given function

u0(x) for all real numbers x —and we wish to determine the values of u(t, x) for positive

values of t. This is called an initial value problem.

By inspection we observe that the solution of (1.1.1) is

u(t, x) = u0(x 2 at). (1.1.2)

(Actually, we know only that this is a solution; we prove later that this is the unique solution.)

1



2 Chapter 1. Hyperbolic Partial Differential Equations

The formula (1.1.2) tells us several things. First, the solution at any time t0 is a

copy of the original function, but shifted to the right, if a is positive, or to the left, if a is

negative, by an amount |a|t0. Another way to say this is that the solution at (t, x) depends

only on the value of ¿ = x 2 at. The lines in the (t, x) plane on which x 2 at is constant

are called characteristics. The parameter a has dimensions of distance divided by time

and is called the speed of propagation along the characteristic. Thus the solution of the

one-way wave equation (1.1.1) can be regarded as a wave that propagates with speed a

without change of shape, as illustrated in Figure 1.1.

xt = 0 t > 0 x

t

t = 0 t > 0

Figure 1.1. The solution of the one-way wave equation is a shift.

Second, whereas equation (1.1.1) appears to make sense only if u is differentiable,

the solution formula (1.1.2) requires no differentiability of u0. In general, we allow for

discontinuous solutions for hyperbolic problems. An example of a discontinuous solution

is a shock wave, which is a feature of solutions of nonlinear hyperbolic equations.

To illustrate further the concept of characteristics, consider the more general hyper-

bolic equation

ut + aux + bu = f (t, x),

u(0, x) = u0(x),
(1.1.3)

where a and b are constants. Based on our preceding observations we change variables

from (t, x) to (Ç, ¿), where Ç and ¿ are defined by

Ç = t, ¿ = x2at.

The inverse transformation is then

t = Ç, x = ¿ + aÇ,

and we define Þu(Ç, ¿) = u(t, x), where (Ç, ¿) and (t, x) are related by the preceding

relations. (Both u and Þu represent the same function, but the tilde is needed to distinguish
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between the two coordinate systems for the independent variables.) Equation (1.1.3) then

becomes

" Þu

"Ç
=

"t

"Ç
ut +

"x

"Ç
ux

= ut + aux = 2bu + f (Ç, ¿ + aÇ).

So we have
" Þu

"Ç
= 2b Þu + f (Ç, ¿ + aÇ).

This is an ordinary differential equation in Ç and the solution is

Þu(Ç, ¿) = u0(¿)e
2bÇ +

∫ Ç

0

f (Ã, ¿ + aÃ)e2b(Ç2Ã) dÃ.

Returning to the original variables, we obtain the representation for the solution of equation

(1.1.3) as

u(t, x) = u0(x 2 at)e2bt +

∫ t

0

f
(

s, x 2 a(t 2 s)
)

e2b(t2s) ds. (1.1.4)

We see from (1.1.4) that u(t, x) depends only on values of (t ′, x′) such that x′ 2 at ′ =

x 2 at, i.e., only on the values of u and f on the characteristic through (t, x) for

0 f t ′ f t.

This method of solution of (1.1.3) is easily extended to nonlinear equations of the

form

ut + aux = f (t, x, u). (1.1.5)

See Exercises 1.1.5, 1.1.4, and 1.1.6 for more on nonlinear equations of this form.

Systems of Hyperbolic Equations

We now examine systems of hyperbolic equations with constant coefficients in one space

dimension. The variable u is now a vector of dimension d.

Definition 1.1.1. A system of the form

ut + Aux + Bu = F(t, x) (1.1.6)

is hyperbolic if the matrix A is diagonalizable with real eigenvalues.

By saying that the matrix A is diagonalizable, we mean that there is a nonsingular

matrix P such that PAP21 is a diagonal matrix, that is,

PAP21 =

û

ý

a1 0
. . .

0 ad

þ

ø = �.



4 Chapter 1. Hyperbolic Partial Differential Equations

The eigenvalues ai of A are the characteristic speeds of the system. Under the change of

variables w = Pu we have, in the case B = 0,

wt + �wx = PF(t, x) = ÞF(t, x)

or

wi
t + ai w

i
x = Þf i(t, x),

which is the form of equation (1.1.3). Thus, when matrix B is zero, the one-dimensional

hyperbolic system (1.1.6) reduces to a set of independent scalar hyperbolic equations. If

B is not zero, then in general the resulting system of equations is coupled together, but

only in the undifferentiated terms. The effect of the lower order term, Bu, is to cause

growth, decay, or oscillations in the solution, but it does not alter the primary feature of the

propagation of the solution along the characteristics. The definition of hyperbolic systems

in more than one space dimension is given in Chapter 9.

Example 1.1.1. As an example of a hyperbolic system, we consider the system

ut + 2ux + vx = 0,

vt + ux + 2vx = 0,

which can be written as
(

u

v

)

t

+

(

2 1

1 2

) (

u

v

)

x

= 0.

As initial data we take

u(0, x) = u0(x) =

{

1 if |x| f 1,

0 if |x| > 1,

v(0, x) = 0.

By adding and subtracting the two equations, the system can be rewritten as

(u + v)t + 3(u + v)x = 0,

(u 2 v)t + (u 2 v)x = 0

or

w1
t + 3w1

x = 0, w1(0, x) = u0(x),

w2
t + w2

x = 0, w2(0, x) = u0(x).

The matrix P is
(

1 1

1 21

)

for this transformation. The solution is, therefore,

w1(t, x) = w1
0(x 2 3t),

w2(t, x) = w2
0(x 2 t)
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or

u(t, x) = 1
2
(w1 + w2) = 1

2
[u0(x 2 3t) + u0(x 2 t)] ,

v(t, x) = 1
2
(w1 2 w2) = 1

2
[u0(x 2 3t) 2 u0(x 2 t)] .

These formulas show that the solution consists of two independent parts, one propagating

with speed 3 and one with speed 1.

Equations with Variable Coefficients

We now examine equations for which the characteristic speed is a function of t and x.

Consider the equation

ut + a(t, x)ux = 0 (1.1.7)

with initial condition u(0, x) = u0(x), which has the variable speed of propagation a(t, x).

If, as we did after equation (1.1.3), we change variables to Ç and ¿, where Ç = t and ¿

is as yet undetermined, we have

" Þu

"Ç
=

"t

"Ç
ut +

"x

"Ç
ux

= ut +
"x

"Ç
ux .

In analogy with the constant coefficient case, we set

dx

dÇ
= a(t, x) = a(Ç, x).

This is an ordinary differential equation for x giving the speed along the characteristic

through the point (Ç, x) as a(Ç, x). We set the initial value for the characteristic curve

through (Ç, x) to be ¿. Thus the equation (1.1.7) is equivalent to the system of ordinary

differential equations
d Þu

dÇ
= 0, Þu(0, ¿) = u0(¿),

dx

dÇ
= a(Ç, x), x(0) = ¿.

(1.1.8)

As we see from the first equation in (1.1.8), u is constant along each characteristic curve,

but the characteristic determined by the second equation need not be a straight line. We

now present an example to illustrate these ideas.

Example 1.1.2. Consider the equation

ut + x ux = 0,

u(0, x) =

{

1 if 0 f x f 1,

0 otherwise.
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Corresponding to the system (1.1.8) we have the equations

d Þu

dÇ
= 0,

dx

dÇ
= x, x(0) = ¿.

The general solution of the differential equation for x(Ç) is x(Ç) = ceÇ . Because we

specify that ¿ is defined by x(0) = ¿, we have x(Ç) = ¿ eÇ , or ¿ = xe2t . The equation

for Þu shows that Þu is independent of Ç, so by the condition at Ç equal to zero we have

that

Þu(Ç, ¿) = u0(¿).

Thus

u(t, x) = Þu(Ç, ¿) = u0(¿) = u0(xe
2t ).

So we have, for t > 0,

u(t, x) =

{

1 if 0 f x f et ,

0 otherwise.

As for equations with constant coefficients, these methods apply to nonlinear equa-

tions of the form

ut + a(t, x)ux = f (t, x, u), (1.1.9)

as shown in Exercise 1.1.9. Equations for which the characteristic speeds depend on u,

i.e., with characteristic speed a(t, x, u), require special care, since the characteristic curves

may intersect.

Systems with Variable Coefficients

For systems of hyperbolic equations in one space variable with variable coefficients, we

require uniform diagonalizability. (See Appendix A for a discussion of matrix norms.)

Definition 1.1.2. The system

ut + A(t, x) ux + B(t, x)u = F(t, x) (1.1.10)

with

u(0, x) = u0(x)

is hyperbolic if there is a matrix function P(t, x) such that

P(t, x)A(t, x) P21(t, x) = �(t, x) =

û

ý

a1(t, x) 0
. . .

0 ad(t, x)

þ

ø

is diagonal with real eigenvalues and the matrix norms of P(t, x) and P21(t, x) are

bounded in x and t for x * R, t g 0.
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The characteristic curves for system (1.1.10) are the solutions to the differential

equations

dxi

dt
= ai(t, x), xi(0) = ¿ i .

Setting v = P(t, x)u, we obtain the system for v:

vt + �vx = P(t, x) F (t, x) + G(t, x)v,

where

G = (Pt + �Px 2 PB)P21.

In terms of directional derivatives this system is equivalent to

dvi

dt

∣

∣

∣

along xi
= Þf i(t, x) +

d
∑

j=1

gij (t, x)v
j .

This formula is not a practical method of solution for most problems because the ordinary

differential equations are often quite difficult to solve, but the formula does show the

importance of characteristics for these systems.

Exercises

1.1.1. Consider the initial value problem for the equation

ut + aux = f (t, x)

with u(0, x) = 0 and

f (t, x) =

{

1 if x g 0,

0 otherwise.

Assume that a is positive. Show that the solution is given by

u(t, x) =

ù

ú

û

0 if x f 0,

x/a if x g 0 and x 2 at f 0,

t if x g 0 and x 2 at g 0.

1.1.2. Consider the initial value problem for the equation

ut + aux = f (t, x)

with u(0, x) = 0 and

f (t, x) =

{

1 if 21 f x f 1,

0 otherwise.

Assume that a is positive. Show that the solution is given by

u(t, x) =

ù

ü

ü

ü

ü

ü

ú

ü

ü

ü

ü

ü

û

(x + 1)/a if 21 f x f 1 and x 2 at f 21,

t if 21 f x f 1 and 21 f x 2 at,

2/a if x g 1 and x 2 at f 21,

(1 2 x + at)/a if x g 1 and 21 f x 2 at f 1,

0 otherwise.
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1.1.3. Solve the initial value problem for

ut +
1

1 + 1
2

cos x
ux = 0.

Show that the solution is given by u(t, x) = u0(¿), where ¿ is the unique solution

of

¿ + 1
2

sin ¿ = x + 1
2

sin x 2 t.

1.1.4. Show that the initial value problem for (1.1.5) is equivalent to the family of initial

value problems for the ordinary differential equations

d Þu

dÇ
= f (Ç, ¿ + aÇ, Þu)

with Þu(0, ¿) = u0(¿). Show that the solution of (1.1.5), u(t, x), is given by u(t, x) =

Þu (t, x 2 at) .

1.1.5. Use the results of Exercise 1.1.4 to show that the solution of the initial value problem

for

ut + ux = 2 sin2 u

is given by

u(t, x) = tan21

(

tan[u0(x 2 t)]

1 + t tan[u0(x 2 t)]

)

.

An equivalent formula for the solution is

u(t, x) = cot21 (cot[u0(x 2 t)] + t) .

1.1.6. Show that all solutions to

ut + a ux = 1 + u2

become unbounded in finite time. That is, u(t, x) tends to infinity for some x as t

approaches some value t7, where t7 is finite.

1.1.7. Show that the initial value problem for the equation

ut +

(

1 + x2
)

ux = 0

is not well defined. Hint: Consider the region covered by the characteristics origi-

nating on the x-axis.

1.1.8. Obtain the solution of the system

ut + ux + vx = 0, u(x, 0) = u0(x),

vt + ux 2 vx = 0, v(x, 0) = v0(x).
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1.1.9. Show that the initial value problem for (1.1.9) is equivalent to the family of initial

value problems for the system of ordinary differential equations

d Þu

dÇ
= f (Ç, x(Ç ), Þu), Þu(0, ¿) = u0(¿),

dx

dÇ
= a(Ç, x(Ç )), x(0) = ¿.

The solution to (1.1.9) is given by u (t, x(¿)) = Þu(t, ¿).

1.2 Boundary Conditions

We now consider hyperbolic partial differential equations on a finite interval rather than on

the whole real line. Most applications of partial differential equations involve domains with

boundaries, and it is important to specify data correctly at these locations. The conditions

relating the solution of the differential equation to data at a boundary are called boundary

conditions. A more complete discussion of the theory of boundary conditions for time-

dependent partial differential equations is given in Chapter 11. The problem of determining

a solution to a differential equation when both initial data and boundary data are present

is called an initial-boundary value problem. In this section we restrict the discussion to

initial-boundary value problems for hyperbolic equations in one space variable.

The discussion of initial-boundary value problems serves to illustrate again the im-

portance of the concept of characteristics. Consider the simple equation

ut + aux = 0 with 0 f x f 1, t g 0. (1.2.1)

If a is positive the characteristics in this region propagate from the left to the right, as shown

in Figure 1.2. By examining the characteristics in Figure 1.2, we see that the solution must

be specified on the boundary at x equal to 0, in addition to the initial data, in order to be

defined for all time. Moreover, no data can be supplied at the other boundary or the solution

will be overdetermined.

If we specify initial data u(0, x) = u0(x) and boundary data u(t, 0) = g(t), then

the solution is given by

u(t, x) =

{

u0(x 2 at) if x 2 at > 0,

g(t 2 a21x) if x 2 at < 0.

Along the characteristic given by x 2 at = 0, there will be a jump discontinuity in u if

u0(0) is not equal to g(0). If a is negative, the roles of the two boundaries are reversed.

Now consider the hyperbolic system

(

u1

u2

)

t

+

(

a b

b a

) (

u1

u2

)

x

= 0 (1.2.2)

on the interval 0 f x f 1. The eigenvalues, or characteristic speeds, of the system are

easily seen to be a + b and a 2 b. We consider only the cases where a and b are
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a > 0 a < 0

0 1

x

t

0 1

x

t

Figure 1.2. Characteristics for equation (1.2.1).

positive. If we have 0 < b < a, then both characteristic families propagate to the right,

as shown in Figure 1.3. This means that the entire solution, both components u1 and u2,

must be specified at x equal to 0, and no data should be specified at x equal to 1. Notice

that the slope of the characteristic in these figures is the inverse of the speed. Thus the

characteristics with the slower speed have the greater slope.

The most interesting case is where 0 < a < b, since then the characteristic families

propagate in opposite directions (see the right-hand side in Figure 1.3). If system (1.2.2) is

put into the form (1.1.6), it is

(

u1 + u2

u1 2 u2

)

t

+

(

a + b 0

0 a 2 b

) (

u1 + u2

u1 2 u2

)

x

= 0. (1.2.3)

Certainly one way to determine the solution uniquely is to specify u1 + u2 at x equal

to 0 and specify u1 2 u2 at x equal to 1. However, there are other possible boundary

conditions; for example, any of the form

u1 + u2 = ³0(u
1 2 u2) + ´0(t) at x = 0,

u1 2 u2 = ³1(u
1 + u2) + ´1(t) at x = 1,

(1.2.4)

will determine the solution. The coefficients ³0 and ³1 may be functions of t or constants.

As examples, we have that the boundary conditions

u1(t, 0) = ´0(t),

u2(t, 1) = ´1(t)
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a + b

a - b

a + b

a - b

0 1

x

t

0 1

x

t

Figure 1.3. Characteristics for system (1.2.3).

can be put in the form

u1(t, 0) + u2(t, 0) = 2(u1(t, 0) 2 u2(t, 0)) + 2´0(t),

u1(t, 1) + u2(t, 1) = u1(t, 1) 2 u2(t, 1) + 2´1(t),

which are equivalent to the conditions in (1.2.4) with ³0 and ³1 equal to 21 and 1,

respectively.

Boundary conditions that determine a unique solution are said to be well-posed. For

the system (1.2.2) the boundary conditions are well-posed if and only if they are equivalent

to (1.2.4). The boundary conditions (1.2.4) express the value of the characteristic variable

on the incoming characteristic in terms of the outgoing characteristic variable and the data.

By incoming characteristic we mean a characteristic that enters the domain at the boundary

under consideration; an outgoing characteristic is one that leaves the domain. We see then

that specifying u1 or u2 at x equal to 0 is well-posed, and specifying u1 or u2 at x

equal to 1 is also well-posed. However, specifying u1 2 u2 at x equal to 0 is ill-posed,

as is specifying u1 + u2 at x equal to 1.

For a hyperbolic initial-boundary value problem to be well-posed, the number of

boundary conditions must be equal to the number of incoming characteristics. The pro-

cedure for determining whether or not an initial-boundary value problem is well-posed is

given in Chapter 11.

Example 1.2.1. To illustrate how the solution to a hyperbolic system is determined by

both the initial and boundary conditions, we consider as an example the system

(

u1

u2

)

t

+

( 1
2

3
2

3
2

1
2

)

(

u1

u2

)

x

= 0 (1.2.5)
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on the interval [0,1] with the initial conditions

u1(0, x) = 0 and u2(0, x) = x.

The eigenvalues of the matrix in (1.2.5) are 2 and 21, so this system requires one

boundary condition on each boundary. We take boundary conditions

u1(t, 0) = t and u1(t, 1) = 0.

The two families of characteristic curves are given by

t 2 2x = ¿1 and t + x = ¿2,

where different values of ¿1 and ¿2 give the different characteristic curves. The charac-

teristics are displayed in Figure 1.4.

The system (1.2.5) can be rewritten as
(

u1 + u2

u1 2 u2

)

t

+

(

2 0

0 21

) (

u1 + u2

u1 2 u2

)

x

= 0 (1.2.6)

and this shows that the characteristic variables w1 and w2 are

w1 = u1 + u2 and w2 = u1 2 u2.

The inverse relations are

u1 =
w1 + w2

2
and u2 =

w1 2 w2

2
.

The equations satisfied by w1 and w2 are

w1
t + 2w1

x = 0 and w2
t 2 w2

x = 0.

The initial conditions for w1 and w2 are

w1(0, x) = x and w2(0, x) = 2x.

In the characteristic variables the boundary conditions are

w1(t, 0) = 2w2(t, 0) + 2t and w2(t, 1) = w1(t, 1). (1.2.7)

x

t

1

2

3

4

5

Figure 1.4. Characteristics for Example 1.2.1.
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We now use this data to determine the solution in the interior. In region 1 of Figure

1.4, the solution is determined by the initial conditions. Thus, using the characteristics and

the initial data we obtain

w1(t, x) = w1(0, x 2 2t) = x 2 2t,

w2(t, x) = w2(0, x + t) = 2(x + t) = 2x 2 t.

Using the inverse relations, we have

u1(t, x) =
w1(t, x) + w2(t, x)

2
= 2

3

2
t,

u2(t, x) =
w1(t, x) 2 w2(t, x)

2
= x 2

1

2
t.

In region 2, the values of w1 are determined since the characteristics for w1 enter

from region 1. Thus, the formula for w1 is the same for regions 1 and 2:

w1(t, x) = x 2 2t.

The values of w2 in region 2 are determined by the values from the characteristics

emanating from the boundary at x = 1. The boundary condition there is (from (1.2.7))

w2(t, 1) = 2w1(t, 1) = 2(1 2 2t) = 21 + 2t,

and extending to the interior we have

w2(t, x) = w2(x + t 2 1, 1) = 21 + 2(x + t 2 1) = 23 + 2x + 2t.

Thus in region 2

u1(t, x) =
w1(t, x) + w2(t, x)

2
=

(x 2 2t) + (23 + 2x + 2t)

2
= 2

3

2
+

3

2
x,

u2(t, x) =
w1(t, x) 2 w2(t, x)

2
=

(x 2 2t) 2 (23 + 2x + 2t)

2
=

3

2
2

1

2
x 2 2t.

Notice that both u1 and u2 are continuous along the line x + t = 1 between regions 1

and 2.

In region 3, the values of w2 are the same as in region 1:

w2(t, x) = 2x 2 t.

The boundary condition at x = 0 from (1.2.7) is

w1(t, 0) = 2w2(t, 0) + 2t.
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Thus at x = 0,

w1(t, 0) = 2w2(t, 0) + 2t = 3t.

Extending this into the interior along the characteristics gives

w1(t, x) = w1

(

t 2
1

2
x, 0

)

= 3

(

t 2
1

2
x

)

= 2
3

2
x + 3t.

Thus, from the inverse equations, in region 3

u1(t, x) =
2 3

2
x + 3t + (2x 2 t)

2
= 2

5

4
x + t,

u2(t, x) =
2 3

2
x + 3t 2 (2x 2 t)

2
= 2

1

4
x + 2t.

In region 4, the values of w1 are determined by the characteristics from region 3,

and the values of w2 are determined by the characteristics from region 2. Thus

w1(t, x) = 2
3

2
x + 3t,

w2(t, x) = 23 + 2x + 2t,

and so

u1(t, x) = 2
3

2
+

1

4
x +

5

2
t,

u2(t, x) =
3

2
2

7

4
x +

1

2
t.

Similar analysis can determine the solution in all the regions for all t.

Periodic Problems

Besides the initial value problem on the whole real line R, we can also consider periodic

problems on an interval. For example, consider the one-way wave equation (1.1.1) on the

interval [0, 1], where the solution satisfies

u(t, 0) = u(t, 1) (1.2.8)

for all nonnegative values of t. Condition (1.2.8) is sometimes called the periodic boundary

condition, but strictly speaking it is not a boundary condition, since for periodic problems

there are no boundaries.

Aperiodic problem for a function u(t, x) with x in the interval [0, 1] is equivalent to

one on the real line satisfying u(t, x) = u(t, x + $) for every integer $. Thus, the function

u(t, x) is determined by its values of x in any interval of length 1, such as [2 1
2
, 1

2
].

A periodic problem may also be regarded as being defined on a circle that is coordi-

natized by an interval with endpoints being identified. In this view, there is a boundary in

the coordinate system but not in the problem itself.
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Exercises

1.2.1. Consider system (1.2.2) on the interval [0, 1], with a equal to 0 and b equal to

1 and with the boundary conditions u1 equal to 0 at the left and u1 equal to 1

at the right boundary. Show that if the initial data are given by u1(0, x) = x and

u2(0, x) = 1, then the solution is u1(t, x) = x and u2(t, x) = 1 2 t for all (t, x)

with 0 f x f 1 and 0 f t.

1.2.2. Consider system (1.2.2) on the interval [0, 1], with a equal to 0 and b equal to 1

and with the boundary conditions u1 equal to 0 at the left and u1 equal to 1 + t

at the right boundary. Show that if the initial data are given by u1(0, x) = x and

u2(0, x) = 1, then for 0 f x + t f 3 the solution is given by

(

u1(t, x)

u2(t, x)

)

=

ù

ü

ü

ü

ü

ü

ü

ü

ú

ü

ü

ü

ü

ü

ü

ü

û

(

x

1 2 t

)

if 0 f t < 1 2 x,

(

2x + t 2 1

2 2 x 2 2t

)

if 1 2 x f t < 1 + x,

(

3x

3(1 2 t)

)

if 1 + x f t < 3 2 x.

1.2.3. Consider system (1.2.2) on the interval [0, 1], with a equal to 0 and b equal to 1 and

with the boundary conditions u1 equal to 0 at both the left and the right boundaries.

Show that if the initial data are given by u1(0, x) = x and u2(0, x) = 1, then for

0 f t f 1 the solution is given by

(

u1(t, x)

u2(t, x)

)

=

ù

ü

ü

ú

ü

ü

û

(

x

1 2 t

)

if 0 f x < 1 2 t,

(

x 2 1

2 2 t

)

if 1 2 t f x < 1.

1.2.4. Show that the initial-boundary value problem of Exercise 1.2.3 has the solution for

1 f t f 2 given by

(

u1(t, x)

u2(t, x)

)

=

ù

ü

ü

ú

ü

ü

û

(

x

3 2 t

)

if 0 f x < t 2 1,

(

x 2 1

2 2 t

)

if t 2 1 < x < 1.

1.2.5. Consider system (1.2.2) on the interval [0, 1], with a equal to 1 and b equal to

2 and with the boundary conditions u1 equal to 0 at the left and u1 equal to 1

at the right boundary. Show that if the initial data are given by u1(0, x) = x and
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u2(0, x) = 1, then for 0 f t f 1 + 1
3
x the solution is given by

(

u1(t, x)

u2(t, x)

)

=

ù

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ú

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

ü

û

(

x 2 t

1 2 2t

)

if 0 f t f min( 1
3
x, 1 2 x),

( 2
3
x

1 2 1
3
x 2 t

)

if 1
3
x f t f 1 2 x,

(

2x 2 1

2 2 x 2 3t

)

if 1 2 x f t f 1
3
x,

(

t + 5
3
x 2 1

2 2 2t 2 4
3
x

)

if max( 1
3
x, 1 2 x) f t f min( 4

3
2 x, 1 + 1

3
x),

( 2
3
x + 1

3

2
3

2 1
3
x 2 t

)

if 4
3

2 x f t f 1 + 1
3
x.

1.3 Introduction to Finite Difference Schemes

We begin our discussion of finite difference schemes by defining a grid of points in the

(t, x) plane. Let h and k be positive numbers; then the grid will be the points (tn, xm) =

(nk, mh) for arbitrary integers n and m as displayed in Figure 1.5. For a function v

defined on the grid we write vnm for the value of v at the grid point (tn, xm). We also use

the notation unm for u(tn, xm) when u is defined for continuously varying (t, x). The

set of points (tn, xm) for a fixed value of n is called grid level n. We are interested in

grids with small values of h and k. In many texts the quantities that we call h and k are

represented by )x and )t, respectively.

h h h h h h

k

k

k

k

Figure 1.5. The finite difference grid.
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The basic idea of finite difference schemes is to replace derivatives by finite differ-

ences. This can be done in many ways; as two examples we have

"u

"t
(tn, xm) �

u (tn + k, xm) 2 u(tn, xm)

k

�
u (tn + k, xm) 2 u(tn 2 k, xm)

2k
.

That these are valid approximations is seen from the formulas

"u

"t
(t, x) = lim

·³0

u(t + ·, x) 2 u(t, x)

·

= lim
·³0

u(t + ·, x) 2 u(t 2 ·, x)

2·
,

relating the derivative to the values of u. Similar formulas approximate derivatives with

respect to x.

Using these approximations we obtain the following five finite difference schemes

for equation (1.1.1). Many other schemes are presented later.

vn+1
m 2 vnm

k
+ a

vnm+1 2 vnm

h
= 0, (1.3.1)

vn+1
m 2 vnm

k
+ a

vnm 2 vnm21

h
= 0, (1.3.2)

vn+1
m 2 vnm

k
+ a

vnm+1 2 vnm21

2h
= 0, (1.3.3)

vn+1
m 2 vn21

m

2k
+ a

vnm+1 2 vnm21

2h
= 0, (1.3.4)

vn+1
m 2 1

2

(

vnm+1 + vnm21

)

k
+ a

vnm+1 2 vnm21

2h
= 0. (1.3.5)

We refer to scheme (1.3.1) as the forward-time forward-space scheme because forward

difference approximations are used for both the time and space derivatives. Similarly,

(1.3.2) and (1.3.3) are referred to as the forward-time backward-space scheme and forward-

time central-space scheme, respectively. The scheme (1.3.4) is called the leapfrog scheme

and (1.3.5) is called the Lax–Friedrichs scheme.

The method of deriving these five schemes is very simple. This is one of the sig-

nificant features of the general method of finite differences, namely, that it is very easy to

derive finite difference schemes for partial differential equations. However, the analysis of
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finite difference schemes to determine if they are useful approximations to the differential

equation requires some powerful mathematical tools. Moreover, to develop very efficient

and accurate schemes requires more work than went into obtaining the schemes (1.3.1)–

(1.3.5). Nonetheless, the finite difference method is notable for the great variety of schemes

that can be used to approximate a given partial differential equation.

Given this short list of schemes, we are naturally led to the question of which of them

are useful and which are not, as indeed some are not. This is a basic question, and we spend

some time and care in answering it. In fact, the question can be answered on several levels.

We first answer it on the most primitive level, determining which schemes have solutions

that approximate solutions of the differential equation at all. Later, we determine which

schemes are more accurate than others and also investigate the efficiency of the various

schemes.

Each of the schemes (1.3.1)–(1.3.5) can be written expressing vn+1
m as a linear com-

bination of values of v at levels n and n 2 1. For example, scheme (1.3.1) can be written

as

vn+1
m = (1 + a») vnm 2 a» vnm+1,

where » = k/h. The quantity » will appear often in the study of schemes for hyperbolic

equations and will always be equal to k/h. Those schemes that involve v at only two

levels, e.g., n + 1 and n, are called one-step schemes. Of the schemes just listed all

except the leapfrog scheme (1.3.4) are one-step schemes. Given the initial data v0
m, a

one-step scheme can be used to evaluate vnm for all positive values of n.

The leapfrog scheme (1.3.4) is an example of a multistep scheme. For a multistep

scheme it is not sufficient to specify the values of v0
m in order to determine vnm for all

positive values of n. To specify completely the means of computing a solution to a multistep

scheme, either we must specify v on enough time levels so that the scheme can be employed

or we must specify a procedure for computing the values of v on these initial time levels.

For example, to use the leapfrog scheme we could specify the values of v0
m and v1

m for

all m, or we could specify that scheme (1.3.1) would be used to compute the values of v1
m

from the values v0
m. In either case the leapfrog scheme (1.3.4) would be used to compute

vnm for n greater than 1.

When we refer to the leapfrog scheme we do not always distinguish between these

two ways of initializing the computation. As we show in Section 4.1, many of the properties

of the leapfrog scheme are independent of the method used to initialize the solution. Since

the usual practice is to use a one-step scheme to initialize the first time level, we usually

assume that the initialization is done in this way. This is illustrated in Example 1.3.2. The

subject of how to initialize multistep schemes in general is considered in more detail in

Section 4.1.

Example 1.3.1. Before we proceed with the analysis of finite difference schemes, we

present the results of some computations using two of the schemes just presented. We use

the initial-boundary value problem

ut + ux = 0 on 2 2 f x f 3, 0 f t
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with initial data

u0(x) =

{

1 2 |x| if |x| f 1,

0 if |x| g 1.

On the boundary at x equal to 22, we specify that u is zero.

The first computation uses the Lax–Friedrichs scheme (1.3.5) with » = 0.8 and h

equal to 0.1. At the right-hand boundary we use the condition vn+1
M = vn+1

M21, where

xM = 3. For our initial data we take v0
m = u0(xm). The computation proceeds using the

formula

vn+1
m = 1

2

(

vnm+1 + vnm21

)

2 1
2
»

(

vnm+1 2 vnm21

)

to find the values of vn+1
m for all values except those at the endpoints of the interval. A

graph of the solution at t = 1.6 is shown in Figure 1.6. In the figure the exact solution to

the differential equation is given by the solid line and the solution of the scheme is shown

as the curve with the circles. The figure shows that the finite difference scheme computes a

reasonable solution, except that the computed solution does not maintain the sharp corners

of the exact solution. A smaller value of h, with the same value of », improves the shape

of the computed solution.

x
-2 -1 0 1 2 3

0

0.5

1

u

Figure 1.6. A solution of the Lax–Friedrichs scheme, » = 0.8.

A similar calculation but using » = 1.6 is shown in Figure 1.7 at t = 0.8. The figure

shows that for this case the computed solution is not well behaved. As the computation

proceeds for larger values of t, the behavior becomes worse. Also, if the grid spacing is

decreased, with » fixed at 1.6, the behavior does not get better and in fact becomes worse.

The explanation for this behavior is given in the next chapter.
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-2 -1 0 1 2 3

0

0.5

1

Figure 1.7. A solution of the Lax–Friedrichs scheme, » = 1.6.

-2 -1 0 1 2 3

0

0.5

1

Figure 1.8. A solution computed with leapfrog scheme, » = 0.8.

Example 1.3.2. The leapfrog scheme (1.3.4) with » = 0.8 gives much better results than

does the Lax–Friedrichs scheme for the same initial-boundary value problem in Example

1.3.1. The computational results are displayed in Figure 1.8. Notice that the resolution of

the peak in the solution is much better in Figure 1.8 than in Figure 1.6. The leapfrog scheme

has a less smooth solution than does the Lax–Friedrichs; however the small oscillations do

not detract significantly from the accuracy. In Section 5.1 we discuss methods of removing

these oscillations. At the right-hand boundary, vn+1
M is computed as it was for the Lax–

Friedrichs scheme.
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As discussed before, the leapfrog scheme requires that another scheme be used to

calculate the values at the time level with n equal to 1. For the calculations shown in

Figure 1.8, the forward-time central-space scheme (1.3.3) was used.

Computer Implementation of Finite Difference Schemes

To implement any of the finite difference schemes (1.3.1)–(1.3.5) or similar finite difference

schemes in a computer program, values of the solution vnm should not be stored beyond the

time steps in which they are needed. A simple way to do this is to use two one-dimensional

arrays vold and vnew, each of which is indexed by the spatial grid indices. The values

of vnew(m) and vold(m) correspond to vn+1
m and vnm, respectively. For each value of

n, vnew, corresponding to vn+1, is computed using vold, corresponding to vn. After

vnew has been computed for all m, then vold must be reset to vnew, and the time step

is incremented to the next value. For the leapfrog scheme the array vnew can be used to

store both vn21 and vn+1.

Any values of the solution that are to be saved or plotted may be written to a file as

they are computed. It is not advisable to save past values beyond the time they are needed

in the computation.

A more convenient way to store the solution for schemes (1.3.1)–(1.3.5) is to use a

two-dimensional array, such as v(nmod,m), where nmod is equal to n modulo 2. The

values of v(0, · ) are used to compute the values of v(1, · ), which are used to compute

v(0, · ), and so on. This method avoids the need to reset arrays such as vold, which was

set equal to vnew in the method described previously.

Here is a sample of pseudocode for the Lax–Friedrichs scheme.

# Supply initial data

now = 0

new = 1

time = 0

loop on m from 0 to M ! Set initial data

v(now,m) = u0(x(m))

end of loop on m

loop for time < TIME MAX

time = time + k ! This is the time being computed.

n time = n time + 1

v(new,0 ) = beta(time) ! Set the boundary value.

loop on m from 1 to M-1

v(new,m) = (v(now, m-1) + v(now,m+1))/2

- a*lambda*( v(now,m+1) - v(now,m-1))/2

end of loop on m

v(new,M ) = v(new,M-1) ! Apply boundary condition.

now = new ! Reset for the next time step.

new = mod(n time, 2)

end of loop on time
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For periodic problems on the interval [0, 1] with h = 1/M and grid points xm =

mh, it is useful to store values at x0 and at xM , even though these values represent the

same point in the periodic problem.

Exercises

1.3.1. For values of x in the interval [21, 3] and t in [0, 2.4], solve the one-way wave

equation

ut + ux = 0,

with the initial data

u(0, x) =

{

cos2 Ãx if |x| f 1
2
,

0 otherwise,

and the boundary data u(t,21) = 0.

Use the following four schemes for h = 1/10, 1/20, and 1/40.

(a) Forward-time backward-space scheme (1.3.2) with » = 0.8.

(b) Forward-time central-space scheme (1.3.3) with » = 0.8.

(c) Lax–Friedrichs scheme (1.3.5) with » = 0.8 and 1.6.

(d) Leapfrog scheme (1.3.4) with » = 0.8.

For schemes (b), (c), and (d), at the right boundary use the condition vn+1
M =

vn+1
M21, where xM = 3. For scheme (d) use scheme (b) to compute the solution at

n = 1.

For each scheme determine whether the scheme is a useful or useless scheme.

For the purposes of this exercise only, a scheme will be useless if |vnm| is greater than

5 for any value of m and n. It will be regarded as a useful scheme if the solution

looks like a reasonable approximation to the solution of the differential equations.

Graph or plot several solutions at the last time they were computed. What do you

notice about the “blow-up time” for the useless schemes as the mesh size decreases?

Is there a pattern to these solutions? For the useful cases, how does the error decrease

as the mesh decreases; i.e., as h decreases by one-half, by how much does the error

decrease?

1.3.2. Solve the system

ut + 1
3
(t 2 2)ux + 2

3
(t + 1)wx + 1

3
u = 0,

wt + 1
3
(t + 1)ux + 1

3
(2t 2 1)wx 2 1

3
w = 0

by the Lax–Friedrichs scheme: i.e., each time derivative is approximated as it is for

the scalar equation and the spatial derivatives are approximated by central differ-

ences. The initial values are

u(0, x) = max(0, 1 2 |x|),

w(0, x) = max(0, 1 2 2|x|).
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Consider values of x in [23, 3] and t in [0, 2]. Take h equal to 1/20 and » equal

to 1/2. At each boundary set u = 0, and set w equal to the newly computed value

one grid point in from the boundary. Describe the solution behavior for t in the

range [1.5, 2]. You may find it convenient to plot the solution. Solve the system in

the form given; do not attempt to diagonalize it.

1.3.3. Solve the system

ut + 1
3
(t 2 2)ux + 2

3
(t + 1)wx = 0,

wt + 1
3
(t + 1)ux + 1

3
(2t 2 1)wx = 0

by the Lax–Friedrichs scheme as in Exercise 1.3.2, using the same initial data. An

examination of the computed solution should show how to obtain the analytical

solution to this problem.

1.3.4. Numerically solve the equation in Exercise 1.1.5 using the initial data and intervals

of Exercise 1.3.1. Use the leapfrog scheme with » = 0.5 and h = 1/10, 1/20, and

1/40. Use the forward-time central-space scheme to compute the first time step.

The boundary condition at x = 21 is u(t,21) = 0.

1.4 Convergence and Consistency

The most basic property that a scheme must have in order to be useful is that its solutions

approximate the solution of the corresponding partial differential equation and that the

approximation improves as the grid spacings, h and k, tend to zero. We call such a

scheme a convergent scheme, but before formally defining this concept it is appropriate to

extend our discussion to a wider class of partial differential equations than the hyperbolic

equations. We consider linear partial differential equations of the form

P("t , "x)u = f (t, x),

which are of first order in the derivative with respect to t. We also assume for such equations

or systems of equations that the specification of initial data, u(0, x), completely determines

a unique solution. More is said about this in Chapter 9. The real variable x ranges over

the whole real line or an interval. Examples of equations that are first order in time are the

one-way wave equation (1.1.1) and the following three equations:

ut 2 buxx + aux = 0,

ut 2 cutxx + buxxxx = 0,

ut + cutx + aux = 0.

(1.4.1)

Definition 1.4.1. A one-step finite difference scheme approximating a partial differential

equation is a convergent scheme if for any solution to the partial differential equation,
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u(t, x), and solutions to the finite difference scheme, vnm, such that v0
m converges to

u0(x) as mh converges to x, then vnm converges to u(t, x) as (nk,mh) converges to

(t, x) as h, k converge to 0.

This definition is not complete until we clarify the nature of the convergence of vnm,

defined on the grid, to u(t, x) defined for continuously varying (t, x). We discuss this

convergence completely in Chapter 10. For multistep schemes the definition assumes that

some initializing procedure is used to compute the first several time levels necessary to

employ the multistep scheme. For the case that the data are specified on these first time

levels, the definition is altered to require v
j
m for 0 f j f J to converge to u0(xm).

As illustrated by Figures 1.6 and 1.8, the Lax–Friedrichs scheme and the leapfrog

scheme with » equal to 0.8 are convergent schemes. These figures show that the solution

of the difference scheme is a reasonable approximation to the solution of the differential

equation. As h and k are decreased, the solutions of the schemes become better ap-

proximations. The Lax–Friedrichs scheme with » = 1.6 is not convergent. As h and k

decrease, with » equal to 1.6, the solution of the scheme does not approach the solution

of the differential equation in any sense. As can be seen in Figure 1.7, the behavior of a

nonconvergent scheme can be quite poor.

The convergence of the Lax–Friedrichs scheme is also illustrated in Figure 1.9, which

shows a portion of Figure 1.6 along with the results for h = 1/20 and h = 1/40. The three

plots show that as h gets smaller, with » = 0.8, the solution of the finite difference scheme

approaches the solution of the differential equation.

Proving that a given scheme is convergent is not easy in general, if attempted in a

direct manner. However, there are two related concepts that are easy to check: consistency

and stability. First, we define consistency.

1 2
0.5

1

Figure 1.9. Lax–Friedrichs scheme convergence.
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Definition 1.4.2. Given a partial differential equation, Pu = f, and a finite difference

scheme, Pk,hv = f, we say that the finite difference scheme is consistent with the partial

differential equation if for any smooth function Ç(t, x)

PÇ 2 Pk,hÇ ³ 0 as k, h ³ 0,

the convergence being pointwise convergence at each point (t, x).

For some schemes we may have to restrict the manner in which k and h tend to zero

in order for it to be consistent (see Example 1.4.2). When we refer to a smooth function we

mean one that is sufficiently differentiable for the context.

Also, note that the difference operator Pk,h when applied to a function of (t, x) does

not need to be restricted to grid points. Thus, a forward difference in x applied at a point

(t, x) is
Ç(t, x + h) 2 Ç(t, x)

h
.

We demonstrate the use of this definition and the notation by presenting two examples,

showing that two of the schemes in the above list are consistent with the equation (1.1.1).

Example 1.4.1. The Forward-Time Forward-Space Scheme. For the one-way wave

equation (1.1.1), the operator P is "
"t

+ a "
"x

so that

PÇ = Çt + aÇx .

For the forward-time forward-space scheme (1.3.1), the difference operator Pk,h is given

by

Pk,hÇ =
Çn+1
m 2 Çn

m

k
+ a

Çn
m+1 2 Çn

m

h
,

where

Çn
m = Ç(nk,mh).

We begin with the Taylor series of the function Ç in t and x about (tn, xm). We have

that

Çn+1
m = Çn

m + kÇt + 1
2
k2Çt t + O(k3),

Çn
m+1 = Çn

m + hÇx + 1
2
h2Çxx + O(h3),

where the derivatives on the right-hand side are all evaluated at (tn, xm), and so

Pk,hÇ = Çt + aÇx + 1
2
kÇt t + 1

2
ahÇxx + O(k2) + O(h2).

Thus

PÇ 2 Pk,hÇ = 2 1
2
kÇt t 2 1

2
ahÇxx + O(k2) + O(h2)

³ 0 as (k, h) ³ 0.

Therefore, this scheme is consistent.
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When analyzing consistency it is convenient to use the “big oh” and “little oh” nota-

tion, as we have done in the preceding example. In general, if F and G are functions of

some parameter ³, we write

F = O(G) as ³ ³ 0,

if
∣

∣

∣

∣

F

G

∣

∣

∣

∣

f K

for some constant K and all ³ sufficiently small. We write

F = o(G) as ³ ³ 0,

if F/G converges to zero as ³ tends to zero. In particular, a quantity is O(hr) if it is

bounded by a constant multiple of hr for small h. A quantity is o(1) if it converges to

zero at an unspecified rate.

Example 1.4.2. The Lax–Friedrichs Scheme. For the Lax–Friedrichs scheme the differ-

ence operator is given by

Pk,hÇ =
Çn+1
m 2 1

2

(

Çn
m+1 + Çn

m21

)

k
+ a

Çn
m+1 2 Çn

m21

2h
.

We use the Taylor series

Çn
m±1 = Çn

m ± hÇx + 1
2
h2 Çxx ± 1

6
h3Çxxx + O(h4),

where, as before, the derivatives are evaluated at (tn, xm) and we have

1
2

(

Çn
m+1 + Çn

m21

)

= Çn
m + 1

2
h2 Çxx + O(h4)

and
Çn
m+1 2 Çn

m21

2h
= Çx + 1

6
h2 Çxxx + O(h4).

Substituting these expressions in the scheme, we obtain

Pk,hÇ =Çt + a Çx + 1
2
k Çt t 2 1

2
k21h2 Çxx

+ 1
6
ah2 Çxxx + O

(

h4 + k21h4 + k2
)

.

So Pk,hÇ 2 PÇ ³ 0 as h, k ³ 0; i.e., it is consistent, as long as k21h2 also tends

to 0.

Consistency implies that the solution of the partial differential equation, if it is smooth,

is an approximate solution of the finite difference scheme. Similarly, convergence means

that a solution of the finite difference scheme approximates a solution of the partial differ-

ential equation. It is natural to consider whether consistency is sufficient for a scheme to

be convergent. Consistency is certainly necessary for convergence, but as the following

example shows, a scheme may be consistent but not convergent.
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Example 1.4.3. Consider the partial differential equation ut + ux = 0 with the forward-

time forward-space scheme (1.3.1):

vn+1
m 2 vnm

k
+

vnm+1 2 vnm

h
= 0.

The scheme may be rewritten as

vn+1
m = vnm 2

k

h

(

vnm+1 2 vnm
)

= (1 + ») vnm 2 » vnm+1,
(1.4.2)

where we have set » = k/h as usual. In Example 1.4.1 this scheme was shown to be

consistent. As initial conditions for the differential equation we take

u0(x) =

{

1 if 21 f x f 0,

0 elsewhere.

The solution of the partial differential equation is a shift of u0 to the right by t. In particular,

for t greater than 0, there are positive values of x for which u(t, x) is nonzero. This is

illustrated in Figure 1.10.

x

t

u = 0, v = 0u ≠ 0, v ≠ 0

u ≠ 0
v = 0

Figure 1.10. Consistency does not imply convergence.

For the difference scheme take the initial data

v0
m =

{

1 if 21 f mh f 0,

0 elsewhere.
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As equation (1.4.2) shows, the solution of the difference scheme at (tn, xm) depends only

on xm′ for m′ g m at previous times. Thus we conclude that vnm is always 0 for points

xm to the right of 0, that is,

vnm = 0 for m > 0, n g 0.

Therefore, vnm cannot converge to u(t, x), since for positive t and x, the function u is

not identically zero, yet vnm is zero.

Notice that we conclude that the scheme is nonconvergent without specifying the

type of convergence, but clearly, a sequence of functions that are all zero—i.e., the vnm for

m > 0 —cannot converge, under any reasonable definition of convergence, to the nonzero

function u.

Exercises

1.4.1. Show that the forward-time central-space scheme (1.3.3) is consistent with equation

(1.1.1).

1.4.2. Show that the leapfrog scheme (1.3.4) is consistent with the one-way wave equation

(1.1.1).

1.4.3. Show that the following scheme is consistent with the one-way wave equation (1.1.5):

vn+1
m 2 vnm

k
+

a

2

(

vn+1
m+1 2 vn+1

m

h
+

vnm 2 vnm21

h

)

= f n
m. (1.4.3)

1.4.4. Show that the following scheme is consistent with the equation ut + cutx+

aux = f :

vn+1
m 2 vnm

k
+ c

vn+1
m+1 2 vn+1

m21 2 vnm+1 + vnm21

2kh
+ a

vnm+1 2 vnm21

2h
= f n

m.

1.4.5. Interpret the results of Exercise 1.3.1 in light of the definition of convergence. Based

on the cases run in that exercise, decide which of the schemes are convergent.

1.5 Stability

Example 1.4.3 shows that a scheme must satisfy other conditions besides consistency before

we can conclude that it is convergent. The important property that is required is stability.

To introduce this concept we note that, if a scheme is convergent, as vnm converges to

u(t, x), then certainly vnm is bounded in some sense. This is the essence of stability. The

following definition of stability is for the homogeneous initial value problem, that is, one

in which the right-hand-side function f is 0.
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Before giving the definition of stability we need to define a stability region. For many

schemes there are restrictions on the way that h and k should be chosen so that the scheme

is stable, and therefore useful in computation. A stability region is any bounded nonempty

region of the first quadrant of R2 that has the origin as an accumulation point. That is, a

stability region must contain a sequence (k¿, h¿) that converges to the origin as ¿ tends to

infinity. A common example is a region of the form {(k, h) : 0 < k f ch f C} for some

positive constants c and C. An example of a stability region is displayed in Figure 1.11.

Λ

h

k

Figure 1.11. Stability region.

Definition 1.5.1. A finite difference scheme Pk,hv
n
m = 0 for a first-order equation is

stable in a stability region � if there is an integer J such that for any positive time T ,

there is a constant CT such that

h

>
∑

m=2>

|vnm|2 f CT h

J
∑

j=0

>
∑

m=2>

|v
j
m|2 (1.5.1)

for 0 f nk f T , with (k, h) * �.

Before proceeding with our discussion of stability, we introduce some notation that

will be of use in understanding inequality (1.5.1). We first introduce the notation

‖w‖h =

(

h

>
∑

m=2>

|wm|2
)1/2

(1.5.2)

for any grid function w. The quantity ‖w‖h is called the L2 norm of the grid function

w and is a measure of the size of the solution (see Appendix B for a discussion of function

norms). In many problems the L2 norm is a measure of a physically significant quantity

such as the energy of the system. With this notation the inequality (1.5.1) can be written as

‖vn‖h f

(

CT

J
∑

j=0

‖vj‖2
h

)1/2

,
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which is equivalent to

‖vn‖h f C7
T

J
∑

j=0

‖vj‖h (1.5.3)

for some constant C7
T . Inequalities (1.5.1) and (1.5.3) express the idea that the norm of the

solution at any time t, with 0 f t f T , is limited in the amount of growth that can occur.

The growth is at most a constant multiple of the sum of the norms of the solution on the

first J + 1 steps.

We may take J equal to zero for one-step schemes and also for multistep schemes

incorporating an initializing procedure for computing the solution for the first several time

steps, as discussed earlier in this section. We include the possibility of J being positive to

include multistep schemes with data specified on the first J + 1 levels. It will be shown

that the stability of a multistep scheme is not dependent on the method of initialization.

To demonstrate whether or not the estimate (1.5.1) holds for a particular scheme can

be quite formidable unless we use methods from Fourier analysis, which is discussed in

the next chapter. In Section 2.2 a relatively simple procedure, von Neumann analysis, is

presented for determining the stability of difference schemes.

For certain rather simple schemes we can determine sufficient conditions that ensure

that the scheme is stable. This is done by establishing the stability estimate (1.5.1) directly.

Example 1.5.1. We will prove a sufficient condition for stability for the forward-time

forward-space scheme (1.3.1) by considering schemes of the form

vn+1
m = ³vnm + ´vnm+1,

of which the forward-time forward-space scheme is a special case. We will show that the

scheme is stable if |³| + |´| f 1. The analysis is similar for the forward-time backward-

space scheme (1.3.2). We have

>
∑

m=2>

|vn+1
m |2 =

>
∑

m=2>

|³vnm + ´vnm+1|
2

f

>
∑

m=2>

|³|2|vnm|2 + 2|³||´||vnm||vnm+1| + |´|2|vnm+1|
2

f

>
∑

m=2>

|³|2|vnm|2 + |³||´|(|vnm|2 + |vnm+1|
2) + |´|2|vnm+1|

2,

where we have used the inequality 2xy f x2 + y2. The sum can be split over the terms

with index m and those with index m + 1 and the index can be shifted so that all terms
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have the index m :

=

>
∑

m=2>

|³|2|vnm|2 + |³||´||vnm|2 +

>
∑

m=2>

|³||´||vnm+1|
2 + |´|2|vnm+1|

2

=

>
∑

m=2>

|³|2|vnm|2 + |³||´||vnm|2 +

>
∑

m=2>

|³||´||vnm|2 + |´|2|vnm|2

=

>
∑

m=2>

(

|³|2 + 2|³||´| + |´|2
)

|vnm|2

= (|³| + |´|)2
>
∑

m=2>

|vnm|2.

This shows that we have the relation

>
∑

m=2>

|vn+1
m |2 f (|³| + |´|)2

>
∑

m=2>

|vnm|2,

and since this applies for all n, we have that

>
∑

m=2>

|vnm|2 f (|³| + |´|)2n
>
∑

m=2>

|v0
m|2 .

If |³| + |´| is at most 1 in magnitude, then the scheme will be stable. Thus, schemes of

the form given above are stable if |³| + |´| f 1.

For the forward-time forward-space scheme (1.3.1) the condition |³| + |´| f 1 is

that |1 + a»| + |a»| is at most 1. Thus we see that this scheme is stable if 21 f a» f 0.

In Section 2.2 we show that this is also a necessary condition.

The concept of stability for finite difference schemes is closely related to the concept

of well-posedness for initial value problems for partial differential equations. As before,

we restrict our discussion to equations Pu = f that are of first order with respect to

differentiation in time.

Definition 1.5.2. The initial value problem for the first-order partial differential equation

Pu = 0 is well-posed if for any time T g 0, there is a constant CT such that any solution

u(t, x) satisfies
∫ >

2>

|u(t, x)|2 dx f CT

∫ >

2>

|u(0, x)|2 dx (1.5.4)

for 0 f t f T .
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Adiscussion of the concept of a well-posed initial value problem is given in Chapter 9.

It is shown that only well-posed initial value problems can be used to model the evolution of

physical processes. The methods of Fourier analysis that are introduced in the next chapter

will be useful in the study of well-posed initial value problems.

In Chapter 9 we discuss stability and well-posedness for the inhomogeneous prob-

lems, Pk,hv = f and Pu = f, respectively. As we show, the inhomogeneous equations

can be treated using the estimates (1.5.1) and (1.5.4) by use of Duhamel’s principle. Thus

a scheme is stable for the equation Pk,hv = f if it is stable for the equation Pk,hv = 0.

The Lax–Richtmyer Equivalence Theorem

The importance of the concepts of consistency and stability is seen in the Lax–Richtmyer

equivalence theorem, which is the fundamental theorem in the theory of finite difference

schemes for initial value problems.

Theorem 1.5.1. The Lax–Richtmyer Equivalence Theorem. A consistent finite differ-

ence scheme for a partial differential equation for which the initial value problem is well-

posed is convergent if and only if it is stable.

A proof of this theorem is given in Chapter 10. The Lax–Richtmyer equivalence

theorem is a very useful theorem, since it provides a simple characterization of convergent

schemes. As discussed earlier, determining whether a scheme is convergent or nonconver-

gent can be difficult if we attempt to verify Definition 1.4.1 in a rather direct way. However,

the determination of the consistency of a scheme is quite simple, as we have seen, and de-

termining the stability of a scheme is also quite easy, as we show in Section 2.2. Thus

the more difficult result—convergence—is replaced by the equivalent and easily verifiable

conditions of consistency and stability. It is also significant that the determination of the

consistency and stability of schemes involves essentially algebraic manipulations. A com-

puterized symbolic manipulation language can be useful in determining consistency and

stability. By contrast, a direct proof of convergence would rely on concepts in analysis.

Such a proof would have to begin by considering any solution u of the differential equation

and then it would have to be shown that given any ·, there exist h and k small enough

that the solution of the scheme is within · of u. The Lax–Richtmyer theorem allows us

to dispense with all this analysis.

The preceding discussion of Theorem 1.5.1 has focused on the half of the theorem

that states that consistency and stability imply convergence. The theorem is useful in the

other direction also. It states that we should not consider any unstable schemes, since none

of these will be convergent. Thus the class of reasonable schemes is precisely delimited as

those that are consistent and stable; no other schemes are worthy of consideration.

The Lax–Richtmyer equivalence theorem is an example of the best type of mathemat-

ical theorem. It relates an important concept that is difficult to establish directly with other

concepts that are relatively easy to verify and establishes this relationship very precisely.

Notice that if we had only the half of the theorem that showed that consistency and stability

implied convergence, then it would be conceivable that there were unstable schemes that

were also convergent. If we had only the other half of the theorem, stating that a consis-
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tent convergent scheme is stable, then we would not know if a stable consistent scheme

is convergent. The usefulness of the Lax–Richtmyer theorem arises both from the ease of

verifying consistency and stability and from the precise relationship established between

these concepts and the concept of convergence.

Exercises

1.5.1. Show that schemes of the form

vn+1
m = ³vnm+1 + ´vnm21

are stable if |³| + |´| is less than or equal to 1. Conclude that the Lax–Friedrichs

scheme (1.3.5) is stable if |a»| is less than or equal to 1.

1.5.2. By multiplying the leapfrog scheme (1.3.4) by vn+1
m + vn21

m and summing over all

values of m, obtain the relation

>
∑

m=2>

|vn+1
m |2 + |vnm|2 + a»(vn+1

m vnm+1 2 vn+1
m+1v

n
m)

=

>
∑

m=2>

|vnm|2 + |vn21
m |2 + a»(vnmv

n21
m+1 2 vnm+1v

n21
m ).

Show that the leapfrog scheme is stable for |a»| < 1.

1.5.3. By multiplying scheme (1.4.3), with f n
m equal to 0, by vn+1

m + vnm and summing

over all values of m, obtain the relation

>
∑

m=2>

(

1 2
a»

2

)

|vn+1
m |2 +

a»

2
vn+1
m vn+1

m+1

=

>
∑

m=2>

(

1 2
a»

2

)

|vnm|2 +
a»

2
vnmv

n
m+1.

Conclude that the scheme is stable for a» < 1.

1.5.4. By multiplying scheme (1.4.3), with f n
m equal to 0, by vn+1

m+1 + vnm21 and summing

over all values of m, obtain the relation

>
∑

m=2>

a»

2
|vn+1
m |2 +

(

1 2
a»

2

)

vn+1
m vn+1

m+1

=

>
∑

m=2>

a»

2
|vnm|2 +

(

1 2
a»

2

)

vnmv
n
m+1.

Conclude that the scheme is stable for a» > 1.
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1.6 The Courant–Friedrichs–Lewy Condition

The condition that the magnitude of a» be at most 1 is the stability condition for many

finite difference schemes for hyperbolic systems in one space dimension when » is a

constant. This has been the stability condition for the Lax–Friedrichs scheme (1.3.5)

(see Exercise 1.5.1) and for the forward-time forward-space scheme (1.3.1) when a is

negative and the forward-time backward-space scheme (1.3.2) when a is positive (see

Example 1.5.1). We now show that this condition is a necessary condition for stability for

many explicit schemes for the equation (1.1.1).

An explicit finite difference scheme is any scheme that can be written in the form

vn+1
m = a finite sum of vn

′

m′ with n′ f n.

All the schemes we considered so far are explicit; we examine implicit (i.e., nonexplicit)

schemes later. We now prove the following result, which covers all the one-step schemes

we have discussed.

Theorem 1.6.1. For an explicit scheme for the hyperbolic equation (1.1.1) of the form

vn+1
m = ³vnm21 + ´vnm + ³ vnm+1 with k/h = » held constant, a necessary condition for

stability is the Courant–Friedrichs–Lewy (CFL) condition,

|a»| f 1.

For systems of equations for which v is a vector and ³, ´, and ³ are matrices, we must

have |ai»| f 1 for all eigenvalues ai of the matrix A.

Proof. First consider the case of a single equation. If |a»| > 1, then by considering

the point (t, x) = (1, 0) we see that the solution to the partial differential equation depends

on the values of u0(x) at x = 2a. But the finite difference scheme will have vn0 depend

on v0
m only for |m| f n, by the form of the scheme. This situation is illustrated in

Figure 1.12. Since h = »21k, we have |m|h f »21kn = »21, since kn = 1. So vn0
depends on x only for |x| f »21 < |a|. Thus vn0 cannot converge to u(1, 0) as h ³ 0.

This proves the theorem in this case.

For the case of a system of equations, we have that u(1, x) depends on u0(x) for x

in the interval [2a, a], where a is the maximum magnitude of the characteristic speeds

ai . If |ai»| > 1 for some characteristic speed ai, then we can take initial data that are

zero in [2»21, »21] but not zero near ai . Then u(1, x) will not be zero, in general, and

yet vn0 with nk = 1 will be zero. Thus vn cannot converge to u(1, ·), and the theorem

is proved.

A similar argument can be used to show that there is no explicit, consistent scheme for

hyperbolic partial differential equations that is stable for all values of » (with » constant

as h, k ³ 0 ). We obtain the following theorem, first proved by Courant, Friedrichs, and

Lewy [11].

Theorem 1.6.2. There are no explicit, unconditionally stable, consistent finite difference

schemes for hyperbolic systems of partial differential equations.
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x

t

t=1

-a -λ-1 aλ-1

Figure 1.12. The grid for an unstable scheme.

The numerical speed of propagation for a scheme of the form considered in Theorem

1.6.1 is h/k = »21 since information can propagate one grid spacing in one time step.

The CFL condition can be rewritten as

»21 g |a|,

which can be interpreted as stating that the numerical speed of propagation must be greater

than or equal to the speed of propagation of the differential equation. This is the basic idea

of these theorems. If the numerical scheme cannot propagate the solution at least as fast as

the solution of the differential equation, then the solution of the scheme cannot converge to

the solution of the partial differential equation.

We now present two implicit schemes for the one-way wave equation (1.1.1). These

schemes are consistent and stable for all values of » and thus illustrate that Theorem 1.6.2

does not extend to implicit schemes. The two schemes are the backward-time central-space

scheme

vn+1
m 2 vnm

k
+ a

vn+1
m+1 2 vn+1

m21

2h
= 0 (1.6.1)

and the backward-time backward-space scheme

vn+1
m 2 vnm

k
+ a

vn+1
m 2 vn+1

m21

h
= 0 (1.6.2)

for a positive. We are not concerned at this point with how to solve for the values vn+1
m

given the values at time level n; this topic is considered in Section 3.5. It is easy to check

that both of these schemes are consistent schemes for (1.1.1). In Section 2.2 we show that

the scheme (1.6.1) is stable for all values of a and ».
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Example 1.6.1. We now show that the backward-time backward-space scheme (1.6.2) is

stable when a is positive and » is any positive number. This shows that Theorem 1.6.2

does not extend to implicit schemes.

We first write the scheme (1.6.2) as

(1 + a»)vn+1
m = vnm + a» vn+1

m21.

If we take the square of both sides, we obtain

(1 + a»)2|vn+1
m |2 f |vnm|2 + 2a»|vnm| |vn+1

m21| + (a»)2|vn+1
m21|

2

f (1 + a»)|vnm|2 + (a» + (a»)2)|vn+1
m21|

2.

Taking the sum over all values of m, we obtain

(1 + a»)2
>
∑

m=2>

|vn+1
m |2 f (1 + a»)

>
∑

m=2>

|vnm|2 + (a» + (a»)2)

>
∑

m=2>

|vn+1
m |2.

Subtracting the last expression on the right-hand side from the left-hand side gives the

estimate
>
∑

m=2>

|vn+1
m |2 f

>
∑

m=2>

|vnm|2,

showing that the scheme is stable for every value of » when a is positive.

We point out that even though we can choose » arbitrarily large for scheme (1.6.2)

and still have a stable scheme, the solution will not be accurate unless » is restricted to

reasonable values. We discuss the accuracy of solutions in Chapter 3, and in Section 5.2

we show that there are advantages to choosing |a»| small.

Exercises

1.6.1. Show that the following modified Lax–Friedrichs scheme for the one-way wave

equation, ut + aux = f, given by

vn+1
m = 1

2

(

vnm+1 + vnm21

)

2
a»

1 + (a»)2
(vnm+1 2 vnm21) + kf n

m

is stable for all values of ». Discuss the relation of this explicit and unconditionally

stable scheme to Theorem 1.6.2.

1.6.2. Modify the proof of Theorem 1.6.1 to cover the leapfrog scheme.

1.6.3. Show that schemes of the form

³vn+1
m+1 + ´vn+1

m21 = vnm

are stable if
∣

∣|³| 2 |´|
∣

∣ is greater than or equal to 1. Conclude that the reverse

Lax–Friedrichs scheme,

1
2

(

vn+1
m+1 + vn+1

m21

)

2 vnm

k
+ a

vn+1
m+1 2 vn+1

m21

2h
= 0,

is stable if |a»| is greater than or equal to 1.



Chapter 2

Analysis of Finite
Difference Schemes

In this chapter we present and develop the basic properties of Fourier analysis, which is

an important tool for analyzing finite difference schemes and their solutions. In this and

subsequent chapters this tool is used to study many important properties of finite difference

schemes and their solutions. We use Fourier analysis throughout this text to study both

finite difference schemes and partial differential equations.

2.1 Fourier Analysis

The tool that we will use most extensively in our study of stability and well-posedness is

Fourier analysis. We will use Fourier analysis on both the real line R and on the grid of

integers Z or hZ, which is defined by hZ = {hm : m * Z}. For a function u(x) defined

on the real line R, its Fourier transform Æu(Ë) is defined by

Æu(Ë) = 1:
2Ã

∫ >

2>
e2iËxu(x) dx. (2.1.1)

The Fourier transform of u is a function of the real variable Ë and is uniquely defined

by u. The function Æu is an alternative representation of the function u. Information about

certain properties of u can be inferred from the properties of Æu. For example, the rate at

which Æu decays for large values of Ë is related to the number of derivatives that u has.

The Fourier inversion formula, given by

u(x) = 1:
2Ã

∫ >

2>
eiËx Æu(Ë) dË, (2.1.2)

shows how u can be recovered from Æu. The Fourier inversion formula expresses the

function u as a superposition of waves, given by eiËx, with different amplitudes Æu(Ë).
We will postpone for now the discussion of what conditions u(x) must satisfy so that

(2.1.1) and (2.1.2) are well defined. Notice that Æu(Ë) may be complex valued even if u(x)

is real valued.

Example 2.1.1. As an example of the Fourier transform, consider the function

u(x) =
{
e2x if x g 0,

0 if x < 0.

37
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We have that

Þu(x) = 1:
2Ã

∫ >

0

e2iËxe2x dx = 1:
2Ã

1

1 + iË
.

The validation of the formula (2.1.2) requires the use of the residue calculus; see

Appendix C.

In a similar fashion, if v is a grid function defined for all integers m, its Fourier

transform is given by

Æv(¿) = 1:
2Ã

>∑

m=2>
e2im¿vm (2.1.3)

for ¿ * [2Ã, Ã ], and Æv(2Ã) = Æv(Ã). The Fourier inversion formula is given by

vm = 1:
2Ã

∫ Ã

2Ã

eim¿ Æv(¿) d¿. (2.1.4)

Fourier analysis on the integers Z is the same as the study of Fourier series representa-

tions of functions defined on an interval. From the perspective of Fourier series one usually

starts with a function Æv(¿) defined on the interval [2Ã, Ã ] and shows that it can be

represented as a series such as (2.1.3) with coefficients vm given by (2.1.4). In our study

of finite difference schemes it is more natural to start with the grid functions vm and

regard the formula (2.1.4) as a representation of the grid function. The two approaches

are mathematically equivalent. The Fourier inversion formula (2.1.4) has an interpretation,

analogous to (2.1.2), as expressing v as a superposition of waves.

If the spacing between the grid points is h, we can change variables and define the

transform by

Æv(¿) = 1:
2Ã

>∑

m=2>
e2imh¿vm h (2.1.5)

for ¿ * [2Ã/h, Ã/h], and then the inversion formula is

vm = 1:
2Ã

∫ Ã/h

2Ã/h

eimh¿ Æv(¿) d¿. (2.1.6)

An important consequence of the preceding definitions is that the L2 norm of u,

which is

‖u‖2 =
(∫ >

2>
|u(x)|2dx

)1/2

,

is the same as the L2 norm of Æu(Ë), i.e.,

∫ >

2>
|u(x)|2dx =

∫ >

2>
| Æu(Ë)|2 dË. (2.1.7)
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(See Appendix B for a discussion of function norms.) Also, for the discrete transform we

have equality for the L2 norm of v, as defined in (1.5.2), and the L2 norm of Æv, i.e.,

‖ Æv‖2
h =

∫ Ã/h

2Ã/h

| Æv(¿)|2 d¿ =
>∑

2>
|vm|2h = ‖v‖2

h. (2.1.8)

The relations (2.1.7) and (2.1.8) are called Parseval’s relations. Using Parseval’s relations

one can show that the Fourier transform is defined for all functions in L2(R) and L2(hZ).

For proofs of Parseval’s relation for functions in L2(R) the reader is referred to texts on

Fourier analysis, such as Titchmarsh [61] and Goldberg [23]. Other applications of Fourier

analysis are discussed in the book by Körner [31].

We can give an indication of the proof for Parseval’s relation for functions in L2(hZ)

quite easily. Starting with the left-hand side of equation (2.1.8) and using the definition of

the transform, we have

‖ Æv‖2
h =

∫ Ã/h

2Ã/h

| Æv(¿)|2 d¿ =
∫ Ã/h

2Ã/h

Æv(¿) 1:
2Ã

>∑

m=2>
e2imh¿vm h d¿

= 1:
2Ã

>∑

m=2>

∫ Ã/h

2Ã/h

e2imh¿ Æv(¿) d¿ vm h

=
>∑

m=2>

1:
2Ã

∫ Ã/h

2Ã/h

eimh¿ Æv(¿) d¿ vm h

=
>∑

m=2>
vmvm h = ‖v‖2

h.

The only step in this derivation that needs justification is the interchange of the integration

and summation operations. This is not difficult, and readers familiar with real analysis can

easily fill in the details.

Parseval’s relation will be used extensively in our study of stability. It allows us to

replace the stability estimates (1.5.1) and (1.5.3) by the equivalent inequality

‖ Ævn‖h f C7
T

J∑

j=0

‖ Ævj‖h,

for the transform of the grid function. In the next section we study the stability of schemes

by examining the effect of the scheme on the transform of the solution.

It should also be pointed out that there is not a relation equivalent to Parseval’s relation

if the norm is the maximum norm (see Exercise 2.1.7). Because there is no such relation,

the Lax–Richtmyer theorem is not valid in the maximum norm, at least in a straightforward

way, as is shown in Section 10.5 (see Exercise 10.5.2).



40 Chapter 2. Analysis of Finite Difference Schemes

Figures 2.1 and 2.2 show two examples of functions and their Fourier transforms.

In Figure 2.1 the function exp(2|x|) is displayed with its transform. The function is the

one that has the sharp peak at x = 0; the transform is the smooth function and is given in

Exercise 2.1.1. Because of the discontinuity in the derivative of the function, the Fourier

transform decays more slowly than the exponential; see Exercise 2.1.3.

In Figure 2.2 the function exp(2x2) is displayed with its transform, which is also

given in Exercise 2.1.1. The function has the narrower graph; the transform has the wider

graph. The transform has the same basic shape, being proportional to exp(2x2/4), but

is wider. In general, functions with a narrow spike such as the function shown here have

wider transforms, and vice versa.

x
-6 -4 -2 0 2 4 6

0

0.2

0.4

0.6

0.8

1

Figure 2.1. The function e2|x| and its Fourier transform.

We now present some examples of functions and their Fourier transforms.

Example 2.1.2. We take the grid function given by

vm =

ù
üú
üû

1 if |xm| < 1,

1
2

if |xm| = 1,

0 if |xm| > 1

on a grid with spacing h. For the case where h = M21 for some integer M, we
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x
-4 -2 0 2 4

0

0.2

0.4

0.6

0.8

1

Figure 2.2. The function e2x2
and its Fourier transform.

have by (2.1.3)

Æv(¿) = h:
2Ã

(
1

2
eiMh¿ + 1

2
e2iMh¿

)
+ h:

2Ã

M21∑

m=2(M21)

e2imh¿

= h:
2Ã

cos ¿ + h:
2Ã

sin(M 2 1
2
)h¿

sin 1
2
h¿

= h:
2Ã

cos ¿ + h:
2Ã

sinMh¿ cos 1
2
h¿ 2 cosMh¿ sin 1

2
h¿

sin 1
2
h¿

= h:
2Ã

sin ¿ cot
1

2
h¿.

Parseval’s relation then asserts that

2 2 1

2
h = 2h

(
1

2

)2

+ h

M21∑

m=2(M21)

1

= h2

2Ã

∫ Ã/h

2Ã/h

sin2 ¿ cot2 1

2
h¿ d¿.

This result can also be verified by direct evaluation of the integral using contour

integration.
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Example 2.1.3. For our second example we take the grid function given by

vm = e2³|m|h

for any positive constant ³. We have for the transform

Æv(¿) = 1:
2Ã

>∑

m=2>
e2imh¿ e2³|m|h h

= h:
2Ã

û
ý1 +

>∑

m=1

e2imh¿ e2³|m|h +
2>∑

m=21

e2imh¿ e2³|m|h

þ
ø

= h:
2Ã

(
1 + e2(³2i¿)h

1 2 e2(³2i¿)h
+ e2(³+i¿)h

1 2 e2(³+i¿)h

)

= h:
2Ã

1 2 e22³h

(1 2 2e2³h cosh¿ + e22³h)
.

By Parseval’s relation we have that

‖v‖2
h = h

1 + e22³h

1 2 e22³h
,

‖ Æv‖2
h = h2

2Ã

∫ Ã/h

2Ã/h

(
1 2 e22³h

1 2 2e2³h cosh¿ + e22³h

)2

d¿.

This result can also be verified by direct evaluation of the integral using contour

integration.

Fourier Analysis and Partial Differential Equations

We conclude this section by using the tools of Fourier analysis to study partial differential

equations. In the next sections we use similar tools to study the stability of finite difference

schemes. If we differentiate the Fourier inversion formula (2.1.2) we obtain

"u

"x
(x) = 1:

2Ã

∫ >

2>
eiËx iË Æu(Ë) dË,

and from this we conclude by (2.1.1) that the Fourier transform of the derivative of u(x)

is iË Æu(Ë), i.e.,
̂(
"u

"x

)
(Ë) = iË Æu(Ë). (2.1.9)

The relation (2.1.9) shows the real power of the Fourier transform: under the trans-

form the operation of differentiation is converted into the operation of multiplication. The



2.1 Fourier Analysis 43

coupling of calculus, i.e., differentiation, with algebra, i.e., multiplication, gives us ma-

chinery to solve more easily many difficult problems in the theory of differential equations

and difference schemes. The important results of the next section on stability and those of

Chapter 9 on well-posedness use the Fourier transform to reduce questions about schemes

and differential equations to questions in algebra; for example, we show in Section 4.3 that

a multistep scheme is stable if the roots of a certain polynomial are all inside the unit circle.

An important consequence of (2.1.9) is that, by Parseval’s relations, u(x) has L2

integrable derivatives of order through r if and only if

∫ >

2>
(1 + |Ë|2)r | Æu(Ë)|2 dË < >.

This is because ∫ >

2>

∣∣∣∣
"ru(x)

"x

∣∣∣∣
2

dx =
∫ >

2>
|Ë|2r | Æu(Ë)|2 dË .

We define the space of functions H r , for each nonnegative value of r, as the set of

functions in L2(R) such that the norm

‖u‖H r =
(∫ >

2>
(1 + |Ë|2)r | Æu(Ë)|2 dË

)1/2

is finite. Notice that the norm on H 0 is the same as the L2 norm.

We also define the expression ‖Dru‖ by

‖Dru‖2 =
∫ >

2>

∣∣∣∣
"r

"xr
u(x)

∣∣∣∣
2

dx

=
∫ >

2>
|Ë|2r |̂u(Ë)|2 dË,

where the integral over x is defined only when r is an integer, but we define ‖Dru‖ by

the last integral when r is not an integer.

We now apply Fourier analysis to the initial value problem for the one-way wave

equation (1.1.1). We begin by transforming only in the spatial variable. We obtain for

Æu(t, Ë) the equation

Æut = 2iaË Æu, (2.1.10)

which is an ordinary differential equation in t. This equation is easily solved and, using

the initial data, the solution is

Æu(t, Ë) = e2iaËt Æu0(Ë).

We now show that the initial value problem for (1.1.1) is well-posed according to

Definition 1.5.2. By the use of Parseval’s relation and this last relationship, we immediately
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obtain, using |e2iaËt | = 1,

∫ >

2>
|u(t, x)|2 dx =

∫ >

2>
| Æu(t, Ë)|2 dË

=
∫ >

2>
|e2iaËt Æu0(Ë)|2 dË =

∫ >

2>
| Æu0(Ë)|2 dË =

∫ >

2>
|u0(x)|2 dx.

(2.1.11)

The equality of the first and last integrals in (2.1.11) can be easily established by the solution

formula (1.1.2), however the method of (2.1.11) can be used to prove results for more

general partial differential equations. A more general discussion of well-posed initial value

problems occurs in Chapter 9. Much of the analysis uses the same ideas used in (2.1.11),

which are to switch to the equation for the Fourier transform, obtain some estimates for

the norm of the transform, and then use Parseval’s relation to obtain information about the

solution of the partial differential equation.

The Fourier Transform in Higher Dimensions

The Fourier transform is defined for higher dimensions by the formula

Æu(Ë) = 1

(2Ã)N/2

∫

RN

e2iË·xu(x) dx, (2.1.12)

where both x and Ë are variables in RN . The inner product Ë · x is the usual inner

product in RN . The inversion formula is given by

u(x) = 1

(2Ã)N/2

∫

RN

eiË·x Æu(Ë) dË.

Similar formulas hold for the discrete transforms; they are

Æv(¿) = 1

(2Ã)N/2

∑

m*ZN

e2ihm·¿vm hN

for ¿ * [2Ã/h, Ã/h]N , and the inversion formula is

vm = 1

(2Ã)N/2

∫

[2Ã/h,Ã/h]N
eihm·¿ Æv(¿) d¿.

Parseval’s relation also holds for higher dimensions.

Almost all the techniques we use for one-dimensional problems carry over to higher

dimensions without much difficulty. We restrict much of our analysis to the one-dimensional

case for simplicity, leaving the higher dimensional cases to the exercises.
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Exercises

2.1.1. Check the following list of transforms and determine for which values of r they are

in H r :

u(x) Æu(Ë)

e2|x|
√

2

Ã

1

1 + Ë2

e2ax2/2 1:
a
e2Ë2/2a

xe2|x| 22i

√
2

Ã

Ë

(1 + Ë2)2

|x|e2|x|
√

2

Ã

1 2 Ë2

(1 + Ë2)2

u(x) =

ù
ú
û
x³e2x if x g 0,

0 if x < 0

1:
2Ã

?(1 + ³)

(1 + iË)1+³

2.1.2. Show that if u is in H r , then du
dx

is in H r21.

2.1.3. Show that if Æu(Ë) satisfies the estimate

| Æu(Ë)| f Ce2|Ë|,

then u(x) is an infinitely differentiable function.

2.1.4. Use an argument similar to that used in (2.1.11) to show that the initial value problem

for the equation ut = uxxx is well-posed.

2.1.5. Use an argument similar to that used in (2.1.11) to show that the initial value problem

for the equation ut + ux + bu = 0 is well-posed.

2.1.6. Show that if the function u(x) is in L2(R) and its transform satisfies

| Æu(Ë)| f C

1 + Ë4
,

for some constant C, then the first and second derivatives of u exist and are bounded

functions.

2.1.7. Show that if u(x) is in L1(R), then Æu(Ë) is a continuous function on R. Show that

‖ Æu‖> f (2Ã)21/2‖u‖1. (See Appendix B for the notation.) Prove an equivalent

relation for grid functions.
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2.1.8. The Schwartz class S is defined as the set of all C> functions f on R such that

for each pair of integers (³, ´) the function (1 + |x|³)
(
d
dx

)´
f (x) is bounded.

Show that the Fourier transform of a function in S is also in S.

2.1.9. Finite Fourier Transforms. For a function vm defined on the integers, m =
0, 1, . . . ,M 2 1, we can define the Fourier transform as

Æv$ =
M21∑

m=0

e22iÃ$m/M vm for $ = 0, . . . ,M 2 1.

For this transform prove the Fourier inversion formula

vm = 1

M

M21∑

$=0

e2iÃ$m/M Æv$,

and the Parseval’s relation

M21∑

m=0

|vm|2 = 1

M

M21∑

$=0

| Æv$|2.

Note that vm and Æv$ can be defined for all integers by making them periodic with

period M.

2.1.10. Finite Fourier Transforms. If M is an even integer, one can define the cosine and

sine transforms of a function vm defined for the integers m = 0, 1, . . . ,M 2 1 by

defining

Ævc$ =
M21∑

m=0

cos

(
2Ã$m

M

)
vm for $ = 0, . . . ,

M

2
,

Ævs$ =
M21∑

m=0

sin

(
2Ã$m

M

)
vm for $ = 1, . . . ,

M

2
2 1.

Show that Æv$ as defined in Exercise 2.1.9 satisfies

Æv$ = Ævc$ 2 i Ævs$ for l = 0, . . . ,
M

2
,

Æv$ = ÆvcM2$ + i ÆvsM2$ for l = M

2
+ 1, . . . ,M 2 1,

and then show that

vm = 1

M
( Ævc0 + (21)m ÆvcM/2) + 2

M

M/221∑

$=1

cos

(
2Ã$m

M

)
Ævc$ + sin

(
2Ã$m

M

)
Ævs$

for m = 0, . . . ,M 2 1.
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2.1.11. Use the multidimensional Fourier transform (2.1.12) to prove that the initial value

problem for the equation

ut + aux + buy = 0

is well-posed. (See (2.1.11).)

2.1.12. Prove the “uncertainty principle” inequality:

∫ >

2>
|f (x)|2 dx

∫ >

2>
| Æf (Ë)|2 dË f 4

∫ >

2>
x2|f (x)|2 dx

∫ >

2>
Ë2| Æf (Ë)|2 dË.

Deduce that both the function and its transform cannot be concentrated at the origin.

2.2 Von Neumann Analysis

An important application of Fourier analysis is the von Neumann analysis of stability of

finite difference schemes. With the use of Fourier analysis we can give necessary and

sufficient conditions for the stability of finite difference schemes. The resulting method is

easier to apply and is more generally applicable than are the methods used in the examples

at the end of Chapter 1.

We illustrate the method by considering a particular example and then discussing

the method in general. Through the use of the Fourier transform the determination of the

stability of a scheme is reduced to relatively simple algebraic considerations. We begin by

studying the forward-time backward-space scheme

vn+1
m 2 vnm

k
+ a

vnm 2 vnm21

h
= 0, (2.2.1)

which can be rewritten as

vn+1
m = (1 2 a»)vnm + a» vnm21, (2.2.2)

where » = k/h. Using the Fourier inversion formula (2.1.6) for vn, we have

vnm = 1:
2Ã

∫ Ã/h

2Ã/h

eimh¿ Ævn(¿) d¿,

and substituting this in (2.2.2) for vnm and vnm21, we obtain

vn+1
m = 1:

2Ã

∫ Ã/h

2Ã/h

eimh¿
[
(1 2 a») + a»e2ih¿

]
Ævn(¿) d¿. (2.2.3)

Comparing this formula with the Fourier inversion formula for vn+1 ,

vn+1
m = 1:

2Ã

∫ Ã/h

2Ã/h

eimh¿ Ævn+1(¿) d¿,
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and using the fact that the Fourier transform is unique, we deduce that the integrand of

(2.2.3) is the same as that in the inversion formula. We then have that

Ævn+1(¿) =
[
(1 2 a») + a»e2ih¿

]
Ævn(¿)

= g(h¿) Ævn(¿),
(2.2.4)

where

g(h¿) = (1 2 a») + a»e2ih¿ .

The formula (2.2.4) shows that advancing the solution of the scheme by one time step is

equivalent to multiplying the Fourier transform of the solution by the amplification factor

g(h¿). The amplification factor is so called because its magnitude is the amount that the

amplitude of each frequency in the solution, given by Ævn(¿), is amplified in advancing the

solution one time step. From (2.2.4) we obtain the important formula

Ævn(¿) = g(h¿)n Æv0(¿). (2.2.5)

Note that the superscript on Æv is an index of the time level, while on g it is a power.

By means of the Fourier transform every one-step scheme can be put in the form

(2.2.5), and this provides a standard method for studying the wide variety of schemes. All

the information about a scheme is contained in its amplification factor, and we show how to

extract important information from it. In particular, the stability and accuracy of schemes

is easy to determine from the amplification factor.

We now use formula (2.2.5) to study the stability of scheme (2.2.1). This analysis is

analogous to that displayed in equation (2.1.11) to study the well-posedness of the initial

value problem for equation (2.1.10). By Parseval’s relation, (2.1.8), and (2.2.5),

h

>∑

m=2>
|vnm|2 =

∫ Ã/h

2Ã/h

| Ævn(¿)|2 d¿

=
∫ Ã/h

2Ã/h

|g(h¿)|2n| Æv0(¿)|2 d¿.

Thus we see that the stability inequality (1.5.1) will hold, with J = 0, if |g(h¿)|2n is

suitably bounded. We now evaluate |g(h¿)|. Setting » = h¿, we have

g(») = (1 2 a») + a»e2i» = (1 2 a») + a» cos » 2 ia» sin ».

To evaluate |g(»)|2 we add the squares of the real and imaginary parts. We also make use

of the half-angle formulas for the sine and cosine functions. These are

1 2 cos× = 2 sin2 1
2
× and sin × = 2 sin 1

2
× cos 1

2
×.
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We then have

|g(»)|2 = (1 2 a» + a» cos »)2 + a2»2 sin2 »

= (1 2 2a» sin2 1
2
»)2 + 4 a2»2 sin2 1

2
» cos2 1

2
»

= 1 2 4a» sin2 1
2
» + 4a2»2 sin4 1

2
» + 4a2»2 sin2 1

2
» cos2 1

2
»

= 1 2 4a»(1 2 a») sin2 1
2
».

(2.2.6)

We see from this last expression that |g(»)| is bounded by 1 if 0 f a» f 1; thus by

(2.2.5),

h

>∑

m=2>
|vnm|2 f

∫ Ã/h

2Ã/h

| Æv0(¿)|2 d¿

= h

>∑

m=2>
|v0
m|2,

and the scheme is stable by Definition 1.5.1.

0 1-1 0 1-1

Figure 2.3. The image of g(») for the forward-time backward-space scheme.

Figure 2.3 shows the set of points marked out by g(») as » varies for the case

with a» = 0.8 . These points lie within the unit circle because the scheme is stable. By

consistency we must always have g(0) = 1.

However, if a» is not in the interval [0, 1] and » is fixed as h and k tend to zero,

then |g(»)| is greater than 1 for some values of », and the scheme is unstable, as we

show next.
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The Stability Condition

The exact condition for stability of constant coefficient one-step schemes is given in the

next theorem. Although in the example we have just considered, the amplification factor

g was a function only of » = h¿, in general g will also depend on h and k. Also,

we have considered schemes only for equation (1.1.1), and yet our definition of stability,

Definition 1.5.1, applies to more general partial differential equations that are first order in

the differentiation with respect to time. To allow for more general equations, we have to

allow the magnitude of the amplification factor to exceed 1 by a small amount.

Theorem 2.2.1. A one-step finite difference scheme (with constant coefficients) is stable in

a stability region � if and only if there is a constant K (independent of », k, and h )

such that

|g(», k, h)| f 1 + Kk (2.2.7)

with (k, h) * �. If g(», k, h) is independent of h and k, the stability condition (2.2.7)

can be replaced with the restricted stability condition

|g(»)| f 1. (2.2.8)

This theorem shows that to determine the stability of a finite difference scheme we

need to consider only the amplification factor g(h¿). This observation is due to von Neu-

mann, and because of that, this analysis is usually called von Neumann analysis.

Before proceeding with the proof of this theorem, we consider some examples that

use the special condition (2.2.8).

Example 2.2.1. We consider the forward-time forward-space scheme (1.3.1), for which

g(h¿) = 1 + a» 2 a»eih¿ ,

where a is positive and » is constant. This formula is obtained in the same fashion as

(2.2.4); we have that

|g|2 = 1 + 4a»(1 + a») sin2 1
2
».

If » is constant, then we may use the restricted stability condition (2.2.8), and we see that

|g| is greater than 1 for » not equal to 0, and therefore this scheme is unstable. Recall

that by Example 1.4.3 we know that this scheme is not convergent.

If a is negative, then the forward-time forward-space scheme is stable for 21 f
a» f 0.

We needn’t write out the integrals and obtain expressions such as (2.2.3) to obtain the

amplification factor g. A simpler and equivalent procedure is to replace vnm in the scheme

by gneim» for each value of n and m. The resulting equation can then be solved for the

amplification factor.
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Example 2.2.2. We use the forward-time central-space scheme (1.3.3),

vn+1
m 2 vnm

k
+ a

vnm+1 2 vnm21

2h
= 0,

to illustrate this procedure. Replacing vnm by gneim» , the preceding expression is trans-

formed to

gn+1eim» 2 gneim»

k
+ a

gnei(m+1)» 2 gnei(m21)»

2h

= gneim»

(
g 2 1

k
+ a

ei» 2 e2i»

2h

)
= 0,

which gives the amplification factor as

g = 1 2 ia» sin »

with » = k/h. This method of obtaining the amplification factor is certainly easier than

the earlier analysis.

If » is constant, then g is independent of h and k and

|g(»)|2 = 1 + a2»2 sin2 ».

Since |g(»)| is greater than 1 for » not equal to 0 or Ã, by Theorem 2.2.1 this scheme

is unstable.

The determination of the amplification factor by replacing vnm by gneim» is not to

be regarded as merely looking for solutions of the difference scheme that have the form

vnm = gneim» . The replacement of vnm by gneim» is a shortcut in the method used at the

beginning of the section, in which we proved that all solutions of the one-step difference

scheme were given by formula (2.2.5), and this proof gave the form of the amplification

factor. That same procedure can be applied to any one-step scheme to determine the form

of the amplification factor. A rearrangement of the manipulations used to determine the

amplification factor shows that the two procedures are equivalent in determining the form

of the amplification factor.

Example 2.2.3. As an example of a scheme that requires the more general condition (2.2.7),

we consider the modified Lax–Friedrichs scheme for

ut + a ux 2 u = 0, (2.2.9)

given by

vn+1
m 2 1

2

(
vnm+1 + vnm21

)

k
+ a

vnm+1 2 vnm21

2h
2 vnm = 0.

This scheme has the amplification factor

g(», k, h) = cos » 2 ia» sin » + k
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and

|g|2 = (cos » + k)2 + a2»2 sin2 »

f (1 + k)2

if |a»| f 1. Notice that since (2.2.9) has solutions that grow with t (see Section 1.1), any

consistent, stable scheme for (2.2.9) must have |g| larger than 1 for some values of ».

As the examples show, the amplification factor g(», k, h) is an algebraic function

of ei» , and it is a continuous function of all of its arguments. We will always assume that

g(», k, h) is a smooth function of all of its arguments.

Proof of Theorem 2.2.1. We have, by Parseval’s relation and the definition of g,

that

‖vn‖2
h =

∫ Ã/h

2Ã/h

|g(h¿, k, h)|2n| Æv0(¿)|2 d¿.

If |g(h¿, k, h)| f 1 + Kk for (k, h) * �, we have

‖vn‖2
h f

∫ Ã/h

2Ã/h

(1 + Kk)2n | Æv0(¿)|2 d¿

= (1 + Kk)2n‖v0‖2
h.

Now n f T/k, so

(1 + Kk)n f (1 + Kk)T/k f eKT .

Therefore, ‖vn‖h f eKT ‖v0‖h, which is (1.5.1), and thus the scheme is stable in �.

We now prove that if inequality (2.2.7) cannot be satisfied for (k, h) * � for any

value of K, then the scheme is not stable in �. To do this we show that we can achieve any

amount of growth in the solution; i.e., we show that the stability inequality (1.5.1) cannot

hold.

If for some positive value C there is an interval of » ’s, » * [»1, »2] and (k, h) * �

with |g(», k, h)| > 1 + Ck, then we construct a function v0
m as

Æv0(¿) =
{

0 if h¿ /* [»1, »2],
√
h(»2 2 »1)21 if h¿ * [»1, »2].
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Notice that ‖ Æv0‖h is equal to 1. Then

∥∥vn
∥∥2

h
=

∫ Ã/h

2Ã/h

|g(h¿, k, h)|2n| Æv0(¿)|2 d¿

=
∫ »2/h

»1/h

|g(h¿, k, h)|2n h

»2 2 »1
d¿

g (1 + Ck)2n

g 1

2
e2T C ‖v0‖2

h

for n near T/k. This shows the scheme to be unstable if C can be arbitrarily large. Thus

the scheme is unstable if there is no region in which g(», k, h) can be bounded as in (2.2.7).

The proof of condition (2.2.8) is very easy and is similar to the proof of Theorem 2.2.3, so

we omit the proof here.

Corollary 2.2.2. If a scheme as in Theorem 2.2.1 is modified so that the modifications

result only in the addition to the amplification factor of terms that are O(k) uniformly

in ¿, then the modified scheme is stable if and only if the original scheme is stable.

Proof. If g is the amplification factor for the scheme and satisfies |g| f 1 + Kk,

then the amplification factor of the modified scheme, g′, satisfies

|g′| = |g + O(k)| f 1 + Kk + Ck = 1 + K ′k.

Hence the modified scheme is stable if the original scheme is stable, and vice versa.

The use of Theorem 2.2.1 and Corollary 2.2.2 allows one to determine the stability

of all the schemes we have discussed so far, with the exception of the leapfrog scheme,

which is not a one-step scheme. Stability for the leapfrog scheme and other multistep

schemes is discussed in Chapter 4.

The following theorem shows how to reduce further algebraic manipulation in eval-

uating |g| and determining the stability of a scheme.

Theorem 2.2.3. A consistent one-step scheme for the equation

ut + aux + bu = 0

is stable if and only if it is stable for this equation when b is equal to 0. Moreover, when

k = »h and » is a constant, the stability condition on g(h¿, k, h) is

|g(», 0, 0)| f 1. (2.2.10)
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Proof. Because of consistency it is easy to see that the lower order term bu con-

tributes to the expression for g only terms that are proportional to k. By Corollary 2.2.2

the removal of these terms does not affect the stability of the scheme.

Using the Taylor series in k and h, we must have

g(», k, h) = g(», 0, 0) + O(h) + O(k),

and if h = »21k, then the terms that are O(h) are also O(k). Moreover, since » is

restricted to the compact set [2Ã, Ã ], the O(k) terms are uniformly bounded. Thus by

Corollary 2.2.2 the stability condition is

|g(», 0, 0)| f 1 + Kk

for some constant K. But the left-hand side of this relation is independent of k, and

the inequality must hold for all small positive values of k. We have, therefore, that the

preceding estimate holds if and only if

|g(», 0, 0)| f 1.

This same reasoning proves the last assertion of Theorem 2.2.1.

Because of Theorem 2.2.3 we usually write g as a function only of h¿, i.e., g(h¿),

and do not display the dependence on h and k. It is important to realize that the stability

condition (2.2.10) cannot be used in all cases.

Note that the stability condition (2.2.7) is equivalent to

|g|2 f 1 + K ′k (2.2.11)

for some constant K ′. If (2.2.7) holds, then

|g|2 f 1 + 2Kk + k2 f 1 + (2K + k0) k.

Similarly, if (2.2.11) holds, then

|g| f
(
1 + K ′k

)1/2 f 1 + 1
2
K ′k.

For many schemes it is easier to work with |g|2 rather than with |g| itself.

We now present several examples to illustrate the various ideas discussed in this

section.

Example 2.2.4. We perform von Neumann analysis for the Lax–Friedrichs scheme of

Example 2.2.3. The scheme is stable if and only if the scheme is stable without the undif-

ferentiated term. For this case

g(») = cos » 2 ia» sin »,

and

|g|2 = cos2 » + a2»2 sin2 » (2.2.12)

We see that |g(»)| is less than or equal to 1 if and only if |a»| f 1. Thus the Lax–

Friedrichs scheme with » constant is stable if and only if |a»| f 1. As shown in Example

1.4.2, the Lax–Friedrichs scheme is consistent only if k21h2 tends to zero with k and h.

We have that k21h2 = k»22, and thus if » is constant and |a»| f 1, the scheme is both

stable and consistent.
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0 1-1 0 1-1 0 1-1

Figure 2.4. The image of g(») for the Lax–Friedrichs scheme.

Figure 2.4 displays the set of points of g(») for the Lax–Friedrichs scheme. Compare

this with the set shown in Figure 2.3. Notice that the graph of g(») touches the unit circle

in two places. It touches at both 1 and 21, because g(Ã) = 21 for the Lax–Friedrichs

scheme.

Example 2.2.5. Some schemes are easier to understand or implement if they are written as

two separate steps. We now give an example of this, using the forward-time central-space

scheme with a smoothing operator for the one-way wave equation. The scheme is

Þvn+1
m = vnm 2 1

2
a»(vnm+1 2 vnm21) + kf n

m,

vn+1
m = 1

4
( Þvn+1

m+1 + 2 Þvn+1
m + Þvn+1

m21).
(2.2.13)

To apply von Neumann analysis to this scheme, we could eliminate all reference to the

intermediate quantity Þv, obtaining an equation for vn+1
m in terms of vn

m′ for m′ ranging

from m 2 2 to m + 2. We use an equivalent and simpler procedure, which is to replace

all occurrences of Þvn+1
m by Þggneim» as well as the usual replacement of vnm by gneim» .

Notice that we also ignore the f n
m term in the stability analysis. We obtain

Þg = 1 2 ia» sin »

and

g = 1
2
(1 + cos ») Þg = Þg cos2 1

2
».

We then obtain

|g|2 = | Þg|2 cos4 1
2
» = (1 + a2»2 sin2 ») cos4 1

2
» .

If we take » to be constant, then the stability requirement is that g have magnitude at

most 1. For stability we must satisfy

(1 + a2»2 sin2 ») cos4 1
2
» f 1
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or

(1 + 4a2»2 sin2 1
2
» cos2 1

2
») cos4 1

2
» f 1,

which is equivalent to

4a2»2 sin2 1
2
» cos2 1

2
» cos4 1

2
» f 1 2 cos4 1

2
»

= (1 2 cos2 1
2
»)(1 + cos2 1

2
»)

= sin2 1
2
»(1 + cos2 1

2
»).

Canceling the common nonnegative factor of sin2 1
2
», we obtain the condition

4a2»2 cos6 1
2
» f 1 + cos2 1

2
»,

which must hold for all values of ». We first consider the particular case of » equal to 0,

obtaining the necessary condition that

a2»2 f 1
2
. (2.2.14)

We now show that this condition is also sufficient, i.e., that » equal to 0 is the “worst

case.” Assuming that (2.2.14) holds, and using the fact that cos2 1
2
» is at most 1, we have

4a2»2 cos6 1
2
» f 2 cos2 1

2
» f 1 + cos2 1

2
» .

Thus the forward-time central-space scheme with the smoother (2.2.13) is stable if and only

if

|a»| f 1:
2
.

This scheme is not recommended for use in actual computation. For example, it requires

more work per time step than does the Lax–Friedrichs scheme, and the time-step limitation

is more severe. The forward-time central-space scheme (1.3.3), without the smoother, is

unstable; see Example 2.2.2.

Example 2.2.6. An interesting example of the relation between consistency and stability is

a scheme for the equation

ut + auxxx = f (2.2.15)

obtained by applying the ideas of the Lax–Friedrichs scheme (1.3.5). The scheme is

vn+1
m = 1

2
(vnm+1 + vnm21) 2 1

2
akh23(vnm+2 2 2vnm+1 + 2vnm21 2 vnm22) + kf n

m. (2.2.16)

This scheme is consistent with equation (2.2.15) if k21h2 tends to zero as h and k tend

to zero; see Exercise 2.2.3. This is similar to the result for the Lax–Friedrichs scheme as

discussed in Example 1.4.2.
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The amplification factor for the scheme (2.2.16) is

g(») = cos » + 4akh23i sin » sin2 1
2
»,

and it is easily shown (see Exercise 2.2.3) that the scheme is stable only if

4|a|kh23

is bounded.

The consistency condition, that k21h2 tend to zero, and the stability condition, that

4akh23 be bounded as k and h tend to zero, cannot both be satisfied. Thus, this scheme

is not a convergent scheme, since it cannot be both consistent and stable.

Exercises

2.2.1. Show that the backward-time central-space scheme (1.6.1) is consistent with equation

(1.1.1) and is unconditionally stable.

2.2.2. Show that if one takes » = k1/2, i.e., k = h2, then the forward-time central-space

scheme (1.3.3) is stable and consistent with equation (1.1.1). (See Example 2.2.2.)

2.2.3. Verify the consistency and stability conditions of scheme (2.2.16) as given in Exam-

ple 2.2.6.

2.2.4. Show that the box scheme

1

2k

[
(vn+1

m + vn+1
m+1) 2 (vnm + vnm+1)

]
+ a

2h

[
(vn+1

m+1 2 vn+1
m ) + (vnm+1 2 vnm)

]
= f n

m

is consistent with the one-way wave equation ut + aux = f and is stable for all

values of ».

2.2.5. Show that the scheme

vn+1
m 2 vnm

k
+ a

vnm+2 2 3vnm+1 + 3vnm 2 vnm21

h3
= f n

m

is consistent with the equation (2.2.15) and, if ¿ = kh23 is constant, then it is stable

when 0 f a¿ f 1/4.

2.2.6. Determine the stability of the following scheme, sometimes called the Euler back-

ward scheme, for ut + aux = f :

v
n+1/2
m = vnm 2 a»

2
(vnm+1 2 vnm21) + kf n

m,

vn+1
m = vnm 2 a»

2
(v

n+1/2
m+1 2 v

n+1/2
m21 ) + kf n+1

m .

The variable vn+1/2 is a temporary variable, as is Þv in Example 2.2.5.
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2.2.7. Using von Neumann analysis, show that the reverse Lax–Friedrichs scheme of

Exercise 1.6.3 is stable for |a»| greater than or equal to 1.

2.3 Comments on Instability and Stability

An examination of the solutions of unstable finite difference schemes shows that instability

is related to high-frequency oscillations. An example is seen in Figure 1.7 for the Lax–

Friedrichs scheme applied to the one-way wave equation with a» equal to 1.6. The ampli-

fication factor for this scheme has magnitude given by |g(»)|2 = cos2 » + a2»2 sin2 ». The

maximum value of |g(»)| is attained at » equal to Ã/2, where |g| is 1.6. An examination

of the ratios of the norms ‖vn+1‖h
/
‖vn‖h or of the ratio of the maximum magnitudes of

vn shows that these ratios are close to 1.6.

Moreover, the pattern of the instability in Figure 1.7 shows the strong presence of

the frequency h21Ã/2 associated with » equal to Ã/2. Notice that » equal to Ã/2

represents waves such as Þvm = · sinmÃ/2, which have a wavelength of 4h on a finite

difference grid. The forward-time central-space scheme (1.3.3) shows a similar pattern,

since it also has the maximum of |g(»)| attained at » equal to Ã/2.

The forward-time forward-space scheme (1.3.1) is unstable for a positive, and it

attains the maximum value of |g(»)| at » equal to Ã; see Example 2.2.1. The pattern of

the instability associated with this scheme is different than that associated with the two other

schemes just mentioned; see Exercise 2.3.1. The instability is represented by disturbances

of the form Þvm = ·(21)m = · cosmÃ, with a wavelength on the grid of 2h.

Instability is seen to be the rapid growth of high-frequency modes in the solution of

the finite difference solution. It follows, then, that instability is evident sooner with initial

data that contains larger amplitudes for its high frequencies. Based on the properties of

the Fourier transform in Section 2.1, we conclude that instability will be evident sooner

with initial data that is not smooth. This is indeed the case, as is easily demonstrated (see

Exercise 2.3.2).

An important point that is related to the previous discussion is that instability is

essentially a local phenomenon. This can be seen somewhat in Figure 1.7, where the

oscillations arise at the points where the derivative of the solution is discontinuous. Of

course, the oscillations caused by the instability propagate to other regions, which can

ultimately make the disturbance seem to be global in extent.

The proof that instability is first seen at points of discontinuity requires a good under-

standing of Fourier analysis. It is also somewhat difficult to define the problem correctly.

Since this topic is not germane to our goal of understanding convergent and stable schemes,

we will not pursue it.

Understanding the nature of instabilities can help distinguish between the effects of

a programming error and the instability of a finite difference scheme. The effects of a

programming error can be quite global and not confined to regions in which there is a

discontinuity. The effects of instability will be oscillatory and will be most noticeable in

regions where the solution is least smooth.
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Stability Conditions for Variable Coefficients

The analysis of stability as done in the previous section does not apply directly to problems

with variable coefficients. Nonetheless, the stability conditions obtained for constant co-

efficient schemes can be used to give stability conditions for the same scheme applied to

equations with variable coefficients. For example, the Lax–Friedrichs scheme applied to

ut + a(t, x)ux = 0 is

vn+1
m = 1

2
(vnm+1 + vnm21) 2 1

2
a(tn, xm)»(v

n
m+1 2 vnm21). (2.3.1)

The stability condition for this scheme is that |a(tn, xm)|» f 1 be satisfied for all values

of (tn, xm) in the domain of computation.

The general procedure is that one considers each of the frozen coefficient problems

arising from the scheme. The frozen coefficient problems are the constant coefficient

problems obtained by fixing the coefficients at their values attained at each point in the

domain of the computation. If each frozen coefficient problem is stable, then the variable

coefficient problem is also stable. The proof of this result is beyond the scope of this text;

the interested reader may wish to refer to the works of Kreiss [32], Lax and Nirenberg [36],

Michelson [41], Shintani and Toemeda [56], Yamaguti and Nogi [70], and Wade [67].

If the stability condition as obtained from the frozen coefficient problems is violated

in a small region, the instability phenomena that arise will originate in that area and will

not grow outside that area; see Exercise 2.3.3.

Numerical Stability and Dynamic Stability

The term stability is used in a number of contexts in applied mathematics and engineering,

and it is important to distinguish between the several uses of this term. The stability

of Definition 1.5.1 can be called the numerical stability of finite difference schemes. In

applied mathematics it is common to study dynamic stability, which refers to the property

of a system in which small variations from a reference state will decay, or at least not grow,

with time. Dynamic stability refers to the behavior of solutions as time extends to infinity,

whereas the numerical stability of a scheme always refers to the behavior of solutions over

a finite interval of time as the grid is refined.

To compare these two concepts, consider the equation

ut + aux + bu = 0 (2.3.2)

for x in R and t > 0. If the value of b is positive, then the equation can be said to be

dynamically stable since any solution will decay as t increases. If b is negative, then

it is dynamically unstable, since solutions grow without bound as t increases. (See the

discussion relating to equation (1.1.3) to verify these assertions.) For a finite difference

scheme for (2.3.2), the numerical stability is independent of the value of b, as shown by

Theorem 2.2.3. One can use any convergent scheme to compute solutions to (2.3.2) for

any value of b; however, a numerically unstable scheme applied to a dynamically stable

equation will not compute convergent solutions.
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Exercises

2.3.1. Use the unstable forward-time forward-space scheme (1.3.1) for ut + ux = 0 with

the initial data

u0(x) =
{

1 2 |x| if |x| f 1,

0 otherwise

on the interval [21, 3] for 0 f t f 1. Use a grid spacing of 0.1 and » equal

to 0.8. Demonstrate that the instability grows by approximately |g(Ã)| per time

step. Comment on the appearance of the graph of vnm as a function of m. Use the

boundary condition u(t,21) = 0 at the left boundary and use vn+1
M = vn+1

M21 at the

right boundary.

2.3.2. Use the unstable forward-time central-space scheme (1.3.3) for ut + ux = 0 with

the following two sets of initial data on the interval [21, 3] for 0 f t f 4 :

(a) u0(x) =
{

1 2 |x| if |x| f 1,

0 otherwise

(b) u0(x) = sin x.

Use a grid spacing of 0.1 and » equal to 0.8. Demonstrate that the instability

is evident sooner with the less smooth initial data (a) than it is for the smooth data (b).

Show that the growth in the instability for each case is approximately |g(Ã/2)|. For

(a) use the boundary condition u(t,21) = 0, and for (b) use the boundary condition

u(t,21) = 2 sin(1 + t). Use vn+1
M = vn+1

M21 at the right boundary.

2.3.3. Solve the initial value problem for equation

ut + (1 + 1
4
(3 2 x)(1 + x))ux = 0

on the interval [21, 3] with the Lax–Friedrichs scheme (2.3.1) with » equal to 0.8.

Demonstrate that the instability phenomena occur where |a(t, x)»| is greater than

1 and where there are discontinuities in the solution. Use the same initial data as

in Exercise 2.3.1. Specify the solution to be 0 at both boundaries. Compute up to

the time of 0.2 and use successively smaller values of h to show the location of the

instability.



Chapter 3

Order ofAccuracy of Finite
Difference Schemes

In this chapter we study schemes based on how accurately they approximate partial dif-

ferential equations. We present the Lax–Wendroff and Crank–Nicolson schemes, both of

which are second-order accurate schemes. A convenient method for deriving higher order

accurate schemes, as well as a convenient notation, is provided by the symbolic difference

calculus. We also discuss the effect of boundary conditions on the stabilty of schemes. The

chapter closes by presenting the Thomas algorithm for solving for the solution of implicit

schemes.

3.1 Order of Accuracy

In the previous two chapters we classified schemes as acceptable or not acceptable only

on the basis of whether or not they are convergent. This, via the Lax–Richtmyer equiva-

lence theorem, led us to consider stability and consistency. However, different convergent

schemes may differ considerably in how well their solutions approximate the solution of the

differential equation. This may be seen by comparing Figures 1.3.6 and 1.3.8, which show

solutions computed with the Lax–Friedrichs and leapfrog schemes. Both of these schemes

are convergent for » equal to 0.8, yet the leapfrog scheme has a solution that is closer to the

solution of the differential equation than does the Lax–Friedrichs scheme. In this section

we define the order of accuracy of a scheme, which can be regarded as an extension of the

definition of consistency. The leapfrog scheme has a higher order of accuracy than does

the Lax–Friedrichs scheme, and thus, in general, its solutions will be more accurate than

those of the Lax–Friedrichs scheme. The proof that schemes with higher order of accuracy

generally produce more accurate solutions is in Chapter 10.

Before defining the order of accuracy of a scheme, we introduce two schemes, which,

as we will show, are more accurate than most of the schemes we have presented so far. We

will also have to pay more attention to the way the forcing function, f (t, x), is incorporated

into the scheme.

The Lax–Wendroff Scheme

To derive the Lax–Wendroff scheme [37] for the one-way wave equation, we begin by using

the Taylor series in time for u(t + k, x), where u is a solution to the inhomogeneous

61
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one-way wave equation (1.1.1),

u(t + k, x) = u(t, x) + kut (t, x) +
k2

2
ut t (t, x) + O(k3).

We now use the differential equation that u satisfies,

ut = 2aux + f ,

and the relation

ut t = 2autx + ft = a2uxx 2 afx + ft

to obtain

u(t + k, x) = u(t, x) 2 ak ux (t, x) +
a2k2

2
uxx (t, x) + kf 2

ak2

2
fx +

k2

2
ft + O(k3).

Replacing the derivatives in x by second-order accurate differences and ft by a forward

difference, we obtain

u(t + k, x) =u(t, x) 2 ak
u(t, x + h) 2 u(t, x 2 h)

2h

+
a2k2

2

u(t, x + h) 2 2u(t, x) + u(t, x 2 h)

h2

+
k

2

[

f (t + k, x) + f (t, x)
]

2
ak2

2

[

f (t, x + h) 2 f (t, x 2 h)
]

2h

+ O(kh2) + O(k3).

This gives the Lax–Wendroff scheme

vn+1
m =vnm 2

a»

2
(vnm+1 2 vnm21) +

a2»2

2
(vnm+1 2 2vnm + vnm21)

+
k

2
(f n+1

m + f n
m) 2

ak»

4
(f n

m+1 2 f n
m21),

(3.1.1)

or, equivalently,

vn+1
m 2 vnm

k
+ a

vnm+1 2 vnm21

2h
2

a2k

2

(vnm+1 2 2vnm + vnm21)

h2

=
1

2
(f n+1

m + f n
m) 2

ak

4h
(f n

m+1 2 f n
m21).

(3.1.2)

Figure 3.1 shows a comparison of the Lax–Wendroff scheme and the Lax–Friedrichs

schemes for the computation used in Example 1.3.1. The solution for the Lax–Wendroff

scheme is shown with circles; it is the one that has the greater maximum. In general, the

solution of the Lax–Wendroff scheme is closer to the exact solution, which is also shown.

Notice that the solution to the Lax–Wendroff scheme goes below the x-axis, while the

solution of the Lax–Friedrichs scheme is always on or above the axis.
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Figure 3.1. Comparison of the Lax–Wendroff and Lax–Friedrichs schemes.

The Crank–Nicolson Scheme

The Crank–Nicolson scheme is obtained by differencing the one-way wave equation (1.1.1)

about the point (t + k/2, x) to obtain second-order accuracy. We begin with the formula

ut

(

t +
1

2
k, x

)

=
u(t + k, x) 2 u(t, x)

k
+ O(k2).

We also use the relation

ux

(

t +
1

2
k, x

)

=
ux(t + k, x) + ux(t, x)

2
+ O(k2)

=
1

2

[

u(t + k, x + h) 2 u(t + k, x 2 h)

2h
+

u(t, x + h) 2 u(t, x 2 h)

2h

]

+ O(k2) + O(h2).

Using these approximations for ut + aux = f about (t + k/2, x), we obtain

vn+1
m 2 vnm

k
+ a

vn+1
m+1 2 vn+1

m21 + vnm+1 2 vnm21

4h
=

f n+1
m + f n

m

2
(3.1.3)

or, equivalently,

a»

4
vn+1
m+1 + vn+1

m 2
a»

4
vn+1
m21 = 2

a»

4
vnm+1 + vnm +

a»

4
vnm21 +

k

2
(f n+1

m + f n
m). (3.1.4)

A comparison of the Crank–Nicolson scheme and the backward-time and central-

space scheme (1.6.1) is given in Figure 3.2.



64 Chapter 3. Order of Accuracy of Finite Difference Schemes

-1 -0.5 0 0.5 1
0

0.5

1

Figure 3.2. Comparison of two implicit schemes.

The solution for the initial data and exact solution is a saw-tooth curve and the exact

solution is shown in the figure. The solution of the Crank–Nicolson scheme is shown with

circles and is the solution closer to the exact solution. The solution to the backward-time

central-space scheme is shown with squares marking the discrete points. In general, the

Crank–Nicolson scheme has more accurate solutions than does the backward-time central

scheme.

As we see from these two schemes that we have derived, a scheme for the partial

differential equation Pu = f can be written in general as Pk,hv = Rk,hf in a natural

way, where each expression Pk,hv and Rk,hf evaluated at a grid point (tn, xm) involves

only a finite sum of terms involving vn
′

m′ or f n′
m′ , respectively. We are now able to give

our first definition of the order of accuracy of a scheme.

Definition 3.1.1. A scheme Pk,hv = Rk,hf that is consistent with the differential equation

Pu = f is accurate of order p in time and order q in space if for any smooth function

Ç(t, x),

Pk,hÇ 2 Rk,hPÇ = O(kp) + O(hq). (3.1.5)

We say that such a scheme is accurate of order (p, q).

If we compare this definition with Definition 1.4.2, we see that consistency requires

only that Pk,hÇ 2 PÇ be o(1), whereas Definition 3.1.1 takes into consideration the

more detailed information on this convergence. The operator Rk,h is required to be an

approximation of the identity operator by the requirement that Pk,h be consistent with P.

The quantity Pk,hÇ 2 Rk,hPÇ is called the truncation error of the scheme.

Example 3.1.1. We illustrate the use of this definition by showing that the Lax–Wendroff

scheme (3.1.2) is accurate of order (2, 2). We have, from (3.1.2),

Pk,hÇ =
Çn+1
m 2 Çn

m

k
+ a

Çn
m+1 2 Çn

m21

2h
2

a2k

2

(Çn
m+1 2 2Çn

m + Çn
m21)

h2
(3.1.6)

and

Rk,hf =
1

2
(f n+1

m + f n
m) 2

ak

4h
(f n

m+1 2 f n
m21) . (3.1.7)
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As before, we use the Taylor series on (3.1.6) evaluated at (tn, xm) to obtain

Pk,hÇ = Çt +
k

2
Çt t + aÇx 2

a2k

2
Çxx + O(k2) + O(h2). (3.1.8)

For a smooth function f (t, x), (3.1.7) becomes

Rk,hf = f +
k

2
ft 2

ak

2
fx + O(k2) + O(h2),

and if f = Çt + aÇx = PÇ, this is

Rk,hPÇ = Çt + aÇx +
k

2
Çt t +

k

2
aÇxt 2

ak

2
Çxt 2

a2k

2
Çxx + O(k2) + O(h2)

= Çt + aÇx +
k

2
Çt t 2

a2k

2
Çxx + O(k2) + O(h2),

which agrees with (3.1.8) to O(k2) + O(h2). Hence the Lax–Wendroff scheme (3.1.2) is

accurate of order (2, 2).

We also see from this analysis that the Lax–Wendroff scheme with Rk,hf
n
m = f n

m,

i.e.,

vn+1
m = vnm 2

a»

2

(

vnm+1 2 vnm21

)

+
a2»2

2

(

vnm+1 2 2vnm + vnm21

)

+ k f n
m, (3.1.9)

is accurate of order (1, 2).

Notice that to determine the order of accuracy we use the form (3.1.2) of the Lax–

Wendroff scheme rather than (3.1.1), which is derived from (3.1.2) by multiplying by k

and rearranging the terms. Without an appropriate normalization, in this case demanding

that Pk,hu be consistent with Pu, we can get incorrect results by multiplying the scheme

by powers of k or h. An equivalent normalization is that Rk,h applied to the function that

is 1 everywhere gives the result 1, i.e.,

Rk,h1 = 1. (3.1.10)

Definition 3.1.1 is not completely satisfactory. For example, it cannot be applied

to the Lax–Friedrichs scheme, which contains the term k21h2Çxx in the Taylor series

expansion of Pk,hÇ. We therefore give the following definition, which is more generally

applicable. We assume that the time step is chosen as a function of the space step, i.e.,

k = �(h), where � is a smooth function of h and �(0) = 0.

Definition 3.1.2. A scheme Pk,hv = Rk,hf with k = �(h) that is consistent with the

differential equation Pu = f is accurate of order r if for any smooth function Ç(t, x),

Pk,hÇ 2 Rk,hPÇ = O(hr).
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If we take �(h) = »h, then the Lax–Friedrichs scheme (1.3.5) is consistent with the

one-way wave equation according to Definition 3.1.2.

Symbols of Difference Schemes

Another useful way of checking for the accuracy of a scheme is by comparing the symbols

of the difference scheme to the symbol of the differential operator. Using the symbol is

often a more convenient method than that given in Definitions 3.1.1 and 3.1.2.

Definition 3.1.3. The symbol pk,h(s, ¿) of a difference operator Pk,h is defined by

Pk,h(e
skneimh¿ ) = pk,h(s, ¿)e

skneimh¿ .

That is, the symbol is the quantity multiplying the grid function eskneimh¿ after operating

on this function with the difference operator.

As an example, for the Lax–Wendroff operator we have

pk,h(s, ¿) =
esk 2 1

k
+

ia

h
sin h¿ + 2

a2k

h2
sin2 1

2
h¿

and

rk,h(s, ¿) =
1

2
(esk + 1) 2

iak

2h
sin h¿.

The normalization (3.1.10) means

rk,h(0, 0) = 1.

Definition 3.1.4. The symbol p(s, ¿) of the differential operator P is defined by

P(estei¿x) = p(s, ¿)estei¿x .

That is, the symbol is the quantity multiplying the function esteix¿ after operating on this

function with the differential operator.

In checking the accuracy of a scheme by using Taylor series and Definition 3.1.1, it is

seen that the derivatives of Ç serve primarily as arbitrary coefficients for the polynomials

in h and k. The powers of the dual variables s and ¿ can also serve as the coefficients

of h and k in the definition of accuracy, as the following theorem states.

Theorem 3.1.1. A scheme Pk,hv = Rk,hf that is consistent with Pu = f is accurate of

order (p, q) if and only if for each value of s and ¿,

pk,h(s, ¿) 2 rk,h(s, ¿)p(s, ¿) = O(kp) + O(hq), (3.1.11)

or equivalently,
pk,h(s, ¿)

rk,h(s, ¿)
2 p(s, ¿) = O(kp) + O(hq). (3.1.12)
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Proof. By consistency we have for each smooth function Ç that

Pk,hÇ 2 PÇ

tends to zero as h and k tend to zero; see Definition 1.4.2. Taking

Ç(t, x) = estei¿x,

we have that

pk,h(s, ¿) 2 p(s, ¿) = o(1) (3.1.13)

for each (s, ¿).

From Definition 3.1.1 for the order of accuracy and using this same function for

Ç(t, x), we have—by the definition of the symbol—that

pk,h(s, ¿) 2 rk,h(s, ¿)p(s, ¿) = O(kp) + O(hq),

which is (3.1.11). Hence from (3.1.13) and (3.1.11) we have that

rk,h(s, ¿) = 1 + o(1), (3.1.14)

and by dividing (3.1.11) by rk,h(s, ¿), we obtain (3.1.12).

To show that (3.1.12) implies (3.1.5), we again have by consistency that (3.1.14)

holds, and hence (3.1.11) holds also. To obtain the Taylor series expansion for Pk,hÇ, we

note that if

pk,h(s, ¿) =
∑

$,jg0

A$,j (k, h)s
$(i¿)j ,

then

Pk,hÇ =
∑

$,jg0

A$,j (k, h)
"$+jÇ

"t$"xj
.

Therefore, (3.1.5) follows from (3.1.12).

Corollary 3.1.2. A scheme Pk,hv = Rk,hf with k = �(h) that is consistent with Pu = f

is accurate of order r if and only if for each value of s and ¿

pk,h(s, ¿)

rk,h(s, ¿)
2 p(s, ¿) = O(hr). (3.1.15)

In practice, the form (3.1.11) is often more convenient than is (3.1.12) or (3.1.15) for

showing the order of accuracy.

In Chapter 10 we show that if a scheme is accurate of order r, then the finite difference

solution converges to the solution of the differential equation with the same order, provided

that the initial data are sufficiently smooth.
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Example 3.1.2. As an example of using Theorem 3.1.1, we prove that the Crank–Nicolson

scheme (3.1.3) is accurate of order (2, 2). From (3.1.3) we have that

pk,h(s, ¿) =
esk 2 1

k
+ ia

esk + 1

2

sin h¿

h

and

rk,h(s, ¿) =
esk + 1

2
.

The left-hand side of (3.1.11) for this case is

esk 2 1

k
+ ia

esk + 1

2

sin h¿

h
2

esk + 1

2
(s + ia¿) . (3.1.16)

We could use Taylor series expansions on this expression, but the work is reduced if we

first multiply (3.1.16) by e2sk/2. Since e2sk/2 is O(1), multiplying by it will not affect

the determination of accuracy. We then have

esk/2 2 e2sk/2

k
+ ia

esk/2 + e2sk/2

2

sin h¿

h
2

esk/2 + e2sk/2

2
(s + ia¿) . (3.1.17)

The Taylor series expansions of the different expressions are then

esk/2 2 e2sk/2

k
= s +

s3k2

24
+ O

(

k4
)

,

esk/2 + e2sk/2

2
= 1 +

s2k2

8
+ O

(

k4
)

,

and

sin h¿

h
= ¿ 2

¿3h2

6
+ O

(

h4
)

.

Substituting these expansions in (3.1.17) we obtain

s + ia¿ +
s3k2

24
+ ia

s2¿k2

8
2 ia

¿3h2

6

2
(

1 +
s2k2

8

)

(s + ia¿) + O
(

k4 + h4 + k2h2
)

= 2
k2s3

12
2 ia

¿3h2

6
+ O

(

k4 + h4 + k2h2
)

= O
(

k2
)

+ O
(

h2
)

.
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Thus, the Crank–Nicolson scheme is accurate of order (2, 2).

Using Taylor series expansions directly on (3.1.16) instead of (3.1.17) would have

resulted in terms of order h and k in the expansion. These terms would have all canceled

out, giving the same order of accuracy. Working with equation (3.1.17) greatly reduces the

amount of algebraic manipulation that must be done to check the order of accuracy. Similar

techniques can be used on other schemes.

Order of Accuracy for Homogeneous Equations

For many initial value problems one is concerned only with the homogeneous equation

Pu = 0 rather than the inhomogeneous equation Pu = f. In this case one can determine

the order of accuracy without explicit knowledge of the operator Rk,h. We now show how

this is done. It is important to make sure that our treatment of this topic applies to schemes

for systems of differential equations as well as to single equations.

We begin by extending the set of symbols we have been using. Thus far we have con-

sidered symbols of finite difference schemes and symbols of partial differential operators,

but we will find it convenient to extend the class of symbols.

Definition 3.1.5. A symbol a(s, ¿) is an infinitely differentiable function defined for

complex values of s with Re s g c for some constant c and for all real values of ¿.

This definition includes as symbols not only the symbols of differential operators and

finite difference operators, but also many other functions. Symbols of differential operators

are polynomials in s and ¿, and symbols of difference operators are polynomials in eks

with coefficients that are either polynomials or rational functions of eih¿ .

Definition 3.1.6. A symbol a(s, ¿) is congruent to zero modulo a symbol p (s, ¿), written

a(s, ¿) c 0 mod p (s, ¿),

if there is a symbol b(s, ¿) such that

a(s, ¿) = b(s, ¿) p (s, ¿).

We also write

a(s, ¿) c c(s, ¿) mod p (s, ¿)

if

a(s, ¿) 2 c(s, ¿) c 0 mod p (s, ¿).

We can now define the order of accuracy for homogeneous equations.

Theorem 3.1.3. A scheme Pk,hv = 0, with k = �(h), that is consistent with the equation

Pu = 0 is accurate of order r if

pk,h(s, ¿) c O(hr) mod p (s, ¿). (3.1.18)
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Proof. By Definition 3.1.6 the relation (3.1.18) holds if and only if there is a symbol

Þrk,h(s, ¿) such that

pk,h(s, ¿) 2 Þrk,h(s, ¿)p (s, ¿) = O(hr).

Since p (s, ¿) is a linear polynomial in s with coefficients that are polynomials in ¿

and since pk,h(s, ¿) is essentially a polynomial in esk with coefficients that are rational

functions of eih¿ , it is not difficult to show that there is a symbol rk,h(s, ¿) such that

rk,h(s, ¿) c Þrk,h(s, ¿) + O(hr)

and rk,h(s, ¿) is a polynomial in esk with coefficients that are rational functions of eih¿ .

The replacement of Þrk,h(s, ¿) by rk,h(s, ¿) is not strictly necessary for the proof, but it is

important from the point of view of constructing an actual difference operator Rk,h whose

symbol is rk,h(s, ¿) and that can actually be used in computation.

If we wish to use the Taylor series method of Definition 3.1.1 for checking the accuracy

of homogeneous equations, then we can proceed in a way analogous to Definition 3.1.6 and

Theorem 3.1.3. Equivalently, we can show that if

Pk,hÇ = O(hr)

for each formal solution to PÇ = 0, then the scheme is accurate of order r. By saying

a formal solution, we emphasize that we do not require knowledge of the existence of

solutions or of the smoothness of the solution; we merely use the relation PÇ = 0 in

evaluating Pk,hÇ. As an example, for the Lax–Wendroff scheme for the homogeneous

equation (1.1.1), we have

Ç(t + k, x) = Ç(t, x) + kÇt (t, x) +
k2

2
Çt t (t, x) + O(k3)

= Ç(t, x) + k [2aÇx(t, x)] +
k2

2

(

a2Çxx

)

+ O(k3)

= Ç(t, x) 2
a»

2
[Ç(t, x + h) 2 Ç(t, x 2 h)]

+
a2»2

2
[Ç(t, x + h) 2 2Ç(t, x) + Ç(t, x 2 h)] + O(k3) + O(kh2).

Using this last expression in the formula for Pk,h given by (3.1.6) we see that the Lax–

Wendroff scheme is second-order accurate. In this derivation we have used the relations

Çt = 2aÇx

and

Çt t = 2aÇxt = a2Çxx .
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From the preceding expression we obtain the scheme (3.1.1) without the terms

involving f.

As is seen in Chapter 10, even for the homogeneous initial value problem it is im-

portant to know that the symbol rk,h(s, ¿) exists in order to prove that the proper order of

convergence is attained.

We use symbols to prove the following theorem, proved by Harten, Hyman, and

Lax [29], about schemes for the one-way wave equation and other hyperbolic equations.

Theorem 3.1.4. An explicit one-step scheme for hyperbolic equations that has the form

vn+1
m =

>
∑

$=2>
³$ v

n
m+$ (3.1.19)

for homogeneous problems can be at most first-order accurate if all the coefficients ³$ are

nonnegative, except for the trivial schemes for the one-way wave equation with a» = $,

where $ is an integer, given by

vn+1
m = vnm2$. (3.1.20)

Proof. We prove the theorem only for the one-way wave equation (1.1.1). As shown

in the discussion of Section 1.1, this is sufficient for the general case. The symbol of the

scheme (3.1.19) is

pk,h(s, ¿) =
esk 2

∑

³$e
i$h¿

k
.

If we allow for a right-hand-side symbol rk,h(s, ¿) = 1 + O(k) + O(h), the accuracy of

the scheme is determined by considering the expression

esk 2
∑

³$ e
i$h¿

k
2 (1 + O(k) + O(h))(s + ia¿).

If this expression is to be bounded as k tends to 0, we must have that this expression is

finite when s and ¿ are 0. This implies that

>
∑

$=2>
³$ = 1. (3.1.21)

The terms in s to the first power agree, and the coefficients of ks2 will cancel only if

rk,h = 1 + 1
2
sk + O(¿k) + O(h).

The only occurrence of terms with the monomial s¿k appears in the product of rk,h with

s + ia¿, and these will cancel only if rk,h = 1 + 1
2
k(s 2 ia¿) + O(h). Moreover, the
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term O(h) must actually be O(h2), since there is no term of the form sh coming from

the symbol of the scheme. The terms to the first power of ¿ are

2i
h

k

>
∑

$=2>
³$$ 2 ia,

and this expression must be zero if the scheme is to be first-order accurate. This gives the

relation
>
∑

$=2>
³$ $ = 2a». (3.1.22)

Next consider the terms that are the coefficients of ¿2. They are

2
h2

2k

>
∑

$=2>
³$$

2 +
ka2

2
.

To have second-order accuracy this expression must also be zero, giving

>
∑

$=2>
³$ $

2 = a2»2. (3.1.23)

We now use the Cauchy–Schwarz inequality on these three relations (3.1.21),

(3.1.22), and (3.1.23), for the coefficients of the scheme. We have, starting with (3.1.22),

|a»| =
∣

∣

∣

∣

∣

>
∑

$=2>
³$$

∣

∣

∣

∣

∣

=
∣

∣

∣

∣

∣

>
∑

$=2>

:
³$

:
³$$

∣

∣

∣

∣

∣

f
( >

∑

$=2>
³$

)

1
2
( >

∑

$=2>
³$$

2

)

1
2

= |a»|.

Since the first and last expressions in this string of inequalities and equalities are the same,

it follows that all the expressions are equal. However, the Cauchy–Schwarz inequality is

an equality only if all the terms with the same index are proportional. This means there

must be a constant c such that

:
³$ $ = c

:
³$ for all $,

and this implies that at most one ³$ is nonzero. It is then easy to check that the only way

these relations can be satisfied is if a» is an integer, and the resulting schemes are the

trivial schemes (3.1.20). This proves the theorem.

An examination of equations (3.1.21), (3.1.22), and (3.1.23) shows that the Lax–

Wendroff scheme is the explicit one-step second-order accurate scheme that uses the fewest

number of grid points. (See Exercise 3.1.1.)
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One consequence of this theorem is that schemes such as we are discussing that are

more than first-order accurate will have oscillatory solutions. For example, as shown in

Figure 3.1 the solution to the Lax–Wendroff scheme goes below the x-axis. This is the

result of some of the coefficients in the scheme (the ³$ ) being negative. The Lax–Friedrichs

scheme has all coefficients nonnegative (when |a»| f 1 ) and it has a positive solution as

illustrated in Figure 3.1.

Schemes of the form (3.1.19) for which all the coefficients are nonnegative are called

monotone schemes. Monotone schemes have the property that the maximum of the solution

does not increase with time and, similarly, the minimum does not decrease. The theorem

says that monotone schemes can be at most first-order accurate.

Order of Accuracy of the Solution

We have spent some time on rigorously defining the order of accuracy of finite difference

schemes, and the importance of this concept is that it relates directly to the accuracy of the

solutions that are computed using these schemes. The order of accuracy of the solution of

a finite difference scheme is a quantity that can be determined by computation. For our

purposes here and in the exercises, it is sufficient to define the order of accuracy of the

solution of a finite difference scheme as follows. If we have an initial value problem for

a partial differential equation with solution u(t, x) and a finite difference scheme, we use

the initial data of the differential equation evaluated at the grid points as initial data for the

scheme, i.e., v0
m = u(0, xm). We also assume that the time step is a function of the space

step, i.e., k = �(h). We then determine the error at time tn = nk by

Error(tn) = ‖u(tn, ·) 2 vn‖h

=
(

h
∑

m

|u(tn, xm) 2 vnm|2
)1/2

,
(3.1.24)

where the sum is over all grid points. The order of accuracy of the solution is defined to be

that number r, if it exists, such that

Error(tn) = O(hr).

In Chapter 10 it is shown that for smooth initial data, the order of accuracy of the

solution is equal to the order of accuracy of the scheme. Moreover, for those cases in which

the data are not smooth enough for the accuracy of the solution to equal that of the scheme,

it is shown how the order of accuracy of the solution depends on both the order of accuracy

of the scheme and the smoothness of the initial data.

Table 3.1.1 displays results of several computations illustrating the order of accuracy

of solutions of several schemes.

The schemes are applied to a periodic computation to remove all effects of boundary

conditions. The value of » was 0.9 for all computations. Columns 2 and 4 show the error

as measured by (3.1.24) for the initial value problem for the one-way wave equation with

a = 1 and initial data

u0(x) = sin(2Ãx) for 2 1 f x f 1.
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The error in the solution was measured at time 5.4. The first time step for the leapfrog

scheme was computed with the forward-time central-space scheme.

Notice that the order of the error for the first-order accurate, forward-time backward-

space scheme tends to 1 and that for the second-order accurate leapfrog scheme tends to 2.

Table 3.1.1

Comparison of order of accuracy of solutions.

Forward t backward x Leapfrog scheme

h Error Order Error Order

1/10 6.584e–1 5.945e–1

1/20 4.133e–1 0.672 1.320e–1 2.17

1/40 2.339e–1 0.821 3.188e–2 2.05

1/80 1.247e–1 0.907 7.937e–3 2.01

1/160 6.445e–2 0.953 1.652e–3 2.26

The order of accuracy of the solution, as given here, is dependent on the initial data

for the scheme and on the norm. For example, if the error is measured as the maximum

value of |u(t, xm) 2 vnm|, then the order of accuracy of the solution can be different than,

and usually not more than, the order obtained by the preceding definition. This topic is

discussed in more detail in Chapter 10.

Table 3.1.2

Comparison of order of accuracy of solutions.

Lax–Wendroff Lax–Friedrichs

h Error Order Error Order

1/10 1.021e–1 2.676e–1

1/20 4.604e–2 1.149 1.791e–1 0.579

1/40 2.385e–2 0.949 1.120e–1 0.677

1/80 1.215e–2 0.974 6.718e–2 0.738

1/160 6.155e–3 0.981 3.992e–2 0.751

Table 3.1.2 displays results of several computations with a solution that is not smooth

enough to give the solution the same order of accuracy as that of the scheme. Columns 2

and 4 show the error as measured by (3.1.24) for the initial value problem for the one-way

wave equation with a = 1 and initial data

u0(x) =
{

1 2 2|x| if |x| f 1/2,

0 otherwise.

The value of » was 0.9 for all computations and the error in the solution was measured

at time 5.4. For this exact solution, the Lax–Wendroff scheme has solutions that converge

with an order of accuracy 1, while the Lax–Friedrichs scheme has solutions with order of
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accuracy 0.75. Convergence estimates proved in Chapter 10 give the rate of convergence

of solutions if the initial data are not smooth.

Exercises

3.1.1. Using equations (3.1.21), (3.1.22), and (3.1.23), show that the Lax–Wendroff scheme

is the only explicit one-step second-order accurate scheme that uses only the grid

points xm21, xm, and xm+1 to compute the solution at xm for the next time step.

3.1.2. Solve ut + ux = 0, 21 f x f 1, 0 f t f 1.2 with u(0, x) = sin 2Ãx and pe-

riodicity, i.e., u(t, 1) = u(t,21). Use two methods:

(a) Forward-time backward-space with » = 0.8,

(b) Lax–Wendroff with » = 0.8.

Demonstrate the first-order accuracy of the solution of (a) and the second-order

accuracy of the solution of (b) using h = 1
10
, 1

20
, 1

40
, and 1

80
. Measure the error in

the L2 norm (3.1.24) and the maximum norm. (In the error computation, do not

sum both grid points at x = 21 and x = 1 as separate points.)

3.1.3. Solve the equation of Exercise 1.1.5,

ut + ux = 2 sin2 u,

with the scheme (3.1.9), treating the 2 sin2 u term as f (t, x). Show that the scheme

is first-order accurate. The exact solution is given in Exercise 1.1.5. Use a smooth

function, such as sin(x 2 t), as initial data and boundary data.

3.1.4. Modify the scheme of Exercise 3.1.3 to be second-order accurate and explicit. There

are several ways to do this. One way uses

sin2 vn+1
m = sin2 vnm + sin 2vnm

(

vn+1
m 2 vnm

)

+ O
(

k2
)

.

Another way is to evaluate explicitly the ft term in the derivation of the Lax–

Wendroff scheme and eliminate all derivatives with respect to t using the differential

equation.

3.1.5. Determine the order of accuracy of the Euler backward scheme in Exercise 2.2.6.

3.1.6. Show that the scheme discussed in Example 2.2.6 has the symbol

esk 2 cosh¿

k
+ 4ai

sin2 1
2
h¿ sin h¿

h3

and discuss the accuracy of the scheme.
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3.2 Stability of the Lax–Wendroff and Crank–Nicolson
Schemes

In this section we demonstrate the stability of the Lax–Wendroff and Crank–Nicolson

schemes. The stability analysis of the Lax–Wendroff scheme is informative because similar

steps can be used to show the stability of other schemes. From (3.1.1) the Lax–Wendroff

scheme for the one-way wave equation is

vn+1
m = vnm 2

a»

2

(

vnm+1 2 vnm21

)

+
a2»2

2

(

vnm+1 2 2vnm + vnm21

)

.

Notice that we set f = 0 as required to obtain the amplification factor. We substitute

gn
′
eim

′» for vn
′

m′ and then cancel the factor of gneim» , obtaining the following equation

for the amplification factor:

g(») = 1 2
a»

2
(ei» 2 e2i» ) +

a2»2

2
(ei» 2 2 + e2i» )

= 1 2 ia» sin » 2 a2»2(1 2 cos »)

= 1 2 2a2»2 sin2 1

2
» 2 ia» sin ».

To compute the magnitude of g(») we compute |g(»)|2 by summing the squares of

the real and imaginary parts:

|g(»)|2 =
(

1 2 2a2»2 sin2 1
2
»
)2

+ (a» sin »)2 . (3.2.1)

To work with these two terms we use the half-angle formula on the imaginary part, obtaining

|g(»)|2 =
(

1 2 2a2»2 sin2 1
2
»
)2

+
(

2a» sin 1
2
» cos 1

2
»
)2

= 1 2 4a2»2 sin2 1
2
» + 4a4»4 sin4 1

2
» + 4a2»2 sin2 1

2
» cos2 1

2
» .

Notice that two terms have a2»2 as a factor and one has a4»4 as a factor. We combine

the two terms with a2»2
first, and then factor the common factors as follows:

|g(»)|2 = 1 2 4a2»2 sin2 1
2
»(1 2 cos2 1

2
») + 4a4»4 sin4 1

2
»

= 1 2 4a2»2 sin4 1
2
» + 4a4»4 sin4 1

2
»

= 1 2 4a2»2
(

1 2 a2»2
)

sin4 1
2
».

(3.2.2)

From this form for |g(»)|2 we can see that it is less than or equal to 1 only if the

quantity to the right of the first minus sign is nonnegative. All the factors except 1 2 a2»2
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are certainly nonnegative. To insure that |g(»)|2 is always at most 1, we must have this

quantity nonnegative; i.e., the Lax–Wendroff scheme is stable if and only if |a»| f 1.

For the Crank–Nicolson scheme from (3.1.3) we have

vn+1
m 2 vnm

k
+ a

vn+1
m+1 2 vn+1

m21 + vnm+1 2 vnm21

4h
= 0,

where we have set f = 0 as required in obtaining the amplification factor. Substituting

gn
′
eim

′» for vn
′

m′ and then canceling, we obtain

g 2 1

k
+ a

gei» 2 ge2i» + ei» 2 e2i»

4h
= 0.

Or,

g 2 1 + a»
g + 1

2
i sin » = 0,

from which we obtain the following expression for the amplification factor:

g(») =
1 2 i 1

2
a» sin »

1 + i 1
2
a» sin »

.

As the ratio of a complex number and its conjugate we have immediately that |g(»)| = 1.

Alternatively,

|g(»)|2 =
1 + ( 1

2
a» sin »)2

1 + ( 1
2
a» sin »)2

= 1.

This scheme is stable for any value of »; it is unconditionally stable.

Exercises

3.2.1. Show that the (forward-backward) MacCormack scheme

Þvn+1
m = vnm 2 a»(vnm+1 2 vnm) + kf n

m,

vn+1
m = 1

2
(vnm + Þvn+1

m 2 a»( Þvn+1
m 2 Þvn+1

m21) + kf n+1
m )

is a second-order accurate scheme for the one-way wave equation (1.1.1). Show that

for f = 0 it is identical to the Lax–Wendroff scheme (3.1.1).

3.2.2. Show that the backward-time central-space scheme (1.6.1) is unconditionally stable.

3.2.3. Show that the box scheme

1

2k

[

(vn+1
m + vn+1

m+1) 2 (vnm + vnm+1)
]

+
a

2h

[

(vn+1
m+1 2 vn+1

m ) + (vnm+1 2 vnm)
]

=
1

4

(

f n+1
m+1 + f n+1

m + f n
m+1 + f n

m

)

(3.2.3)

is an approximation to the one-way wave equation ut + aux = f that is accurate

of order (2, 2) and is stable for all values of ».
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3.2.4. Using the box scheme (3.2.3), solve the one-way wave equation

ut + ux = sin(x 2 t)

on the interval [0, 1] for 0 f t f 1.2 with u(0, x) = sin x and with u(t, 0) =
2(1 + t) sin t as the boundary condition.

Demonstrate the second-order accuracy of the solution using » = 1.2 and h =
1
10
, 1

20
, 1

40
, and 1

80
. Measure the error in the L2 norm (3.1.24) and the maximum

norm. To implement the box scheme note that vn+1
0 is given by the boundary data,

and then each value of vn+1
m+1 can be determined from vn+1

m and the other values.

3.2.5. Show that the following modified box scheme for ut + aux = f is accurate of order

(2, 4) and is unconditionally stable. The scheme is

1

16
(2vn+1

m+2 + 9vn+1
m+1 + 9vn+1

m 2 vn+1
m21)

+
a»

48
(2vn+1

m+2 + 27vn+1
m+1 2 27vn+1

m + vn+1
m21)

=
1

16
(2vnm+2 + 9vnm+1 + 9vnm 2 vnm21)

2
a»

48
(2vnm+2 + 27vnm+1 2 27vnm + vnm21)

+
k

32
(2f n+1

m+2 + 9f n+1
m+1 + 9f n+1

m 2 f n+1
m21

2 f n
m+2 + 9f n

m+1 + 9f n
m 2 f n

m21).

3.3 Difference Notation and the Difference Calculus

To assist in our analysis and discussion of schemes we introduce some notation for finite

differences. The forward and backward difference operators are defined by

·+vm =
vm+1 2 vm

h
(3.3.1)

and

·2vm =
vm 2 vm21

h
, (3.3.2)

respectively. We will occasionally use the notation ·x+ and ·x2 for these operators and

define

·t+v
n
m =

vn+1
m 2 vnm

k
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for the forward difference in t; we similarly define ·t2.
The central (first) difference operator ·0 or ·x0 is defined by

·0vm =
1

2
(·+vm + ·2vm) =

vm+1 2 vm21

2h

or, more succinctly,

·0 = 1
2
(·+ + ·2).

The central second difference operator is ·+·2, which we also denote by ·2. We have

·2vm =
vm+1 2 2vm + vm21

h2
,

and also

·2 = (·+ 2 ·2)/h.

We now demonstrate the use of this notation in deriving fourth-order accurate ap-

proximations to the first and second derivative operators. By Taylor series we have

·0u =
du

dx
+

h2

6

d3u

dx3
+ O(h4) =

(

1 +
h2

6

d2

dx2

)

du

dx
+ O(h4)

=
(

1 +
h2

6
·2

)

du

dx
+ O(h4),

(3.3.3)

where we have used
d2f

dx2
= ·2f + O(h2).

We may rewrite the formula (3.3.3) for ·0u as

du

dx
=
(

1 +
h2

6
·2

)21

·0u + O(h4). (3.3.4)

The inverse of the operator 1 + h2

6
·2 is used only in a symbolic sense. In practice, the

inverse is always eliminated by operating on both sides of the expression with 1 + h2

6
·2.

Applying this formula to the simple equation

du

dx
= f, (3.3.5)

we have the equation
(

1 +
h2

6
·2

)21

·0u(xm) = f (xm)
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to fourth order. From this we have

·0u(xm) =
(

1 +
h2

6
·2

)

f (xm)

or
vm+1 2 vm21

2h
= fm +

1

6
(fm+1 2 2fm + fm21)

=
1

6
(fm+1 + 4fm + fm21).

Notice that replacing the right-hand side with only fm is a second-order accurate formula.

This formula will be used in Chapter 4.

Another fourth-order difference formula may be derived by using the formula

·0u =
du

dx
+

h2

6
·2·0u + O(h4),

which may be rewritten as

(

1 2
h2

6
·2

)

·0u =
du

dx
+ O(h4).

Applied to (3.3.5) we obtain the fourth-order approximation

(

1 2
h2

6
·2

)

·0vm = fm

or
2vm+2 + 8vm+1 2 8vm21 + vm22

12h
= fm.

For the second-order derivative we have the two formulas

d2

dx2
=
(

1 +
h2

12
·2

)21

·2 + O(h4) (3.3.6)

and
d2

dx2
=
(

1 2
h2

12
·2

)

·2 + O(h4). (3.3.7)

It is of some use to develop the formalism relating differences to derivatives. Let

" = "x = d
dx
. Then by Taylor series,

u(x + h) =
>
∑

j=0

hj

j !
"ju(x) = eh"u(x). (3.3.8)
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This formalism may be regarded as a purely symbolic operation for obtaining differ-

ence equations. If we adopt this view, then we should always check the accuracy of the

formulas by the methods of Section 3.1. We may also regard this formalism as a shorthand

notation for general Taylor series methods. For example, we can write out the expressions

in (3.3.3) without writing down the symbol u. If we use this shorthand notation properly,

the results will be consistent with the methods of Section 3.1, and there is no need to perform

additional checks on the accuracy of schemes derived by this formalism. Therefore, we

may express formulas (3.3.1) and (3.3.2) as

·+ =
eh" 2 1

h
(3.3.9)

and

·2 =
1 2 e2h"

h
. (3.3.10)

Also,

·0 =
1

2
(·+ + ·2) =

eh" 2 e2h"

2h
=

sinh h"

h
(3.3.11)

and

·2 = ·+·2 = h22(eh" 2 1)(1 2 e2h")

=
[

h21(eh"/2 2 e2h"/2)
]2

=
(

sinh 1
2
h"

1
2
h

)2

.

(3.3.12)

Notice that to obtain the symbols of these operators according to Definitions 3.1.3

and 3.1.4 we need only replace " by i¿.

We may generalize formula (3.3.4) as follows. From (3.3.11) we have

·0 =
sinh h"

h
=

sinh h"

h"
" (3.3.13)

and from (3.3.12) we have

h· = 2 sinh 1
2
h",

where · is defined by this relation. Thus

h" = 2 sinh21 1
2
h·

or

" =
sinh21 1

2
h·

1
2
h

(3.3.14)

and so, from (3.3.13),

·0 =
sinh[2 sinh21( 1

2
h·)]

2 sinh21 1
2
h·

"
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or

" =
2 sinh21( 1

2
h·)

sinh[2 sinh21( 1
2
h·)]

·0

=
[

1 +
(

h·

2

)2
]21/2

sinh21 1
2
h·

1
2
h·

·0.

(3.3.15)

One may use the expression (3.3.15) to substitute for the derivatives with respect to x

in differential equations and similarly use the square of (3.3.14) to substitute for the second

derivative. By expanding the Taylor series to high enough powers of h, approximations

to any order of accuracy can be obtained.

It is important to realize that not all schemes arise by a straightforward application

of these formulas. The Lax–Wendroff scheme is a good example of a scheme relying on

clever manipulations to obtain second-order accuracy in time, even though the scheme is

a one-step scheme. Other examples of higher order accuracy schemes using similar ideas

are given in Chapter 4.

Derivation of Schemes Using the Symbolic Calculus

To illustrate the use of the symbolic calculus, we derive several higher order accurate

schemes.

Example 3.3.1. We first derive a (4, 4) scheme for the one-way wave equation. The starting

point for the derivation is the Taylor series expansion for a solution of ut + aux = f,

un+2
m 2 un22

m

4k
=ut +

2k2

3
ut t t + O(k4)

=
(

1 +
2k2

3
·2
t

)

ut + O(k4)

=
(

1 +
2k2

3
·2
t

)

(2aux + f ) + O(k4)

= 2
(

1 +
2k2

3
·2
t

)

a

(

1 2
h2·2

6

)

·0u

+
(

1 +
2k2

3
·2
t

)

f + O(k4) + O(h4)

= 2 a

(

1 2
h2·2

6

)

·0

(

2un+1
m 2 unm + 2un21

m

3

)

+
(

2f n+1
m 2 f n

m + 2f n21
m

3

)

+ O(k4) + O(h4).
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This gives the (4, 4) scheme

vn+2
m 2 vn22

m

4k
+ a

(

1 2
h2·2

6

)

·0

(

2vn+1
m 2 vnm + 2vn21

m

3

)

=
2f n+1

m 2 f n
m + 2f n21

m

3
.

In Chapter 4 we present methods to show that this scheme is stable for

|a»| <
:

3

4

1

(1 +
:

6)(
:

6 2 3/2)1/2
j 0.128825

(see Exercises 4.2.1 and 4.4.5).

Example 3.3.2. As a second example we derive a scheme that is a hybrid between the Lax–

Wendroff scheme (3.1.2) and the Crank–Nicolson scheme (3.1.3) for the one-way wave

equation. We begin by considering u(tn+1/3, x):

un+1 2 un

k
=

e2k"t/3 2 e2k"t/3

k
un+1/3 = u

n+1/3
t +

k

6
u
n+1/3
t t + O(k2)

= u
n+1/3
t +

k

6

(

a2u
n+1/3
xx + (f

n+1/3
t 2 af

n+1/3
x )

)

+ O(k2),

and using the relation ×n+1/3 = (×n+1 + 2×n)/3 + O(k2), we obtain

vn+1
m 2 vnm

k
+ a·0

(

vn+1
m + 2vnm

3

)

2
k

6
a2·2

(

vn+1
m + 2vnm

3

)

=
f n+1
m + f n

m

2
2

ak

6
·0

(

f n+1
m + 2f n

m

3

)

.

(3.3.16)

This scheme is a (2, 2) scheme and is stable for |a»| f 3. See Exercise 3.3.7.

Example 3.3.3. For our last example we derive an implicit (2, 2) scheme for the one-way

wave equation. We have from (3.3.10) that

"tv
n+1 = 2k21 ln(1 2 k·t2)v

n+1

and by (3.3.8),

"tu
n+2/3 = e2k"t/3"tu

n+1

= 2
(

1 2
1

3
k·t2

)

k21 ln(1 2 k·t2)u
n+1 + O(k2)

=
(

1 2
1

3
k·t2

)(

·t2 +
1

2
k·2

t2

)

un+1 + O(k2)

=
(

·t2 +
1

6
k·2

t2

)

un+1 + O(k2)

=
7un+1 2 8un + un21

6k
+ O(k2).
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Using this relation with u
n+2/3
x = (2un+1

x + unx)/3 + O(k2) we obtain

7vn+1
m 2 8vnm + vn21

m

6k
+ a·0

(

2vn+1
m + vnm

3

)

= f
n+2/3
m .

In Example 4.3.1 it is shown that this scheme is unconditionally stable.

Exercises

3.3.1. Derive (3.3.6) and (3.3.7).

3.3.2. Obtain (3.3.4) directly from (3.3.15).

3.3.3. Obtain (3.3.7) from "2 = 4
h2

(

sinh21 1
2
h·
)2

, which is equivalent to (3.3.14).

3.3.4. Determine the stability and accuracy of the following scheme, a modification of the

Lax–Wendroff scheme, for ut + aux = f. For the stability analysis, but not the

accuracy analysis, assume that » is a constant:

vn+1
m = vnm 2

1

2
ak

(

1 2
h2

6
·2

)21 (

·0v
n
m 2

1

2
a2k·2vnm

)

+
k

2
(f n+1

m + f n
m)2

ak2

4

(

1 2
h2

6
·2

)21

·0f
n
m.

3.3.5. Show that the scheme for ut + aux = f given by

vn+1
m =vnm 2 ak

(

1 2
h2·2

6

)

·0v
n
m

+
a2k2

2

[

(

4

3
+ a2»2

)

·2vnm 2
(

1

3
+ a2»2

)

·2
0v

n
m

]

+
k

2
(f n+1

m + f n
m) 2

ak2

2
·0f

n
m

is accurate of order (2, 4) and stable if

|a»| f
(:

17 2 1

6

)1/2

j 0.721469.

Note that O(kh2) f O(k2) + O(h4). Hint: The computation of |g|2 can be done

similarly to that of the Lax–Wendroff scheme.
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3.3.6. Show that the improved Crank–Nicolson scheme for ut + aux = f,

vn+1
m 2 vnm

k
+ a

(

1 +
h2

6
·2

)21

·0

(

vn+1
m + vnm

2

)

=
f n+1
m + f n

m

2
,

is accurate of order (2, 4) and is unconditionally stable. The scheme may also be

written as

1

6
vn+1
m+1 +

2

3
vn+1
m +

1

6
vn+1
m21 +

a»

4
(vn+1

m+1 2 vn+1
m21)

=
1

6
vnm+1 +

2

3
vnm +

1

6
vnm21 2

a»

4
(vnm+1 2 vnm21)

+
k

12
(f n+1

m+1 + 4f n+1
m + f n+1

m21 + f n
m+1 + 4f n

m + f n
m21).

3.3.7. Show that the scheme derived in Example 3.3.2 is stable for |a»| f 3.

3.3.8. Use the relationship " = h21 ln(1 + h·+) from (3.3.9) to derive the second-order

accurate one-sided approximation

du

dx
(x0) j

23u(x0) + 4u(x1) 2 u(x2)

2h
.

3.4 Boundary Conditions for Finite Difference Schemes

In solving initial-boundary value problems such as (1.2.1) by finite difference schemes, we

must use the boundary conditions required by the partial differential equation in order to

determine the finite difference solution. Many schemes also require additional boundary

conditions, called numerical boundary conditions, to determine the solution uniquely. We

introduce our study of numerical boundary conditions by considering the Lax–Wendroff

scheme applied to the initial-boundary value problem (1.2.1). In Chapter 11 we discuss the

theory of boundary conditions in more detail.

When we use the Lax–Wendroff scheme on equation (1.2.1), the scheme can be

applied only at the interior grid points and not at the boundary points. This is because

the scheme requires grid points to the left and right of (tn, xm) when computing vn+1
m ,

and at the boundaries either xm21 or xm+1 is not a grid point. Assuming that a is

positive, the value of vn0 is supplied by the boundary data as required by the differential

equation. At xM , where xM is the last grid point on the right, we must use some means

other than the scheme to compute vn+1
M . This additional condition is called a numerical

boundary condition. Numerical boundary conditions should be some form of extrapolation

that determines the solution on the boundary in terms of the solution in the interior. For
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example, each of the following are numerical boundary conditions for (1.2.1):

vn+1
M = vn+1

M21, (3.4.1a)

vn+1
M = 2vn+1

M21 2 vn+1
M22, (3.4.1b)

vn+1
M = vnM21, (3.4.1c)

vn+1
M = 2vnM21 2 vn21

M22. (3.4.1d)

Formulas (3.4.1a) and (3.4.1b) are simple extrapolations of the solution at interior grid points

to the boundary. Formulas (3.4.1c) and (3.4.1d) are sometimes called quasi-characteristic

extrapolation, since the extrapolation is done from points near the characteristics.

Numerical boundary conditions often take the form of one-sided differences of the

partial differential equation. For example, rather than formulas (3.4.1) we might use

vn+1
M = vnM 2 a»(vnM 2 vnM21). (3.4.2)

However, we can easily see that (3.4.2) is the result of using the Lax–Wendroff scheme at

vn+1
M where vnM+1 is determined by

vnM+1 = 2vnM 2 vnM21,

which is essentially (3.4.1b). This example also illustrates the use of extra points beyond

the boundary to aid in the determination of the boundary values.

It is often easier to use extrapolation formulas such as (3.4.1) than to use extra points

or one-sided differences. Moreover, the extrapolations can give as accurate answers as the

other methods. The one-sided differences and extra points are occasionally justified by ad

hoc physical arguments, which can be more confusing than useful.

There is one difficulty with numerical boundary conditions, which we do not have

space to discuss in detail in this chapter, namely, that the numerical boundary condition cou-

pled with a particular scheme can be unstable. This topic is discussed further in Chapter 11.

For example, (3.4.1a) and (3.4.1b) together with the leapfrog scheme are unstable, whereas

(3.4.1c) and (3.4.1d) are stable. For the Crank–Nicolson scheme, conditions (3.4.1c) and

(3.4.1d) are unstable when a» is larger than 2, but (3.4.1a) and (3.4.1b) are stable. The

proofs that these boundary conditions are stable or unstable, as the case may be, are given

in Chapter 11.

The analysis of the stability of a problem involving both initial data and boundary

conditions is done by considering the several parts. First, the scheme must be stable for the

initial value problem considered on an unbounded domain. This is done with von Neumann

analysis. The stability of the boundary conditions is done for each boundary separately.

Conditions at one boundary cannot have a significantly ameliorating effect on an unstable

boundary condition at the other boundary. As the preceding examples show, a boundary

condition may be stable or unstable depending on the scheme with which it is being used.
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Figure 3.3. Unstable boundary condition for the leapfrog scheme.

Example 3.4.1. An example of an unstable boundary condition is shown in Figure 3.3.

The leapfrog scheme is used with equation (1.2.1), with a equal to 1. The grid spacing

is 0.02 and » is equal to 0.9. At the left boundary, where x equals 0, u is specified to

be the exact solution sin 2Ã(x 2 t). The Lax–Friedrichs scheme is used for the first time

step. At the right boundary, where x is 1, (3.4.1a) is used. The three plots in the figure

show the effect at the times 0.9, 1.8, and 2.7. The growth arising from an unstable boundary

condition is not as dramatic as that arising from using an unstable scheme. The growth

may be O(n) for an unstable boundary condition, whereas it is exponential in n for an

unstable scheme.

Figure 3.3 illustrates one additional difficulty with unstable boundary conditions:

that the oscillations that are the result of the instability may not stay in the vicinity of the

boundary. In the first plot the oscillations are spread throughout the interval, and in the plot

at time 1.8, in the upper right, the oscillations are concentrated near the other boundary.

This is due to the slow growth of the instability and the presence of the parasitic mode for

the leapfrog scheme that propagates errors in the opposite direction from the differential

equation. Parasitic modes are discussed in Chapters 4 and 5. After sufficient time, as shown
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in the third plot, the effect of the boundary instability is seen at that boundary. When the

effects of the boundary instability are observed far from the boundary, it can be difficult for

programmers to determine that the boundary condition is the source of the oscillations.

In practice, if we suspect that there is a numerical boundary condition instability, the

easiest thing to do is to change to a different form of extrapolation to eliminate it. There

is an analytical means of checking for these instabilities, but the algebraic manipulations

are often quite involved, as will be seen in Chapter 11. If a computer program using a

finite difference scheme is being used to solve a system of equations, it is usually easier

to implement other boundary conditions than it is to analyze the original conditions to

determine their stability.

One final comment should be made on this topic. In solving initial-boundary value

problems by finite differences, it is best to distinguish clearly between those boundary con-

ditions required by the partial differential equation and the numerical boundary conditions.

By making this distinction, we can avoid solving overdetermined or underdetermined partial

differential equation initial-boundary value problems.

Exercise

3.4.1. Solve the initial-boundary value problem (1.2.1) with the leapfrog scheme and the

following boundary conditions. Use a = 1. Only (d) should give good results.

Why?

(a) At x = 0, specify u(t, 0); at x = 1, use boundary condition (3.4.1b).

(b) At x = 0, specify u(t, 0); at x = 1, specify u(t, 1) = 0.

(c) At x = 0, use boundary condition (3.4.1b); at x = 1, use (3.4.1c).

(d) At x = 0, specify u(t, 0); at x = 1, use boundary condition (3.4.1c).

3.5 Solving Tridiagonal Systems

To use the Crank–Nicolson scheme and many other implicit schemes such as (1.6.1), we

must know how to solve tridiagonal systems of linear equations. We now present a con-

venient algorithm, called the Thomas algorithm, to solve tridiagonal systems that arise in

finite difference schemes. This is the algorithm used to compute the solutions displayed in

Figure 3.2.

Consider the system of equations

aiwi21 + biwi + ciwi+1 = di, i = 1, . . . , m 2 1, (3.5.1)

with the boundary conditions

w0 = ´0 and wm = ´m. (3.5.2)

We will solve this system by Gaussian elimination without partial pivoting. It reduces

to this: We want to replace (3.5.1) by relationships of the form

wi = pi+1wi+1 + qi+1, i = 0, 1, 2, . . . , m 2 1, (3.5.3)
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where the values of pi+1 and qi+1 are to be determined. For (3.5.3) to be consistent

with (3.5.1), we substitute (3.5.3) into (3.5.1) for wi21 and examine the resulting relation

between wi and wi+1:

ai(piwi + qi) + biwi + ciwi+1 = di

or

wi = 2(aipi + bi)
21ciwi+1 + (aipi + bi)

21 (di 2 aiqi).

Comparing this expression with (3.5.3) we must have

pi+1 = 2(aipi + bi)
21ci,

qi+1 = (aipi + bi)
21 (di 2 aiqi),

(3.5.4)

for consistency of the formulas. Thus if we know p1 and q1, then we can use (3.5.4)

to compute pi and qi for i greater than 1. The values of p1 and q1 are obtained

from the boundary condition (3.5.2) at i = 0. At i equal to 0 we have the two formulas

w0 = p1w1 + q1 and w0 = ´0. These conditions are consistent if p1 = 0 and q1 = ´0.

With these initial values for p1 and q1, formulas (3.5.4) then give all the values of pi and

qi up to i equal to m. To get the values of wi we use (3.5.3) starting with wm, which

is given.

We now consider other boundary conditions. If we have

w0 = w1 + ´0,

then we set p1 = 1 and q1 = ´0. If we have the boundary conditions

wm = wm21 + ´m,

then the relation

wm21 = pmwm + qm

also holds, and we combine these two relations to obtain

wm = (1 2 pm)
21 (qm + ´m).

If pm = 1, then wm cannot be defined, and the system with this boundary condition is

singular.

In general, the values of p1 and q1 are determined by the boundary condition at i

equal to 0, and the value of wm is determined by the boundary condition at i equal to m,

together with the relation (3.5.3) if necessary.

For the Thomas algorithm to be well-conditioned, we should have

|pi | f 1. (3.5.5)

This is equivalent to having the multipliers in Gaussian elimination be at most 1 in mag-

nitude. From (3.5.3) we see that the error in wi+1 is multiplied by pi+1 to contribute to
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the error in wi . If (3.5.5) is violated for several values of i, then there will be an increase

in the error. This error growth is due to ill-conditioning in the Thomas algorithm, and

using Gaussian elimination with partial pivoting should remove this error magnification.

Condition (3.5.5) has nothing to do with the stability or instability of the scheme.

The condition (3.5.5) should be checked when using the Thomas algorithm. Here are

two special cases where (3.5.5) holds.

1. Diagonal dominance, i.e., |ai | + |ci | f |bi |.
2. 0 f 2ci f bi, 0 f ai with 0 f p1 f 1, or 0 f 2ai, 0 f ci f bi with 21 f

p1 f 0.

The formulas for tridiagonal systems can be extended to block tridiagonal systems in

which the ai, bi, and ci are square matrices and the unknown wi are vectors. In this case

the pi are also matrices and the qi are vectors. The method also extends to pentadiagonal

systems.

Here is a sample of pseudocode for the Thomas algorithm for the Crank–Nicolson

scheme. The function Data refers to the boundary data that must be supplied as part of the

scheme. The boundary condition at the right end of the grid is (3.4.1c). This code must be

included in a loop over all time steps.

# Set the parameters.

aa = -a*lambda/4

bb = 1

cc = -aa

# Set the first elements of the p and q arrays.

p(1) = 0.

q(1) = Data(time)

# Compute the p and q arrays recursively.

loop on m from 1 to M-1

dd = v(m) - a*lambda*( v(m+1) - v(m-1))/2

denom = (aa* p(m) + bb )

p(m+1) = -cc / denom

q(m+1) = (dd - q(m)*aa ) /denom

end of loop on m

# Apply the boundary condition at the last point.

v(M) = v(M-1)

# Compute all interior values.

loop on m from M-1 to 0

v(m) = p(m+1)*v(m+1) + q(m+1)

end of loop on m

Periodic Tridiagonal Systems

If we use the Crank–Nicolson scheme or a similar scheme to solve a problem with periodic

solutions, then we obtain periodic tridiagonal systems. These can be solved by an extension

of the previous algorithm.
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Consider the system

aiwi21 + biwi + ciwi+1 = di, i = 1, . . . , m, (3.5.6)

with w0 = wm and wm+1 = w1. This periodic system can be solved as follows. Solve

three systems as for the nonperiodic case, each for i = 1, . . . , m:

aixi21 + bixi + cixi+1 = di

with x0 = 0 and xm+1 = 0,

aiyi21 + biyi + ciyi+1 = 0

with y0 = 1 and ym+1 = 0, and

aizi21 + bizi + cizi+1 = 0

with z0 = 0 and zm+1 = 1.

Since these systems have the same matrix but different data, they use the same pi’s

but different qi’s. (For the last of these systems, qi = 0. )

Then we construct wi as

wi = xi + ryi + szi .

It is easy to see that wi satisfies (3.5.6) for i = 1, . . . , m. We choose r and s to guarantee

the periodicity. The relationship w0 = wm becomes

r = ry0 = xm + rym + szm

and wm+1 = w1 becomes

s = szm+1 = x1 + ry1 + sz1.

These are two equations in the two unknowns r and s. The solution is

r =
xm(1 2 z1) + x1zm

D
,

s =
xmy1 + x1(1 2 ym)

D
,

with

D = (1 2 ym)(1 2 z1) 2 y1zm.

These formulas for solving periodic tridiagonal systems as well as the formula in Exercise

3.5.8 are special cases of the Sherman–Morrison formula for computing the inverse of a

matrix given the inverse of a rank 1 modification of the matrix (see Exercise 3.5.10).
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Exercises

3.5.1. Solve ut + ux = 0 on 21 f x f 1 for 0 f t f 1 with the Crank–Nicolson scheme

using the Thomas algorithm. For initial data and boundary data at x equal to 21,

use the exact solution u(t, x) = sin Ã(x 2 t). Use » = 1.0 and h = 1/10, 1/20,

and 1/40. For the numerical boundary condition use

vn+1
M 2 vnM + »(vn+1

M 2 vn+1
M21) = 0,

where xM = 1. Comment on the accuracy of the method.

Note: When programming the method it is easiest to first debug your program

using the boundary condition vn+1
M = vnM21. After you are sure the program works

with this condition, you can then change to another boundary condition.

3.5.2. Solve ut + ux + u = 0 on 21 f x f 1 for 0 f t f 1 with the Crank–Nicolson

scheme using the Thomas algorithm. For initial data and boundary data at x equal

to 21, use the two exact solutions:

(a) u(t, x) = e2t sin Ã(x 2 t),

(b) u(t, x) = max(0, e2t cosÃ(x 2 t)).

Use » = 1.0 and h = 1/10, 1/20, and 1/40. Be sure that the undifferenti-

ated term is treated accurately. For the numerical boundary condition use each of

the following two methods:

(a) vn+1
M 2 vnM + »(vn+1

M 2 vn+1
M21) + kvn+1

M = 0

and

(b) vn+1
M = 2vn+1

M21 2 vn+1
M22,

where M is the grid index corresponding to x equal to 1. Comment on the accuracy

of the methods. See the note in Exercise 3.5.1.

3.5.3. Solve ut + ux 2 u = 0 on 21 f x f 1 for 0 f t f 1 with the Crank–Nicolson

scheme using the Thomas algorithm. For initial data take

u(0, x) =
{

cos2 Ãx if |x| f 1/2,

0 otherwise,

and for boundary data take u(t,21) = 0. Use » = 1.0 and h = 1/10, 1/20, and

1/40. Be sure that the undifferentiated term is treated accurately. For the numerical

boundary condition use each of the two methods

(a) vn+1
M 2 vnM + »(vn+1

M 2 vn+1
M21) 2 kvn+1

M = 0

and

(b) vn+1
M = 2vn+1

M21 2 vn+1
M22.

Comment on the accuracy of the methods. See the note in Exercise 3.5.1.
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3.5.4. Solve ut + ux 2 u = 2t sin Ã(x 2 t) on 21 f x f 1 for 0 f t f 1.2 with the

Crank–Nicolson scheme using the Thomas algorithm. For initial data and boundary

data at x = 21 use the exact solution u(t, x) = (1 + t) sin Ã(x 2 t). Use » = 1.0

and h = 1/10, 1/20, and 1/40. Be sure that the undifferentiated term is treated

accurately. For the numerical boundary condition at xM = 1 use

vn+1
M 2 vnM + »(vn+1

M 2 vn+1
M21) 2 kvn+1

M = kf (tn+1, xM).

Comment on the accuracy of the method. See the note in Exercise 3.5.1.

3.5.5. Show that the condition (3.5.5) is violated for the Crank–Nicolson scheme (3.1.4)

when p1 = 0 and a» > 4.

3.5.6. Show that the second-order differential equation

a(x)
d2u

dx2
+ b(x)

du

dx
+ c(x)u = d(x)

for ³ f x f ´ with u(³) = A and u(´) = B can be solved by an algorithm

similar to the Thomas algorithm. Set

du

dx
= p(x)u + q(x)

and determine equations for p(x) and q(x). Discuss how p g 0 is the analogue

to (3.5.5).

3.5.7. Repeat some of the calculations of Exercise 3.5.2 with the (2, 4) accurate scheme

of Exercise 3.3.6, modified to include the undifferentiated term. Can you attain a

benefit from the fourth-order accuracy?

3.5.8. Show that the following algorithm also solves the periodic tridiagonal system (3.5.6).

1. Solve aixi21 + bixi + cixi+1 = di, i = 1, . . . , m, with x0 = Ãx1 and

xm+1 = Ãxm, where Ã = sign(a1b1).

2. Solve aiyi21 + biyi + ciyi+1 = 0, i = 1, . . . , m, with y0 = Ãy1 + 1 and

ym = Ãym+1 + 1.

3. The solution wi is then obtained as wi = xi 2 ryi, where r = x02xm
y02ym

.

3.5.9. In the algorithm of Exercise 3.5.8, why shouldn’t we take Ã = 1 when a1 and b1

have opposite signs?

3.5.10. Verify the following formula, called the Sherman–Morrison formula, for a linear

system of equations with matrix A.

If Ay = b and Az = u, then (A + uvT )x = b has the solution

x = y 2
vT y

(1 + vT z)
z.

This formula is useful for computing the solution x of (A + uvT )x = b if we

have a convenient method of solving equations of the form Ay = b.



Chapter 4

Stability for Multistep Schemes

In Section 2.2 we gave necessary and sufficient conditions for the stability of one-step

schemes, and in this chapter we extend this analysis to multistep schemes. In the first

section of this chapter we examine the leapfrog scheme and give necessary and sufficient

conditions for the stability of this scheme. In the second section we present the stability

analysis for general multistep schemes. In the last section we present the theory of Schur

and von Neumann polynomials, which provides an algorithm for determining the stability

criteria for multistep schemes.

4.1 Stability for the Leapfrog Scheme

We begin by analyzing the stability of the leapfrog scheme (1.3.4) for the one-way wave

equation (1.1.1), which is

vn+1
m 2 vn21

m

2k
+ a

vnm+1 2 vnm21

2h
= 0.

The previous analysis of Chapter 2 covered only the case of one-step schemes. The leapfrog

scheme is representative of schemes using more levels than the two required by one-step

schemes. The stencil of the leapfrog scheme is displayed in Figure 4.1.

By using the Fourier inversion formula for vn21, vn, and vn+1 (see (2.1.4)), we

obtain the equation

∫ Ã/h

2Ã/h

eimh¿
(

Ævn+1(¿) + 2ia» sin(h¿) Ævn(¿) 2 Ævn21(¿)
)

d¿ = 0

in a manner similar to the method used to obtain equation (2.2.3). By the uniqueness of

the Fourier transform, we conclude that the integrand in this integral must be zero for each

value of n, giving the relationship

Ævn+1(¿) + 2ia» sin(h¿) Ævn(¿) 2 Ævn21(¿) = 0. (4.1.1)

To solve this three-term recurrence relation in Ævn, we set Ævn = gn, where the superscript

on Æv is an index and that on g represents the power. We then obtain, after canceling

gn21,

g2 + 2ia» sin(h¿)g 2 1 = 0.

95
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One-Step Scheme

Leapfrog Scheme

x, m

t, n

Figure 4.1. Leapfrog stencil.

There are two roots to this quadratic equation, given by

g± = 2ia» sin(h¿) ±
√

1 2 (a»)2 sin2(h¿). (4.1.2)

When g+ and g2 are not equal, the solution for Ævn in (4.1.1) is given by

Ævn(¿) = A+(¿)g+(h¿)
n + A2(¿)g2(h¿)

n, (4.1.3)

where the functions A+(¿) and A2(¿) are determined by the initial conditions. As we

will see, the term with g+ contains most of the accurate portion of the solution. To

emphasize the special nature of g+ and make some of the formulas nicer, we rewrite the

above expression as

Ævn(¿) = A(¿)g+(h¿)
n + B(¿)

[

g2(h¿)n 2 g+(h¿)n

g2(h¿) 2 g+(h¿)

]

(4.1.4)

for functions A(¿) and B(¿), which are determined by the initial conditions. When g+
and g2 are equal, then the solution can be written

Ævn(¿) = A(¿)g(h¿)n + B(¿)ng(h¿)n21, (4.1.5)
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where g+ = g2 = g. The functions A(¿) and B(¿) are related to Æv0(¿) and Æv1(¿) by

A(¿) = Æv0(¿)

and

B(¿) = Æv1(¿) 2 Æv0(¿)g+(h¿). (4.1.6)

We now consider the stability of the leapfrog scheme using Definition 1.5.1 with J

equal to 1. We first consider the case where g+ and g2 are not equal, and we choose the

initial data v0 and v1 so that B(¿) is identically zero. Then from (4.1.4) we have

| Ævn(¿)| = |A(¿)| |g+(h¿)|n.

As with the one-step schemes, we see that it is necessary that g+(h¿) satisfies the inequality

|g+(h¿)| f 1 + Kk,

just as for the amplification factor of a one-step scheme. Obviously, from (4.1.3) g2(h¿)
must also satisfy such an estimate. If we take » to be a constant, then we may employ the

restricted condition

|g±(h¿)| f 1

to determine the stability. From (4.1.2) with |a»| f 1 we have that

|g+|2 = |g2|2 = 1 2 (a»)2 sin2 » + (a» sin »)2 = 1.

If |a»| is greater than 1, then for » equal to Ã/2 we have from (4.1.2)

|g2(Ã/2)| = |a»| +
√

(a»)2 2 1 > 1,

which shows that the scheme is unstable in this case. From this we see that the stability

condition is |a»| f 1, except that we must also examine what happens when g+ and g2
are equal.

It is easy to see from (4.1.2) that g+ can be equal to g2 only when |a» sin » | = 1.

Since we know already that |a»| must be at most 1, we need consider only |a»| f 1. But

then g+ = g2 only when |a»| = 1 and » = ± Ã/2, and we then have g+ = g2 = ± i.

The solution for Ævn is then

Ævn
(

± Ã

2h

)

= A
(

± Ã

2h

)

(3i)n + B
(

± Ã

2h

)

n(3i)n21,

and when these values of B are nonzero, Ævn will grow linearly in n.

Since Ævn for » equal to ± Ã/2 behaves this way—i.e., has a growth that is linear

in n —we can show that there are solutions to the finite difference scheme whose norm

grows very nearly linearly in n, and therefore the leapfrog scheme is unstable if |a»| = 1;
see Exercise 4.1.5. Hence the leapfrog scheme is stable only if |a»| is strictly less than 1.
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Figure 4.2. Leapfrog instability for a» = 1.

Thus the necessary and sufficient condition for the stability of the leapfrog scheme (1.3.4)

is

|a»| < 1.

The instability that occurs for |a»| = 1 is much milder than that which occurs for

|a»| > 1; nonetheless, it is an instability. Figure 4.2 displays the solution of the leapfrog

scheme applied to the one-way wave equation (1.1.1) with a = 1 and » = 1 for a periodic

problem on the interval [21, 1]. Also displayed is the initial solution at t = 0. The solution

is computed with a grid of h = 1/10 and is shown after 100 time steps. The first time

step was computed using the forward central scheme. Obviously, the solution is growing

slowly.

Initializing the Leapfrog Scheme

The leapfrog scheme and other three-level schemes require a one-step scheme to get started.

We can use any one-step scheme, even an unstable scheme, to initialize a multistep scheme.

A consistent unstable scheme that is used for only the first several time steps will produce

a small growth in the solution. This growth is small because of consistency. The stability

of the leapfrog scheme or other multistep schemes will keep this small initial growth from

being amplified. Also, as is shown in Chapter 10, if » is a constant, then the initialization

scheme can be accurate of order one less than that of the scheme without degrading the

overall accuracy of the scheme. Thus our use of the forward-time central-space scheme

(1.3.3) to initialize the leapfrog scheme does not affect the stability or accuracy of the

leapfrog scheme, as shown in Figure 1.3.8.
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Parasitic Modes

We now take a closer look at the solution of the leapfrog scheme. As (4.1.3) shows, the

solution to the leapfrog scheme consists of two parts, one associated with g+ and the other

with g2. The two amplification factors are distinguished by g(0)+ = 1 and g2(0) = 21.

We are interested in how these two parts behave and how they contribute to the total solution.

For definiteness we take the case where for the first time step the forward-time central-space

scheme is used. That is, Æv1 is given by

Æv1(¿) = (1 2 ia» sin h¿) Æv0(¿).

Using this relation and the expansions

g+(h¿) = 1 2 ia» sin h¿ 2 1
2
a2»2 sin2 h¿ + O(h¿)4,

g2(h¿) = 21 2 ia» sin h¿ + 1
2
a2»2 sin2 h¿ + O(h¿)4,

we have, from (4.1.6), that

B(¿) =
[

1
2
a2»2 sin2 h¿ + O(h¿)4

]

Æv0(¿).

This formula shows that B(¿) is small, i.e., O(h¿)2 for |h¿ | small. Thus, for these values

of h¿, the scheme behaves like a one-step scheme with amplification factor g+. For larger

values of |h¿ |, the magnitude of B(¿) need not be small.

The portion of the solution associated with g2 is called the parasitic mode. Since

at ¿ equal to 0 the value of g2 is 21, we see that this parasitic mode oscillates rapidly

in time. As is shown in Chapter 5, the parasitic mode also travels in the wrong direction.

That is, when a is positive, the parasitic mode travels to the left.

Example 4.1.1. An interesting way to see the parasitic mode and also to illustrate the effect

of inconsistent boundary conditions is shown in Figure 4.3. The figures show the solution

computed by the leapfrog scheme with initial data as a pulse given by

v0
m =

{

cos2 Ãxm if |xm| f 1
2
,

0 otherwise.

The value of a is 1, » is 0.9, and x is in the interval [21, 1]. At both boundaries the

values of vn are fixed at zero. At the right boundary this is inconsistent with the differential

equation (see Section 1.2). This inconsistency will serve our purpose of generating a

substantial parasitic mode in the solution.

The top left plot in Figure 4.3 shows the solution at t equal to 0.45, with the pulse

moving to the right, and the top right plot shows the solution at t equal to 1.80 and moving

to the left. The inconsistent boundary condition has generated a solution having a significant

parasitic mode, as indicated by the oscillatory nature of the pulse and its “wrong” direction

of travel. The bottom plot shows the solution at t equal to 3.6 with the original pulse shape

nearly restored. The parasitic mode has been converted to the nonparasitic mode by the

boundary condition at the left endpoint of the interval. The scheme was initialized using the

forward-time central-space scheme (1.3.3), but the phenomena displayed in these figures

are not dependent on the initialization.
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Figure 4.3. Leapfrog parasitic mode.

In any calculation with multistep schemes, as opposed to one-step schemes, there will

be parasitic modes. These parasitic modes usually cause only minor difficulty, but in some

cases the effects they cause must be reduced or removed. We can reduce the effect of the

parasitic modes by the use of dissipation, which is discussed in the next chapter.

Example 4.1.2. As a further illustration of the stability of multistep schemes, we consider

the (2, 4) leapfrog scheme

vn+1
m 2 vn21

m

2k
+ a

(

1 2 h2·2

6

)

·0v
n
m = f n

m, (4.1.7)

which uses the fourth-order difference formula (3.3.7). The equation for the amplification

factor is

g2 + 2g ia»

(

1 + 2

3
sin2 1

2
»

)

sin » 2 1 = 0

or

g2 + 2g ia»

(

4 2 cos »

3

)

sin » 2 1 = 0,
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and the amplification factors are

g± = 2ia»
4 2 cos »

3
sin » ±

√

1 2 a2»2

(

4 2 cos »

3

)2

sin2 ».

The condition that g+ and g2 have magnitude at most 1 and that they not be equal is

easily seen to be that

|a»|
(

4 2 cos »

3

)

| sin » | < 1 (4.1.8)

for all values of ». To determine the extrema of (4 2 cos ») sin », we have at the extrema

d

d»
(4 2 cos ») sin » = 1 + 4 cos » 2 2 cos2 » = 0.

This quadratic equation in cos » has one root for real », given by

cos » = 1 2
√

3

2
.

Substituting this in (4.1.8), we obtain that the necessary and sufficient condition for stability

is that

|a»| <
(

1 + 1:
6

)21 (:
6 2 3

2

)21/2

. (4.1.9)

The value of the right-hand side of (4.1.9) is approximately 0.7208 and, because this

constraint is more severe than that for the usual (2, 2) leapfrog scheme (1.3.4), we might

judge this scheme to be less efficient in some sense. However, quite the opposite is true.

Because the scheme (4.1.7) is fourth-order accurate in space but only second-order accurate

in time, we should take |a»| smaller than the limit given by (4.1.9)—for example, 0.25—

to improve the temporal accuracy. As a consequence of the fourth-order accuracy we can

either take the spatial grid spacing larger for the (2, 4) scheme (4.1.7) than we would for

the (2, 2) scheme (1.3.4) without sacrificing accuracy in the solution, or we can use the

same spatial grid spacing with (4.1.7) as we would for (1.3.4) and use the smaller time step

to attain higher accuracy without much more effort. Either way it is seen that the constraint

(4.1.9) is not a severe limitation on the scheme.

Exercises

4.1.1. Show that the implicit (2, 4) leapfrog scheme

vn+1
m 2 vn21

m

2k
+ a

(

1 + h2

6
·2

)21

·0v
n
m = f n

m

for the one-way wave equation with » constant is stable if and only if

|a»| < 1:
3
.



102 Chapter 4. Stability for Multistep Schemes

4.1.2. Show that the (2, 2) leapfrog scheme for ut + auxxx = f (see (2.2.15)) given by

vn+1
m 2 vn21

m

2k
+ a·2·0v

n
m = f n

m,

with ¿ = k/h3 constant, is stable if and only if

|a¿| < 2

33/2
.

4.1.3. Show that the leapfrog scheme

vn+1
m 2 vn21

m

2k
+ a

(

1 2 h2

6
·2 + h4

30
·4

)

·0v
n
m = f n

m

for the one-way wave equation is accurate of order (2, 6) and, if » is constant, is

stable if and only if

|a»| < 3

[2( 2
5
)1/3 2 1]1/2[( 5

2
)2/3 + 3( 5

2
)1/3 + 1]

.

Hint: The critical value of » occurs when cos » is equal to 1 2 ( 5
2
)1/3.

4.1.4. Show that the (2,>) leapfrog scheme for the one-way wave equation

vn+1
m 2 vn21

m

2k
+ a

[

1 +
(

h·

2

)2
]21/2

sinh21 1
2
h·

1
2
h·

·0v
n
m = f n

m

is stable, if » is constant, if and only if |a»| < 1/Ã; see equation (3.3.15).

4.1.5. This exercise deals with the construction of solutions to the leapfrog scheme that

have nearly linear growth in n when a» is 1. Consider the initial data given by

v0 = 0 and

v1
m = sin

(

m
Ã

2

)

for |m| < 4M

for a positive integer M. Show that for odd values of n the solution is

vnm = (21)(n21)/2 n sin
(

m
Ã

2

)

for |m| f 4M 2 n.

Conclude that ‖vn‖ grows at least linearly in n. Hint: You need only show that

‖vn‖ g Cn‖v1‖ for some large values of n, such as n = 2M. You do not need to

explicitly compute ‖vn‖.
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4.2 Stability for General Multistep Schemes

We now discuss the stability conditions for a general multistep scheme. As for one-step

schemes, we assume that the differential equation is of first order in the differentiation with

respect to t.

The stability of the multistep scheme

Pk,hv = Rk,hf (4.2.1)

is determined by considering the roots of the amplification polynomial G(g, ») given by

G(g, ») = k pk,h

(

ln g

k
, »h21

)

or, equivalently,

G
(

esk, h¿
)

= k pk,h (s, ¿) .

Alternatively, G can be obtained by requiring that

vnm = gneim» (4.2.2)

is a solution to the equation (4.2.1) with f = 0. G(g, ») is the polynomial of which g must

be a root so that (4.2.2) can be a solution of (4.2.1). We assume that the scheme involves

Ã + 1 time levels, so that G is a polynomial of order Ã. Note that J in Definition 1.5.1

will be taken to be Ã.

Since we are primarily concerned with the roots of this polynomial, there is no diffi-

culty in dealing with a scalar multiple of G(g, ») rather than G(g, ») itself. However, the

relationship between G(g, ») and the symbol p(s, ¿) is important in proving convergence

results for multistep schemes in Chapter 10.

Example 4.2.1. Consider the multistep scheme for the one-way wave equation given by

3vn+1
m 2 4vnm + vn21

m

2k
+ a

vn+1
m+1 2 vn+1

m21

2h
= f n+1

m . (4.2.3)

For this scheme the amplification polynomial is

G(g, ») = 1
2
(3 + 2ia» sin »)g2 2 2g + 1

2
.

The analysis of the stability of this scheme is not as easy as that of the leapfrog

scheme and is most easily done with the methods of the next section, in which we present

a general method for analyzing the stability of multistep schemes. This scheme is accurate

of order (2, 2) and unconditionally stable; see Exercise 4.4.3 and Example 4.2.2.
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For a one-step scheme G(g, ») is a linear polynomial in g, and the general solution

of the homogeneous difference equation is given by (2.2.5). For a multistep scheme in

which G is a polynomial of degree Ã, there are two cases to consider. First, if G has

distinct roots, g¿(»), the general solution to the homogeneous difference scheme is given

by

Ævn(¿) =
Ã
∑

¿=1

g¿(h¿)
nA¿(¿).

The coefficients A¿(¿) are determined by the data on the time levels for n from 0 to

Ã 2 1. If the roots g¿(h¿) are bounded away from each other, independently of k and h,

then the values of A¿ are bounded by the sum

C

Ã21
∑

j=0

|vj (¿)| (4.2.4)

for some constant C (see Exercise 4.2.2). As with one-step schemes, it is then easily shown

that the stability condition is

|g¿(h¿)| f 1 + Kk for ¿ = 1, . . . , Ã,

for each root of G. In the cases when G(g, ») is independent of k and h, the restricted

condition

|g¿(h¿)| f 1 for ¿ = 1, . . . , Ã (4.2.5)

holds.

We now consider the situation in which G(g, ») has multiple roots. For simplicity

we assume that the restricted condition (4.2.5) can be used. (The general case is handled

in the exercises.) Suppose that g1(»0) is a multiple root of the amplification polynomial

G at »0; then the function

Ævnm =
[

g1(»0)
nB0 + ng1(»0)

n21B1

]

eim»0

is a solution of the difference equation for any values of B0 and B1. If B0 equals 0, then

the magnitude of Ævnm is

n |g1(»0)|n21 |B1|. (4.2.6)

If |g1(»0)| is less than 1, then this quantity is bounded by a multiple of

(

|g1(»0)| log |g1(»0)|21
)21

|B1| (4.2.7)

(see Exercise 4.2.3). However, if |g1(»0)| is equal to 1, then the quantity (4.2.6) cannot be

bounded independently of n. As in the proof of Theorem 2.2.1, we can construct a solution

to the finite difference scheme that is not bounded, as required by Definition 1.5.1, the

definition of stability. We state this result in the next theorem. A root that is not a multiple

root is called a simple root.
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Theorem 4.2.1. If the amplification polynomial G(g, ») is explicitly independent of h

and k, then the necessary and sufficient condition for the finite difference scheme to be

stable is that all roots, g¿(»), satisfy the following conditions:

(a) |g¿(»)| f 1, and

(b) if |g¿(»)| = 1, then g¿(») must be a simple root.

Notice in particular that there is at most one root g0(») such that g0(0) = 1. There

is always one root with g0(0) = 1 by consistency. For completeness we state the general

theorem as well.

Theorem 4.2.2. A finite difference scheme for a scalar equation is stable if and only if all the

roots, g¿(»), of the amplification polynomial G(», k, h) satisfy the following conditions.

(a) There is a constant K such that |g¿ | f 1 + Kk.

(b) There are positive constants c0 and c1 such that if c0 f |g¿ | f 1 + Kk, then g¿
is a simple root, and for any other root gµ the relation

|g¿ 2 gµ| g c1

holds for h and k sufficiently small.

The proofs of these theorems are similar to that of Theorem 2.2.1 and are left as

exercises.

It is useful to consider the behavior of the roots g±(») for the leapfrog scheme

in terms of Theorem 4.2.1. Figure 4.4 illustrates the behavior of g+(») and g2(») as

functions of ».

We first discuss the stable case, shown in the figure at the left. For » = 0, the value

of g+(») is 1, and g2(») is 21 . As » increases from 0 to Ã/2, g+(») moves from 1 to

point A, and as » goes from Ã/2 to Ã, the value of g+(») goes from point A back to

1. As » continues from Ã to 2Ã, g+(») travels from 1 to B and back to 1. The values

of g2(») are the reflection of g+(») in the imaginary axis.

The unstable case is illustrated on the right-hand side of Figure 4.4. Let »0 be the

smallest positive value of » for which g+(») and g2(») are equal. As » increases from

0 to »0, the values of g+(») traverse from 1 to 2i. Similarly, g2(») traverses from 21

to 2i. For » between »0 and Ã/2, the double root at 2i splits into two roots, both on

the imaginary axis, one inside the unit circle and one outside. At Ã/2, they are at points

A and A′. (Since point A is outside the unit circle, the scheme is unstable.) As » takes

on values from Ã/2 to 2Ã, the values of g±(») travel from A and A′, back to 1 and

21, up to points B and B ′, and back to 1 and 21.

Example 4.2.2. We can show that scheme (4.2.3) is unconditionally stable using several

tricks. The polynomial equation for g(») can be written

(3 + 2ia» sin »)g2 2 4g + 1 = 0.

It is more convenient to solve for g(»)21, for which the equation is

g22 2 4g21 + (3 + 2ia» sin ») = 0
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Figure 4.4. The amplification factors for the leapfrog scheme.

and the roots are

g21
± = 2 3

:
1 2 2ia» sin ». (4.2.8)

It is difficult to evaluate |g(»)21| because the quantity under the square root operator is

complex. However, set g(»)21 = X + iY, where X and Y are real, and we have by

(4.2.8)

X 2 2 + iY = 3
:

1 2 2ia» sin »,

so, by squaring each side of this equation, we obtain

(X 2 2)2 2 Y 2 + 2i(X 2 2)Y = 1 2 2ia» sin ».

Thus we see that the values of X and Y are restricted to the hyperbola given by the real

part of this equation, i.e.,

(X 2 2)2 2 Y 2 = 1. (4.2.9)

This hyperbola, along with the unit circle, is shown in Figure 4.5. The two branches

of the hyperbola correspond to the two roots of the polynomial. The branch on the left

corresponds to g+(») with g+(0)21 = 1, and the branch on the right corresponds to

g2(») with g2(0)21 = 3. In particular, since they are on separate branches, the two roots

do not ever coalesce. As seen in the figure, the points (X, Y ) are outside the unit circle

except for the value of (1, 0). Thus the scheme is unconditionally stable. To show this

analytically, we use (4.2.9) to eliminate Y 2 in our evaluation of X2 + Y 2 as follows.

Recall that since g(»)21 = X + iY, we need X2 + Y 2 to be greater than or equal to 1:

X2 + Y 2 = X2 + (X 2 2)2 2 1 = 2X2 2 4X + 3 = 1 + 2(X 2 1)2 g 1.

Thus this scheme is unconditionally stable.
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1 3

Figure 4.5. Display for showing the stability of the scheme (4.2.3).

This example shows that many different approaches can be used to show stability of

schemes. However, it also shows that it would be nice to have a method that is of quite

general applicability, as is presented in the next section.

Exercises

4.2.1. Show that the amplification polynomial for the scheme derived in Example 3.3.1 is

G(z, ») = z4 + 4
3
i´

(

2z3 2 z2 + 2z
)

2 1, (4.2.10)

where

´ = a»(1 + 2
3

sin2 1
2
») sin ».

Show that the stability for this scheme can be analyzed by the following method.

(a) Substituting z = eiË , obtain an equation for Ë in the form

F(Ë) = ´.

(b) Show that for real values of ´ near 0 there are four real roots of the equation

F(Ë) = ´. Conclude that the scheme is stable for a» sufficiently small.

(c) Show that the stability limit for a» is determined by that value of ´ given by

F(Ë) = ´ and F ′(Ë) = 0.

Determine the stability limit for this scheme.



108 Chapter 4. Stability for Multistep Schemes

4.2.2. Verify that the values of A¿(¿) in equation (4.2.4) can be bounded by the quantity

(4.2.4) if the roots g¿(») are bounded away from each other. Hint: The matrix to

be inverted is a Vandermonde matrix.

4.2.3. Verify the estimate (4.2.7).

4.2.4. Prove Theorem 4.2.1.

4.2.5. Prove Theorem 4.2.2.

4.3 The Theory of Schur and von Neumann Polynomials

The application of Theorem 4.2.1 to a particular scheme requires us to determine the location

of roots of amplification polynomials, and in this section we present an algorithm for

checking the roots of such polynomials. We first present some examples on which to apply

the theory. At the end of this section we determine the stability conditions for each of these

schemes.

Example 4.3.1. The second-order accurate scheme for the one-way wave equation (1.1.1)

7vn+1
m 2 8vnm + vn21

m

6k
+ a·0

(

2vn+1
m + vnm

3

)

= f
n+2/3
m , (4.3.1)

which was derived in Example 3.3.3, has the amplification polynomial

G(z) = (7 + 4i´) z2 2 (8 2 2i´) z + 1, (4.3.2)

where ´ = a» sin ».

Example 4.3.2. The second scheme we consider, also for (1.1.1), is a (3, 4) accurate

scheme

23vn+1
m 2 21vnm 2 3vn21

m + vn22
m

24k

+
(

1 + h2

6
·2

)21 [

a·0

(

vn+1
m + vnm

2

)

+ k2a2

8
·2

(

vn+1
m 2 vnm

k

)]

= f
n+1/2
m .

(4.3.3)

This scheme has the amplification polynomial

(23 2 12³ + 12i´)z3 2 (21 2 12³ 2 12i´)z2 2 3z + 1, (4.3.4)

where

³ =
a2»2 sin2 1

2
»

1 2 2
3

sin2 1
2
»

and

´ = a» sin »

1 2 2
3

sin2 1
2
»
. (4.3.5)
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This scheme can be derived by considering third-order approximations about time

level n + 1/2.

Example 4.3.3. The third example is the (4, 4) accurate scheme for the one-way wave

equation (1.1.1):

vn+2
m 2 vn22

m

4k
+ a

(

1 + h2

6
·2

)21

·0

(

2vn+1
m 2 vnm + 2vn21

m

3

)

= 2f n+1
m 2 f n

m + 2f n21
m

3
,

(4.3.6)

which has the amplification polynomial

z4 + 4

3
i´

(

2z3 2 z2 + 2z
)

2 1, (4.3.7)

where ´ is as in (4.3.5). The derivation of this scheme is similar to the derivation in

Example 3.3.1.

A direct determination of the roots of these polynomials is a formidable task. Fortu-

nately, there is a well-developed theory and algorithm for checking whether these polynomi-

als satisfy the conditions of Theorem 4.2.1. We begin with some definitions and notations.

These definitions and the following discussion are based on the paper of Miller [43]. Let

×(z) be a polynomial of degree d,

×d(z) = adz
d + · · · + a0 =

d
∑

$=0

a$z
$.

We say that × is of exact degree d if ad is not zero.

Definition 4.3.1. The polynomial × is a Schur polynomial if all its roots, r¿, satisfy

|r¿ | < 1.

Definition 4.3.2. The polynomial × is a von Neumann polynomial if all its roots, r¿,

satisfy

|r¿ | f 1.

Definition 4.3.3. The polynomial × is a simple von Neumann polynomial if × is a von

Neumann polynomial and its roots on the unit circle are simple roots.

Definition 4.3.4. The polynomial × is a conservative polynomial if all its roots lie on

the unit circle, i.e., |r¿ | = 1 for all roots r¿ .

For any polynomial × of exact degree d we define the polynomial ×7 by

×7(z) =
d
∑

$=0

ād2$z
$, (4.3.8)
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where the bar on the coefficients of × denotes the complex conjugate. Note that

×7(z) = ×(z̄21)zd . (4.3.9)

Finally, for a polynomial ×d(z) of degree d we define recursively the polynomial

×d21(z) =
×7
d (0)×d(z) 2 ×d(0)×

7
d (z)

z
. (4.3.10)

It is easy to see that the degree of ×d21 is less than that of ×d . The next two theorems

give recursive tests for Schur polynomials and simple von Neumann polynomials.

Theorem 4.3.1. ×d is a Schur polynomial of exact degree d if and only if ×d21 is a

Schur polynomial of exact degree d 2 1 and |×d(0)| < |×7
d (0)|.

Theorem 4.3.2. ×d is a simple von Neumann polynomial if and only if either

(a) |×d(0)| < |×7
d (0)| and ×d21 is a simple von Neumann polynomial or

(b) ×d21 is identically zero and ×′
d is a Schur polynomial.

The proofs of these theorems depend on Rouché’s theorem from complex analysis.

Theorem 4.3.3. Rouché’s Theorem. Let the functions × and Ë be analytic within and

on a simple closed curve C, and suppose

|×(z) 2 Ë(z)| < |×(z)| (4.3.11)

on the curve C. Then × and Ë have the same number of zeros in the interior of C.

The proof of Rouché’s theorem rests on the observation that the number of zeros of

× inside the curve C is equal to the number of times the image of C under × winds

around the origin. Inequality (4.3.11) constrains the image of C under Ë to wind around

the origin the same number of times as × does. Rouché’s theorem has been called the

“walk-the-dog theorem” to emphasize the geometric nature of the theorem. The “dog,”

Ë(z), must go around the origin exactly as many times as its “master,” ×(z), as long as

the “leash,” ×(z) 2 Ë(z), is shorter than the distance of the master from the origin. The

proof of Rouché’s theorem is given in standard introductory texts on complex analysis.

Proof of Theorem 4.3.1. First assume that |×d(0)| < |×7
d (0)| and that ×d21 is

a Schur polynomial of degree d 2 1. If we let Ë(z) = z×d21(z)/×
7
d (0), we have, by the

definition of ×d21,

|×d(z) 2 Ë(z)| =
∣

∣

∣

∣

×d(z) 2
×7
d (0)×d(z) 2 ×d(0)×

7
d (z)

×7
d (0)

∣

∣

∣

∣

=
∣

∣

∣

∣

×d(0)

×7
d (0)

×7
d (z)

∣

∣

∣

∣

< |×7
d (z)|.

On the unit circle we also have that

|×7
d (z)| = |×d(z̄21)| = |×d(z)|,
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since z̄21 = z on the unit circle. Thus, by Rouché’s theorem, ×d has as many zeros inside

the unit circle as does z×d21. Hence ×d is a Schur polynomial.

Now assume that ×d is a Schur polynomial of degree d. Then the product of the roots

of ×d is a0/ad , and this quantity must have a magnitude less than 1. This is equivalent to

|×d(0)| < |×7
d (0)|. Rouché’s theorem then shows that z×d21 also is a Schur polynomial;

hence ×d21 is a Schur polynomial.

Proof of Theorem 4.3.2. We begin the proof by observing that a von Neumann

polynomial can be written as

×d(z) =
$
∏

¿=1

(z 2 ³¿) Þ×d2$(z), (4.3.12)

where |³¿ | = 1 for 1 f ¿ f $ and Þ×d2$(z) is a Schur polynomial or a constant. (In

case $ = 0, the theorem follows from Theorem 4.3.1.)

Lemma 4.3.4. If ×d(z) is of the form (4.3.12), then

×d21(z) =
$
∏

¿=1

(z 2 ³¿) Þ×d2$21(z). (4.3.13)

Proof. We use the form (4.3.9) to prove the lemma and note that ³̄ = ³21. We

have

×7
d (z) = ×d(z̄21)zd = zd

$
∏

¿=1

(

1

z
2 ³̄¿

)

Þ×d2$

(

1

z

)

=
$
∏

¿=1

(1 2 z³̄¿) Þ×7
d2$(z)

=
$
∏

¿=1

(2³̄¿)

$
∏

¿=1

(z 2 ³¿) Þ×7
d2$(z).

Note that

×d(0) =
$
∏

¿=1

(2³¿) Þ×d2$(0)

and

×7
d (0) =

$
∏

¿=1

(2³̄¿)

$
∏

¿=1

(2³¿) Þ×7
d2$(0) = Þ×7

d2$(0).

Note also that

×d(0)×
7
d (z) =

$
∏

¿=1

(2³¿) Þ×d2$(0)

$
∏

¿=1

(2³̄¿)

$
∏

¿=1

(z 2 ³¿) Þ×7
d2$(z)

= Þ×d2$(0)

$
∏

¿=1

(z 2 ³¿) Þ×7
d2$(z) .
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With this we compute the numerator of (4.3.10) as

×7
d (0)×d(z) 2 ×d(0)×

7
d (z)

= Þ×7
d2$(0)

$
∏

¿=1

(z 2 ³¿) Þ×d2$(z) 2 Þ×d2$(0)

$
∏

¿=1

(z 2 ³¿) Þ×7
d2$(z)

=
$
∏

¿=1

(z 2 ³¿)
[

Þ×7
d2$(0) Þ×d2$(z) 2 Þ×d2$(0) Þ×7

d2$(z)
]

and the form (4.3.13) easily follows.

The lemma proves Theorem 4.3.2 in the case when ×d21 is not identically zero. We

also see that ×d21 is identically zero only if all the roots of ×d lie on the unit circle, i.e.,

if ×d is a conservative polynomial.

When ×d is a conservative polynomial of degree d, we consider the polynomials

×·d(z) = ×d(z) + ·z×′
d(z) (4.3.14)

for small positive values of ·. We use the following lemma to give information on the roots

of ×·d(z). The lemma is for greater generality than is needed here because it is also used in

Chapter 8.

Lemma 4.3.5. If r is a root of ×(z) on the unit circle of multiplicity m, then the polynomial

×·(z) = ×(z) + ·z×′(z) has a root satisfying

r· = r(1 + ·)2m + O(·2).

Proof. We solve the equation

×·(z(1 + ·)) = 0

for · as a function of ·. Using the Taylor series on × and ×′, we have

×(r(1 + ·)) + ·r(1 + ·)×′(r(1 + ·))

= 1

m!
×m(r)(r·)m + ·r(1 + ·)

1

(m 2 1)!
×m(r)(r·)(m21) + O(·)m+1

= 1

m!
×m(r)rm·m21

(

· + m· + O(·)2
)

.

From this last equation, we see that there are m 2 1 roots with · = 0, and one root with

· = 2m· + O(·)2. Thus the root not on the unit circle is of the form

rε = r(1 2 m·) + O(·2) = r(1 + ·)2m + O(·2).
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By the lemma for m = 1, we have that the simple roots r·¿ of ×·d are given by

r·¿ = r¿(1 + ·)21 + O(·2).

Thus, if ×d is a conservative and simple von Neumann polynomial, then for small positive

values of ·, ×·d is a Schur polynomial. Theorem 4.3.1 then implies that ×·d21 is also a

Schur polynomial,

Lemma 4.3.6. If ×d(z) is a conservative polynomial of degree d, and ×·d(z) is defined

by (4.3.14), then

×·d21(z) = ·(2 + d·)×7
d (0)×

′
d(z). (4.3.15)

Proof. We begin with several formulas. First, since ×d21(z) is identically zero, we

have

×7
d (0)×d(z) = ×d(0)×

7
d (z),

and by differentiating this relation, we have

×7
d (0)×

′
d(z) = ×d(0)×

7 ′
d (z).

Next, we compute (z×′)7(z). We have

(z×′)7(z) =
d
∑

$=0

(d 2 $)ād2$z
$

= d×7 2
d
∑

$=0

$ād2$z
$

= d×7(z) 2 z×7′(z).

So we have

×·7d (z) = ×7
d (z) + ·

(

d×7(z) 2 z×7′(z)
)

,

and so

×·7d (0) = ×7
d (0)(1 + ·d) and ×·d(0) = ×d(0).

Putting these formulas together to compute the numerator of (4.3.10), we have

×·7d (0)×·d(z) 2 ×·d(0)×
·7
d (z)

= ×7
d (0)(1 + ·d)(×d(z) + ·z×′

d(z)) 2 ×d(0)
(

×7
d (z) + ·

(

d×7(z) 2 z×7′(z)
))

= ·z
[

×7
d (0)(1 + ·d)×′

d(z) + ×d(0)×
7′(z)

]

= ·z
[

×7
d (0)(1 + ·d)×′

d(z) + ×7
d (0)×

′(z)
]

= ·z(2 + ·d)×7
d (0)×

′
d(z).

This immediately leads to (4.3.15).

We are now in a position to prove Theorem 4.3.2 in the case when ×d21 is zero.
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If ×d21 is zero, then ×d(z) is a conservative polynomial and ×·d is a Schur poly-

nomial for positive ·. Thus, by Theorem 4.3.1, |×·d(0)| < |×· 7
d (0)| and ×·d21 is a Schur

polynomial. Moreover, by Lemma 4.3.6, the roots of ×·d21 are the same as those of ×′
d21.

Thus ×′
d21 is a Schur polynomial of degree d.

The argument in the other direction follows easily.

For completeness we state the following three theorems without proof.

Theorem 4.3.7. ×d is a von Neumann polynomial of degree d if and only if either ×d21 is

a von Neumann polynomial of degree d 2 1 and |×d(0)| < |×7
d (0)| or ×d21 is identically

zero and ×′
d is a von Neumann polynomial.

Theorem 4.3.8. ×d is a conservative polynomial if and only if ×d21 is identically zero

and ×′
d is a von Neumann polynomial.

Theorem 4.3.9. ×d is a simple conservative polynomial if and only if ×d21 is identically

zero and ×′
d is a Schur polynomial.

We now apply this theory to the examples given at the beginning of this section. In

applying this theory it is very helpful to use a computerized symbol manipulation language

to assist in the algebraic transformations.

Example 4.3.1, continued. We analyze the scheme (4.3.1) using Theorem 4.3.2 and begin

by setting

×2(z) = (7 + 4i´)z2 2 (8 2 2i´)z + 1,

which is polynomial (4.3.2). The scheme will be stable precisely when ×2(z) is a simple

von Neumann polynomial. We make repeated use of Theorem 4.3.2. We first check that

|×7
2 (0)| = |7 2 4i´| > 1 = |×2(0)| and then, using (4.3.10), we obtain

×1(z) = 4(12 + 4´2)z 2 4(12 2 2´2 2 12i´).

×1 is a simple von Neumann polynomial if and only if

(

12 + 4´2
)2

g
(

12 2 2´2
)2

+ 122´2

and this inequality always holds, with equality only if ´ is zero. Thus the scheme (4.3.1)

is unconditionally stable.

Example 4.3.2, continued. For scheme (4.3.3) with ×3 equal to the amplification poly-

nomial (4.3.4), we have that

|×7
3 (0)|2 2 |×3(0)|2 = 24(2 2 ³)(11 2 6³) + 122´2,

and this expression is nonnegative for 0 f ³ f 11/6. (Since ³, given by (4.3.6), depends

on » and vanishes for » equal to zero, we need not consider the case of ³ greater than 2,

nor need we consider negative ³.) Again, we make repeated use of Theorem 4.3.2.



4.3 Schur and von Neumann Polynomials 115

The polynomial ×2, after dividing by 24, is

×2(z) =
[

(11 2 6³)(2 2 ³) + 6´2
]

z2

2 2
[

(2 2 ³)(5 2 3³) 2 3´2 2 (11 2 6³)i´
]

z

2 (2 2 ³ 2 2i´).

We have

|×7
2 (0)|2 2 |×2(0)|2 = 4(5 2 3³)

[

3(2 2 ³)3 + ´2(13 2 6³)
]

+ 36´4.

Thus for stability we must have

0 f ³ f 5

3
<

11

6
.

This places a more severe requirement on ³. Finally,

×1(z) =
[

120 2 252³ + 198³2 2 69³3 + 9³4 + (18³2 2 69³ + 65)´2 + 9´4
]

z

+ 9´4 + 6(5 2 3³)i´3 + (3³ 2 5)´2

2
(

18³3 + 102³2 + 192³ 2 120
)

i´

2 9³4 + 69³3 2 198³2 + 252³ 2 120.

We have that the one root of ×1 is within or on the unit circle when

|×7
1 (0)|2 2 |×1(0)|2

is nonnegative. This quantity is

12´4(5 2 3³)
[

6´2 + (11 2 6³)(2 2 ³)
]

and is nonnegative when ³ is at most 5/3. Thus the stability condition for (4.3.3) is

³ = |a»|2
sin2 1

2
»

1 2 2
3

sin2 1
2
»

f 5

3
.

The maximum value of the left-hand side of this inequality is achieved at » equal to Ã.

Thus the scheme (4.3.3) is stable if and only if

|a»| f
:

5

3
.

Notice that (4.3.3) is an implicit scheme but is not unconditionally stable.
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Example 4.3.3, continued. To complete our final example we consider the implicit (4, 4)

scheme (4.3.6) with amplification polynomial ×4(z) given by (4.3.7). Using (4.3.10) we

find that ×3(z) is identically zero, so by Theorem 4.3.2, ×4(z) is a simple von Neumann

polynomial if and only if

Ë3(z) = 3/4×′
4(z) = 3z3 + i´(6z2 2 2z + 2)

is a Schur polynomial. By checking that |Ë3(0)| < |Ë7
3 (0)|, i.e., |2´| < 3, we see that

Ë3 is a Schur polynomial only if |´| < 3/2.

Proceeding with the algorithm given by Theorem 4.3.2 and (4.3.10), we have

Ë2(z) = (9 2 4´2)z2 + (4´2 + 18i´)z 2 12´2 2 6i´.

This is a Schur polynomial only if

(9 2 4´2)2 > (12´2)2 + (6´)2,

which is equivalent to

´2 <
9(

:
41 2 3)

64
,

and is a more severe restriction than that |´| be less than 3/2. We next obtain

Ë1(z) =
(

81 2 108´2 2 128´4
)

z + 32´4 2 264i´3 + 144´2 + 162i´.

The one root of Ë1 is inside the unit circle only if

(

81 2 108´2 2 128´4
)2

2
(

32´4 + 144´2
)2

2
(

264´3 2 162´
)2

is nonnegative. This expression factors as

3
(

9 2 4´2
) (

3 2 16´2
) (

80´4 2 72´2 + 81
)

.

The last factor is always positive, and we deduce that Ë1 is a Schur polynomial for

´2 <
3

16
<

9(
:

41 2 3)

64
.

We obtain that the stability condition for the scheme (4.3.6) is

|´| = |a» sin » |
1 2 2

3
sin2 1

2
»

<

:
3

4
.

The maximum of |´| as a function of » occurs when cos » is 21/2. Thus the scheme is

stable when

|a»| < 1/4.

Notice that when |a»| is 1/4, the polynomial ×4(z) has a double root on the unit circle.

Since ×3(z) vanishes identically, we have that ×4(z) is a conservative polynomial; that is,

all the amplification factors of the scheme (4.3.6) satisfy

|g¿(»)| c 1.

Even though this scheme is implicit, it is not unconditionally stable.
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Exercises

4.3.1. Show that if ×d21(z), as defined by (4.3.10), is identically zero, then if ³ is a root

of ×d(z), so is ³̄21.

4.3.2. Verify the accuracy of the schemes (4.3.1), (4.3.3), and (4.3.6).

4.3.3. Verify that formula (4.3.15) follows from (4.3.10) for the polynomials (4.3.14).

4.3.4. A Hurwitz polynomial is a polynomial f (z), all of whose roots are in the left

complex half-plane, i.e., Re z < 0. If f has the coefficients aj we define

f 7(z) =
d
∑

$=0

ā$(2z)$.

Given a polynomial f0 we recursively define

fd21 =
fd(z)f

7
d (21) 2 f 7

d (z)fd(21)

z + 1
.

Prove that fd is a Hurwitz polynomial of exact degree d if and only if fd21

is a Hurwitz polynomial of exact degree d 2 1 and |fd(21)| < |f 7
d (21)|. Hint:

|fd(21)| is a constant multiple of the distance of the roots from 21. The proof is

similar to that of Theorem 4.3.1.

4.4 The Algorithm for Schur and von Neumann
Polynomials

We now incorporate the preceding theorems into an algorithm for determining the conditions

under which a polynomial is a von Neumann polynomial. In Chapter 8 these results are

extended to include von Neumann polynomials of higher order. Since the algorithm is

easier to state for the more general order, we give it in the greater generality. The von

Neumann polynomials defined in this chapter are von Neumann polynomials of order 1,

and Schur polynomials are von Neumann polynomials of order 0.

We start with a polynomial ×d(z) of exact degree d, which might depend on several

parameters, and set the initial von Neumann order equal to 0.

While the degree, d, of ×d(z) is greater than 0, perform steps 1 through 4.

1. Construct ×7
d (z) according to either (4.3.8) or (4.3.9).

2. Define cd = |×7
d (0)|2 2 |×d(0)|2.

3. Construct the polynomial Ë(z) = (×7
d (0)×d(z) 2 ×d(0)×

7
d (z))/z

according to (4.3.10).

4.1. If Ë(z) is identically 0, then increase the von Neumann order by 1

and set ×d21(z) to be ×′
d(z).
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4.2. Otherwise, if the coefficient of degree d 2 1 in Ë(z) is 0, then the

polynomial is not a von Neumann polynomial of any order.

The algorithm terminates.

4.3. Otherwise, set ×d21(z) to be Ë(z).

At the end of this algorithm, if the polynomial has not been rejected by step 4.2,

then the polynomial is a von Neumann polynomial of the resulting order provided that all

of the parameters cd , for d from the initial degree down to 1, satisfy the appropriate

inequalities. The quantities cd must be nonnegative if the polynomial ×d is to be a von

Neumann polynomial and the cd must be positive if ×d is to be a Schur polynomial. The

conditions on cd provide the stability conditions.

For first-order partial differential equations, the amplification polynomial must be a

von Neumann polynomial of order 1 for the scheme to be stable. For second-order partial

differential equations, as discussed in Chapter 8, the amplification polynomial must be a

von Neumann polynomial of order 2.

Exercises

4.4.1. Determine if these polynomials are Schur polynomials, von Neumann polynomials,

or neither. Use of a programming language is recommended for the polynomials of

higher degree.

(a) 2z3 + z2 + z + 1.

(b) 2z4 + z3 + z2 + 2z + 1.

(c) z6 + z5 2 z 2 1.

(d) z8 + z7 + z4 + z + 1.

(e) z8 + z5 + z + 1.

4.4.2. Use the methods of this section to show that the leapfrog scheme (1.3.4) is stable if

and only if |a»| is less than 1.

4.4.3. Using the methods of this section, verify that the scheme (4.2.3) is unconditionally

stable.

4.4.4. Show that the modified leapfrog scheme

vn+1
m 2 vn21

m

2k
+ a·0

(

vn+1
m + 4vnm + vn21

m

6

)

= f n
m

is stable if and only if |a»| <
:

3.

4.4.5. Show that the explicit (4, 4) scheme for (1.1.1) derived in Example 3.3.1,

vn+2
m 2 vn22

m

4k
+ a

(

1 2 h2

6
·2

)

·0

(

2vn+1
m 2 vnm + 2vn21

m

3

)

= 2 f n+1
m 2 f n

m + 2 f n21
m

3
,
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is stable for

|a»| <
:

3

4

1

(1 +
:

6)(
:

6 2 3/2)1/2
.

Hint: The amplification polynomial for this scheme is very similar to (4.3.7).

4.4.6. Show that the following scheme for ut + aux = f is accurate of order (3, 4) and

is unstable for all values of »:

11vn+1
m 2 18vnm + 9vn21

m 2 2vn22
m

6k
+ a

(

1 + h2

6
·2

)21

·0v
n+1
m = f n+1

m .

4.4.7. Show that the scheme

vn+2
m + vn+1

m 2 vn21
m 2 vn22

m

6k
+ a

(

1 2 h2·2

6

)

·0v
n
m = f n

m

is a (2, 4) accurate scheme for ut + aux = f and is stable for

|a»| <
√

69 2 11
:

33

8(
:

6 + 1)(
:

6 2 3/2)1/2
.

4.4.8. Show that the scheme

vn+2
m + vn+1

m 2 vn21
m 2 vn22

m

6k
+ a

(

1 + h2·2

6

)21

·0
vn+1
m + vn21

m

2
= f n

m

is a (2, 4) accurate scheme for ut + aux = f and is stable for

|a»| < 1

3

(

21/3 2 1
)

.

Hint: The real root of 1 2 15x + 3x2 2 x3 is
(

21/3 2 1
)2
.

4.4.9. Show that the scheme

2vn+1
m + 3vnm 2 6vn21

m + vn22
m

6k
+ a

(

1 + h2·2

6

)21

·0v
n
m = 0

is a (3, 4) accurate scheme for the one-way wave equation ut + aux = 0 and is

unstable for all values of ».



Chapter 5

Dissipation and Dispersion

In this chapter we study two important topics in the study of finite difference schemes for

hyperbolic equations, dissipation and dispersion. Schemes that have dissipation damp out

high-frequency waves that can make the computed solution more oscillatory than desired.

Dispersion refers to the fact that finite difference schemes move different frequencies at

different speeds. This causes the computed solution to spread out as time progresses. Both

dissipation and dispersion are important properties to consider in selecting schemes for

computation.

The third section of this chapter deals with the propagation of wave packets, which

are highly oscillatory waves contained in a short range. The propagation of packets depends

on both the phase velocity due to dispersion and the group velocity of the packet.

5.1 Dissipation

In Section 1.3 we noted that the leapfrog scheme was more accurate than the Lax–Friedrichs

scheme, as illustrated by Figures 1.3.6 and 1.3.8. However, the solution computed with

the leapfrog scheme contains small oscillations that detract from the appearance of the

solution. In this section we discuss a way of removing, or at least reducing, the amplitude

of this “noise.” For many calculations, especially for nonlinear equations, these small-

amplitude, high-frequency oscillations can have a significant role in reducing the accuracy

of the solution.

To consider the method of propagation of these oscillations, consider the leapfrog

scheme (1.3.4) with initial data given by

v0
m = (21)m· and v1

m = (21)m+1· for m * Z, (5.1.1)

where · is some small parameter. It is easy to check that the solution for all time steps is

vnm = (21)m+n· for m * Z. (5.1.2)

This formula shows that the leapfrog scheme (1.3.4) propagates the initial disturbances

without damping them. A more striking illustration of propagation without damping was

seen in Figure 4.3, in which the solution of the leapfrog scheme in the third plot was

“reconstructed” as the reflection of the solution in the second plot. This propagation without

damping is a consequence of the amplification factors g+(») and g2(») having magnitude

equal to 1. (See formula (4.1.2).)

121
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Next consider the Lax–Wendroff scheme (3.1.2) with |a»| less than 1 and with data

(5.1.1) for n = 0. Because of the repetition of the data, the solution is

vnm = (1 2 2a2»2)n(21)m+n.

Since |1 2 2a2»2| is less than 1, the oscillation decreases in magnitude each step. This

decreasing of high-frequency oscillations is called dissipation.

The definition of dissipation is usually given under the assumption that the lower order

terms have been removed. This is also assumed in the definition of dissipation given next.

Also note that we include both one-step schemes and multistep schemes in the definition.

Definition 5.1.1. A scheme is dissipative of order 2r if there exists a positive constant

c, independent of h and k, such that each amplification factor g¿(») satisfies

|g¿(»)| f 1 2 c (sin 1
2
»)2r . (5.1.3)

A scheme that is dissipative of order 2r is also said to have dissipation of order 2r.

Similar to the observation at the end of Section 2.2, we note that (5.1.3) is equivalent to

|g¿(»)|2 f 1 2 c′(sin 1
2
»)2r (5.1.4)

for some constant c′.
The Lax–Wendroff scheme satisfies

|g(»)|2 = 1 2 4a2»2
(

1 2 a2»2
)

(sin 1
2
»)4

(see Section 3.2) and so is dissipative of order 4 for 0 < |a»| < 1. In fact, for » = Ã, we

have g(») = 1 2 2a2»2, as our example showed.

The forward-time backward-space scheme (1.3.2) satisfies

|g(»)|2 = 1 2 4a» (1 2 a») (sin 1
2
»)2

(see (2.2.6)) and so is dissipative of order 2 for 0 < a» < 1.

For the most general case, in which we cannot use the restricted stability condition

(2.2.8) but must use the general condition of (2.2.7), the estimate (5.1.3) must be replaced

by

|g¿(»)| f
(

1 2 c(sin 1
2
»)2r

)

(1 + Kk) , (5.1.5)

and similarly for (5.1.4).

Often the definition of dissipation is given by replacing the quantity (sin »)2r in

(5.1.3) by |» |2r , with » restricted in magnitude to less than Ã. The definitions are equiv-

alent; we prefer the form (5.1.3), since that is the form that actually occurs in evaluating

|g(»)| for most schemes.

The leapfrog scheme (1.3.4) and the Crank–Nicolson scheme (3.1.3) are called strictly

nondissipative schemes because their amplification factors are identically 1 in magnitude.
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The Lax–Friedrichs scheme (1.3.5) and the backward-time central-space scheme (1.6.1)

and the (2, 2) implicit scheme (4.2.3) are nondissipative but not strictly so. For example,

the Lax–Friedrichs scheme has

|g(»)|2 = cos2 » + a2»2 sin2 »

(see (2.2.12)), and since |g(Ã)| = 1, this scheme is not dissipative.

For the Lax–Friedrichs and backward-time central-space schemes, |g(»)| is less than

1 for most values of ». These schemes reduce the magnitude of most frequencies but not

the highest frequency on the grid.

Adding Dissipation to Schemes

Dissipation can be added to any nondissipative scheme, as we will show, and this provides

us with some control over the properties of the scheme. In adding dissipation to a nondis-

sipative scheme, we must be careful not to affect the order of accuracy adversely. For

example, the modified leapfrog scheme

vn+1
m 2 vn21

m

2k
+ a·0v

n
m + ·

2k

(

1

2
h·

)4

vn21
m = f n

m (5.1.6)

is a second-order accurate scheme for ut + aux = f for small values of ·. Notice that

(sin 1
2
»)2r is the symbol of ( 1

2
ih·)2r.

The amplification factors are

g±(») = 2ia» sin » ±
√

1 2 a2»2 sin2 » 2 · sin4 1
2
».

If · is small enough, then the scheme is stable and dissipative of order 4 (see Exercise

5.1.2) and satisfies

|g±(»)|2 = 1 2 · sin4 1
2
» .

Similarly, the Crank–Nicolson scheme (3.1.3) can be modified as

vn+1
m 2 vnm

k
+ a

2
·0

(

vn+1
m + vnm

)

+ ·

k

(

1

2
h·

)4

vnm = 1

2

(

f n+1
m + f n

m

)

. (5.1.7)

This scheme is second-order accurate and dissipative of order 4 for small values of ·.

Figures 5.1 and 5.2 show the effect of adding dissipation to the leapfrog scheme. The

solution is the propagation of a simple piecewise linear pulse. Notice that the dissipation

removes most of the oscillations to the left of the pulse. It does not remove the larger oscil-

lation behind the pulse. This oscillation is inherent in higher order schemes, as discussed

after Theorem 3.1.4.

To show that any scheme can have dissipation added to it, we consider the amplifi-

cation polynomial and modify it as in formula (4.3.14). To be more precise, the scheme

corresponding to

G·(g, ») = G(g, ») + ·(sin 1
2
»)2r gG′(g, ») (5.1.8)
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1

Figure 5.1. The leapfrog scheme with no dissipation added.

-2 -1 0 1 2 3

0

0.5

1

Figure 5.2. The leapfrog scheme with dissipation of · = 0.5.

will have all roots inside the unit circle except at » equal to 0. ( G′(g, ») is the derivative

of G with respect to g.) Another choice for a dissipative scheme is

G·(g, ») = G(g, ») + ·(sin 1
2
»)2r

[

gG′(g, ») 2 dG(g, »)
]

, (5.1.9)

where d is the degree of G(g, »). The preceding general procedures are not always advis-

able to use, but they do give one guidance in adding dissipation to a scheme

(see Exercises 5.1.3 and 5.1.4).
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If we use the methods of Section 4.3, then we can determine if the scheme is

dissipative by checking if the amplification polynomial is a Schur polynomial for val-

ues of » other than » equal to 0. For a dissipative scheme the amplification polynomial

is a Schur polynomial when » is not equal to zero.

Exercises

5.1.1. Show that the scheme (5.1.7) is dissipative of order 4 and stable if 0 < · < 2.

5.1.2. Show that the modified leapfrog scheme (5.1.6) is stable for · satisfying

0 < · f 1 if 0 < a2»2 f 1
2

and

0 < · f 4a2»2
(

1 2 a2»2
)

if 1
2

f a2»2 < 1.

Note that these limits are not sharp. It is possible to choose ε larger than these limits

and still have the scheme be stable.

5.1.3. Construct the modified scheme corresponding to formula (5.1.8) using the multistep

scheme (4.2.3). Compare this scheme with

3vn+1
m 2 4vnm + vn21

m

2k
+ a·0v

n+1
m = ·

2k

(

i

2
h·

)2r

vn21
m .

5.1.4. Construct the leapfrog scheme with added dissipation using the method given by

formula (5.1.9). Compare this scheme with the scheme (5.1.6).

5.1.5. Construct the Crank–Nicolson scheme with added dissipation using the method given

by formulas (5.1.8) and (5.1.9). Compare these schemes with each other and with

the scheme (5.1.7).

5.1.6. Show that the scheme of Exercise 3.3.5 is dissipative of order 6 for

0 < |a»| <
(

:
17 2 1

6

)1/2
.

5.1.7. Show that the scheme (3.3.16) is dissipative of order 4 if 0 < |a»| < 3.

5.2 Dispersion

To introduce the idea of dispersion we look again at equation (1.1.1) and notice that we can

write the solution as

u(t, x) = 1:
2Ã

∫ >

2>
eiËxe2iËat Æu0(Ë) dË. (5.2.1)

From this we conclude that the Fourier transform of the solution satisfies

Æu(t + k, Ë) = e2iËak Æu(t, Ë). (5.2.2)



126 Chapter 5. Dissipation and Dispersion

If we consider a one-step finite difference scheme, we have, from (2.2.5), that

Ævn+1 = g(h¿) Ævn, (5.2.3)

and by comparing (5.2.2) and (5.2.3) we see that we should expect that g(h¿) will be a

good approximation to e2i¿ak.

To emphasize the similarity between e2i¿ak and g(h¿), we write

g(h¿) = |g(h¿)|e2i¿³(h¿)k. (5.2.4)

The quantity ³(h¿) is called the phase speed and is the speed at which waves of frequency

¿ are propagated by the finite difference scheme. If ³(h¿) were equal to a for all ¿,

then waves would propagate with the correct speed, but this is not the case for any finite

difference scheme except in trivial cases. The speed ³(h¿) is only an approximation to a.

The phenomenon of waves of different frequencies traveling with different speeds is

called dispersion. In studying dispersion for finite difference schemes it is convenient to

define the phase error as a 2 ³(h¿).

The effect of dispersion can be seen in the distortion of the shape of the solution of a

finite difference scheme. Consider the solution as displayed in Figure 1.3.6. For the partial

differential equation the shape is preserved; it is only translated. For the finite difference

scheme the shape is not preserved because the different frequencies that make up the initial

solution are propagated with different speeds.

From (5.2.4) we obtain two useful formulas for ³(»). First, by using » rather than

¿, we have

g(») = |g(»)|e2i»³(»)».

By considering the real and imaginary parts of g(») we have

tan(³(»)»») = 2 Im g(»)

Re g(»)
. (5.2.5)

Also, if |g(»)| = 1, then we have the formula

sin(³(»)»») = 2Im g(»). (5.2.6)

Example 5.2.1. We consider the Lax–Wendroff scheme to study its dispersion. We have

g = 1 2 2(a»)2 sin2 1
2
h¿ 2 ia» sin h¿

and so by (5.2.5)

tan [³(h¿)¿k] = a» sin h¿

1 2 2(a»)2 sin2 1
2
h¿

. (5.2.7)
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Since this formula does not give too much insight into the behavior of ³(h¿), we

study the Taylor series of ³(h¿) around ¿ = 0. We use the formulas

sin x = x
[

1 2 1
6
x2 + O(x4)

]

,

tan x = x
[

1 + 1
3
x2 + O(x4)

]

,

tan21 y = y
[

1 2 1
3
y2 + O(y4)

]

.

Using the series for sin x in (5.2.7) we obtain, after some work,

tan [³(h¿)¿k] = a»h¿
(

1 2 (h¿)2
[

1
6

2 1
2
(a»)2

]

+ O(h¿)4
)

.

From the formula for tan21 y we obtain

³(h¿) = a
(

1 2 1
6
(h¿)2

[

1 2 (a»)2
]

+ O(h¿)4
)

. (5.2.8)

We see that for h¿ small and |a»| < 1, ³(h¿) is less than a. Also, we see that if |a»|
is close to 1, then the dispersion will be less.

Because ³(h¿) is less than a for smaller values of ¿, solutions to the Lax–Wendroff

finite difference scheme will move slower than the true solution. This is displayed in

Figure 3.1, in which the solution of both schemes trails the true solution.

To deduce the behavior of ³(h¿) for larger values of ¿, we refer to the formula for

g and (5.2.7). We find that for ¿ equal to h21Ã, g has the value 1 2 2a2»2. If a2»2

is greater than 1/2, then g is negative, and so ³(Ã)h21Ãk is equal to Ã. Thus ³(Ã)

is »21. However, if a2»2 is less than 1/2, then g is positive and so ³(Ã) is 0. By

consistency, ³(h¿) will always be close to a for small values of ¿, and, in particular,

³(0) is equal to a. This is proved in Chapter 10.

For the leapfrog scheme and other multistep schemes, the phase error is defined by

considering the one amplification factor g0(h¿) for which

g0(0) = 1.

As we showed in Section 4.2, there is only one such amplification factor. For the leapfrog

scheme (1.3.4) we see by (5.2.6) that the phase speed is given by

sin[³(»)»» ] = a» sin »,

or, equivalently,

sin[k³(h¿)¿ ] = a» sin h¿. (5.2.9)

The expansion of ³(h¿) for small values of ¿ results in the same formula as for the

Lax–Wendroff scheme up to O(h¿)4; see Exercise 5.2.1. Note also that ³(Ã) is 0 for the

leapfrog scheme.
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One can also study the propagation velocities of parasitic modes for multistep schemes.

We consider the parasitic mode for the leapfrog scheme as an example. Since g2(0) = 21,

it is best to write the equation for the phase velocity as

g2(h¿) = 2|g2(h¿)|e2i¿³2(h¿)k. (5.2.10)

It is seen that

sin[³2(»)»» ] = 2a» sin »

and thus ³2(») = 2³(»). In particular, the parasitic mode moves in the opposite direction

to the correct direction of propagation. Moreover, since ³(Ã) = ³2(Ã) = 0, the highest

frequencies, which contain no accurate information, do not propagate away.

Figure 5.3 shows the phase velocity of the leapfrog scheme, ³(»), as a function of

» for a = 1 and » = 0.95. Notice that the phase speed is close to 1 for smaller values of

», but drops off to 0 for larger values of ».

λ = 0.95

θ

α

0 1 2 3
0

0.2

0.4

0.6

0.8

1

Figure 5.3. Phase velocity for the leapfrog scheme.

As a general principle, for hyperbolic partial differential equations it is best to take

|a»| close to the stability limit to keep the dispersion and dissipation small. If we are

interested in a particular frequency, say ¿0, then we should choose h so that h¿0 is much

less than Ã to get accurate results, both in the speed of the wave (dispersion) and in the

amplitude (dissipation). For the leapfrog and Lax–Wendroff schemes for (1.1.1) with a»

equal to 1, the schemes have no dispersion error. These are exceptional cases, and this does

not happen for variable coefficient equations or nontrivial systems.

Using the fact that the coefficients of the scheme are real, it is easy to show that the

phase error is an even function of h¿. Thus the phase error always has even order. If a

scheme has order of accuracy r, then phase error is of order O(hr
′
), where r ′ is r if r

is even, and r ′ is r + 1 if r is odd.
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In choosing a scheme for particular applications, the amount of dissipation and dis-

persion can be used to choose between schemes; see Durran [15].

Exercises

5.2.1. Show that the formula (5.2.8) is also true for the leapfrog scheme, where ³(h¿) is

given by (5.2.9).

5.2.2. For the backward-time central-space scheme (1.6.1), show that the phase speed is

given by

tan [k³(h¿)¿ ] = a» sin h¿

and satisfies

³(h¿) = a

[

1 2 (h¿)2

6

(

1 + 2a2»2
)

+ O
(

h¿
)4
]

.

5.2.3. Show that the phase speed for the Crank–Nicolson scheme (3.1.3) is given by

tan
[

1
2
k³(h¿)¿

]

= 1
2
a» sin h¿

and satisfies

³(h¿) = a

[

1 2 (h¿)2

6

(

1 + 1

2
a2»2

)

+ O
(

h¿
)4
]

.

5.2.4. Show that for the multistep scheme (4.2.3), the amplification factor g+(») satisfying

g+(0) = 1 can be expanded as

g+(»)
21 = 2 2

:
1 2 2ia» sin »

= 1 + ia» sin » 2 1

2
(a» sin »)2 2 i

2
(a» sin »)3 + O(»)4

and thus

tan [k³(h¿)¿ ] = a» sin h¿
(

1 + O(h¿)4
)

,

and conclude that ³(h¿) is the same as for the scheme of Exercise 5.2.2 to within

O(h¿)4.

5.2.5. Show that the (2, 4) Crank–Nicolson scheme

vn+1
m 2 vnm

k
+ a

(

1 + h2

6
·2

)21

·0

(

vn+1
m + vnm

2

)

= 0 (5.2.11)

has phase speed given by

tan

[

1

2
k³(h¿)¿

]

= 3

2

a» sin h¿

2 + cosh¿
= 1

2
ak¿

[

1 + O(h¿)4
]
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and thus

³(h¿) = a

[

1 2 1

3
a2(k¿)2 + O(k¿)4

]

(

1 + O(h¿)4
)

.

5.2.6. Show that the phase speed for the (2, 4) Lax–Wendroff scheme of Exercise 5.1.6

satisfies

tan k³(h¿)¿ =
ak¿

(

1 + O(h¿)4
)

1 2 1
2
a2(k¿)2

[

1 + O(h¿)4
]

and therefore

³(h¿) = a

[

1 + 1

6
a2(k¿)2

]

(

1 + O(h¿)4
)

.

5.3 Group Velocity and the Propagation of Wave Packets

The study of wave packets introduces another interesting aspect of dispersion, that of group

velocity. For other discussions of group velocity see Trefethen [62] and Vichnevetsky and

Bowles [65]. We consider the one-way wave equation (1.1.1) with initial data of the form

u(0, x) = ei¿0xp(x), (5.3.1)

where p(x) is a relatively smooth function decaying rapidly with |x|. The solution for

the initial condition (5.3.1) is

u(t, x) = ei¿0(x2at)p(x 2 at), (5.3.2)

since the solution is a simple translation by at.

We call a function of the form (5.3.2) a wave packet. We refer to the function p(x)

as the envelope of the packet and the frequency ¿0 as the frequency of the wave packet.

As a particular case, we will use the function

u(0, x) =
{

cos ¿0x cos2 1
2
Ãx if |x| f 1,

0 otherwise,
(5.3.3)

in our numerical illustrations. In this case we use cos ¿0x, the real part of ei¿0x, instead

of ei¿0x itself. Figure 5.4 displays the wave packet

cos(3Ãx) e2x2

.

The wave packet is a highly oscillatory function with a limited range.

For a finite difference scheme we know that dispersion will cause the pure wave with

frequency ¿0 to travel with the phase velocity ³(h¿0), but it is not evident what will be

the speed or speeds associated to a wave packet.

We show that for many schemes, the wave of the packet moves with the phase speed

and the envelope moves with a second speed, at least to a error that is O(h). As we will
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Figure 5.4. A wave packet.

show, a strictly nondissipative finite difference scheme with a wave packet as initial data

will have a solution that is approximately

v7(t, x) = ei¿0(x2³(h¿0)t)p(x 2 ³ (h¿0)t), (5.3.4)

where ³(h¿0) is the phase velocity of the scheme and ³ (h¿0) is the group velocity.

The group velocity is given by

³ (») = d(»³(»))

d»
= ³(») + »³′(»). (5.3.5)

Notice that since ³(h¿) tends to a as h tends to zero, we have that ³ (h¿) also tends to

a; that is, as h tends to zero the function v7, which approximates vnm, tends to the exact

solution (5.3.2).

Example 5.3.1. The concept of group velocity is illustrated in Figure 5.5. The computation

uses the leapfrog scheme to solve the one-way wave equation ut + ux = 0 on the interval

[22, 2] with periodicity. The grid spacing is 0.05 with » = 0.95. The initial condition is

(5.3.3) with ¿0 equal to 5Ã.

Figure 5.5 displays the computed solution at time 19.95 with a solid line connecting

the data points marked with dots. Also shown is the graph of the envelope, not the solution

itself, at time 19.95. It is immediately seen that the envelope of the computed solution does

not correspond to that of the exact solution, so the wave packet has traveled with a speed
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⇓ ↓

-2 -1 0 1 2
-1

-0.5

0

0.5

1

Figure 5.5. The propagation of a wave packet.

that is less than the true envelope speed of 1. The group velocity for ¿0 equal to 5Ã is

approximately 0.9545, and a wave packet traveling with this velocity would be centered at

20.9568. This location is marked by the double arrow in the figure. It is seen that this is a

very good approximation to the center of the computed solution wave packet.

The single arrow in the figure marks the location where the center of the wave packet

would be if it traveled with the phase velocity. The peak of the wave under the arrow has

traveled with the phase velocity. Originally this peak was at the center of the wave packet,

but it is no longer because the group velocity is less than the phase velocity.

Finally, the graph of v7 is shown as the solid line without points. It is seen that the

approximation of vnm by v7(tn, xm) is a good approximation, better than the approximation

of u(t, x) by vnm.

We now justify the claim that v7 approximates the solution of the scheme. The

initial data (5.3.1) has the Fourier transform Æp(¿ 2 ¿0), and thus the solution of the finite
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difference scheme is

vnm = 1:
2Ã

∫ Ã/h

2Ã/h

ei¿xme2i¿³(h¿)tn Æph(¿ 2 ¿0) d¿, (5.3.6)

where ph,m is the discrete function given by evaluating p at the grid points xm. We show

in Section 10.2 that Æph(¿) is approximately Æp(¿) for |¿ | much less than h21Ã. For now

we may disregard the distinction between Æp(¿ 2 ¿0) and Æph(¿ 2 ¿0).

We change the variable of integration in (5.3.6) by replacing ¿ by Ë + ¿0. We obtain,

since all the functions are periodic with period 2Ãh21,

vnm = 1:
2Ã

∫ Ã/h

2Ã/h

ei(Ë+¿0)xme2i(Ë+¿0)³(hË+h¿0)tn Æph(Ë) dË, (5.3.7)

and define Þv(t, x) by replacing Æph(Ë) by Æp(Ë) and by extending the range of integration

to the whole real line, obtaining

Þv(t, x) = 1:
2Ã

∫ >

2>
ei(Ë+¿0)xe2i(Ë+¿0)³(hË+h¿0)t Æp(Ë) dË. (5.3.8)

It can be shown by the methods of Chapter 10 that the replacement of Æph(Ë) by

Æp(Ë) and the extension of the limits of integration to (2>,>) do not cause significant

errors in the approximation; see Exercise 10.2.6.

We write Þv(t, x) as

Þv(t, x) = e
i¿0

(

x2³(h¿0)t
)

1:
2Ã

∫ >

2>
eiË(x2 Þ³ t) Æp(Ë) dË, (5.3.9)

with

Þ³ (hË) = (Ë + ¿0)³(hË + h¿0) 2 ¿0³(h¿0)

Ë

= (× + »0)³(× + »0) 2 »0³(»0)

×

with »0 = h¿0 and × = hË. The use of Taylor series on ³(×) about »0 results in

Þ³ (×) = d(»³(»))

d»

∣

∣

∣

»=»0

+ ×
1

2

d2»³(»)

d»2

∣

∣

∣

»=»7

for some value of »7 between »0 and »0 + ×. Writing this in terms of Ë and ¿0, we

have

Þ³ (hË) = d(¿³(h¿))

d¿

∣

∣

∣

¿=¿0

+ h
1

2
Ë
d2(»³(»))

d»2

∣

∣

∣

»=h¿7

for some value of ¿7 between ¿0 and ¿0 + Ë. We see that Þ³ (hË) is equal to the group

velocity ³ (h¿0) to within an error on the order of h. Rewriting (5.3.9) we have

Þv(t, x) = e
i¿0

[

x2³(h¿0)t
]

1:
2Ã

∫ >

2>
e
iË
[

x2³ (h¿0)t
]

eihtr(Ë) Æp(Ë) dË, (5.3.10)
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where we have written r(Ë) for the term (1/2) Ë2 d2»³(»)/d»2.

If we replace the factor eihtr(Ë) by 1 in the expression for Þv(t, x), we obtain v7(t, x):

v7(t, x) = e
i¿0

[

x2³(h¿0)t
]

1:
2Ã

∫ >

2>
e
iË
[

x2³ (h¿0)t
]

Æp(Ë) dË

= e
i¿0

[

x2³(h¿0)t
]

p
(

x 2 ³ (h¿0)t
)

.

(5.3.11)

Since eihtr(Ë) = 1 + O(hË), it is shown in Section 10.2 that the difference between

Þv(t, x) and v7(t, x) is also O(h), provided that p(x) is smooth enough (see Exercise

10.2.6). This shows (up to the details deferred to Chapter 10) that the solution to the finite

difference scheme is approximated to within O(h) by v7(t, x). If ¿0 is such that the

quantity ¿0

[

a 2 ³(h¿0)
]

t is O(1), then vnm also differs from the exact solution, u(t, x),

by O(1), as we discussed earlier in the analysis of the phase error. In this case the

approximation of vnm by v7(t, x) can be much better than the approximation of u(t, x)

by vnm when t is large. This is well illustrated in Figure 5.5.

Group velocity can be used to explain some rather striking behavior of schemes (see

Exercise 5.3.9). Even in the presence of dissipation, the propagation of waves is governed

by the phase and group velocity, as Exercise 5.3.9 demonstrates. Group velocity has been

used by Trefethen to explain instability caused by boundary conditions; see [63].

Exercises

5.3.1. Show that the group velocity for the Lax–Wendroff scheme is given by

³ (h¿) = a
1 2 2(1 2 a2»2) sin2 1

2
h¿

1 2 4a2»2(1 2 a2»2) sin4 1
2
h¿

.

5.3.2. Show that the group velocity for the leapfrog scheme (1.3.4) is given by

³ (h¿) = a
cosh¿

√

1 2 a2»2 sin2 h¿.

Compare the phase speed and group velocity at ¿ = h21Ã.

5.3.3. Show that the group velocity for the Crank–Nicolson scheme (3.1.3) is given by

³ (») = a
cos »

1 + 1
4
a2»2 sin2 »

.

5.3.4. Show that the group velocity for the box scheme (3.2.3) is given by

³ (») = a
sec2 1

2
»

1 + a2»2 tan2 1
2
»
.
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5.3.5. Repeat the calculation of Example 5.3.1 using the leapfrog scheme but on the

interval [21, 9] for 0 f t f 7.5. Specify the solution at the left boundary to be

0, and at the right boundary use quasi-characteristic extrapolation (3.4.1). Demon-

strate that the wave packet moves with the group velocity and that the high-frequency

mode travels with the phase velocity. Show that the conclusions of Example 5.3.1

are valid in this case also. Study the effect of small amounts of dissipation using the

scheme (5.1.6).

5.3.6. Repeat the calculation of Example 5.3.1 using the Lax–Wendroff scheme. Demon-

strate that the wave packet moves with the group velocity and that the high-frequency

mode travels with the phase velocity. In this exercise you will, of course, also see

the effect of dissipation on the solution.

5.3.7. Repeat the calculation of Example 5.3.1 using the Crank–Nicolson scheme but

using ¿0 equal to 3Ã and » equal to 1. Demonstrate that the wave packet moves

with the group velocity and that the high-frequency mode travels with the phase ve-

locity. Note that the Crank–Nicolson scheme is highly dispersive; i.e., because the

phase speed is not as good an approximation to a as it is for the leapfrog scheme,

the wave packet will be significantly distorted. This exercise will require you to

solve a periodic tridiagonal system; see Section 3.5.

5.3.8. Solve the one-way wave equation ut + ux = 0 on the interval [21, 9] for 0 f t f
7.5 for the initial data (5.3.3) with ¿ equal to 8Ã. Use the Crank–Nicolson scheme

with grid spacing of 0.025 and » equal to 1. For the boundary condition at x = 9,

use the quasi-characteristic boundary condition (3.4.1). Demonstrate that the wave

packet moves with the group velocity and that the high-frequency mode travels with

the phase velocity. Note that the Crank–Nicolson scheme is highly dispersive; i.e.,

because the phase speed is not as good an approximation to a as it is for the leapfrog

scheme, the wave packet will be significantly distorted.

5.3.9. Solve the one-way wave equation ut + ux = 0 on the interval [23, 3] for 0 f
t f 1.45. Use the leapfrog scheme with grid spacing of 0.1 and » equal to 0.9.

For initial data use the wave packet (5.3.3) with ¿ equal to 9Ã. To compute the

values of the solution at the first step, use two different methods to initialize, the

Lax–Friedrichs scheme and the forward-time central-space scheme. The difference

between the two solutions is quite dramatic. Explain the difference by considering

the amplitude associated with the parasitic mode for each case and noting that for

the Lax–Friedrichs scheme g(Ã) = 21, whereas for the forward-time central-space

scheme g(Ã) = 1. Also, for the leapfrog scheme ³ (Ã) is 21, and for the parasitic

mode ³2(Ã) is 1.



Chapter 6

Parabolic Partial Differential
Equations

6.1 Overview of Parabolic Partial Differential Equations

The simplest parabolic equation is the one-dimensional heat equation

ut = buxx, (6.1.1)

where b is a positive number. This equation arises in the study of heat transfer, in which

case the function u(t, x) gives the temperature at time t and location x resulting from the

initial temperature distribution. Equations similar to (6.1.1) arise in many other applications,

including viscous fluid flow and diffusion processes. As for the one-way wave equation

(1.1.1), we are interested in the initial value problem for the heat equation (6.1.1); i.e.,

we wish to determine the solution u(t, x) for t positive, given the initial condition that

u(0, x) = u0(x) for some function u0.

We can obtain a formula for the solution to (6.1.1) by using the Fourier transform of

(6.1.1) in space to obtain the equation

Æut = 2bË2 Æu.

Using the initial values, this equation has the solution

Æu(t, Ë) = e2bË2t Æu0(Ë),

and thus by the Fourier inversion formula

u(t, x) = 1:
2Ã

∫ >

2>
eiËxe2bË2t Æu0(Ë) dË. (6.1.2)

Formula (6.1.2) shows that u at time t is obtained from u0 by damping the high-frequency

modes of u0. It also shows why the solution operator for a parabolic equation is called a

dissipative operator, since all high frequencies are dissipated.

137
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A second formula can be obtained by using the definition of Æu0 in (6.1.2) and inter-

changing the order of integration. We have

u(t, x) = 1:
2Ã

∫ >

2>
eiËxe2bË2t

[
1:
2Ã

∫ >

2>
e2iËyu0(y) dy

]
dË

= 1:
4Ã

∫ >

2>

(
1:
Ã

∫ >

2>
eiË(x2y)e2bË2t dË

)
u0(y) dy

= 1:
4Ãbt

∫ >

2>
e2(x2y)2/4btu0(y) dy.

(See Exercise 6.1.6 for the evaluation of the integral in the parentheses.)

The formula

u(t, x) = 1:
4Ãbt

∫ >

2>
e2(x2y)2/4btu0(y) dy (6.1.3)

expresses u(t, x) as a weighted average of u0. For small t the weighting function mul-

tiplying u0(y) is very peaked about y = x, whereas for larger t the weighting function

is much wider.

There are several important things to learn from the representations (6.1.2) and (6.1.3).

First, the solution to (6.1.1) is an infinitely differentiable function of t and x for any positive

value of t. This is easily seen by differentiating the representation (6.1.2), obtaining

"$+mu(t, x)

"t$"xm
= 1:

2Ã

∫ >

2>
eiËx(iË)m(2bË2)$e2bË2t Æu0(Ë) dË.

Since the quantity (iË)m(2bË2)$e2bË2t is in L2(R) for positive values of t, we obtain,

by the Cauchy–Schwarz inequality,

∣∣∣"
$+mu(t, x)

"t$"xm

∣∣∣ f 1:
2Ã

∫ >

2>
|Ë|m(bË2)$e2bË2t | Æu0(Ë)| dË

f 1:
2Ã

(∫ >

2>
|Ë|2m b2$ Ë4$e22bË2t dË

)1/2 (∫ >

2>
| Æu0(Ë)|2 dË

)1/2

f Ct,$,m‖u0‖ (6.1.4)

for some constant Ct,$,m. Notice that the derivatives of the solution at a point, for t

positive, are bounded by the norm of u0.

Second, we see from (6.1.3) that if u0 is nonnegative and not identically zero, then

u(t, x) will be positive for all (t, x) with t positive. This is in accord with our physical
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intuition that heat will distribute itself rapidly and that temperatures colder than the initial

temperatures will not occur in an isolated system.

Figure 6.1 shows the solution of the heat equation

ut = uxx

on the real line with initial condition

u0(x) =
{

1 if |x| f 1,

0 if |x| > 1.

The solution is shown at the initial time and at times 0.02, 0.10, 0.50, and 1.50. The

solution becomes successively more spread out as time increases. The exact solution is

given by the formula

u(t, x) = 1

2

(
erf

(
1 2 x:

4t

)
+ erf

(
1 + x:

4t

))
. (6.1.5)

The function erf () is the error function defined as

erf (x) = 2:
Ã

∫ x

0

e2t2 dt .

As t gets very large the argument of the error functions in (6.1.5) get smaller, for x fixed.

Thus, for each value of x, the value of u(t, x) tends to zero as t gets larger.

Figure 6.1. The solution of the heat equation.

In the remainder of this section we discuss two topics, the convection-diffusion equa-

tion and Fokker–Planck equations. These topics are not essential for the material that

follows but are included to give the reader a better understanding of parabolic equations

and how they arise in applications.
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The Convection-Diffusion Equation

We briefly consider the convection-diffusion equation

ut + aux = buxx, (6.1.6)

which obviously has similarities to hyperbolic and parabolic equations. We study it further

in Section 6.4. To solve (6.1.6) let y = x 2 at and set

w(t, y) = u(t, y + at).

Then

wt = ut + aux = buxx

and

wy = ux, wyy = uxx,

so the function w(t, y) satisfies the differential equation

wt = bwyy . (6.1.7)

Since u(t, x) = w(t, x 2 at), we see that the solution of (6.1.6), when examined from a

coordinate system moving with speed a, is (6.1.7). Thus the solution of (6.1.6) travels

with speed a (convection) and is dissipated with strength b (diffusion).

Fokker–Planck Equations

Many of the applications of parabolic equations arise as macroscopic descriptions of pro-

cesses whose microscopic description is essentially probabilistic. Heat flow is related to

the random motion of electrons and atoms; viscous fluid forces are related to molecular

forces. Parabolic equations are also used in economic models to give a macroeconomic

description of market behavior.

We present a simple illustration of the relation between random processes and para-

bolic equations. The resulting equation is an example of a Fokker–Planck equation.

Consider a discrete process with states identified by xi = ·i, where i varies over

all the integers and where · is some positive number. Suppose that transitions occur only

between neighboring states at the discrete times tn = Çn, n = 0, 1, 2, . . . . Let pn
i be the

probability that a transition from state i to i + 1 occurs in one time unit starting at tn,

and let qni be the probability that a transition from state i to i 2 1 occurs in one time

unit starting at tn. One may think of this process as describing a collection of objects

such as atoms, electrons, insects, or computer jobs, which change their position or state

every Ç time units. Those at xi will move to xi+1 with probability pn
i and to xi21 with

probability qni ; they will stay put with probability 1 2 pn
i 2 qni . Let uni be the probability

density function at time tn; i.e., uni is the probability that an object is at xi at time tn.

Then we have the relationship

un+1
i = pn

i21u
n
i21 + qni+1u

n
i+1 +

(
1 2 pn

i 2 qni
)
uni ; (6.1.8)
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i.e., at time tn+1 = tn + Ç, an object could be at xi only if it came from xi21, xi+1,

or xi at the time tn; this formula expresses the effect on un+1
i of each possibility. This

equation is called the Chapman–Kolmogorov equation for the process.

Now we will take the limit as Ç and · tend to zero, but we first rewrite the preceding

equation as

un+1
i 2 uni = 1

2

(
pn
i21 2 qni21

)
uni21 2 1

2

(
pn
i+1 2 qni+1

)
uni+1

+ 1
2

[(
pn
i21 + qni21

)
uni21 2 2

(
pn
i + qni

)
uni +

(
pn
i+1 + qni+1

)
uni+1

]
.

We define functions u(t, x), c(t, x), and d(t, x) as limits as · and Ç tend to zero,

given by
∑

afxifb

uni ³
∫ b

a

u(t, x) dx for t = nÇ,

pn
i 2 qni

Ç
· ³ c(t, x), and

pn
i + qni

2Ç
·2 ³ d(t, x).

We will assume that these limits exist in an appropriate sense. We then obtain

"u

"t
= 2 "

"x
[c(t, x)u] + "2

"x2
[d(t, x)u] . (6.1.9)

This is called the Fokker–Planck equation for the continuous process, which is the limit of

the discrete process.

From (6.1.9) we see that c(t, x) being positive corresponds to having pn
i greater than

qni , which means objects will tend to move to the right. Similarly, c(t, x) being negative

means objects will tend to move to the left. Also, a larger value of d(t, x) corresponds to

larger values of pn
i + qni , which is the probability that an object will move. The solution

u(t, x) of (6.1.9) is a probability density function and satisfies

∫ >

2>
u(t, x) dx = 1.

Fokker–Planck equations are applicable to many physical systems for which there is an

underlying randomness. Specific examples of Fokker–Planck equations are the equation

for the probability distribution for velocity in one-dimensional Brownian motion, which is

ut = (vu)v + uvv, (6.1.10)

and the energy in three-dimensional Brownian motion, which is

wt = 2

[(
e 2 3

2

)
w

]

e

+ 2(ew)ee. (6.1.11)

In (6.1.10) the probability density function u is a function of the velocity v and the time t.

The probability that a particle at time t has a velocity between a and b is
∫ b

a
u(t, v) dv.
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It is worth noting that often a discrete process involving many states or objects can be

better modeled by an accurate difference scheme for the differential equation describing the

limiting continuous process than by approximations of the discrete process itself. That is,

we can approximate a discrete process involving a great many states either by simulating the

discrete process using (6.1.8) with fewer states, so as to make it computationally feasible,

or by considering the limiting continuous process described by (6.1.9). The continuous

process may have to be further approximated by a numerical method. As an example, we

could study heat flow by examining the motion of the molecules in a solid. The limiting

continuous process would be that described by the heat equation, or some variation of it.

For most applications the numerical solution of the heat equation is more accurate, and

certainly more efficient, than a simulation of the molecular motion.

Exercises

6.1.1. Show that

u(t, x) = exp

(2(x 2 y)2

4b(t + Ç)

)

is a solution to the heat equation (6.1.1) for any values of y and Ç.

6.1.2. Show that the solution of

ut = buxx with u0(x) =
{

1 if |x| f a,

0 if |x| > a

is given by

u(t, x) = 1

2

(
erf

(
a 2 x:

4bt

)
+ erf

(
a + x:

4bt

))
,

where erf( ) is the error function as in (6.1.5).

6.1.3. Determine the behavior of the quantity Ct,$,m in (6.1.4) as a function of t. In

particular, show that Ct,$,m is unbounded as t approaches 0. Also determine the

behavior of the bounds on the L2 norm of the derivatives of u as t approaches 0.

6.1.4. Use the representation (6.1.3) to verify the following estimates on the norms of

u(t, x):

‖u(t, ·)‖1 f ‖u0‖1,

‖u(t, ·)‖> f ‖u0‖>.

Show that if u0 is nonnegative, then

‖u(t, ·)‖1 = ‖u0‖1.
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6.1.5. Show that if the three functions u1(t, v1), u2(t, v2), and u3(t, v3) each satisfy the

one-dimensional equation (6.1.10), then the probability density function w(t, e)

satisfies equation (6.1.11), where

e = 1
2

(
v2

1 + v2
2 + v2

3

)

and

∫ E

0

w(t, e) de =
∫ ∫ ∫

v2
1
+v2

2
+v2

3
f2E

u1(t, v1)u2(t, v2)u3(t, v3) dv1 dv2 dv3.

6.1.6. Evaluate the integral
1:
Ã

∫ >

2>
eiË(x2y)e2bË2t dË,

which appears in the derivation of equation (6.1.3), by considering the function

F(³) = 1:
Ã

∫ >

2>
eiË³e2Ë2

dË.

Hint: Show that F(0) = 1 and that F ′(³) = 2(1/2) ³F (³).

6.2 Parabolic Systems and Boundary Conditions

We now discuss general parabolic equations in one space dimension. A more complete

discussion is contained in Chapter 9. We consider parabolic systems in which the

solution u is a vector function with d components. A system of the form

ut = Buxx + Aux + Cu + F(t, x) (6.2.1)

is parabolic, or Petrovskii parabolic, if the eigenvalues of B all have positive real parts. A

common special case is when B is positive definite, but in general the eigenvalues need

not be real, nor does B have to be diagonalizable. Notice that no restrictions are placed

on the matrices A and C.

Theorem 6.2.1. The initial value problem for the system (6.2.1) is well posed in the sense

of Definition 1.5.2, and actually a stronger estimate holds. For each T > 0 there is a

constant CT such that

∫ >

2>
|u(t, x)|2 dx +

∫ t

0

∫ >

2>
|ux(s, x)|2 dx ds

f CT

(∫ >

2>
|u(0, x)|2 dx +

∫ t

0

∫ >

2>
|F(s, x)|2 dx ds

) (6.2.2)

for 0 f t f T .
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Note that estimate (6.2.2) is stronger than estimate (1.5.4) for hyperbolic systems,

since it gives a bound on the derivative of u with respect to x in addition to a bound

for u. The bound on ux in (6.2.2) implies that the solution to the system (6.2.1) is infinitely

differentiable for positive t.

Proof. We prove Theorem 6.2.1 only for the case when the equation is

homogeneous, i.e., when F(t, x) is zero. We begin by considering the Fourier transform

of equation (6.2.1), which is

Æut = (2Ë2B + iË A + C) Æu. (6.2.3)

For large values of |Ë| the eigenvalues of the matrix

2Ë2B + iË A + C

must have real parts that are less than 2bË2 for some positive value b. Indeed,

2Ë2B + iË A + C = 2Ë2
[
B 2 i(Ë)21A 2 (Ë)22C

]
,

and because the eigenvalues of a matrix are continuous functions of the matrix, the eigen-

values of B 2 i(Ë)21A 2 (Ë)22C must be close to those of B itself. Considering all

values of Ë we deduce that the eigenvalues have real parts bounded by a 2 bË2 for some

positive value of b and some value a. The solution of the differential equation (6.2.3) is

given by

Æu(t, Ë) = e(2Ë2B+iË A+C)t Æu0(Ë).

Using results on the matrix norm (see Appendix A, Proposition A.2.4), we have

| Æu(t, Ë)| f Ke(a2bË2)t | Æu0(Ë)|.

From this we easily obtain
∫ >

2>
| Æu(t, Ë)|2 dË f Kt

∫ >

2>
| Æu0(Ë)|2 dË

and ∫ t

0

∫ >

2>
Ë2| Æu(s, Ë)|2 dËds f Kt

∫ >

2>
| Æu0(Ë)|2 dË,

from which (6.2.2) easily follows by Parseval’s relation.

Boundary Conditions for Parabolic Systems

A parabolic system such as (6.2.1) with d equations and defined on a finite interval requires

d boundary conditions at each boundary. The most commonly occurring boundary condi-

tions for parabolic systems involve both the unknown functions and their first derivatives

with respect to x. The general form of such boundary conditions is

T0u = b0,

T1
"u

"x
+ T2u = b1,

(6.2.4)
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where T0 is a d0 × d matrix and T1 and T2 are (d 2 d0) × d matrices. We may assume

that T1 has full row rank if it is nonzero. Boundary conditions are said to be well-posed

if the solution of the differential equation depends continuously on the boundary data. The

theory of well-posed boundary conditions is discussed in Chapter 11. The requirement for

the boundary conditions to be well-posed is that the d × d matrix

T =
[

T0

T1B
21/2

]
, (6.2.5)

consisting of the d0 rows of T0 and the d 2 d0 rows of T1B
21/2, is invertible. The

matrix B21/2 is that square root of B21 whose eigenvalues all have positive real part (see

Appendix A). The matrix T2 is a lower order term and does not affect the well-posedness.

Two important boundary conditions are when T0 is the identity matrix, which is

called the Dirichlet boundary condition for the system, and when T1 is the identity matrix

with T2 being zero, which is called the Neumann boundary condition. These are easily

seen to satisfy the condition that (6.2.5) be nonsingular.

Exercises

6.2.1. Prove the estimate (6.2.2) for the scalar equation (6.1.1) by the energy method; i.e.,

multiply (6.1.1) by u(t, x) and integrate by parts in t and x.

6.2.2. Prove the estimate (6.2.2) for the scalar equation (6.1.1) from the Fourier represen-

tation.

6.2.3. Modify the proof of the estimate (6.2.2) given in the text to include the case in which

F(t, x) is not zero.

6.2.4. Prove estimate (6.2.2) by the energy method for the system

(
u1

u2

)

t

=
(

1 4

21 1

)(
u1

u2

)

xx

.

6.3 Finite Difference Schemes for Parabolic Equations

In this section we begin our study of finite difference schemes for parabolic equations. The

definitions of convergence, consistency, stability, and accuracy of finite difference schemes

given in Sections 1.4, 1.5, and 3.1 were given in sufficient generality that they apply to

schemes for parabolic equations. The methods we use to study the schemes are also much

the same.

We begin by considering the forward-time central-space scheme for the heat equation

(6.1.1):

vn+1
m 2 vnm

k
= b

vnm+1 2 2vnm + vnm21

h2
(6.3.1)
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or

vn+1
m = (1 2 2bµ) vnm + bµ

(
vnm+1 + vnm21

)
,

where µ = kh22. The parameter µ plays a role for parabolic equations similar to the role

of » for hyperbolic equations. The scheme (6.3.1) is easily seen to be first-order accurate

in time and second-order in space. The stability analysis is similar to what we did for

hyperbolic equations, i.e., replace vnm by gneim» . The amplification factor for the scheme

(6.3.1) satisfies

g(») 2 1

k
= b

ei» 2 2 + e2i»

h2

or

g(») = 1 + b
k

h2

(
ei» + e2i» 2 2

)
,

and finally,

g(») = 1 2 4bµ sin2 1
2
».

Since g(») is a real quantity, the condition |g(»)| f 1 is equivalent to

21 f g(») f 1 or 4bµ sin2 1
2
» f 2,

which is true for all » if and only if

bµ f 1
2
. (6.3.2)

Scheme (6.3.1) is dissipative of order 2 as long as bµ is strictly less than 1/2 and positive.

Therefore, we usually take bµ < 1/2 so that the scheme will be dissipative. Dissipativity

is a desirable property for schemes for parabolic equations to have, since then the finite

difference solution will become smoother in time, as does the solution of the differential

equation. As we will show later, dissipative schemes for (6.1.1) satisfy estimates analogous

to (6.2.2) and are often more accurate for nonsmooth initial data. See Section 10.4 and

Exercises 6.3.10 and 6.3.11.

The stability condition (6.3.2) means the time step k is at most (2b)21h2, which

means that when the spatial accuracy is increased by reducing h in half, then k, the time

step, must be reduced by one-fourth. This restriction on k can be quite severe for practical

computation, and other schemes are usually more efficient. Notice that even though the

scheme is accurate of order (1, 2), because of the stability condition the scheme (6.3.1) is

second-order accurate if µ is constant.

We now list some other schemes and their properties. We will give the schemes for

the inhomogeneous heat equation

ut = buxx + f (t, x),

and we will assume that b is positive.
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The Backward-Time Central-Space Scheme

The backward-time central-space scheme is

vn+1
m 2 vnm

k
= b

vn+1
m+1 2 2vn+1

m + vn+1
m21

h2
+ f n+1

m . (6.3.3)

The amplification factor is

g(») = 1

1 + 4bµ sin2 1
2
»
.

This scheme is implicit and unconditionally stable. It is accurate of order (1, 2) and is

dissipative when µ is bounded away from 0.

The Crank–Nicolson Scheme

The Crank–Nicolson scheme (see [12]) is given by

vn+1
m 2 vnm

k
=1

2
b
vn+1
m+1 2 2vn+1

m + vn+1
m21

h2

+ 1

2
b
vnm+1 2 2vnm + vnm21

h2
+ 1

2
(f n+1

m + f n
m).

(6.3.4)

The amplification factor is

g(») =
1 2 2bµ sin2 1

2
»

1 + 2bµ sin2 1
2
»
.

The Crank–Nicolson scheme is implicit, unconditionally stable, and second-order

accurate, i.e., accurate of order (2, 2). It is dissipative of order 2 if µ is constant, but not

dissipative if » is constant. Even though the Crank–Nicolson scheme (6.3.4) is second-

order accurate, whereas the scheme (6.3.3) is only first-order accurate, with nonsmooth

initial data and with » held constant, the dissipative scheme (6.3.3) may be more accurate

than the Crank–Nicolson scheme, which is not dissipative when » is constant (also see

Exercises 6.3.10 and 6.3.11). This is discussed further and illustrated in Section 10.4.

The Leapfrog Scheme

The leapfrog scheme is

vn+1
m 2 vn21

m

2k
= b

vnm+1 2 2vnm + vnm21

h2
+ f n

m, (6.3.5)

and this scheme is unstable for all values of µ. The amplification polynomial is

g2 + 8 g bµ sin2 1
2
» 2 1 = 0

(see Section 4.2), so the amplification factors are

g±(») = 24bµ sin2 1
2
» ±

√
(4bµ sin2 1

2
»)2 + 1 .

Because the quantity inside the square root is greater than 1 for most values of », the

scheme is unstable.
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The Du Fort–Frankel Scheme

The Du Fort–Frankel scheme may be viewed as a modification of the leapfrog scheme. It

is
vn+1
m 2 vn21

m

2k
= b

vnm+1 2
(
vn+1
m + vn21

m

)
+ vnm21

h2
+ f n

m. (6.3.6)

This scheme is explicit and yet unconditionally stable. The order of accuracy is given by

O
(
h2
)
+ O

(
k2
)
+ O

(
k2h22

)
. The scheme is nondissipative, and this limits its usefulness.

The Du Fort–Frankel scheme is distinctive in that it is both explicit and uncondition-

ally stable. It can be rewritten as

(1 + 2bµ) vn+1
m = 2bµ

(
vnm+1 + vnm21

)
+ (1 2 2bµ) vn21

m .

To determine the stability we must solve for the roots of the amplification polynomial

equation (see Section 4.2):

(1 + 2bµ) g2 2 4bµ cos » g 2 (1 2 2bµ) = 0.

The two solutions of this equation are

g±(») =
2bµ cos » ±

√
1 2 4b2µ2 sin2 »

1 + 2bµ
.

If 1 2 4b2µ2 sin2 » is nonnegative, then we have

|g±(»)| f
2bµ| cos » | +

√
1 2 4b2µ2 sin2 »

1 + 2bµ
f 2bµ + 1

1 + 2bµ
= 1,

and if 1 2 4b2µ2 sin2 » is negative, then

|g±(»)|2 = (2bµ cos »)2 + 4b2µ2 sin2 » 2 1

(1 + 2bµ)2

= 4b2µ2 2 1

4b2µ2 + 4bµ + 1
< 1.

Thus for any value of µ or », we have that both g+ and g2 are bounded by 1 in

magnitude. Moreover, when g+ and g2 are equal, they both have magnitude less than 1,

and so this introduces no constraint on the stability (see Section 4.2). Thus the scheme is

stable for all values of µ.

Even though the Du Fort–Frankel scheme is both explicit and unconditionally stable,

it is consistent only if k/h tends to zero with h and k (see Exercise 6.3.2). Theorem

1.6.2, which states that there are no explicit unconditionally stable schemes for hyperbolic

equations, does not extend directly to parabolic equations. However, the proper analogue

of the results of Section 1.6 for parabolic equations is the following theorem.

Theorem 6.3.1. An explicit, consistent scheme for the parabolic system (6.2.1) is conver-

gent only if k/h tends to zero as k and h tend to zero.
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The proof of this theorem is similar in spirit to that of Theorem 1.6.2. It does

require one result that is beyond this text: If u(t, x) is a solution to (6.2.1) and u is zero

for positive x when t is between 0 and 1, then u is identically zero for negative x as

well (see Proposition C.4.1). The proof of Theorem 6.3.1 for the special case of equation

(6.1.1) is left as an exercise (see Exercise 6.3.3).

Lower Order Terms and Stability

For schemes for hyperbolic equations, we have Corollary 2.2.2 and Theorem 2.2.3, showing

that lower order terms can be ignored in determining stability. These results do not always

apply directly to parabolic equations because the contribution to the amplification factor

from first derivative terms is often O
(
k1/2

)
. For example, for the forward-time central-

space scheme for ut = buxx 2 aux + cu we have

g = 1 2 4bµ sin2 1
2
» 2 ia» sin » + ck.

For the stability analysis, the term ck can be dropped by Corollary 2.2.2. However, for

the first derivative term » = k1/2µ1/2 and if µ is fixed, Corollary 2.2.2 cannot be applied.

Nonetheless, we have

|g(»)|2 =
(

1 2 4bµ sin2 1
2
»
)2

+ a2kµ sin2 »,

and since the first derivative term gives an O(k) contribution to |g|2, it does not affect the

stability. Similar results hold for other schemes, in particular the Crank–Nicolson scheme

(6.3.4) and the backward-time central-space scheme (6.3.3).

Dissipativity and Smoothness of Solutions

We now show that a dissipative one-step scheme for a parabolic equation has solutions that

become smoother as t increases, provided µ is constant.

Theorem 6.3.2. A one-step scheme, consistent with (6.1.1), that is dissipative of order 2

with µ constant satisfies

‖vn+1‖2
h + ck

n∑

¿=1

‖·+v¿‖2
h f ‖v0‖2

h (6.3.7)

for all initial data v0 and n g 0.

Proof. Let c0 be such that

|g(h¿)|2 f 1 2 c0 sin2 1
2
h¿.

Then by

Æv¿+1(¿) = g(h¿) Æv¿(¿),
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we have

| Æv¿+1(¿)|2 = |g(h¿)|2| Æv¿(¿)|2 f |Æv¿(¿)|2 2 c0(sin 1
2
h¿)2 | Æv¿(¿)|2.

By adding this inequality for ¿ = 0, . . . , n, we obtain, using µ = k h22,

| Ævn+1(¿)|2 + µ21c0k

n∑

¿=0

|h21 sin 1
2
h¿ Æv¿(¿)|2 f |Æv0(¿)|2.

Since
∣∣∣
2 sin 1

2
h¿

h
Æv¿(¿)

∣∣∣ =
∣∣∣e

ih¿ 2 1

h
Æv¿(¿)

∣∣∣ = |·̂+v¿(¿)|,

we have

| Ævn+1(¿)|2 + c k

n∑

¿=0

|·̂+v¿(¿)|2 f |Æv0(¿)|2,

and integrating over ¿, by Parseval’s relation, we obtain

‖vn+1‖2
h + ck

n∑

¿=0

‖·+v¿‖2
h f ‖v0‖2

h,

which is inequality (6.3.7).

We now use Theorem 6.3.2 to show that the solutions become smoother with time,

i.e., that the norms of the high-order differences are bounded and in fact tend to zero at a

rate that is faster than that of the norm of u. Since |g| f 1, we have

‖v¿+1‖h f ‖v¿‖h.

In addition, since ·+v is also a solution of the scheme, we have

‖·+v¿+1‖h f ‖·+v¿‖h;

i.e., the solution and its differences decrease in norm as time increases. Therefore, from

(6.3.7),

‖vn+1‖2
h + ct‖·+vn‖2

h f ‖v0‖2
h,

which shows for nk = t > 0 that ‖·+vn‖h is bounded. In fact, we have

‖·+vn‖2
h f Ct21‖v0‖2

h,

which shows that the norm of the difference ·+vn decays to zero as t increases.



6.3 Finite Difference Schemes for Parabolic Equations 151

Since ·+vn also satisfies the difference equation, we find for nk = t > 0 and any

integer r that ‖·r+vn‖h is bounded. Thus, the solution of the difference scheme, as is true

for the solution to the differential equation, becomes smoother as t increases.

The preceding argument can be modified to show that if vnm converges to u (tn, xm)

with order of accuracy p, then ·r+v
n also converges to ·r+u (tn, x) with order of accuracy

p. Thus, if Dr is a difference approximation to "rx with order of accuracy p, then Drvn

converges to "rxu (tn, ·) with order of accuracy p. These results hold if the scheme is

dissipative; similar statements do not hold if the scheme is nondissipative (see Exercises

6.3.10 and 6.3.11).

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

Figure 6.2. Solution with nondissipative Crank–Nicolson scheme.

Figure 6.2 shows the solution of the Crank–Nicolson scheme applied to the initial

value problem for the heat equation with b equal to 1 and initial data shown in the figure.

The exact solution is given in Exercise 6.3.11. The solution used k = h = 1/40. The small

oscillations at the location of the discontinuities in the initial solution do not get smoothed

out as k and h decrease if they remain equal. This is a result of the Crank–Nicolson

scheme being nondissipative if » remains constant.
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Boundary Conditions for Parabolic Difference Schemes

Since a parabolic equation requires one boundary condition at each boundary point, there is

less need for numerical boundary conditions for difference schemes for parabolic equations

than there is for schemes for hyperbolic equations.

There is no difficulty implementing the Dirichlet boundary condition; the values of

the solution are specified at the grid points at the ends of the interval.

There is more variability in implementing the Neumann boundary condition. A com-

mon method is to approximate the derivative at the endpoint by the one-sided approximation

"u

"x
(tn, x0) j

vn1 2 vn0

h
.

This approximation is only first-order accurate and will degrade the accuracy of second-

order accurate schemes, such as the Crank–Nicolson scheme (6.3.4) and the forward-time

central-space scheme (6.3.1) (which is second-order accurate under the stability condition

(6.3.2)). A better approximation is the second-order accurate one-sided approximation (see

Exercise 3.3.8)
"u

"x
(tn, x0) j

23vn0 + 4vn1 2 vn2

2h
,

which maintains the second-order accuracy of these schemes.

We can also use the second-order approximation

"u

"x
(tn, x0) j

vn1 2 vn21

2h

together with the scheme applied at x0 to eliminate the value of vn21. As an example, this

boundary condition, together with the forward-time central-space scheme (6.3.1), gives the

formula

vn+1
0 = (1 2 2bµ) vn0 + 2bµvn1 . (6.3.8)

The overall method is then second-order accurate.

Here is a sample of code for the Thomas algorithm for the Crank–Nicolson scheme

for the heat equation (6.1.1) with the boundary conditions

u(t, 0) = f (t) and ux(t, 1) = 0.

# b and mu must be initialized.

# M and h must be initialized.

# The grid numbering starts at 0 and goes to M.

aa = b*mu/2.

bb = 1

cc = aa

k = mu*hˆ2

# v(m) must be initialized to the initial conditions.

t = 0

while t < tmax
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# Dirichlet boundary condition.

p(1) = 0.

q(1) = f(t)

loop on m from 1 to M-1

dd = v(m) + b*mu*( v(m+1) - 2*v(m) + v(m-1))

denom = (aa* p(m) + bb )

p(m+1) = -cc/ denom

q(m+1) = (dd - q(m)*aa ) /denom

end of loop on m

# Neumann condition boundary condition

Data = v(M)*( 1 - b*mu/2) + v(M-1)*b*mu/2

v(M) = (Data + q(M)*b*mu/2 )/( 1 + (1-p(M))*b*mu/2 )

loop on m from M-1 to 1

v(m) = p(m+1) v(m+1) + q(m+1)

end of loop on m

t = t + k

end of loop on t

Analysis of an Explicit Scheme

The scheme

vn+1
m = e22bµvnm + 1

2
(1 2 e22bµ)(vnm+1 + vnm21) (6.3.9)

is sometimes advocated as an unconditionally stable scheme for (6.1.1). This scheme has

been derived in various ways. Each derivation attempts to show that this scheme has better

properties than does (6.3.1). As we will show, however, for this scheme to be accurate it

must be less efficient than (6.3.1). Since (6.3.1) is generally regarded as being not very

efficient, due to the stability constraint on the time step, the use of scheme (6.3.9) is rarely

justified. Scheme (6.3.9) is indeed unconditionally stable, but as we will show, it is not

convergent unless µ tends to zero with h. Thus it is less efficient than the forward-time

central-space scheme (6.3.1), and perhaps less accurate. Notice that the requirement that

µ tends to zero with h is more restrictive than the requirement of Theorem 6.3.1 that »

must tend to zero with h.

To study the scheme (6.3.9) define µ′ by

e22bµ = 1 2 2bµ′.

Then the solution vnm to (6.3.9) is also the solution to (6.3.1) with an effective time-step

k′ = µ′h2. Thus, since (6.3.1) is accurate of order (1, 2), we have

vnm 2 u
(
nk′, xm

)
= O

(
k′) + O

(
h2
)
.

The solution to (6.3.9) is convergent only if

vnm 2 u (nk, xm)
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tends to zero as h and k tend to zero. Thus, to be convergent we must have

u
(
nk′, xm

)
2 u (nk, xm)

tend to zero as h and k tend to zero with nk fixed, and therefore n
(
k 2 k′) must tend to

zero for nk = t fixed. We then have

n
(
k 2 k′) = t

(
1 2 k′

k

)

= t

(
1 2 µ′

µ

)
.

Thus 1 2 µ′/µ must tend to zero for the scheme to be convergent. But

1 2 µ′

µ
= e22bµ 2 (1 2 2bµ)

2bµ
= O (bµ)

as µ tends to zero. This shows that scheme (6.3.9) is convergent only if µ tends to zero

with h and k. This makes this scheme less efficient than the standard forward central

scheme (6.3.1). In fact, for explicit second-order accurate schemes, the forward central

scheme is essentially optimal.

Exercises

6.3.1. Justify the claims about the stability and accuracy of schemes (6.3.3), (6.3.4), and

(6.3.5).

6.3.2. Show that if » = k/h is a constant, then the Du Fort–Frankel scheme is consistent

with

b»2ut t + ut = buxx + f (t, x).

6.3.3. Prove Theorem 6.3.1 for the equation (6.1.1). Hint: If u0 is nonnegative and not

identically zero, then u(t, x) will be positive for all x when t is positive.

6.3.4. Show that scheme (6.3.9) with µ held constant as h and k tends to zero is consistent

with

ut = b′uxx,

where b′ is defined by

e22bµ = 1 2 2b′µ.

6.3.5. Show that a scheme for (6.1.1) of the form

vn+1
m = ³vnm + 1 2 ³

2

(
vnm+1 + vnm21

)
,

with ³ constant as h and k tend to zero, is consistent with the heat equation (6.1.1)

only if

³ = 1 2 2bµ.
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6.3.6. Consider the following two schemes for (6.1.1):

Þvn+1/2
m = vnm + 1

2
kb·2vnm,

vn+1
m = vnm + kb·2 Þvn+1/2,

v̄n+1
m = vnm + kb·2vnm,

vn+1
m = vnm + 1

2
k
(
·2v̄n+1

m + ·2vnm

)
.

(a) Show that the two schemes are in fact two different implementations of the

same scheme.

(b) Show that this scheme is accurate of order (2, 2).

(c) Show that this scheme is stable if bµ f 1/2, and show that 1/2 f g f 1.

(d) Discuss the advantages and disadvantages of this scheme compared to the

forward-time central-space scheme (6.3.1).

6.3.7. Show that the scheme

Þvn+1/4
m = vnm + 1

4
k b ·2vnm,

vn+1
m = vnm + k b ·2 Þvn+1/4

for (6.1.1) is stable for bµ f 1 and accurate of order (1, 2), and show that it is

accurate of order 2 if µ is constant. Show also that 0 f g f 1. Compare this

scheme with (6.3.1) in terms of accuracy and efficiency. (Notice that this scheme

requires more work per time step than does (6.3.1) but allows for a larger time step.)

6.3.8. Show that the scheme

Þvn+1/8 = vnm + 1
8
k b ·2vnm,

vn+1
m = vnm + k b ·2 Þvn+1/8

m

for (6.1.1) is stable for bµ f 2 and accurate of order (1, 2), and show that it is

accurate of order 2 if µ is constant. Compare it with the scheme (6.3.1) in terms of

accuracy and efficiency.

6.3.9. Consider a scheme for (6.1.1) of the form

vn+1
m = (1 2 2³1 2 2³2)v

n
m + ³1(v

n
m+1 + vnm21) + ³2(v

n
m+2 + vnm22).

Show that when µ is constant, as k and h tend to zero, the scheme is inconsistent

unless

³1 + 4³2 = bµ.

Show that the scheme is fourth-order accurate in x if ³2 = 2³1/16.
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6.3.10. Solve the initial-boundary value problem for (6.1.1) on 21 f x f 1 with initial

data given by

u0(x) =

ù
üüüüüú
üüüüüû

1 if |x| < 1
2
,

1
2

if |x| = 1
2
,

0 if |x| > 1
2
.

Solve up to t = 1/2. The boundary data and the exact solution are given by

u(t, x) = 1

2
+ 2

>∑

$=0

(21)$
cosÃ(2$ + 1)x

Ã(2$ + 1)
e2Ã2(2$+1)2t .

Use the Crank–Nicolson scheme (6.3.4) with h = 1/10, 1/20, 1/40. Compare

the accuracy and efficiency when » = 1 and also when µ = 10.

Demonstrate by the computations that when » is constant, the error in the

solution does not decrease when measured in the supremum norm, but it does

decrease in the L2 norm.

6.3.11. Solve the initial boundary value problem for ut = uxx on 21 f x f 1 for 0 f
t f 0.5 with initial data given by

u0(x) =

ù
üüú
üüû

1 2 |x| for |x| < 1
2
,

1
4

for |x| = 1
2
,

0 for |x| > 1
2

.

Use the boundary conditions

u(t,21) = u7(t,21) and ux(t, 1) = 0,

where u7(t, x) is the exact solution given by

u7(t, x) = 3

8
+

>∑

$=0

(
(21)$

Ã(2$ + 1)
+ 2

Ã2(2$ + 1)2

)
cosÃ(2$ + 1)x e2Ã2(2$+1)2t

+
>∑

m=0

cos 2Ã(2m + 1)x

Ã2(2m + 1)2
e24Ã2(2m+1)2t .

Consider three schemes:

(a) The explicit forward-time central-space scheme with µ = 0.4.

(b) The Crank–Nicolson scheme with » = 1.

(c) The Crank–Nicolson scheme with µ = 5.

For the boundary condition at xM = 1, use the scheme applied at xM and set

vnM+1 = vnM21 to eliminate the values at xM+1 for all values of n.

For each scheme compute solutions for h = 1/10, 1/20, 1/40, and 1/80.

Compare the accuracy and efficiency for these schemes.
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6.3.12.

(a) Show that the scheme for (6.1.1) given by

(
1 2 kb

2
·2

) (
vn+1
m 2 vnm

k

)
= b·2vnm

is the Crank–Nicolson scheme (6.3.4).

(b) Show that the implicit scheme

(
1 2 kb

2
·2

) (
vn+1
m 2 vnm

k

)
= b

(
1 2 h2

12
·2

)
·2vnm

is accurate of order (2, 4) and stable if bµ f 3/2.

6.3.13. Maximum Norm Stability. Show that the forward-time central-space scheme

satisfies the estimate

‖vn+1‖> f ‖vn‖>

for all solutions if and only if 2bµ f 1.

6.3.14. Maximum Norm Stability. Show that the Crank–Nicolson scheme satisfies the

estimate

‖vn+1‖> f ‖vn‖>

for all solutions if bµ f 1. Hint: Show that if vn+1
m′ is the largest value of vn+1

m ,

then

vn+1
m′ f 2bµ

2
vn+1
m′21

+ (1 + bµ)vn+1
m′ 2 bµ

2
vn+1
m′+1

f ‖vn‖>.

6.4 The Convection-Diffusion Equation

We now consider finite difference schemes for the convection-diffusion equation

ut + aux = buxx, (6.4.1)

which is discussed briefly in Section 6.1. We begin our discussion of this equation by

considering the forward-time central-space scheme,

vn+1
m 2 vnm

k
+ a

vnm+1 2 vnm21

2h
= b

vnm+1 2 2vnm + vnm21

h2
. (6.4.2)

This is obviously first-order accurate in time, second-order accurate in space, and second-

order accurate overall because of the stability requirement

bµ f 1
2
,
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as shown in Section 6.3. The scheme is equivalent to

vn+1
m = (1 2 2bµ) vnm + bµ (1 2 ³) vnm+1 + bµ (1 + ³) vnm21, (6.4.3)

where

µ = k

h2
and ³ = ha

2b
= a»

2bµ
.

For convenience we assume that a is positive; the case when a is negative is very similar.

Of course, b must be positive.

Based on the discussion in Section 6.1, we see that one property of the parabolic

differential equation (6.4.1) is that

sup
x

|u(t, x)| f sup
x

|u(t ′, x)| if t > t ′.

That is, the maximum value of |u(t, x)| will not increase as t increases. From (6.4.3) we

see that the scheme will have a similar property if and only if

³ f 1. (6.4.4)

That is, if this condition on ³ is satisfied as well as the stability condition, then from

(6.4.3) we have

|vn+1
m | f (1 2 2bµ) |vnm| + bµ(1 2 ³) |vnm+1| + bµ(1 + ³) |vnm21|

f max
m

|vnm|,

and thus

max
m

|vn+1
m | f max

m
|vnm|. (6.4.5)

If ³ is larger than 1, then inequality (6.4.5) will not be satisfied in general. For

example, if the initial solution is given by

v0
m = 1 for m f 0 and v0

m = 21 for m > 0,

then the solution at the first time step with m equal to 0 is given by

v1
0 = 1 2 2bµ(1 2 ³) = 1 + 2bµ(³ 2 1).

We can show that for ³ greater than 1, the solution will be oscillatory. We now discuss the

interpretation of these oscillations and what can be done to avoid them.

The condition (6.4.4) can be rewritten as

h f 2b

a
, (6.4.6)
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Figure 6.3. The solution of the convection-diffusion equation (central).

which is a restriction on the spatial mesh spacing. The quantity a/b corresponds to the

Reynolds number in fluid flow or the Peclet number in heat flow, and the quantity ³, or

twice ³, is often called the cell Reynolds number or cell Peclet number of the scheme.

Condition (6.4.4) or (6.4.6) is a condition on the mesh spacing that must be satisfied in order

for the solution to the scheme to behave qualitatively like that of the parabolic differential

equation. Notice that it is not a stability condition, since stability only deals with the

limit as h and k tend to zero, and (6.4.6) is always satisfied for h small enough. The

oscillations that occur when (6.4.6) is violated are not the result of instability. They do not

grow excessively; they are only the result of inadequate resolution.

Figure 6.3 shows two numerical solutions and the exact solution for the convection-

diffusion equation (6.4.1) with a = 10 and b = 0.1 at time t = 0.8. The scheme (6.4.2)

uses µ = 1 and the two numerical solutions use values for h of 1/20 and 1/30 . For

h equal to 1/20 the value of ³ is greater than 1 and so the solution is oscillatory. For

h equal to 1/30 the value of ³ is less than 1 and so the solution is nonoscillatory. The

exact solution is the smooth curve that is the lower of the two. The initial condition is also

shown. It is the “tent function” between 20.5 and 0.5.



160 Chapter 6. Parabolic Partial Differential Equations

6 8 10
0

0.2

0.4

0.6

Figure 6.4. The solution of the convection-diffusion equation.

One way of avoiding the restriction (6.4.6) is to use upwind differencing of the con-

vection term. The scheme is then

vn+1
m 2 vnm

k
+ a

vnm 2 vnm21

h
= b

vnm+1 2 2vnm + vnm21

h2
(6.4.7)

or

vn+1
m = [1 2 2bµ(1 + ³)] vnm + bµvnm+1 + bµ (1 + 2³) vnm21.

If 1 2 2bµ(1 + ³) is positive, this scheme satisfies (6.4.5), as may easily be seen. The

oscillations have been eliminated at the expense of being only first-order accurate in space.

The condition that 1 2 2bµ (1 + ³) be nonnegative is

2bµ + a» f 1.

When b is small and a is large, this condition is less restrictive than (6.4.4).
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Notice, however, that (6.4.7) can be rewritten as

vn+1
m 2 vnm

k
+ a

vnm+1 2 vnm21

2h
=
(
b + ah

2

)(
vnm+1 2 2vnm + vnm21

h2

)
.

Thus (6.4.7) is equivalent to solving (6.4.1) by (6.4.2) after replacing b by the larger value

b′ = b (1 + ³) . The term b³uxx can be regarded as the artificial viscosity that has been

added to (6.4.1) to make (6.4.2) have nonoscillatory solutions.

There have been many discussions about the consequences of using an upwind scheme

such as (6.4.7) instead of a scheme like (6.4.2). Many of these discussions address only

imprecisely stated questions and make ambiguous conclusions. Let us restrict ourselves to

an example to consider these two schemes.

Example 6.4.1. Consider (6.4.1) with b = 0.1, a = 10, and choose a grid spacing h =
0.04 so that ³ has the value 2. Scheme (6.4.2) will have oscillations and will not be a

good approximation to the true solution. Solving by scheme (6.4.7) is equivalent to solving

(6.4.1) with b replaced by b′, which has the value 0.3, a 200% change in the value

of b. Is the solution to (6.4.7) a good approximation to the solution of (6.4.1)? If it is, then

presumably replacing b by zero—only a 100% change from the true value—and using a

scheme for hyperbolic equations will also give a good solution.

If ³ is larger than 1, then none of these schemes will give a good approximation

to the solution of (6.4.1). We must then ask what we hope to learn or need to learn by

solving the problem. If we need only qualitative information on the general form of the

solution, then perhaps (6.4.7) is good enough. The solution of (6.4.7) will have the same

qualitative properties as the solution of (6.4.1), and the solution (6.4.7) will overly smooth

any gradients in the solution. In this case, however, the solution to the hyperbolic equation,

obtained by setting b to 0, should also be a good approximation to the true solution.

However, if we need to know precise information about the solution of (6.4.1), then neither

(6.4.2) nor (6.4.7) will be adequate if ³ is too large. We are forced to make h smaller or

to try other methods, such as perturbation methods, to extract the necessary information. A

good feature of (6.4.2) is that the oscillations are an indicator of the scheme’s inability to

resolve the gradients in the solution. Scheme (6.4.7) has no such indicator.

There is no answer to the question of which scheme is better, but it is to be hoped that

this discussion clarifies some of the questions that should be asked when solving a parabolic

differential equation like (6.4.1).

Figure 6.4 shows four numerical solutions and the exact solution for the same

equation as in Figure 6.3. The lowest curve is the solution to the upwind scheme with

h = 1/20. The curve above that is the upwind solution with h = 1/50. The curve in

the middle is the exact solution. The highest curve is the central differencing scheme with

h = 1/30, and the curve below that is the solution with central differencing and h = 1/50.

Notice that the central scheme with h = 1/50 is more accurate than the upwind

scheme for h = 1/50.

To draw reasonable conclusions from this discussion, it must be remembered that

most real applications involving equations like (6.4.1) are for more complex systems than



162 Chapter 6. Parabolic Partial Differential Equations

the constant coefficient equation. The conclusions we should draw are these. First, there

is a grid spacing limitation. If the grid spacing is too coarse, then the scheme will not

compute a qualitatively correct solution. Second, if we need precise information about the

solution and it is not cost-effective to use a small grid spacing, then other methods should

be investigated to obtain this information.

In recent years a number of methods have been advocated for increasing local grid

refinement only in those places where the solution is changing rapidly. Equation (6.4.1) is

often used as a test problem for such methods.

More information on the numerical solution of the convection-diffusion equation can

be found in the book by Morton [44].

Exercises

6.4.1. Show that scheme (6.4.2) satisfies the condition |g| f 1 if and only if k f 2b/a2.

Discuss this condition in relation to the condition (6.4.6).

6.4.2. Show that scheme (6.4.2) has phase speed given by

tan ³k¿ = a» sinh ¿

1 2 4bµ sin2 1
2
h¿

and

³(¿) = a

[
1 2 h2¿2

(
1

6
2 bµ + a2»2

3

)
+ O(h¿)4

]
.

6.4.3. Consider the following scheme for equation (6.4.1), which is derived in the same

way as was the Lax–Wendroff scheme of Section 3.1.

vn+1
m = vnm 2 ka·0v

n
m + kb·2vnm + k2

2

(
a2·2vnm 2 2ab·2·0v

n
m + b2·4vnm

)
.

Show that this scheme is stable if bµ f 1/2. Also show that

|g|2 f 1 + Kk2

if bµ f 1/2.

6.4.4. Consider the nonlinear equation

ut + 1
2
(u2)x = buxx

on an interval such as 21 f x f 1. This equation has as a solution the function

u(t, x) = a 2 c tanh
[ c

2b
(x 2 at)

]
,

which represents a “front” moving to the right with speed a. The front has an increase

in u of 2c as it moves past any point, and the average value of u is a. Consider
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only positive values for a and c. Based on the analysis of the convection-diffusion

equation, it seems likely that there will be resolution restrictions on the grid spacing,

h, which place upper bounds on the quantities

hc

2b
or

ha

2b

in order to get a “qualitatively correct” solution. Notice that the maximum magnitude

of the slope of the front divided by the total change in u is c/4b.

Using any one scheme, investigate this equation and one of these resolution

conditions. Justify your conclusions with a few well-chosen calculations. Fix values

of a and c and vary b, or fix a and b and vary c, or fix a, b, and c and vary

the grid spacing and time step.

6.5 Variable Coefficients

In many applications the diffusivity b is a function of t or x, or even a function of u

itself. The equation is frequently of the form

ut = (b(t, x)ux)x . (6.5.1)

For such equations the difference schemes must be chosen to maintain consistency.

For example, a forward-time central-space scheme for (6.5.1) is

vn+1
m 2 vnm

k
=

b(tn, xm+1/2)
(
vnm+1 2 vnm

)
2 b(tn, xm21/2)

(
vnm 2 vnm21

)

h2
.

This scheme is consistent and is stable if

b(t, x)µ f 1
2

for all values of (t, x) in the domain of computation.



Chapter 7

Systemsof PartialDifferential
Equations inHigherDimensions

In this chapter we show how to extend the results of the previous chapters to systems of

equations and to equations and systems in two and three spatial dimensions. The concepts

of convergence, consistency, and stability carry over without change, as does the definition

of order of accuracy; the main change has to do with the increase in complexity of the

schemes, especially for implicit schemes for systems of equations. There are many schemes

for multidimensional systems that arise from various applications, such as aircraft flow

analysis in aeronautical engineering, numerical weather prediction in meteorology, and oil

reservoir simulation in geology. We are not able to present particular schemes for these

applications, but the ideas that we introduce are useful in each of these areas.

We begin by discussing stability for systems of equations, both for hyperbolic and

parabolic systems, and then discuss equations and systems in two and three dimensions.

In Section 7.3 we introduce the alternating direction implicit method, which is among the

most useful of the methods for multidimensional problems.

7.1 Stability of Finite Difference Schemes
for Systems of Equations

We have discussed the one-way wave equation (1.1.1) and the heat equation (6.1.1) quite

extensively, and we now show how much of what we had to say carries over to systems of

the form

ut + Aux = 0 (7.1.1)

and

ut = Buxx, (7.1.2)

where u is a vector of functions of dimension d and A and B are d × d matrices. For

system (7.1.1) to be hyperbolic the matrix A must be diagonalizable with real eigenvalues

(see Section 1.1) and for (7.1.2) to be parabolic all the eigenvalues of the matrix B must

have positive real part (see Section 6.2). In Chapter 9 there is a more general discussion

of well-posed systems of equations. Almost all of what we have done for scalar equations

extends readily to systems of equations. For example, the derivations of the Lax–Wendroff

165
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scheme for the one-way wave equation and the Crank–Nicolson schemes for both the one-

way wave equation and the heat equation require no change when applied to systems other

than replacing a with A or b with B, respectively. The main difference is in the test for

stability.

In testing the stability of one-step schemes for systems we obtain not a scalar am-

plification factor, but an amplification matrix G. The amplification matrix is obtained by

making the substitution of Gneim» for vnm. The condition for stability is that for each

T > 0, there is a constant CT such that for 0 f nk f T , we have

‖Gn‖ f CT . (7.1.3)

One great simplification to help analyze (7.1.3) for hyperbolic systems occurs when

the scheme has G as a polynomial or rational function of the matrix A (e.g., the

Lax–Wendroff or Crank–Nicolson scheme). Then the same matrix that diagonalizes matrix

A in (7.1.1) diagonalizes G, and the stability of the scheme depends only on the stability

of the scalar equations

wt + aiwx = 0,

where ai is an eigenvalue of A. For the Lax–Wendroff scheme, the stability condition for

(7.1.1) is |ai»| f 1 for i = 1, . . . , d.

Similar methods can be applied to parabolic systems, especially for dissipative schemes

with µ constant. The matrix that transforms the matrix B to upper triangular form can

also be used to convert G to upper triangular form. The methods of Chapter 9 can be used

to obtain estimates of the powers of G.

For each of these cases, if U is the matrix that transforms G to upper triangular

form, such that G = U ÞGU21, then Gn = U ÞGnU21 and so

‖Gn‖ f ‖U‖‖U21‖‖ ÞGn‖.

This implies that estimate (7.1.3) will be satisfied for G if a similar estimate holds for ÞG.

For general schemes the situation is not as nice. A necessary condition for stability is

|g¿ | f 1 + Kk (7.1.4)

for each eigenvalue g¿ of G, but this is not sufficient in general.

Example 7.1.1. Asomewhat artificial example in which the condition (7.1.4) is not sufficient

for stability is obtained by considering the system

u1
t = 0,

u2
t = 0

with the first-order accurate scheme

v1 n+1
m = v1 n

m 2 c(v2 n
m+1 2 2v2 n

m + v2 n
m21),

v2 n+1
m = v2 n

m .
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The amplification matrix is

G =

(

1 4c sin2 1
2
»

0 1

)

and the eigenvalues are both 1. However,

Gn =

(

1 4nc sin2 1
2
»

0 1

)

and the norm of ‖Gn‖ for » equal to Ã grows with n. Because of this growth we conclude

that this scheme is unstable.

Fortunately, the straightforward extensions of schemes for single equations to systems

of equations usually results in stable schemes.

As for single equations, it can be shown that lower order terms do not affect the

stability of systems. This is proved in Exercise 7.1.5.

Multistep Schemes as Systems

We can analyze the stability of multistep schemes by converting them to the form of a

system. For example, a scheme that can be transformed to the form

Ævn+1(¿) =

K
∑

¿=0

a¿(¿) Æv
n2¿(¿)

can be written as

ÆV n+1(¿) = G(h¿) ÆV n(¿),

where ÆV n(¿) is the column vector
(

Ævn(¿), Ævn21(¿), . . . , Ævn2K(¿)
)T
. The matrix G(h¿)

is the companion matrix of the polynomial with coefficients 2a¿(¿), given by

G(h¿) =

û

ü

ü

ü

ü

ý

a0 a1 . . . aK21 aK
I 0 . . . 0 0

0 I . . . 0 0
...

...
. . .

...
...

0 0 . . . I 0

þ

ÿ

ÿ

ÿ

ÿ

ø

.

To determine the stability of scalar finite difference schemes, the methods of Section 4.3

are usually easier to apply than the verification of estimate (7.1.3). For multistep schemes

applied to systems, there is no good analogue of the theory of Schur polynomials, and so

the conversion to a system is often the best way to analyze the stability of schemes.
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Exercises

7.1.1. Prove that condition (7.1.4) is a necessary condition for stability of a system.

7.1.2. Prove that a scheme for a parabolic system is stable if the amplification matrix G is

upper triangular and is dissipative of order 2. That is, there are constants c and C

such that for µ constant

|gii(»)| f 1 2 c sin2 1
2
»,

and moreover, for j > i,

|gij (»)| f C sin2 1
2
»

and gij (») = 0 for j < i. You may wish to use techniques from Sections 6.3

and 9.2.

7.1.3. Analyze the stability of the leapfrog scheme (1.3.4) as a system. Show that this

analysis gives the same conclusion as obtained in Section 4.1.

7.1.4. Show that the Lax–Friedrichs scheme applied to the system

(

u

v

)

t

+

(

1 1

0 1

)(

u

v

)

x

= 0

is unstable. The scheme is the same as (1.3.5) with the matrix
(

1 1

0 1

)

replacing a.

(This equation is a weakly hyperbolic system; see Section 9.2.)

7.1.5. Use the matrix factorization (A.2.3) of Appendix A to prove the extension of Corol-

lary 2.2.2 to systems of equations. Let G be the amplification factor of a stable

scheme, with ‖Gn‖ f CT for 0 f nk f T . Also, let ÞG be the amplification factor

of a scheme with ‖G 2 ÞG‖ f c0k. Assuming that ‖ ÞG‖ f c1 with c1 g 1, use

(A.2.3) to establish by induction that

‖ ÞGn‖ f CT (1 + kc0c1)
n.

7.2 Finite Difference Schemes inTwo
andThree Dimensions

In this section we consider finite difference schemes in two and three spatial dimensions.

The basic definitions of convergence, consistency, and stability given in Sections 1.4 and

1.5 readily extend to two and three dimensions. One difficulty associated with schemes

in more than one dimension is that the von Neumann stability analysis can become quite

formidable, as we illustrate in the next two examples.
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Example 7.2.1. We begin by considering the standard leapfrog scheme for the system

ut + Aux + Buy = 0, (7.2.1)

where A and B are d × d matrices. The scheme may be written

vn+1
$,m 2 vn21

$,m

2k
+ A·0xv

n
$,m + B·0yv

n
$,m = 0. (7.2.2)

The Fourier transform of the solution, Ævn(¿) = Ævn(¿1, ¿2), satisfies the recursion relation

Ævn+1(¿) + 2i(»1A sin h¿1 + »2B sin h¿2) Æv
n(¿) 2 Ævn21(¿) = 0, (7.2.3)

where »1 = k/h1 and »2 = k/h2.

The stability of this scheme can be analyzed using the methods introduced in the

previous section. The scheme can be written as a one-step scheme and the condition (7.1.3)

has to be checked. However, it is difficult to obtain reasonable conditions without making

some assumptions about the matrices A and B.

The most common assumption is that A and B are simultaneously diagonalizable.

This means that there exists a matrix P such that both PAP21 and PBP21 are diagonal

matrices. In actual practice, this condition is rarely met, but it does give insight nonetheless.

If we set w = P Æv, then relation (7.2.3) can be reduced to the form

wn+1
¿ (¿) + 2i(»1³¿ sin »1 + »2´¿ sin »2)w

n
¿ (¿) 2 wn21

¿ (¿) = 0 (7.2.4)

for ¿ = 1, . . . , d, where ³¿ and ´¿ are the ¿th entries in PAP21 and PBP21,

respectively. Analyzing scheme (7.2.4) is similar to the analysis done on the

one-dimensional scalar leapfrog scheme in Section 4.1. We conclude that scheme (7.2.2)

is stable if and only if

»1|³¿ | + »2|´¿ | < 1

for all values of ¿.

Example 7.2.2. A modification of the leapfrog scheme (7.2.2) allowing larger time steps

has been given by Abarbanel and Gottlieb [1]. The scheme is

vn+1
$,m 2 vn21

$,m

2k
+ A·0x

vn$,m+1 + vn$,m21

2
+ B·0y

vn$+1,m + vn$21,m

2
= 0. (7.2.5)

Assuming that A and B are simultaneously diagonalizable, the stability analysis leads

easily to the condition that

|»1³¿ sin »1 cos »2 + »2´¿ sin »2 cos »1| < 1

must hold for all values of »1, »2, and ¿. We have, using the Cauchy–Schwarz inequality,

|»1³¿ sin »1 cos »2 + »2´¿ sin »2 cos »1|

f max{»1|³¿ |, »2|´¿ |}(| sin »1|| cos »2| + | sin »2|| cos »1|)

f max{»1|³¿ |, »2|´¿ |}(sin2 »1 + cos2 »1)
1/2(cos2 »2 + sin2 »2)

1/2

= max{»1|³¿ |, »2|´¿ |}.
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Thus we see that the two conditions »1|³¿ | < 1 and »2|´¿ | < 1 for all values of ¿

are sufficient for stability, and it is easy to see, by taking appropriate choices of »1 and

»2, that these conditions are also necessary. Thus the modified scheme (7.2.5) allows for

a much larger time step than does the standard leapfrog (7.2.2). The extra computation per

time step required by (7.2.5) is more than offset by the larger time step, making it more

efficient than the standard scheme (7.2.2) (see [1]).

We can obtain a general formula for the stability condition for the schemes (7.2.2) and

(7.2.5) without the assumption of simultaneous diagonalizablity as follows. Because the

system (7.2.1) is hyperbolic the matrix function A¿1 + B¿2 is uniformly diagonalizable

with real eigenvalues; see Chapter 9. This means there is a matrix Y (¿1, ¿2) such that the

norm of Y (¿) and Y (¿)21 are uniformly bounded and

Y (¿) (A¿1 + B¿2) Y (¿)
21 = D(¿),

where D(¿) is a diagonal matrix with real eigenvalues given by Di(¿). By multiplying

equation (7.2.3) by Y = Y (»1 sin »1, »2 sin »2) and setting Æw = Y Æv, we obtain

Æwn+1 + 2iD(»1 sin »1, »2 sin »2) Æwn 2 wn21 = 0.

Because D is diagonal, this system is composed of d simple scalar equations. The stability

condition is then easily seen to be

max
1fifd

max
»1,»2

|Di(»1 sin »1, »2 sin »2)| < 1. (7.2.6)

The scheme is stable for all values of »1 and »2 that satisfy this inequality. Of course,

one must determine the functions Di(¿); these are the eigenvalues of A¿1 + B¿2, to

explicitly determine the stability condition. In some cases this can be done; in other cases

it is a formidable task.

This same method can be applied to the analysis of other schemes, such as the

Lax–Wendroff and Crank–Nicolson schemes, for the system (7.2.1).

Time Split Schemes

Time splitting is a general method for reducing multidimensional problems to a sequence

of one-dimensional problems (see, e.g., Yanenko [72]). Consider an equation of the form

ut + A1u + A2u = 0, (7.2.7)

where A1 and A2 are linear operators, such as A1 = A"/"x and A2 = B"/"y. The

operators A1 and A2 need not be associated with a particular dimension, but this is the

most usual case. To advance the solution of (7.2.7) from a time t0 to the time t0 + k, we

approximate (7.2.7) with the equations

ut + 2A1u = 0 for t0 f t f t0 + 1
2
k (7.2.7a)
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and

ut + 2A2u = 0 for t0 + 1
2
k f t f t0 + k. (7.2.7b)

That is, each of the operators acts with twice its usual effect for half of the time.

We then use one-step finite difference schemes to approximate (7.2.7a) and (7.2.7b).

If we use second-order accurate schemes to approximate both (7.2.7a) and (7.2.7b), then

the overall scheme will be second-order accurate only if the order of the splitting is reversed

on alternate time steps (see Gottlieb [25] and Strang [58]).

Stability for time split schemes does not necessarily follow from the stability of each

of the steps unless the amplification factors commute with each other.

A significant difficulty associated with time split schemes is in determining the ap-

propriate boundary conditions for each of the steps. Improper boundary conditions can

seriously degrade the accuracy of the solution. A method for deriving boundary conditions

for time split schemes has been given by LeVeque and Oliger [39].

Example 7.2.3. Atime split scheme popular in computational fluid dynamics is the time split

MacCormack scheme [41]; see also Exercise 3.2.1. For system (7.2.1) with )x = )y = h,

the forward-backward MacCormack scheme is

Þv
n+1/2
$,m = vn$,m 2 A»(vn$+1,m 2 vn$,m),

v
n+1/2
$,m = 1

2
[vn$,m + Þv

n+1/2
$,m 2 A»( Þv

n+1/2
$,m 2 Þv

n+1/2
$21,m)],

Þvn+1
$,m = v

n+1/2
$,m 2 B»(v

n+1/2
$,m+1 2 v

n+1/2
$,m ),

vn+1
$,m = 1

2
[v

n+1/2
$,m + Þvn+1

$,m 2 B»( Þvn+1
$,m 2 Þvn+1

$,m21)].

An advantage of this scheme is that each of the four stages is very easy to program, making

it suitable for use on high-speed vector or parallel processors.

Exercises

7.2.1. Show that the Lax–Friedrichs scheme

vn+1
$,m 2 1

4
(vn$+1,m + vn$21,m + vn$,m+1 + vn$,m21)

k
+ a·0xv

n
$,m + b·0yv

n
$,m = 0

for the equation ut + aux + buy = 0, with )x = )y = h, is stable if and only if

(|a|2 + |b|2)»2 f 1/2.

7.2.2. Show that the scheme

vn+1
$,m 2 1

4
(vn$+1,m+1 + vn$21,m+1 + vn$+1,m21 + vn$21,m21)

k

+ a·0xv
n
$,m + b·0yv

n
$,m = 0

for the equation ut + aux + buy = 0, with )x = )y = h, is stable if and only if

(|a| + |b|)» f 1.
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7.2.3. Show that the two-dimensional Du Fort–Frankel scheme for the equation ut =

b(uxx + uyy) + f given by

vn+1
$,m 2 vn21

$,m

2k
= b

vn$+1,m + vn$21,m + vn$,m+1 + vn$,m21 2 2
(

vn+1
$,m + vn21

$,m

)

h2
+ f n

m,

where )x = )y = h, is unconditionally stable.

7.2.4. Show that the scheme given by the two-step algorithm

Þv
n+1/2
$+1/2,m+1/2 =

1

4

(

vn$+1,m+1 + vn$,m+1 + vn$+1,m + vn$,m
)

2
a»

4

(

vn$+1,m+1 + vn$+1,m 2 vn$,m+1 2 vn$,m
)

2
b»

4

(

vn$+1,m+1 + vn$,m+1 2 vn$+1,m 2 vn$,m
)

,

vn+1
$,m = vn$,m 2

a»

2

(

Þv
n+1/2
$+1/2,m+1/2 + Þv

n+1/2
$+1/2,m21/2 2 Þv

n+1/2
$21/2,m+1/2 2 Þv

n+1/2
$21/2,m21/2

)

2
b»

2

(

Þv
n+1/2
$+1/2,m+1/2 + Þv

n+1/2
$21/2,m+1/2 2 Þv

n+1/2
$+1/2,m21/2 2 Þv

n+1/2
$21/2,m21/2

)

for the equation ut + aux + buy = 0, with )x = )y = h, is second-order accu-

rate and stable if and only if (|a|2 + |b|2)»2 f 1.

7.2.5. Using the formula (7.2.6) find the stability condition for the leapfrog schemes (7.2.2)

and (7.2.5) when

A =

(

1 0

0 21

)

and B =

(

0 1

1 0

)

.

7.2.6. Prove that if the two steps of a time split scheme have amplification factors that

commute with each other, then the time split scheme is stable if each step is stable.

7.3 The Alternating Direction Implicit Method

In this section we examine a very powerful method that is especially useful for solving

parabolic equations on rectangular domains. It is also useful for equations of other types

and on more general domains, although it can then become quite complex. This method is

called the alternating direction implicit, or ADI, method. We discuss the derivation of the

name and show that the method can be applied quite generally.

We begin by defining a parabolic equation in two spatial dimensions. The general

definition is given in Section 9.2. The equation in two spatial variables,

ut = b11uxx + 2b12uxy + b22uyy, (7.3.1)



7.3 The ADI Method 173

is parabolic if

b11, b22 > 0 and b2
12 < b11b22.

The most common example is the two-dimensional heat equation

ut = b(uxx + uyy),

which governs heat flow in two dimensions. Parabolic equations arise in many other

two- and three-dimensional problems, including the study of flows in porous media and

modeling of economic processes. We introduce the ADI method using the two-dimensional

heat equation as our primary example.

The ADI Method on a Square

Consider

ut = b1uxx + b2uyy (7.3.2)

on a square. Note that there is no term with a mixed derivative; i.e., there is no uxy term.

The ADI method applies most simply to parabolic equations of the form (7.3.2). Later in

this section we consider how to modify the basic method in order to include the mixed

derivative terms.

If we were to use a scheme similar to the Crank–Nicolson scheme for (7.3.2), with

discretization of both spatial derivatives, the scheme would be unconditionally stable, but

the matrix to be inverted at each time step would be much more difficult to invert than

were the tridiagonal matrices encountered in one-dimensional problems. The ADI method,

which we now derive, is a way of reducing two-dimensional problems to a succession of

many one-dimensional problems.

Let A1 and A2 be linear operators, which can be quite general, but for convenience

think of
A1u = b1uxx,

A2u = b2uyy .

In general we assume that we have convenient methods to solve the equations

wt = A1w

and

wt = A2w

by the Crank–Nicolson scheme or a similar implicit scheme. The ADI method gives us a

way to use these schemes to solve the combined equation

ut = A1u + A2u (7.3.3)

using the methods for the simpler “one-dimensional” problems.

We begin by using the same idea as used in the Crank–Nicolson scheme, that of cen-

tering the difference scheme about t = (n + 1/2) k. By the Taylor series, (7.3.3) becomes

un+1 2 un

k
=

1

2

(

A1u
n+1 + A1u

n
)

+
1

2

(

A2u
n+1 + A2u

n
)

+ O
(

k2
)
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or
(

I 2
k

2
A1 2

k

2
A2

)

un+1 =

(

I +
k

2
A1 +

k

2
A2

)

un + O
(

k3
)

. (7.3.4)

As noted before, if we discretize the operators A1 and A2 with respect to the spatial

variable at this stage, then the matrix corresponding to the left-hand side will be difficult to

invert. We now note the formula

(1 ± a1) (1 ± a2) = 1 ± a1 ± a2 + a1a2

and, based on this, add k2A1A2u
n+1/4 to both sides of equation (7.3.4) and then write it

as

(

I 2
k

2
A1 2

k

2
A2 +

k2

4
A1A2

)

un+1 =

(

I +
k

2
A1 +

k

2
A2 +

k2

4
A1A2

)

un

+
k2

4
A1A2

(

un+1 2 un
)

+ O
(

k3
)

.

(7.3.5)

The two matrix sums can be factored as

(

I 2
k

2
A1

)(

I 2
k

2
A2

)

un+1 =

(

I +
k

2
A1

)(

I +
k

2
A2

)

un

+
k2

4
A1A2

(

un+1 2 un
)

+ O
(

k3
)

.

Consider first the second term on the right-hand side. We have

un+1 = un + O(k),

so with the k2 factor this second term is O(k3), which is the same order as the errors

already introduced. So we have
(

I 2
k

2
A1

)(

I 2
k

2
A2

)

un+1 =

(

I +
k

2
A1

)(

I +
k

2
A2

)

un + O
(

k3
)

. (7.3.6)

If we discretize this equation, then we have a more convenient method. In the case when

A1 = b1 uxx and A2 = b2 uyy, the matrices corresponding to I 2 k/2 Ai will be tridiag-

onal and can be solved conveniently with the Thomas algorithm; see Section 3.5. Let A1h

and A2h be second-order approximations to A1 and A2, respectively. We obtain

(

I 2
k

2
A1h

)(

I 2
k

2
A2h

)

un+1 =

(

I +
k

2
A1h

)(

I +
k

2
A2h

)

un

+ O
(

k3
)

+ O
(

kh2
)

,

and from this we have the ADI scheme
(

I 2
k

2
A1h

)(

I 2
k

2
A2h

)

vn+1 =

(

I +
k

2
A1h

)(

I +
k

2
A2h

)

vn. (7.3.7)
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The Peaceman–Rachford Algorithm

To solve (7.3.7) Peaceman and Rachford [50] used

(

I 2
k

2
A1h

)

Þvn+1/2 =

(

I +
k

2
A2h

)

vn, (7.3.8a)

(

I 2
k

2
A2h

)

vn+1 =

(

I +
k

2
A1h

)

Þvn+1/2. (7.3.8b)

Formulas (7.3.8) explain the origin of the name alternating direction implicit method. The

two steps alternate which direction is implicit and which is explicit. More generally, the term

ADI applies to any method that involves the reduction of the problem to one-dimensional

implicit problems by factoring the scheme.

We now show that formulas (7.3.8) are equivalent to formula (7.3.7). If we start with

equation (7.3.8b), operate with (I 2 k/2 A1h) , and then use (7.3.8a), we obtain

(

I 2
k

2
A1h

)(

I 2
k

2
A2h

)

vn+1 =

(

I 2
k

2
A1h

)(

I +
k

2
A1h

)

Þvn+1/2

=

(

I +
k

2
A1h

)(

I 2
k

2
A1h

)

Þvn+1/2 =

(

I +
k

2
A1h

)(

I +
k

2
A2h

)

vn.

Notice that the equivalence of (7.3.8) to (7.3.7) does not require that the operators A1h and

A2h commute with each other. Some ADI methods similar to (7.3.8) require that some of

the operators commute with each other; see Exercise 7.3.14.

The D’Yakonov scheme for (7.3.7) is

(

I 2
k

2
A1h

)

v̄n+1/2 =

(

I +
k

2
A1h

)(

I +
k

2
A2h

)

vn,

(

I 2
k

2
A2h

)

vn+1 = v̄n+1/2.

(7.3.9)

The variables Þvn+1/2 in (7.3.8) and v̄n+1/2 in (7.3.9) should be thought of as inter-

mediate or temporary variables in the calculation and not as approximations to u(t, x) at

any time t. By consistency such variables in ADI methods are usually first-order approxi-

mations to the solution, but this is of little significance.

The Douglas–Rachford Method

Other ADI schemes can be derived starting with other basic schemes. Starting with the

backward-time central-space scheme for (7.3.3), we have

(I 2 kA1 2 kA2) u
n+1 = un + O

(

k2
)
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or

(

I 2 kA1 2 kA2 + k2A1A2

)

un+1 = un + k2A1A2u
n + k2A1A2

(

un+1 2 un
)

+ O
(

k2
)

,

which gives the scheme

(I 2 kA1h) (I 2 kA2h) v
n+1 =

(

I + k2A1hA2h

)

vn.

The Douglas–Rachford method [13] for this scheme is

(I 2 kA1h) Þvn+1/2 = (I + kA2h) v
n,

(I 2 kA2h) v
n+1 = Þvn+1/2 2 kA2hv

n.
(7.3.10)

If the operators Ai are approximated to second-order accuracy, the scheme is accurate of

first-order in time and second-order in space.

Boundary Conditions for ADI Schemes

ADI schemes require values of the intermediate variables on the boundary. If we consider

the case of Dirichlet boundary conditions, i.e., u(t, x, y) specified on the boundary, then

values of Þvn+1/2 on the boundaries are obtained by using the two steps of the scheme with

vn and vn+1 specified to obtain Þvn+1/2.

For example, consider the Peaceman–Rachford method with

A1 = b1
"2

"x2
, A2 = b2

"2

"y2
,

and u = ´(t, x, y) on the boundary of the unit square. For step (7.3.8a), Þvn+1/2 is needed

at x = 0 and x = 1. By adding the two parts of (7.3.8), we have

Þvn+1/2 =
1

2

(

I +
k

2
A2h

)

´n +
1

2

(

I 2
k

2
A2h

)

´n+1, (7.3.11)

which can be used to compute Þvn+1/2 along the boundaries at x = 0 and x = 1. Thus

Þvn+1/2 is determined where needed.

For the Douglas–Rachford method, the second equation gives

Þvn+1/2 = (I 2 kA2h) ´
n+1 + kA2h´

n.

Note again that Þvn+1/2 need not be a good approximation to the solution at the intermediate

time level with t = (n + 1/2) k.

The boundary condition

Þv
n+1/2
$,m = ´

n+1/2
$,m = ´(tn+1/2, x$, ym) (7.3.12)

is very easy to implement but is only first-order accurate. If this condition is used with the

Peaceman–Rachford method or similar second-order methods, the overall accuracy will be

only first order.
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Stability for ADI Methods

The Peaceman–Rachford and Douglas–Rachford methods are unconditionally stable, as

is easily seen by von Neumann analysis for two dimensions. As an example we show

the stability of the Douglas–Rachford method applied to the two-dimensional heat

equation (7.3.2).

Replacing vn$,m by gnei$»eimÇ and Þv
n+1/2
$,m by Þggnei$»eimÇ, we obtain

(

1 + 4b1µx sin2 1
2
»
)

Þg = 1 2 4b2µy sin2 1
2
Ç,

(

1 + 4b2µy sin2 1
2
Ç
)

g = Þg + 4b2µy sin2 1
2
Ç.

Thus

g =
1 + 16b1b2µxµy sin2 1

2
» sin2 1

2
Ç

(1 + 4b1µx sin2 1
2
»)(1 + 4b2µy sin2 1

2
Ç)

f 1.

Implementing ADI Methods

To implement ADI methods on a rectangular domain, we begin with a grid consisting

of points (x$, ym), given by x$ = $)x and ym = m)y for $ = 0, . . . , L and m =

0, . . . ,M, respectively. We illustrate the implementation using the Peaceman–Rachford

algorithm (7.3.8). The numerical method is most conveniently programmed using two

two-dimensional arrays, one for the values of v and one for Þv. In addition to these two

two-dimensional arrays, two one-dimensional arrays are needed to store the variables p

and q used in the Thomas algorithm as given in Section 3.5.

Figure 7.1 shows a grid and illustrates the sets of grid points on which Þv and v are

solved. Notice that the values of v on the left- and right-side boundaries are not obtained

as part of the algorithm and must be specifically assigned.

As formulas (7.3.8) show, the computation of vn+1 from vn involves two distinct

stages: the first to compute Þv from v and the second to compute v from Þv. We have

dropped the superscripts on Þv and v, since in the programming of the method there is no

index corresponding to n on these arrays.

The difference equations for Þv corresponding to (7.3.8a) are

2
b1µx

2
Þv$21,m + (1 + b1µx) Þv$,m 2

b1µx

2
Þv$+1,m

=
b2µy

2
v$,m21 + (1 2 b2µy)v$,m +

b2µy

2
v$,m+1

for $ = 1, . . . , L 2 1 and for m = 1, . . . ,M 2 1.

(7.3.13)

This system of equations consists of M 2 1 tridiagonal systems of equations, one for each

value of m. For each value of m, the Thomas algorithm can be used to solve for the values

of Þv$,m. The standard way to implement the method uses a loop on the m, and within each
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V

V

~
V

V

Figure 7.1. Grid for ADI.

loop the Thomas algorithm is used to solve for the values of Þv$,m for $ = 0, . . . , L. The

boundary values of Þv are given by (7.3.11), or in this specific case,

Þv0,m =
b2µy

4
´n

0,m21 +
1 2 b2µy

2
´n

0,m +
b2µy

4
´n

0,m+1

2
b2µy

4
´n+1

0,m21 +
1 + b2µy

2
´n+1

0,m 2
b2µy

4
´n+1

0,m+1,

and similarly for ÞvL,m. Notice that this formula gives Þv0,m only for values of m from 1 to

M 2 1. These boundary conditions and the equations (7.3.13) completely determine Þv$,m
for $ = 0, . . . , L and m = 1, . . . ,M 2 1. Values of Þv$,0 and Þv$,M are not determined

by these formulas, and, as we shall see, these values are not needed at all.

Having computed Þv, the second stage of the computation uses (7.3.8b), and the

difference equations are

2
b2µy

2
v$,m21 + (1 + b2µy)v$,m 2

b2µy

2
v$,m+1

=
b1µx

2
Þv$21,m + (1 2 b1µx) Þv$,m +

b1µx

2
Þv$+1,m

for $ = 1, . . . , L 2 1 and for m = 1, . . . ,M 2 1.

(7.3.14)
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Similar to (7.3.13), this is a system of L 2 1 tridiagonal systems of equations, one tridi-

agonal system for each value of $. The boundary conditions for v are the specification

of the exact values of the solution at time level n + 1, i.e., for t = (n + 1)k. Again, the

standard implementation uses a loop on $, within which the Thomas algorithm is used to

solve for the values of v$,m for m = 0, . . . ,M.

It is important to notice that in equation (7.3.14) the required values of Þv are precisely

the values computed by (7.3.13). In particular, there is no need to assign values to Þv$,0 or

Þv$,M for any values of $. It is also important to realize that the boundary values v0,m and

vL,m are not needed in the solution of (7.3.14), but these values must be updated as part of

the solution process.

A useful suggestion for implementing ADI methods is first to use the very simple

boundary condition (7.3.12) rather than more complex formulas such as (7.3.13). After the

program is found to be free of programming errors, then more complex and more accurate

boundary conditions such as (7.3.13) can be implemented.

Sample pseudocode for the Peaceman–Rachford ADI method is given below. The

variable w is used for Þv. The grid lines are numbered 0 to L in the x direction and 0 to M

in the y direction. The lines relating to the boundary conditions and the boundary data are

not specified completely. Also, note that different arrays for the x and y directions could

be used for the Thomas algorithm arrays p and q, and the arrays for the p values could then

be computed only once for more computational efficiency.

The quantities halfbmux and halfbmuy are the two products (1/2) b1µx and

(1/2) b2µy, respectively.

! Loop on time

while time < tstop

time = time + time step

! Consider each grid line in y

loop on m from 1 to M-1

! Do the Thomas algorithm for this grid line. First loop

p(1) = 0.

q(1) = Boundary Data at x(0) and y(m)

loop on el from 1 to L-1

dd = v(el,m)

+ halfbmuy*( v(el,m-1) - 2 v(el,m) + v(el, m+1))

denom = 1 + halfbmux*(2 - p(el))

p(el+1) = halfbmux/denom

q(el+1) = ( dd + halfbmux*q(el))/ denom

end of loop on el

! Second loop for the Thomas algorithm

w(L,m) = Boundary Data at x(L) and y(m)

loop on el from L-1 to 0

w( el, m) = p(el+1)*w( el+1, m) + q(el+1)

end of loop on el

end of loop on m

! This completes the first half of ADI
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! Consider each grid line in x

loop on el from 1 to L-1

! Do the Thomas algorithm for this grid line. First loop

p(1) = 0.

q(1) = Boundary Data at x(el) and y(0)

loop on m from 1 to M-1

dd = w(el,m)

+ halfbmux*( w(el-1,m) - 2 w(el,m) + w(el+1,m))

denom = 1 + halfbmuy*(2 - p(m))

p(m+1) = halfbmuy/denom

q(m+1) = ( dd + halfbmuy*q(m))/ denom

end of loop on m

! Second loop for the Thomas algorithm

v(el,M) = Boundary Data at x(el) and y(M)

loop on m from M-1 to 0

v( el, m) = p(m+1)* *iv( el, m+1 ) + q(m+1)

end of loop on m

end of loop on el

! Set the other boundary values

loop on m from 0 to M

v(0,m) = Boundary Data at x(0) and y(m)

v(L,m) = Boundary Data at x(L) and y(m)

end of loop on m

end of loop on time

The Mitchell–Fairweather Scheme

The Mitchell–Fairweather scheme [44] is an ADI scheme for (7.3.2) that is second-order

accurate in time and fourth-order accurate in space. The fourth-order accurate formula

(3.3.6),
(

1 +
h2

12
·2

)21

·2u =
d2u

dx2
+ O

(

h4
)

,

is used rather than the second-order approximation. We consider (7.3.6):

(

I 2
k

2
A1

)(

I 2
k

2
A2

)

un+1 =

(

I +
k

2
A1

)(

I +
k

2
A2

)

un + O
(

k3
)

,

where A1 and A2 are the second derivative operators; then we multiply both sides by

(

1 +
h2

12
·2
x

)(

1 +
h2

12
·2
y

)

and replace
(

1 +
h2

12
·2
x

)

"2

"x2



7.3 The ADI Method 181

by ·2
x + O

(

h4
)

. Similar changes are made for the derivatives with respect to y. The

result is

(

1 +
h2

12
·2
x 2

k

2
b1 ·

2
x

)(

1 +
h2

12
·2
y 2

k

2
b2 ·

2
y

)

un+1

=

(

1 +
h2

12
·2
x +

k

2
b1 ·

2
x

)(

1 +
h2

12
·2
y +

k

2
b2 ·

2
y

)

un + O
(

k3
)

+ O
(

kh4
)

.

We obtain the Mitchell–Fairweather scheme, which is similar to the Peaceman–Rachford

scheme:

[

1 2
1

2

(

b1µx 2
1

6

)

h2 ·2
x

]

vn+1/2 =

[

1 +
1

2

(

b2µy +
1

6

)

h2 ·2
y

]

vn,

[

1 2
1

2

(

b2µy 2
1

6

)

h2 ·2
y

]

vn+1 =

[

1 +
1

2

(

b1µx +
1

6

)

h2 ·2
x

]

vn+1/2.

(7.3.15)

This scheme is second order in time and fourth order in space and is not much more work

than the Peaceman–Rachford method.

As an example, suppose the Peaceman–Rachford scheme is used with grid spacings

h1 and k1, and the Mitchell–Fairweather scheme is used with grid spacings h2 and k2.

The amount of work for the schemes is proportional to k21
1 h22

1 and k21
2 h22

2 , respectively,

whereas the accuracy is O(k2
1) + O(h2

1) for the Peaceman–Rachford scheme and O(k2
2) +

O(h4
2) for the Mitchell–Fairweather scheme. It is usually not difficult to choose the grid

parameters so that the Mitchell–Fairweather scheme requires less work and gives more

accuracy than the Peaceman–Rachford method (see Exercises 7.3.8, 7.3.10, and 7.3.12).

Boundary conditions for the Mitchell–Fairweather scheme are obtained as for the

otherADI schemes. We can eliminate the terms with ·2
xv

n+1/2 from (7.3.15) by multiplying

the first equation by b1µx + 1/6 and the second by b1µx 2 1/6, and then eliminating

the terms containing ·2
xv

n+1/2. In this way we obtain for Dirichlet boundary conditions

the following condition for vn+1/2:

vn+1/2 =
1

2b1µx

{(

b1µx +
1

6

)[

1 +
1

2

(

b2µy +
1

6

)

h2·2
y

]

´n

+

(

b1µx 2
1

6

)[

1 2
1

2

(

b2µy 2
1

6

)

h2·2
y

]

´n+1

}

.

(7.3.16)

ADI with Mixed Derivative Terms

The ADI methods that have been discussed for equation (7.3.2) can be extended to include

the general equation (7.3.1), with the mixed derivative term as well. We confine our

discussion to the Peaceman–Rachford method for simplicity. One scheme that can be
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used is

(

1 2
k

2
b11·

2
x

)

vn+1/2 =

(

1 +
k

2
b22·

2
y

)

vn + kb12·0x·0yv
n,

(

1 2
k

2
b22·

2
y

)

vn+1 =

(

1 +
k

2
b11·

2
x

)

vn+1/2 + kb12·0x·0yv
n+1/2,

(7.3.17)

which is only first-order accurate in time. Beam and Warming [5] have shown that no ADI

scheme involving only time levels n and n + 1, such as (7.3.17), can be second-order

accurate unless b12 is zero. A simple modification to (7.3.17) that is second-order accurate

in time is

(

1 2
k

2
b11·

2
x

)

vn+1/2 =

(

1 +
k

2
b22·

2
y

)

vn + kb12·0x·0y Þvn+1/2,

(

1 2
k

2
b22·

2
y

)

vn+1 =

(

1 +
k

2
b11·

2
x

)

vn+1/2 + kb12·0x·0y Þvn+1/2,

(7.3.18)

where

Þvn+1/2 = 3
2
vn 2 1

2
vn21.

This scheme requires extra storage to compute Þvn+1/2, but it is relatively easy to implement.

The boundary condition

vn+1/2 =
1

2

(

1 +
k

2
b22·

2
y

)

´n +
1

2

(

1 2
k

2
b22·

2
y

)

´n+1 (7.3.19)

can be used with this scheme without loss of the second-order accuracy (see Exercise

7.3.13). Notice that this is essentially the same formula as (7.3.11).

Exercises

7.3.1. Show that the inhomogeneous equation

ut = A1u + A2u + f

corresponding to equation (7.3.3) can be approximated to second-order accuracy by

(

I 2
k

2
A1h

)

Þvn+1/2 =

(

I +
k

2
A2h

)

vn +
k

2
f n+1/2,

(

I 2
k

2
A2h

)

vn+1 =

(

I +
k

2
A1h

)

Þvn+1/2 +
k

2
f n+1/2,
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where A1h and A2h are as in scheme (7.3.7). Also show that the scheme

(

I 2
k

2
A1h

)

Þvn+1/2 =

(

I +
k

2
A2h

)

vn +
k

2
f n,

(

I 2
k

2
A2h

)

vn+1 =

(

I +
k

2
A1h

)

Þvn+1/2 +
k

2
f n+1

is second-order accurate.

7.3.2. Consider the system in one space dimension

(

u1

u2

)

t

=

(

1 0

0 1

) (

u1

u2

)

xx

+

(

0 24

4 0

) (

u1

u2

)

.

Discuss the efficiency of the ADI method using

A1 =

(

1 0

0 1

)

"2

"x2
and A2 =

(

0 24

4 0

)

compared with using a Crank–Nicolson scheme with a block tridiagonal system.

Solve this system using one of these methods on the interval 21 f x f 1 for

0 f t f 1 with the exact solution

u1 = e3t sin x cosh 2x,

u2 = e3t cos x sinh 2x

with Dirichlet boundary conditions at x = 21 and x = 1.

7.3.3. Apply the Peaceman–Rachford method to the hyperbolic equation

ut + ux + 2uy = 0

on the square 21 f x f 1, 21 f y f 1 for 0 f t f 1. Specify the exact so-

lution along the sides with y = 0 and x = 0. Apply the extrapolation conditions

vn+1
L,m = vnL21,m and vn+1

$,M = vn$,M21 along the sides xL = 1 and yM = 1, respec-

tively. Use the exact solution

u(t, x, y) = u0(x 2 t, y 2 2t)

with

u0(x, y) =

ù

ú

û

(1 2 2|x|)(1 2 2|y|) if |x| f 1
2

and |y| f 1
2
,

0 otherwise

for initial and boundary data.
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7.3.4. Show that scheme (7.3.18) for the parabolic equation (7.3.1) with the mixed deriva-

tive terms is second-order accurate and unconditionally stable. Hint: It may be

simpler to use the methods of Section 4.3 rather than to solve explicitly for the two

roots of the amplification polynomial.

7.3.5. Show that (7.3.10) is equivalent to the formula preceding it.

7.3.6. Derive boundary condition (7.3.16) for the Mitchell–Fairweather scheme.

7.3.7. Use the Peaceman–Rachford ADI method to solve

ut = 2uxx + uyy

on the unit square for 0 f t f 1. The initial and boundary data should be taken

from the exact solution

u = exp(1.68t) sin[1.2(x 2 y)] cosh(x + 2y).

Use )x = )y = )t = 1/10, 1/20, and 1/40. Demonstrate the second-order

accuracy.

7.3.8. Solve the same problem as in Exercise 7.3.7 but by the Mitchell–Fairweather ADI

method. Use )x = )y = 1/10 and )t = 1/30. Compare this case with the use

of the Peaceman–Rachford method with )x = )y = )t = 1/20.

7.3.9. Use the Peaceman–Rachford ADI method to solve

ut = uxx + 2uyy

on the unit square for 0 f t f 1. The initial and boundary data should be taken

from the exact solution

u = exp(1.5t) sin(x 2 0.5y) cosh(x + y).

Use )x = )y = )t = 1/10, 1/20, and 1/40. Demonstrate the second-order

accuracy.

7.3.10. Solve the same problem as in Exercise 7.3.9 but by the Mitchell–Fairweather ADI

method. Use )x = )y = 1/10 and )t = 1/30. Compare this case with the use

of the Peaceman–Rachford method with )x = )y = )t = 1/20.

7.3.11. Use the Peaceman–Rachford ADI method to solve

ut = uxx + 2uyy

on the unit square for 0 f t f 1. Take initial and boundary data from the exact

solution

u = exp(0.75t) sin(2x 2 y) cosh[1.5(x + y)].

Use )x = )y = )t = 1/10, 1/20, and 1/40. Demonstrate the second-order

accuracy.
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7.3.12. Solve the same problem as in Exercise 7.3.11, but by the Mitchell–Fairweather ADI

method. Use )x = )y = 1/10 and )t = 1/30. Compare this case with the use

of the Peaceman–Rachford method with )x = )y = )t = 1/20.

7.3.13. Use the scheme (7.3.18) with boundary conditions (7.3.19) to compute an approx-

imation to the parabolic equation (7.3.1), with the mixed derivative term. Let

the coefficients have the values b11 = 1, b12 = 0.5, and b22 = 1 on the square

21 f x f 1, 21 f y f 1, for 0 f t f 1. Use the exact solution

e2t sin(x + y) cosh(x + y)

with Dirichlet boundary conditions.

7.3.14. Show that the three-dimensional ADI method for

ut = A1u + A2u + A3u

given by
(

I 2
k

2
A1h

)

Þvn+1/3 =

(

I +
k

2
A3h

)

vn,

(

I 2
k

2
A2h

)

Þvn+2/3 =

(

I +
k

2
A2h

)

Þvn+1/3,

(

I 2
k

2
A3h

)

vn+1 =

(

I +
k

2
A1h

)

Þvn+2/3

is equivalent to

(

I 2
k

2
A1h

)(

I 2
k

2
A2h

)(

I 2
k

2
A3h

)

vn+1

=

(

I +
k

2
A1h

)(

I +
k

2
A2h

)(

I +
k

2
A3h

)

vn

if the operators A1h and A2h commute.



Chapter 8

Second-Order Equations

In this chapter we study partial differential equations that are of second order in the time

derivatives and show that the methods introduced in previous chapters can easily be applied

to the equations treated here. As will be seen, no significantly new ideas are needed here,

although the definition of stability has to take into account the extra time derivative.

8.1 Second-Order Time-Dependent Equations

We begin with the second-order wave equation in one space dimension, which is

ut t 2 a2uxx = 0, (8.1.1)

where a is a nonnegative real number. Initial value problems for equations such as (8.1.1),

which are second order in time, require two functions for initial data; typically these are

u(0, x) and ut (0, x). If

u(0, x) = u0(x) and ut (0, x) = u1(x), (8.1.2)

then the exact solution of (8.1.1) may be written as

u(t, x) = 1

2
[u0(x 2 at) + u0(x + at)] + 1

2a

∫ x+at

x2at

u1(y) dy. (8.1.3)

This formula shows that there are two characteristic speeds, a and 2a, associated with

equation (8.1.1).

In terms of the Fourier transform the solution may be written as

Æu(t, Ë) = Æu0(Ë) cos aËt + Æu1(Ë)
sin aËt

aË

= Æu+(Ë)e
iaËt + Æu2(Ë)e

2iaËt

(8.1.4)

or

u(t, x) = 1:
2Ã

∫ >

2>
eixË

[

Æu0(Ë) cos aËt + Æu1(Ë)
sin aËt

aË

]

dË

= 1:
2Ã

∫ >

2>
Æu+(Ë)e

iË(x+at) + Æu2(Ë)e
iË(x2at) dË

= u+(x + at) + u2(x 2 at).

(8.1.5)

187
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These formulas for the solution show that in general the solution of the wave equation

(8.1.1) consists of two waves, one moving to the left and one moving to the right.

Figures 8.1 and 8.2 show the solutions to two initial value problems for the wave

equation.

Example 8.1.1. Figure 8.1 shows the solution to the initial value problem for the wave

equation (8.1.1) with a = 1 and with initial data

u0(x) =
{

cos(Ãx/2) if |x| f 1,

0 if |x| > 1,
u1(x) = 0.

Initially the shape gets wider and shorter, but it ultimately splits into two separate

pulses, one moving to the right and one to the left. The solution is

u(t, x) = 1

2

[

cos
(Ã

2
(x 2 t)

)

+ cos
(Ã

2
(x + t)

)]

.

Example 8.1.2. Figure 8.2 shows the solution to the initial value problem for the wave

equation (8.1.1) with a = 1 and with initial data

u0(x) = 0, u1(x) =
{

1 if |x| f 1,

0 if |x| > 1.
(8.1.6)

The initial state is zero, but the initial derivative is nonzero. The solution grows and

spreads. The solution is given by the integral in (8.1.3); i.e.,

u(t, x) = 1

2

∫ x+t

x2t

u1(y) dy = 1

2
length

{

[x 2 t, x + t]
⋂

[21, 1]
}

,

where u1 is as in (8.1.6). The value of u(t, x) is one-half the length of the intersection of

the interval of width 2t centered on x and the interval [21, 1].

It is appropriate at this point to discuss the origin of the names hyperbolic and

parabolic as applied to the systems treated in Chapters 1 and 6. The second-order equa-

tion (8.1.1) was originally called hyperbolic because of the similarity of its symbol to the

equation of a hyperbola. If we set Ë = i·, the symbol of (8.1.1) is s2 2 a2·2, and the

equations

s2 2 a2·2 = constant

are hyperbolas in the (s, ·) plane. Similarly, the symbol of the heat equation (6.1.1) is

s 2 b·2, and this is related to the equation of a parabola. The symbols of second-order

elliptic equations are likewise related to equations of ellipses. Even though these names

are based only on this formal similarity, they have persisted.
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t = 0.0

t = 0.4

t = 0.8

t = 3.0

-4 -2 0 2 4

0

0.5

1

Figure 8.1. A solution of the wave equation.

t = 0.4

t = 0.8

t = 1.5

t = 3.0

-4 -2 0 2 4

0

0.5

1

Figure 8.2. A solution of the wave equation.
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As mathematicians studied other equations and systems of equations they extended

the names to cover those systems that shared certain important features with the original

hyperbolic, parabolic, and elliptic equations. The essential feature of a hyperbolic system is

that the solution propagates with certain finite speeds. For a parabolic equation the essential

feature is that the solution becomes smoother than its initial data. The essential feature of

elliptic systems, which we discuss in Chapter 12, is that the solution is more differentiable

than the data.

The general second-order hyperbolic equation in one space dimension is

ut t + 2butx = a2uxx + cux + dut + eu + f (t, x), (8.1.7)

where b2 < a2. The initial value problem for (8.1.7) is well-posed in the sense that for

0 f t f T there is a constant CT depending on the equation and on T , but not on the

particular solution, such that

∫ >

2>
|ut (t, x)|2 + |ux(t, x)|2 + |u(t, x)|2 dx (8.1.8)

f CT

[

∫ >

2>
|ut (0, x)|2 + |ux(0, x)|2 + |u(0, x)|2 dx +

∫ t

0

∫ >

2>
|f (Ç, x)|2 dxdÇ

]

.

The estimate (8.1.8) can be established by use of either the Fourier transform or the

energy method (see Exercises 8.1.3 and 8.1.4).

The Euler–Bernoulli Equation

The second-order equation

ut t = 2b2uxxxx (8.1.9)

is called the Euler–Bernoulli beam equation. It models the vertical motion of a thin, hor-

izontal beam with small displacements from rest. Using the Fourier transform we easily

obtain the solution in either of the two forms

u(t, x) = 1:
2Ã

∫ >

2>
eiËx

[

Æu0(Ë) cos bË2t + Æu1(Ë)
sin bË2t

bË2

]

dË

= 1:
2Ã

∫ >

2>
eiË(x+bËt) Æu+(Ë) + eiË(x2bËt) Æu2(Ë) dË,

(8.1.10)

where u0 and u1 are the initial data as given by (8.1.2). From the second of these

formulas we see that the frequency Ë propagates with speeds ± bË. Because the speed

of propagation depends on the frequency, the equation is said to be dispersive. The idea of

dispersion was applied in Section 5.2 to finite difference schemes for hyperbolic systems,

but it is applicable to study any wave phenomena. From (8.1.10) we see that the phase

velocity is bË or 2bË, and the group velocity is twice the phase velocity.

The Euler–Bernoulli equation (8.1.9) is neither hyperbolic nor parabolic. As (8.1.10)

shows, the solution does not become smoother as t increases, as do solutions of parabolic
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equations, nor does it have a finite speed of propagation, as do the solutions of hyperbolic

equations. Another feature of the Euler–Bernoulli equation is that lower order terms can

adversely effect the well-posedness of the initial value problem; see Example 9.1.2.

Another equation that models the motion of a beam is the Rayleigh equation

ut t 2 c2ut txx = 2b2uxxxx . (8.1.11)

From the formula

Æut t (t, Ë) = 2 b2Ë4

1 + c2Ë2
Æu(t, Ë),

we see that for small Ë the solution to (8.1.11) behaves in a similar manner as the solution

of the Euler–Bernoulli equation (8.1.9), and for large Ë the solution to (8.1.11) behaves

like the solution of the wave equation (8.1.1) with speed b/c. In particular, both the phase

velocity and group velocity are bounded.

Exercises

8.1.1. Write (8.1.1) as a first-order hyperbolic system with the two variables u1 = ux
and u2 = ut . Compare the solution of this system as given by the formulas of

Chapter 1 with the formulas (8.1.3) and (8.1.4).

8.1.2. Find an explicit relationship between the pair of functions u0 and u1 in the formula

(8.1.3) and the pair of functions u+ and u2 in formula (8.1.5). Hint: Use the

antiderivative of u1.

8.1.3. Prove (8.1.8) using Fourier transform methods.

8.1.4. Prove (8.1.8) by multiplying (8.1.7) with u(t, x) and integrating by parts. This

method is often called the energy method.

8.1.5. Show that the initial value problem for the two-dimensional wave equation ut t =
uxx + uyy is well-posed.

8.1.6. Show that the Euler–Bernoulli equation (8.1.9) satisfies

∫ >

2>
ut (t, x)

2 + b2uxx(t, x)
2 dx =

∫ >

2>
ut (0, x)

2 + b2uxx(0, x)
2 dx

by the energy method and by utilizing the Fourier transform.

8.1.7. Show that the initial value problem for the Rayleigh equation (8.1.11) is well-posed.

8.1.8. The Schrödinger equation is ut = ibuxx . Show that the real and imaginary parts of

the solution of the Schrödinger equation each satisfy the Euler–Bernoulli equation.
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8.1.9. Show that the solution to the initial value problem

ut t + 2b utx = a2uxx 2 cu (8.1.12)

with 0 f b < a, 0 < c, and initial data (8.1.2) is given by

u(t, x) =1

2

(

1 + b:
a2 + b2

)

u0(x + a+t) + 1

2

(

1 2 b:
a2 + b2

)

u0(x 2 a2t)

2 Þc
4

∫ x+a+t

x2a2t

J1

(

Þc
[

a2t2 + 2bt (x 2 y) 2 (x 2 y)2
]1/2

)

[

a2t2 + 2bt (x 2 y) 2 (x 2 y)2
]1/2

× [(a2 + 2b2)t 2 b(x 2 y)]u0(y) dy

+ 1

2
:
a2 + b2

∫ x+a+t

x2a2t
J0

(

Þc
[

a2t2 + 2bt (x 2 y) 2 (x 2 y)2
]1/2

)

u1(y) dy,

where Þc is
√

c/(a2 + b2) and a+ and 2a2 are the roots of ·2 + 2b· 2 a2 = 0

with 2a2 f a+. The functions J0(¿) and J1(¿) are the Bessel functions of order

0 and 1, respectively. They satisfy the system of ordinary differential equations

J ′
0(¿) = 2J1(¿),

J ′
1(¿) = J0(¿) 2 ¿21J1(¿)

with J0(0) = 1 and J1(0) = 0. Hint: Let K(u1) be the last integral in the above

expression. Show that K(u1) is a solution. Then show that the general solution is

"K(u0)

"t
+ 2b

"K(u0)

"x
+ K(u1).

8.1.10. Show that the solution to the initial value problem

ut t + 2b utx = a2uxx + cu (8.1.13)

with 0 f b < a, 0 < c, and initial data (8.1.2) is given by

u(t, x) = 1

2

(

1 + b:
a2 + b2

)

u0(x + a+t) + 1

2

(

1 2 b:
a2 + b2

)

u0(x 2 a2t)

2 Þc
4

∫ x+a+t

x2a2t

I1

(

Þc
[

a2t2 + 2bt (x 2 y) 2 (x 2 y)2
]1/2

)

[

a2t2 + 2bt (x 2 y) 2 (x 2 y)2
]1/2

× [(a2 + 2b2)t 2 b(x 2 y)]u0(y) dy

+ 1

2
:
a2 + b2

∫ x+a+t

x2a2t
I0

(

Þc
[

a2t2 + 2bt (x 2 y) 2 (x 2 y)2
]1/2

)

u1(y) dy,
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where Þc is
√

c/(a2 + b2) and a+ and 2a2 are the roots of ·2 + 2b· 2 a2 = 0

with 2a2 f a+. The functions I0(¿) and I1(¿) are the modified Bessel functions

of the first kind of order 0 and 1, respectively. They satisfy the system of ordinary

differential equations

I ′
0(¿) = I1(¿) and I ′

1(¿) = I0(¿) 2 ¿21I1(¿)

with I0(0) = 1 and I1(0) = 0.

8.1.11. Show that the general second-order hyperbolic equation (8.1.7) can be reduced to

either of the equations (8.1.12) or (8.1.13) by setting

u(t, x) = e³te´xv(t, x)

when the parameters ³ and ´ are chosen suitably.

8.2 Finite Difference Schemes
for Second-Order Equations

The definitions of convergence, consistency, and order of accuracy for finite difference

schemes as given in Chapters 1 and 3 hold without modification for second-order equations.

The stability definition, however, must be altered slightly. In place of Definition 1.5.1 we

require the following definition.

Definition 8.2.1. A finite difference scheme Pk,hv
n
m = 0 for an equation that is second-

order in t is stable in a stability region � if there is an integer J and for any positive

time T there is a constant CT such that

h

>
∑

m=2>
|vnm|2 f

(

1 + n2
)

CT h

J
∑

j=0

>
∑

m=2>
|vjm|2 (8.2.1)

for all solutions vnm and for 0 f nk f T with (k, h) * �.

The extra factor of
(

1 + n2
)

in (8.2.1) is the only change required by the second-

order equation and reflects the linear growth in t allowed by these equations. In the von

Neumann analysis of schemes for second-order equations, Definition 8.2.1 requires that the

amplification factors g¿ (there will always be at least two) satisfy

|g¿ | f 1 + Kk

and permits two such amplification factors to coalesce near the unit circle. If there are no

lower order terms, then the stability condition is |g¿ | f 1 with double roots on the unit

circle permitted. The integer J in Definition 8.2.1 must always be at most 1, since data

must always be given at two time levels for second-order equations.
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We now state the stability condition for second-order differential equations. No-

tice how it differs from the conditions of Theorem 2.2.1 for one-step schemes and from

Theorem 4.2.1 for multistep schemes for first-order differential equations.

Theorem 8.2.1. If the amplification polynomial G(g, ») for a second-order time-

dependent equation is explicitly independent of h and k, then the necessary and suffi-

cient condition for the finite difference scheme to be stable is that all roots, g¿(»), satisfy

the following conditions:

(a) |g¿(»)| f 1, and

(b) if |g¿(»)| = 1, then g¿(») must be at most a double root.

The necessity of including the factor of 1 + n2 in the estimate (8.2.1) can be seen by

considering the function u(t, x) = t, which is a solution of the equations (8.1.1), (8.1.9),

(8.1.11) and all other second-order equations without lower order terms. Most schemes for

these equations will compute this solution exactly, i.e., vnm = nk. This is represented by

the amplification factor g0(¿) at ¿ equal to 0, which is a double root. That is,

vnm = 0 · g0(0)
n + nkg0(0)

n21.

From this we observe that without the factor of 1 + n2 in the estimate (8.2.1), all consistent

schemes for a second-order equation would be “unstable.” (The fact that the function

u(t, x), which is everywhere equal to t, is not in L2(IR) as a function of x is not

important to the argument. One can approximate u(t, x) by functions that are in L2(R)

as functions of x, and the argument will proceed to the same conclusion.) This point

about the factor of 1 + n2 is not made by Richtmyer and Morton [52]. They reduced all

second-order equations to first-order equations and used the definition corresponding to

Definition 1.5.1.

The Lax–Richtmyer equivalence theorem for second-order equations can be proved

using the methods of Section 10.7.

Example 8.2.1. The first scheme we consider is the standard second-order accurate scheme

for (8.1.1),

vn+1
m 2 2vnm + vn21

m

k2
= a2

vnm+1 2 2vnm + vnm21

h2
. (8.2.2)

We now show that this scheme is stable for a» f 1 (we take a to be nonnegative). As

in the von Neumann analysis in Chapter 2, we have that the equation for the amplification

factors is

g 2 2 + g21 = 24a2»2 sin2 1
2
»,

or
(

g1/2 2 g21/2
)2

=
(

± 2ia» sin 1
2
»
)2

.

Hence

g1/2 2 g21/2 = ± 2ia» sin 1
2
»

and so

g ± 2ia» sin 1
2
»g1/2 2 1 = 0,
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which is a quadratic equation for g1/2. We then have the roots

g
1/2
± = ± ia» sin 1

2
» ±

√

1 2 a2»2 sin2 1
2
»

or

g± =
(

√

1 2 a2»2 sin2 1
2
» ± ia» sin 1

2
»

)2

.

It is easily seen that |g| is bounded by 1 if and only if a» is at most 1. When » is equal

to 0, then g+ and g2 are equal; this also occurs if a» is 1 and » is Ã. Recall that the

solution of the difference scheme is given by

Ævn = A+(¿)g
n
+ + A2(¿)g

n
2

when g+ �= g2 and

Ævn = A(¿)gn + B(¿) n gn21

when g+ = g2 = g. Because linear growth in n is permitted by Definition 8.2.1, the

scheme is stable even when the roots are equal. Thus the scheme is stable if and only if

a» f 1.

At this point it is worthwhile to compare the analysis and conclusions given here

with those of Section 4.1 for the leapfrog scheme for first-order hyperbolic equations. The

analysis for the two cases is similar, but the coalesence of the two amplification factors

was not permitted for the first-order equation. For the second-order scheme (8.2.2), we

would usually take a» to be strictly less than 1 to avoid the linear growth of the wave with

» = Ã. However, the presence of the high-frequency oscillation, that with » = Ã, does

not affect the convergence of the scheme (8.2.2) as it would for the leapfrog scheme for the

one-way wave equation because the extra initial data for (8.2.2) restricts the amplitude of

high frequencies that are growing linearly.

Example 8.2.2. For the Euler–Bernoulli equation (8.1.9), the simplest scheme is the second-

order accurate scheme

vn+1
m 2 2vnm + vn21

m

k2
= 2b2

vnm+2 2 4vnm+1 + 6vnm 2 4vnm21 + vnm22

h4

= 2b2·4vnm.

(8.2.3)

The equation for the amplification factors is

g 2 2 + g21 = 216b2µ2 sin4 1
2
»,

where µ = k/h2. The stability analysis is almost exactly like that of scheme (8.2.2) for

the wave equation, and it is easy to see that scheme (8.2.3) is stable if and only if

2bµ sin2 1
2
» f 1,

which requires that

bµ f 1
2
.
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Higher Order Accurate Schemes for Second-Order Equations

We now present two (2, 4) accurate schemes for the wave equation (8.1.1). The first is

vn+1
m 2 2vnm + vn21

m

k2
= a2

(2vnm+2 + 16vnm+1 2 30vnm + 16vnm21 2 vnm22

12h2

)

= a2

(

1 2 h2

12
·2

)

·2vnm.

(8.2.4)

The equation for the amplification factors is

g 2 2 + g21 = a2»2
(22 cos 2» + 32 cos » 2 30

12

)

= 24

3
a2»2 sin2 1

2
»

(

3 + sin2 1

2
»

)

or

g1/2 2 g21/2 = ± 2i

þ

ø

a2»2 sin2 1
2
»
(

3 + sin2 1
2
»
)

3

ù

û

1/2

.

As in the previous analyses, the scheme is stable, i.e., |g±| f 1, if and only if

a2»2 sin2 1
2
»
(

3 + sin2 1
2
»
)

3
f 1.

Obviously the maximum of the left-hand side of this inequality occurs when sin2 1
2
» is 1,

and so we obtain the stability condition

a» f
:

3

2
j 0.8660

for the (2, 4) scheme (8.2.4).

An implicit (2, 4) scheme for the wave equation (8.1.1) is given by

·2
t v

n
m = a2

(

1 + h2

12
·2
x

)21

·2
xv

n
m

or

vn+1
m+1 + 10vn+1

m + vn+1
m21 2 2

(

vnm+1 + 10vnm + vnm21

)

+ vn21
m+1 + 10vn21

m + vn21
m21

= 12a2»2
(

vnm+1 2 2vnm + vnm21

)

.
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Although this scheme requires the solution of a tridiagonal system of equations at each step,

it has the advantage over the scheme (8.2.4) of having a narrower stencil; i.e., it does not

use vnm±2 to compute vn+1
m . The narrower stencil makes it easier to implement boundary

conditions.

This scheme, though implicit, is not unconditionally stable. We have

(

g1/2 2 g21/2
)2

= 2
4a2»2 sin2 1

2
»

1 2 1
3

sin2 1
2
»
,

and thus for stability we must enforce

a2»2 sin2 1
2
»

1 2 1
3

sin2 1
2
»

f 1.

The maximum of the left-hand side occurs at sin 1
2
» = 1, and thus

a» f
√

2
3

j 0.8165

is the stability condition. As for the previous scheme, this is not a serious restriction, since

k should be small compared with h to achieve good accuracy and efficiency with a (2, 4)

accurate scheme. (See the discussion at the end of Section 4.1 on higher order accurate

schemes.)

Computing the First Time Step

All the schemes for equations that are second order in time require some means of computing

the solution on the first time step after the initial time level. Perhaps the simplest procedure

is to use the Taylor series expansion

u(k, x) = u(0, x) + kut (0, x) + 1
2
k2ut t (0, x) + O(k3).

The values of u(0, x) and ut (0, x) are given data and, by using the differential equation,

ut t (0, x) can be expressed as a derivative of u with respect to x, e.g., as a2uxx(0, x) for

(8.1.1) or 2b2uxxxx(0, x) for (8.1.9). Using a finite difference approximation, we easily

obtain an expression for v1
m that is of the same order of accuracy as the rest of the scheme.

For example, for (8.1.1) we have

v1
m = v0

m + k (ut )m + 1
2
a2k2·2v0

m. (8.2.5)

As with initializing multistep methods for first-order equations (see Section 4.1), the

initialization method has no effect on the stability of the overall method. If we regard

formula (8.2.5) as an approximation to ut (0, x), i.e., in the form

ut (0, xm) = v1
m 2 v0

m

k
2 1

2
a2k·2v0

m + O(k2),

then the approximation must be of at least the same order of accuracy as the scheme in order

not to degrade the accuracy of the overall method. These results are proved in Section 10.7.
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Von Neumann Polynomials and Stability

We can modify the algorithms for von Neumann and Schur polynomials, as discussed in

Section 4.3, to test for the stability of second-order schemes. We first extend the definition

of von Neumann polynomials.

Definition 8.2.2. The polynomial × is a von Neumann polynomial of order q if all of

its roots, r¿, satisfy the following conditions:

(a) |r¿ | f 1, and

(b) the roots with |r¿ | = 1 have multiplicity at most q.

A von Neumann polynomial of order 0 is defined to be a Schur polynomial.

Comparing this definition with Definition 4.3.3, we see that a simple von Neumann

polynomial is a von Neumann polynomial of order 1. We then have the following general-

ization of Theorems 4.3.1 and 4.3.2.

Theorem 8.2.2. A polynomial ×d of exact degree d is a von Neumann polynomial of

order q if and only if either

(a) |×d(0)| < |×7
d (0)| and ×d21 is a von Neumann polynomial of order q or

(b) ×d21 is identically zero and ×′
d is a von Neumann polynomial of order q 2 1.

The proof of this theorem is similar to the proofs of Theorems 4.3.1 and 4.3.2 and is

left as an exercise. We note that if ×d is a von Neumann polynomial of order 0 and degree

1 or more, then it is impossible for ×d21 to be identically zero.

Theorem 8.2.2 can be used to analyze the stability of schemes for second-order

equations. If G(g, ») is the amplification polynomial of a finite difference scheme for

a second-order equation for which the restricted condition |g¿ | f 1 can be employed, then

the scheme is stable if and only if G(g, ») is a von Neumann polynomial of order 2.

The algorithm given in Section 4.4 can be applied to von Neumann polynomials of

any degree or order.

Exercises

8.2.1. Show that the implicit scheme for (8.1.1) given by

·2
t v

n
m = 1

4
a2·2

x

(

vn+1
m + 2vnm + vn21

m

)

is a second-order accurate scheme and is unconditionally stable.

8.2.2. Show that the scheme

vn+2
m 2 2vnm + vn22

m

4k2
2 a2

(

1 + h2

12
·2
x

)21

·2
xv

n
m

2 a2

48

(

1 + h2

12
·2
x

)21

·2
x

(

vn+2
m + 12vn+1

m 2 26vnm + 12vn21
m + vn22

m

)

= 0

is a (4, 4) scheme for the wave equation (8.1.1) and use Theorem 8.2.2 to show that

it is stable if and only if a» < 1.
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8.2.3. Prove Theorem 8.2.2.

8.2.4. Show that the scheme for the wave equation (8.1.1),

·2
t v

n
m = a2·2

xv
n
m + ·k22

(

h·x

2

)4

vn21
m ,

is dissipative for small positive values of the parameter ·. Show that the scheme is

second-order accurate when » is constant.

8.2.5. Show that the implicit scheme

·2
t v

n
m + 2c·t0·x0v

n
m = a2·2

xv
n
m (8.2.6)

for the equation

ut t + 2cutx = a2uxx (8.2.7)

is second-order accurate and stable for a» f 1.

8.2.6. Use scheme (8.2.6) to obtain approximate solutions to equation (8.2.7) on the interval

21 f x f 1 for 0 f t f 1. As initial data, take

u0(x) = cosÃx and u1(x) = c sin Ãx.

For boundary data use the exact solution

u(t, x) = 1
2

[cosÃ(x 2 ·+t) + cosÃ(x 2 ·2t)] ,

where ·± = c ±
:
c2 + a2. Take c equal to 0.5 and a equal to 1. Use grid spacings

of 1/10, 1/20, and 1/40 and » equal to 1. Demonstrate the second-order accuracy

of the scheme.

8.3 Boundary Conditions for Second-Order Equations

The second-order wave equation (8.1.1) on an interval, say, 0 f x f 1, requires one bound-

ary condition at each end. This is easily seen by relating (8.1.1) to a first-order system (see

Exercise 8.1.1). The two most common boundary conditions are to specify the value of the

solution at the boundary, the Dirichlet boundary condition, and to specify the first derivative

with respect to x at the boundary, the Neumann boundary condition.

For all the schemes for the wave equation (8.1.1) other than (8.2.4), the boundary

conditions where the value of u is prescribed on the boundary present no problem. If

the derivative of u with respect to x is specified, then several options are available. For

example, suppose the boundary condition at x equal to 0 is

ux(t, 0) = 0.
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For the finite difference scheme at m equal to 0, we can use either

vn+1
0 =

4vn+1
1 2 vn+1

2

3
(8.3.1)

or

vn+1
0 = 2vn0 2 vn21

0 2 2a2»2
(

vn0 2 vn1
)

. (8.3.2)

Formula (8.3.1) is from the second-order accurate one-sided approximation

ux(0) = 4u(h) 2 3u(0) 2 u(2h)

2h
+ O

(

h2
)

(see Exercise 3.3.8). Formula (8.3.2) arises from employing scheme (8.2.2) at m equal

to 0 and then eliminating the value of vn21 by using

vn1 2 vn21

2h
= 0,

which is the central difference approximation to the first derivative. Other boundary con-

ditions are also possible.

The use of first-order accurate boundary conditions, such as

vn1 2 vn0

h
= 0, (8.3.3)

degrade the overall accuracy of the second-order accurate scheme.

Scheme (8.2.4), which has a wider stencil, requires a numerical boundary condition

at the grid point next to the boundary since the scheme cannot be applied there. Various

conditions can be used. Using the second-order accurate scheme (8.2.4) at these points can

degrade the accuracy. If the value on the boundary is specified, then the value next to the

boundary can be determined by interpolation, e.g.,

vn+1
1 = 1

4

(

vn+1
0 + 6vn+1

2 2 4vn+1
3 + vn+1

4

)

,

which is obtained from

h4·4
+v

n+1
0 = 0.

The scheme (8.2.4) with derivative boundary conditions is rather unwieldy.

For the Euler–Bernoulli scheme (8.2.3) and similar schemes for the Rayleigh equation,

the boundary conditions can be obtained by standard methods, but now there are two

boundary conditions required by the differential equation. For example, if the beam is held

fixed and clamped at x equal to 0, the boundary conditions would be

u(t, 0) = ux(t, 0) = 0.

If the beam is fixed in place but allowed to pivot, the boundary conditions are

u(t, 0) = uxx(t, 0) = 0, (8.3.4)
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and if the end of the beam is free to move, the conditions are

uxx(t, 0) = uxxx(t, 0) = 0. (8.3.5)

The implementation of these boundary conditions with a finite difference scheme can

be done in several ways. The use of second-order accurate formulas applied at x equal

to 0 can be used to give boundary conditions for the scheme (8.2.3) and schemes for the

Rayleigh equation. For example, for boundary conditions (8.3.4), vn+1
0 is prescribed, and

at m = 1, we can use the scheme (8.2.3) with the formula

vn21 2 2vn0 + vn1 = 0 (8.3.6)

to eliminate vn21. Similarly for boundary conditions (8.3.5), we can use the scheme (8.2.3)

with the condition (8.3.6) and

2vn22 + 2vn21 2 2vn1 + vn2 = 0, (8.3.7)

which is the second-order accurate formula for 2h3·0·
2vn0 = 0, to eliminate vn22 and

vn21 from (8.2.3) applied at m equal to 0 and m equal to 1. In the actual computer

implementation we can either have variables vn22 and vn21 and use (8.3.6) and (8.3.7) to

define their values, or we can eliminate these variables from the difference formula (8.2.3),

obtaining formulas to calculate vn+1
0 and vn+1

1 . The two approaches are equivalent.

Exercises

8.3.1. Use the scheme (8.2.2) to obtain approximate solutions to the wave equation ut t =
uxx on the interval 0 f x f 1 for 0 f t f 1. For initial data and Dirichlet boundary

data at x equal to 1, use the exact solution

u(t, x) = cos(x + t) + cos(x 2 t),

and at x equal to 0, use the Neumann condition ux = 0. Implement the boundary

conditions (8.3.1) and (8.3.2) as well as the first-order accurate boundary approxi-

mation ·+u0 = 0.

Use grid spacings of 1/10, 1/20, and 1/40 and » equal to 1. Demon-

strate the second-order accuracy of the solution with boundary conditions (8.3.1)

and (8.3.2) and the first-order accuracy when boundary condition (8.3.3) is used.

8.3.2. Use the scheme (8.2.2) to obtain approximate solutions to the wave equation ut t =
uxx on the interval 22 f x f 2 for 0 f t f 3.8. For initial data use

u0(x) =
{

1 2 |x| if |x| f 1,

0 if |x| > 1,
u1(x) = 0,

and at x equal to 22, use the Dirichlet condition u = 0. At the boundary at x

equal to 2, use the Dirichlet condition ux = 0.

Use grid spacings of 1/10, 1/20, 1/40, and 1/80 and » equal to 0.95.

Comment on the accuracy of the solution. The exact solution, when extended to the

whole real line, is symmmetric around the point x = 2 for all values of t.
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8.4 Second-Order Equations in Two
and Three Dimensions

The extension of most of the results of the previous sections to higher dimensions is straight-

forward. As noted in Section 7.2, the stability conditions usually become more severe. For

example, the wave equation in two spatial dimensions is

ut t = a2
(

uxx + uyy
)

(8.4.1)

and the simplest scheme for this equation is

·2
t v

n
$,m = a2

(

·2
xv

n
$,m + ·2

yv
n
$,m

)

. (8.4.2)

The stability condition for this scheme when )x = )y = h is

a» f 1:
2
. (8.4.3)

As for the leapfrog scheme (7.2.5), this can be improved to

a» f 1 (8.4.4)

for the scheme

·2
t v

n
$,m = 1

4
a2
[

·2
x(v

n
$,m+1 + 2vn$,m + vn$,m21)

+ ·2
y(v

n
$+1,m + 2vn$,m + vn$21,m)

]

.

(8.4.5)

It is also possible to develop ADI schemes for (8.4.1). One possible scheme is

(

1 2 1
4
k2a2·2

x

)

Þvn+1/2
$,m =

(

1 + 1
4
k2a2·2

y

)

vn$,m,

(

1 2 1
4
k2a2·2

y

)

Þvn+1
$,m =

(

1 + 1
4
k2a2·2

x

)

Þvn+1/2
$,m ,

vn+1
$,m = 2 Þvn+1

$,m 2 vn21
$,m ,

(8.4.6)

which is second-order accurate and unconditionally stable (see Exercise 8.4.2). This scheme

is implemented in a fashion similar to the ADI schemes of Section 7.3. Other ADI schemes

for the two-dimensional wave equation are discussed by Fairweather and Mitchell [17].

Dispersion for Schemes in Higher Dimensions

It is interesting to analyze the dispersion of the scheme (8.4.2) from the formula for the

amplification factors. The amplification factors are

g± =
{

[

1 2 a2»2(sin2 1
2
» + sin2 1

2
Ç)
]1/2

± ia»(sin2 1
2
» + sin2 1

2
Ç)1/2

}2

.
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Comparing this with

eia(¿
2
1
+¿2

2
)1/2k,

we have that the phase velocity satisfies

sin

[

1
2
³(¿1, ¿2)k

(

¿2
1 + ¿2

2

)1/2
]

= a»
(

sin2 1
2
h¿1 + sin2 1

2
h¿2

)1/2
.

It is important to note that the phase error is not independent of direction. We have

³ (¿1, ¿2) = a

[

1 2 h2|¿ |2
24

(

cos4 ´ + sin4 ´ 2 a2»2
)

+ O (h|¿ |)4

]

, (8.4.7)

where |¿ | =
(

¿2
1 + ¿2

2

)1/2
and tan ´ = ¿1/¿2. This formula shows that the phase error

depends on the direction of propagation of the wave, where (cos´, sin ´) is the unit vector

in the direction of propagation. For most computations it is difficult to notice the distortion

caused by the dependence of the dispersion on the direction of propagation unless the grid

is quite coarse.

Figure 8.3 shows the solution of the scheme (8.4.5), with initial and boundary data

taken from

u(t, x, y) = cos(3t)J0(3r)

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

Figure 8.3. A solution of the wave equation.
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with r =
√

(x 2 1/2)2 + (y 2 1/2)2. The solution used h = 0.1 for both spatial direc-

tions, » = 0.9, and the first time step was computed using a formula analogous to (8.2.5).

The solution is shown for time 12.0. The computed solution is seen to be radially symmetric

about the center of the wave and there is very little distortion due to dispersion.

Exercises

8.4.1. Verify stability condition (8.4.3) for scheme (8.4.2).

8.4.2. Verify stability condition (8.4.4) for scheme (8.4.5).

8.4.3. Verify that the scheme given by (8.4.6) is a second-order accurate and

unconditionally stable approximation to the wave equation (8.4.1).

8.4.4. Show that the hyperbolic equation

ut t = a11uxx + 2a12uxy + a22uyy

with a2
12 < a11a22 and a11, a22 > 0, can be approximated by the ADI scheme

(

1 2 k2

4
a11·

2
x

)

Þvn+1/2
$,m =

(

1 + k2

4
a22·

2
y

)

vn$,m + k2

2
a12·0x·0yv

n
$,m,

(

1 2 k2

4
a22·

2
y

)

Þvn+1
$,m =

(

1 + k2

4
a11·

2
x

)

Þvn+1/2
$,m + k2

2
a12·0x·0yv

n
$,m,

vn+1
$,m = 2 Þvn+1

$,m 2 vn21
$,m .

Show that this scheme is unconditionally stable and is second-order accurate.

8.4.5. Verify formula (8.4.7) for the phase velocity.



Chapter 9

Analysis of Well-Posed
and Stable Problems

In this chapter we examine initial value problems for partial differential equations and finite

difference schemes from a more general perspective than in the previous chapters. We begin

by examining the concept of a well-posed initial value problem, first for a single partial

differential equation and then for a system of equations. These results are used in Chapter

10 as part of the proofs of the convergence theorems. The analysis used to study initial

value problems for partial differential equations is analogous to the von Neumann analysis

presented in Section 2.2. The concept of a well-posed initial value problem is important

in scientific modeling and in understanding finite difference schemes used in scientific

calculations. The concept of well-posedness was the topic of the important lectures of

Hadamard in 1921 [27]. As we will see, the analysis of this section gives another example

of the power and usefulness of Fourier analysis.

A central result for the general study of stability of finite difference schemes is the

Kreiss matrix theorem. This result is of importance in proving stability results for equations

with variable coefficients (see Wade [67] and Kreiss [32]) and for systems whose stability

cannot be verified by the methods of Section 7.1. The last section of this chapter contains

a proof and discussion of the Kreiss matrix theorem.

9.1 The Theory of Well-Posed Initial Value Problems

We begin by considering conditions under which initial value problems for partial differen-

tial equations are well-posed. This study can be motivated by the question of why certain

equations, such as the wave equation (8.1.1) and the heat equation (6.1.1), arise frequently

in applied mathematics and others, such as

ut t = ux, (9.1.1)

do not arise in governing the time evolution of physical systems.

For a partial differential equation to model the time evolution of a well-behaved

physical process, there are several properties it should have. An important condition is

that the solution should depend on the initial data in a continuous way. In particular, small

errors such as those due to experimental error and interpolation of data should lead to small

changes in the solution. The norms used to define “small” errors must also be reasonable.

For example, a condition that the third derivative of measurement errors be small is an

unreasonable demand because there is no way to either check this condition or enforce it

for practical problems.

205
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For linear problems such as we are concerned with here, the continuity condition is

satisfied if the solutions to the partial differential equation satisfy

‖u(t, ·)‖ f Ct‖u(0, ·)‖ (9.1.2)

for some norm such as the L2 norm, L1 norm, or L> norm and a constant Ct independent

of the solution. Because of the linearity of the equations, we have by (9.1.2) that two

different initial functions u1(0, x) and u2(0, x) give different solutions whose difference

is bounded by their initial difference, i.e.,

‖u1(t, ·) 2 u2(t, ·)‖ f Ct‖u1(0, ·) 2 u2(0, ·)‖.

This estimate expresses the notion that small changes in the initial data will result in small

changes in the solution at later times.

Definition 9.1.1. The initial value problem for a first-order equation is well-posed if for

each positive t there is a constant Ct such that the inequality (9.1.2) holds for all initial

data u(0, ·).

Unless otherwise specified, we take the norm in estimate (9.1.2) to be the L2 norm.

By using the L2 norm we can use Fourier analysis to give necessary and sufficient condi-

tions for initial value problems to be well-posed. With the L1 norm or L> norm it is often

easy to get necessary conditions or sufficient conditions but harder to obtain conditions that

are both necessary and sufficient. The main reason for this is that there is no relation like

Parseval’s relation for norms other than the L2 norm. We also say that an equation is

well-posed, by which we mean that the initial value problem for the equation is well-posed.

A second important property for a partial differential equation to have as a model of a

physical system is that the qualitative behavior of the solution be unaffected by the addition

of or changes in lower order terms and by sufficiently small changes in the coefficients.

This condition is not always met, but it does serve as a guide to the most “robust” systems

and types of equations.

This last property, which we refer to as robustness, is important because almost all

derivations of equations to model physical processes make some assumptions that certain

effects are not important to understanding the physical process being studied. Statements

such as, “assume that the temperature of the body is constant,” “we may ignore gravitational

forces,” and “consider a homogeneous body” can be made because it is assumed that

small variations in some quantities may be ignored without affecting the conclusions of the

analysis.

This robustness property is also important when we consider numerical methods for

solving the equations that model a physical system. Finite difference schemes and other

numerical methods may be regarded as perturbations, or approximations, of the equations

similar to modification of the equations by adding lower order terms. If the equation is not

robust, then the construction of difference schemes for the equation will be more difficult.

We begin our analysis by considering a general linear partial differential equation

with constant coefficients that is first order in the time differentiation. Examples of such

equations are the one-way wave equation (1.1.1), the three equations (1.4.1), and the heat
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equation (6.1.1). We assume that the Fourier transform is well defined for u(t, ·) for all t

and for u(0, ·).
Any equation of first order in the time derivative can be put in the form

Æut (t, Ë) = q(Ë) Æu(t, Ë) (9.1.3)

after applying the Fourier transform in space. The initial value problem for this equation

has the solution

Æu(t, Ë) = eq(Ë)t Æu0(Ë). (9.1.4)

Theorem 9.1.1. The necessary and sufficient condition for equation (9.1.3) to be well-

posed, that is, to satisfy the basic estimate (9.1.2), is that there is a constant q̄ such that

Re q(Ë) f q̄ (9.1.5)

for all real values of Ë.

Proof. If the function q(Ë) satisfies (9.1.5) for some constant q̄, then from (9.1.4)

| Æu(t, Ë)| f eq̄t | Æu0(Ë)|,

and we obtain estimate (9.1.2) by Parseval’s relation. However, if q(Ë) does not satisfy

(9.1.5), then by choosing Æu0(Ë) appropriately we can have

‖u(t, ·)‖2 > C‖u0‖2

for any large constant C and some function u0. This construction is similar to that used

in the proof of Theorem 2.2.1. This proves the theorem.

As the proof shows, if inequality (9.1.5) is violated, then some small errors of high

frequency, i.e., large |Ë|, can cause the solution to be vastly different from the true solution

without the errors. Therefore, the condition (9.1.5), which is the necessary and sufficient

condition for the estimate (9.1.2) to hold for an equation of first order in time, is an analytical

consequence of the requirement of continuity.

For many single equations of first order in the time derivative, the robustness condition

is also satisfied. For example, the equations

ut = aux + cu,

ut = uxx + cux,

ut 2 utxx = aux + cu,

ut + utx = buxx + cux

all satisfy the condition (9.1.5) regardless of the value of c, although the value of q̄ may

depend on c (but not on Ë).
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Example 9.1.1. An example of an equation violating the robustness condition is

ut = uxxx + cuxx,

for which q(Ë) satisfies (9.1.5) for c nonnegative but not if c is negative. Thus, this

equation with c equal to zero does not satisfy the robustness condition, although it does

for c positive.

Higher Order Equations

We next consider equations of higher order in the time derivative. For these equations the

symbol p(s, Ë) is a polynomial in s. If the roots of the symbol are q1(Ë), . . . , qr(Ë),

then any function of the form

eqv(Ë)teiËxË(Ë)

is a solution of the partial differential equation. Based on our previous arguments, we see

that a necessary condition for the initial value problem to be well-posed is that each root

qv(Ë) satisfies the estimate (9.1.5).

We would have to properly define a well-posed initial value problem for higher order

equations if we were to pursue this discussion. The definition would have to take account of

the additional initial data required by higher order equations. Rather than develop a general

theory we consider several typical cases. First we consider the second-order equation of

the form

ut t = R("x)u (9.1.6)

whose symbol is

p(s, Ë) = s2 2 r(Ë). (9.1.7)

For the condition (9.1.5) to be satisfied for both roots of (9.1.7), which are

q±(Ë) = ± (r(Ë))1/2, (9.1.8)

we see that r(Ë) must be close to or on the negative real axis. Examples are given by the

wave equation (8.1.1) and the Euler–Bernoulli equation (8.1.9).

Example 9.1.2. Lower order terms can affect the well-posedness of the problem, as can be

seen by the equation

ut t = 2b2uxxxx + cuxxx .

We have that

r(Ë) = 2b2Ë4 2 icË3
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and so

q± = ±
(
2b2Ë4 2 icË3

)1/2

= ±ibË2

(
1 + ic

b2Ë

)1/2

= ±ibË2

[
1 + 1

2

ic

b2Ë
+ O(Ë22)

]

= ±
[
ibË2 2 cË

2b
+ O(1)

]
.

Hence if c is nonzero, each root violates (9.1.5) for either positive or negative values of Ë.

Thus the Euler–Bernoulli equation (8.1.9) is not robust, although the wave equation (8.1.1)

is robust (see Exercise 9.1.3).

For completeness we also give the definition of a well-posed initial value problem for

equation (9.1.6), which is second order in the differentiation in time. Let 2Ã be the degree

of the polynomial r(Ë), which is the symbol of R("x).

Definition 9.1.2. The initial value problem for the second-order equation (9.1.6) is

well-posed if for each t > 0 there is a constant Ct such that for all solutions u

‖u(t, ·)‖H Ã + ‖ut (t, ·)‖H 0 f Ct

(
‖u(0, ·)‖H Ã + ‖ut (0, ·)‖H 0

)
. (9.1.9)

Condition (9.1.5) is necessary and sufficient for the initial value problem to be well-

posed. This result is stated in the following theorem. The theorem applies to a more general

class of equations (see Exercises 9.1.3 and 9.1.5), and it is stated so as to apply to this more

general case.

Theorem 9.1.2. A necessary and sufficient condition for the initial value problem for an

equation of second order in the time differentiation to be well-posed is that there exists a

constant q̄ such that (9.1.5) holds for each root of the symbol.

Proof. We give the proof only for equations in the form (9.1.6). It extends without

difficulty to more general equations; see Exercise 9.1.5. The necessity of condition (9.1.5)

is clear from our earlier arguments.

To show the sufficiency, let q+(Ë) and q2(Ë) be the two roots of the symbol (9.1.7).

If these roots are not equal, we have that the solution satisfies

Æu(t, Ë) = A(Ë)eq+(Ë)t + B(Ë)eq2(Ë)t

for some functions A(Ë) and B(Ë). These functions are determined by the two relations

Æu(0, Ë) = A(Ë) + B(Ë)
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and

Æut (0, Ë) = A(Ë)q+(Ë) + B(Ë)q2(Ë).

Therefore,

A(Ë) = Æut (0, Ë) 2 q2(Ë) Æu(0, Ë)
q+(Ë) 2 q2(Ë)

and

B(Ë) = Æut (0, Ë) 2 q+(Ë) Æu(0, Ë)
q2(Ë) 2 q+(Ë)

.

Now q+(Ë) is equal to q2(Ë) only when r(Ë) is zero (see (9.1.8)), and since r(Ë) is

a polynomial in the one variable Ë, this can occur only for |Ë| less than some value c0.

Consider first the case with |Ë| greater than 2c0. We then have

| Æu(t, Ë)| f (|A(Ë)| + |B(Ë)|) eq̄t

f
[
| Æu(0, Ë)| |q+(Ë)| + |q2(Ë)|

|q+(Ë) 2 q2(Ë)|
+ 2| Æut (0, Ë)|

|q+(Ë) 2 q2(Ë)|

]
eq̄t .

Since |Ë| is greater than 2c0, there is a constant C such that the preceding estimate

implies

(
1 + |Ë|Ã

)
| Æu(t, Ë)| f C

[
(1 + |Ë|Ã) | Æu(0, Ë)| + | Æut (0, Ë)|

]
eq̄t .

We also have that

| Æut (t, Ë)| f [|A(Ë)q+(Ë)| + |B(Ë)q2(Ë)|] eq̄t

f C
[
(1 + |Ë|Ã)| Æu(0, Ë)| + | Æut (0, Ë)|

]
eq̄t .

For |Ë| less than 2c0 we write the equation for Æu(t, Ë) as

Æu(t, Ë) = C(Ë)

[
eq+(Ë)t + eq2(Ë)t

2

]
+ D(Ë)

[
eq+(Ë)t 2 eq2(Ë)t

q+(Ë) 2 q2(Ë)

]
.

We have that

C(Ë) = Æu(0, Ë)

and

D(Ë) = 2Æu(0, Ë)
(
q+(Ë) + q2(Ë)

2

)
+ Æut (0, Ë).

The function

eq+(Ë)t 2 eq2(Ë)t

q+(Ë) 2 q2(Ë)
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is uniformly bounded by Cteq̄t for some constant C. Thus for |Ë| less than 2c0,
(
1 + |Ë|Ã

)
| Æu(t, Ë)| f C(1 + t)

(
(1 + |Ë|Ã) | Æu(0, Ë)| + | Æut (0, Ë)|

)
eq̄t

and | Æut (t, Ë)| is also bounded by the same quantity.

Combining the estimates for |Ë| both greater than and less than 2c0, we obtain

(
1 + |Ë|Ã

)2 | Æu(t, Ë)|2 + | Æut (t, Ë)|2

f Ct

(
(1 + |Ë|Ã)2 | Æu(0, Ë)|2 + | Æut (0, Ë)|2

)
,

which, by Parseval’s relation, gives (9.1.9).

Example 9.1.3. The equation (9.1.1) is ill-posed since the roots of its symbol are

q±(Ë) = ±1 + i:
2

|Ë|1/2

and (9.1.5) is not satisfied.

It should be pointed out that equations for which the initial value problem is ill-posed

can arise in applications. They will not, however, describe the time evolution of a system.

Example 9.1.4. As an example of how equation (9.1.1) can arise in an application, suppose

for the heat equation (6.1.1), i.e.,

ut = buxx, (9.1.10)

with b positive, that we have both u(t, 0) and ux(t, 0) at the boundary x = 0 for all

positive time, i.e., t > 0, and we wished to know the initial data u(0, x) for all positive x.

This problem requires the solution of an initial value problem with an equation like (9.1.1),

but where x is the time-like variable and t is the spatial variable. Because the problem

is ill-posed, we know before starting to calculate that we cannot hope to get “the” solution.

At best, we can hope for a reasonable estimate of a solution. To make the problem into a

well-posed problem we might solve

buxx = ut + ·ut t

with · positive, rather than attempting to solve the true equation with · zero. For the

boundary condition at t = 0 and positive x, one could take the equation (9.1.10).

Based on the previous discussion, it is easy to see that any equation of the form
(
"

"t

)¿

u = R("x)u

for ¿ greater than 2 is ill-posed unless R ("x) is a constant. If r(Ë), the symbol of R("x),

grows with Ë, then at least one of the ¿th roots of r(Ë) must violate (9.1.5). This shows

that equations of order greater than 2 must be of very special form if they are to have

well-posed initial value problems. Since higher order equations have more possibilities for

lower order terms, the class of reasonable equations is further restricted.
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Example 9.1.5. The initial value problem for the third-order equation

("t 2 a"x)
(
"2
t 2 "2

x

)
u = 0

is well-posed. However, the equation

("t 2 a"x)
(
"2
t 2 "2

x

)
u + 2"2

xu = 0 (9.1.11)

is well-posed only if a is not equal to ±1. The symbol of this equation is

(s 2 iaË)
(
s2 + Ë2

)
2 2Ë2 = 0.

For |a| �= 1 we set s = iaË + ·, where · is o(Ë), and obtain

·
(
·2 2 2iaË· + (1 2 a2)Ë2

)
2 2Ë2 = 0.

Since · is small compared with |Ë| for large Ë, we have ·(1 2 a2) j 2 or · =
2/(1 2 a2) + O(Ë21).

So one root is

s = iaË + 2

1 2 a2
+ O(Ë21)

and, similarly, the other roots are

s = iË 2 1

1 2 a
+ O(Ë21),

s = 2iË 2 1

1 + a
+ O(Ë21).

However, if a is 1 we have

s = iË ±
:

2iË + O(1)

for two of the roots, and therefore the initial value problem for (9.1.11) is

ill-posed.

Exercises

9.1.1. Show that equations (1.4.1) can all be put in the form (9.1.3). Determine conditions

on the coefficients of these equations so that they are well-posed.

9.1.2. Show that if the operator R("x) in the second-order equation (9.1.6) is of odd

order—i.e., the polynomial r(Ë) has an odd number of roots—then the equation

(9.1.6) is not well-posed.
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9.1.3. Show that if

ut t = R("x)u

is well-posed, then so is

ut t + 2a ut = R("x)u. (9.1.12)

9.1.4. Show that the following two equations are well-posed.

(a) ut t + 2autxxx + buxxxx = 0 for all real a and b, a �= 0.

(b) ut t + 2autxx + b2uxxxx = 0 if a f 0.

9.1.5. Verify that the proof of Theorem 9.1.2 applies to equations of the form of (9.1.12).

9.2 Well-Posed Systems of Equations

We next consider the well-posedness of initial value problems for systems of equations.

We restrict our discussion to systems that are of first order in the time differentiation. We

consider linear systems with constant coefficients and require that after application of the

Fourier transform, the system can be put in the form

Æut = Q(Ë) Æu, (9.2.1)

where Æu is a vector function of dimension d and Q is a d × d matrix function of Ë.

We also consider systems in N space dimensions, so that Ë is in RN . The concepts of

this section together with those of the previous section can be used to study well-posed

initial value problems of systems of higher order and mixed order in the time derivative.

Our discussion follows that of the important paper by Kreiss on well-posedness [33].

The solution to (9.2.1) is

Æu(t, Ë) = etQ(Ë) Æu0(Ë),

and in place of Theorem 9.1.1 we have Theorem 9.2.1.

Theorem 9.2.1. The necessary and sufficient condition for system (9.2.1) to be well-posed

is that for each nonnegative t, there is a constant Ct such that

‖eQ(Ë)t‖ f Ct (9.2.2)

for all Ë * RN . A necessary condition for (9.2.2) to hold is that (9.1.5) hold for each

eigenvalue of Q(Ë).

The proof of this theorem is similar to that in the scalar case and is not given. Matrix

exponentials are not as easy to analyze as scalar exponentials, and there are no simple

conditions such as (9.1.5), which guarantee that (9.2.2) follows. We develop some tools

and apply them in several particular cases.
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To analyze the norm of the exponential of a matrix we use the following lemma.

Lemma 9.2.2. Let U be an upper triangular square matrix of dimension d and let

ū = max
1fifd

Re uii

and

u7 = max
j>i

|uij |.

Then there is a constant Cd , independent of U, such that

‖etU‖ f Cde
t ū
(

1 + (tu7)d21
)
.

Proof. To facilitate the proof we introduce polynomials mk(Ç ) defined by

m0(Ç ) c 1 and m′
k(Ç ) =

k21∑

$=0

m$(Ç ), mk(0) = 0

for k greater than 0. The prime on mk(Ç ) denotes differentiation with respect to Ç. The

first few polynomials are shown here:

m0(t) = 1, m1(t) = t, m2(t) = 1

2
t2 + t,

m3(t) = 1

6
t3 + t2 + t, m4(t) = 1

24
t4 + 1

2
t3 + 3

2
t2 + t,

m5(t) = 1

120
t5 + 1

6
t4 + t3 + 2 t2 + t,

m6(t) = 1

720
t6 + 1

24
t5 + 5

12
t4 + 5

3
t3 + 5

2
t2 + t.

Let E(t) be the matrix etU and denote the elements of E(t) by eij (t). We will

prove by induction that

|eij (t)| f et ūmj2i

(
tu7) (9.2.3)

for j g i.

The assertion (9.2.3) holds for j = i, since eii(t) = etuii . Assuming that (9.2.3)

holds for j 2 i < k, we prove that it holds for j 2 i = k. From the definition of E(t)

we have that

E′(t) = UE(t)

or

e′
ij (t) =

∑

if$fj

ui$e$j (t).
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Therefore,
d

dt

[
e2tuii eij (t)

]
=

∑

i<$fj

ui$e$j (t)e
2tuii

and hence

e2tuii eij (t) =
∫ t

0

∑

i<$fj

ui$e$j (Ç )e
2Çuii dÇ.

Using (9.2.3) for j 2 $ less than j 2 i, we have

|e2tuii eij (t)| f
∫ t

0

u7 ∑

i<$fj

mj2$(Çu
7)|eÇ(ū2uii )| dÇ

f u7
∫ t

0

∑

i<$fj

mj2$(Çu
7) dÇ

= u7
∫ t

0

m′
j2i(Çu

7) dÇ = mj2i

(
tu7) ,

by the defining equation for mk(Ç ). This proves (9.2.3).

Depending on the matrix norm being used, there is a constant C′
d such that

‖E(t)‖ f C′
d max |eij (t)| f C′

d et ū
(
1 + md21(tu

7)
)
,

where we have used that mk(t) f mk+1(t) for positive k. Since md21 (tu
7) is of degree

d 2 1, the lemma follows.

We use this lemma to study the matrix exponential in (9.2.2). By Schur’s lemma (see

Appendix A), there is a unitary matrix function O(Ë) such that O(Ë)Q(Ë)O(Ë)21 is

upper triangular. Let
ÞQ(Ë) = O(Ë)Q(Ë)O(Ë)21.

Then, using the $2 norm for matrices,

‖etQ(Ë)‖ = ‖et ÞQ(Ë)‖ f Cd et q̄(Ë)
[
1 + |tq7(Ë)|d21

]
, (9.2.4)

where

q̄(Ë) = max
1fvfd

Re qv(Ë)

and

q7(Ë) = max
j>i

| ÞQij (Ë)|,

similar to the definition of u7 in Lemma 9.2.2. Moreover, since the diagonal elements

of et
ÞQ(Ë) are etq¿ (Ë), where q¿(Ë) is an eigenvalue of Q(Ë), we see that a necessary

condition for (9.2.2) to hold is that (9.1.5) hold for each eigenvalue of Q(Ë). We also see
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that sufficient conditions for (9.2.2) to hold must usually involve some information about

the off-diagonal elements of ÞQ(Ë).

We now give general definitions of parabolic and hyperbolic systems in N dimen-

sions.

Definition 9.2.1. The system

ut =
N∑

j1,j2=1

Bj1j2

"2u

"xj1
"xj2

+
N∑

j=1

Cj
"u

"xj
+ Du, (9.2.5)

for which

Q(Ë) = 2
N∑

j1,j2=1

Bj1j2
Ëj1

Ëj2
+ i

N∑

j=1

CjËj + D,

is parabolic if the eigenvalues, qv(Ë), of Q(Ë) satisfy

Re qv(Ë) f a 2 b|Ë|2 (9.2.6)

for some constant a and positive constant b.

For a parabolic system we have, in the notation of Lemma 9.2.2, that

q̄(Ë) f a 2 b|Ë|2

for some positive constant b. The quantity q7(Ë) is bounded by a constant multiple of

1 + |Ë|2, in general. Thus from (9.2.4)

‖etQ(Ë)‖ f C et (a2bË2)
(

1 + (1 + |Ë|2)d21td21
)

f Ct ,

where Ct is independent of Ë.

Example 9.2.1. As an example of a parabolic system consider the system
(
u1

u2

)

t

=
(

1 0

0 1

)(
u1

u2

)

xx

+
(

0 1

1 0

)(
u1

u2

)

xy

+
(

1 0

0 1

)(
u1

u2

)

yy

.

The matrix Q(Ë) is

2
(
Ë2

1 + Ë2
2 Ë1Ë2

Ë1Ë2 Ë2
1 + Ë2

2

)
.

The eigenvalues of Q(Ë) are easily found as the roots of the characteristic equation:

det

(
q + Ë2

1 + Ë2
2 Ë1Ë2

Ë2
1Ë2 q + Ë2

1 + Ë2
2

)
= (q + Ë2

1 + Ë2
2)

2 2 Ë2
1Ë

2
2 = 0 .

Thus the eigenvalues are

q± = 2(Ë2
1 + Ë2

2) ± Ë1Ë2 = 2(Ë2
1 ± Ë1Ë2 + Ë2

2)

f 2 1
2
(Ë2

1 + Ë2
2),

and so this system is parabolic.
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We see that condition (9.2.6), which is only on the eigenvalues of Q(Ë), is sufficient

to assure that the system is well-posed. No other assumptions on the matrix Q(Ë) are

needed.

We show later, in Theorem 9.2.4, that the lower order terms, those involving the Cj
and D, do not affect the well-posed nature of the system and so can be ignored in applying

Definition 9.2.1.

We see from (9.2.4) that if q̄(Ë) is bounded below for large Ë, then the system will

not be well-posed unless q7(Ë) is zero. This is why hyperbolic systems are required to be

diagonalizable.

Definition 9.2.2. The system

ut =
N∑

j=1

Aj

"u

"xj
+ Bu (9.2.7)

with

Q(Ë) = i

N∑

j=1

AjËj + B

is hyperbolic if the eigenvalues of Q(Ë), qv(Ë), satisfy

Re qv(Ë) f c (9.2.8)

for some constant c, and if Q(Ë) is uniformly diagonalizable for large Ë, i.e., for each

Ë with |Ë| greater than some value K, there is a matrix M(Ë) such that

M(Ë)Q(Ë)M21(Ë)

is diagonal and the norms of M(Ë) and M(Ë)21 are bounded independently of Ë.

The conditions for a hyperbolic system are precisely those needed to make the ex-

pression in (9.2.4) bounded; that is, q̄(Ë) is bounded by (9.2.8) and q7(Ë) can be taken to

be zero, since Q(Ë) is diagonalizable. Note, however, that M(Ë) need not be unitary, as

was O(Ë) in deriving (9.2.4), but M(Ë) and M(Ë)21 need to be bounded in norm. As

with parabolic systems the lower order term, in this case Bu, does not effect the well-posed

nature of the hyperbolic system (9.2.7).

Example 9.2.2. As an example of a hyperbolic system consider the shallow water equations

linearized around a constant velocity field (a, b):

ut + aux + buy + hx = 0,

vt + avx + bvy + hy = 0,

ht + ahx + bhy + ux + vy = 0.

(9.2.9)
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For this system we have

Q(Ë) = 2i

(
a 0 1

0 a 0

1 0 a

)
Ë1 2 i

(
b 0 0

0 b 1

0 1 b

)
Ë2

= 2i

(
aË1 + bË2 0 Ë1

0 aË1 + bË2 Ë2

Ë1 Ë2 aË1 + bË2

)
.

The three eigenvalues of Q(Ë) are easily found to be

q0(Ë) = 2i(aË1 + bË2), q±(Ë) = 2i(aË1 + bË2) ± i

√
Ë2

1 + Ë2
2 .

Since the eigenvalues are purely imaginary, the system is hyperbolic.

Lower Order Terms

We next show that lower order terms do not affect the well-posedness of hyperbolic and

parabolic systems. We begin with a theorem applicable to the hyperbolic systems and to

the undifferentiated term in parabolic systems.

Theorem 9.2.3. If the system

Æut = Q(Ë) Æu (9.2.10)

is well-posed and Q0(Ë) is bounded independently of Ë, then the system

Æut = (Q(Ë) + Q0(Ë)) Æu (9.2.11)

is also well-posed.

Proof. Let c0 be a constant such that

‖Q0(Ë)‖ f c0

and assume that Ct as defined by (9.2.2) is a nondecreasing function of t. From (9.2.11)

we have

[
e2Q(Ë)t Æu(t, Ë)

]
t
= e2Q(Ë)tQ0(Ë) Æu(t, Ë)

and so

Æu(t, Ë) = eQ(Ë)t Æu0(Ë) +
∫ t

0

eQ(Ë)(t2Ç)Q0(Ë) Æu(Ç, Ë) dÇ.

Therefore, by the well-posedness of (9.2.10),

| Æu(t, Ë)| f Ct | Æu0(Ë)| + c0Ct

∫ t

0

| Æu(Ç, Ë)| dÇ, (9.2.12)
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where we have used our assumption that Ct is a nondecreasing function of t. If we define

the function U(t, Ë) by

U(t, Ë) =
∫ t

0

| Æu(Ç, Ë)| dÇ,

then (9.2.12) can be written

d

dt
U(t, Ë) f Ct | Æu0(Ë)| + c0Ct U(t, Ë).

We then obtain, using a method similar to that used for obtaining (9.2.12),

U(t, Ë) f ec0CT t 2 1

c0
| Æu0(Ë)|

for 0 f t f T . Substituting this inequality in (9.2.12), we have that | Æu(t, Ë)| is bounded

by CT e
c0CT t | Æu0(Ë)| for 0 f t f T . Taking T equal to t, we have

| Æu(t, Ë)| f Cte
c0Ct t | Æu0(Ë)| = C7

t | Æu0(Ë)|.
Since

Æu(t, Ë) = e

(
Q(Ë)+Q0(Ë)

)
t Æu0(Ë)

and Æu0(Ë) is an arbitrary value for each Ë, we have
∥∥∥e(Q(Ë)+Q0(Ë))t

∥∥∥ f C7
t ,

which shows that (9.2.11) is well-posed.

Theorem 9.2.3 shows that the matrix B, the lower order term in the hyperbolic system

(9.2.7), does not affect the well-posedness of the system (9.2.7). If the matrix B is zero,

then the constant c in (9.2.8) can be taken to be zero, and the constant K in Definition

9.2.2 can also be taken to be zero. These last results follow from the observation that if B

is zero, then Q(Ë) is a homogeneous matrix function of Ë, i.e., Q(³Ë) = ³Q(Ë) for

any real number ³.

Theorem 9.2.3 also shows that the matrix D in the parabolic system (9.2.5) does not

affect the well-posedness. We next show that the first-derivative terms, the Cj in (9.2.5),

also do not affect the well-posed nature of the system. We actually prove a more general

theorem.

Theorem 9.2.4. If the system

Æut = Q(Ë) u

satisfies

‖eQ(Ë)t‖ f Kte
2b|Ë|Ã t

for some positive constants b and Ã, with Kt independent of Ë, and if Q0(Ë) satisfies

‖Q0(Ë)‖ f c0|Ë|Ã

with Ã < Ã, then the system

Æut = [Q(Ë) + Q0(Ë)] Æu
is also well-posed.
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Proof. We prove this theorem dealing directly with the exponential of the matrix

(Q(Ë) + Q0(Ë)) t rather than the functions Æu(t, Ë), as was done in the proof of Theorem

9.2.3. Let

E(t, Ë) = e(Q(Ë)+Q0(Ë))t .

Then E(t, Ë) satisfies the ordinary differential equation

d

dt
E(t, Ë) = Q(Ë)E(t, Ë) + Q0(Ë)E(t, Ë)

with E(0, Ë) = I. Thus

d

dt

[
e2Q(Ë)tE(t, Ë)

]
= e2Q(Ë)tQ0(Ë)E(t, Ë),

and so we have the representation

E(t, Ë) = eQ(Ë)t +
∫ t

0

eQ(Ë)(t2Ç)Q0(Ë)E(Ç, Ë) dÇ.

Therefore, using the estimates on eQ(Ë)t and Q0(Ë),

‖E(t, Ë)‖ f Kt e
2b|Ë|Ã t + c0Kt |Ë|Ã

∫ t

0

e2b|Ë|Ã (t2Ç) ‖E(Ç, Ë)‖ dÇ. (9.2.13)

If we define the function F(t) by

F(t) =
∫ t

0

eb|Ë|ÃÇ ‖E(Ç, Ë)‖ dÇ,

then (9.2.13) can be rewritten as

d

dt
F (t) f Kt + c0Kt |Ë|ÃF(t),

from which we obtain

F(t) f ec0KT |Ë|Ã t 2 1

c0|Ë|Ã for 0 f t f T ,

where we have assumed, without loss of generality, that Kt is a nondecreasing function

of t. Applying this in (9.2.13) with t = T , we obtain

‖E(t, Ë)‖ f Kte
2(b|Ë|Ã2c0Kt |Ë|Ã )t f K7

t ,

since Ã is greater than Ã. This proves the theorem.

We next show that the function Ct in (9.1.2) can always be chosen to be an exponential

function of t.

Lemma 9.2.5. The function Ct in (9.1.2) and (9.2.2) can always be taken in the form

Keat

for some constants K and a.
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Proof. We have

‖eQ(Ë)t‖ f K for 0 f t f 1,

where

K = max
0ftf1

Ct .

For t larger that 1, set

t = n + t ′,

where 0 f t ′ < 1. Then

eQ(Ë)t =
(
eQ(Ë)

)n
eQ(Ë)t ′ ,

and so

‖eQ(Ë)t‖ f ‖eQ(Ë)‖n‖eQ(Ë)t ′‖ f Kn+1 f K eat ,

where K = ea . This proves the lemma.

The value of this lemma is that it shows that expressions such as

Cte
c0Ct t ,

which was obtained in the proof of Theorem 9.2.3, are unnecessarily pessimistic when

the growth of Ct with t is not specified. The actual growth will never be worse than

exponential growth in t.

Weakly Hyperbolic Systems

It is also worthwhile to consider the consequences of relaxing the definition of a well-posed

initial value problem for systems. For example, the system

(
u1

u2

)

t

=
(

1 1

0 1

)(
u1

u2

)

x

(9.2.14)

is similar to a hyperbolic system since the eigenvalues of the symbol are purely imaginary;

however, the symbol

Q(Ë) = iË

(
1 1

0 1

)

is not diagonalizable. Such a system is sometimes called a weakly hyperbolic system. It is

easy to see that the solution to (9.2.14) is

u1(t, x) = u1(0, x + t) + tu2
x(0, x + t),

u2(t, x) = u2(0, x + t).

As these equations show, the solution depends on the first derivative of the initial data as

well as the data itself, i.e.,

‖u(1)(t, ·)‖ + ‖u(2)(t, ·)‖ f C
[
‖u(1)(0, ·)‖ + ‖u2(0, ·)‖ + ‖u2

x(0, ·)‖
]
. (9.2.15)
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This weaker estimate is not serious in itself; the difficulty with such a system is that the

addition of lower order terms will make the system ill-posed. In particular, the system

u1
t = u1

x + u2
x,

u2
t = u2

x + ·u1

is ill-posed for any nonzero value of ·. The eigenvalues of the system are

q± = iË ± (i·Ë)1/2,

and it is easily seen that condition (9.2.2) is not satisfied. In particular, the estimate (9.2.15)

shows that this system is not well-posed in the sense of Definition 1.5.2 or estimate (9.1.2).

As this example shows, Theorem 9.2.3 does not extend to the situation where weaker

estimates such as (9.2.15) hold. This example was used by Kreiss [33] to demonstrate

the effect of variable coefficients on the well-posed nature of systems. Examples such as

this show that estimate (9.1.2) is that which best embodies the notion of a well-behaved

process and which also leads to a reasonable mathematical theory of well-posed initial value

problems.

Systems of partial differential equations that describe physical systems are always

approximations based on assuming that certain effects are negligible. Systems such as

(9.2.14), which are not well-behaved under small effects such as variable coefficients and

lower order terms, cannot be useful in modeling initial value problems for physical systems.

Exercises

9.2.1. Show that the wave equation in two spatial dimensions ut t = uxx + uyy can be

transformed to the system

u1
t = u2

x + u3
y,

u2
t = u1

x,

u3
t = u1

y .

Show that the system is hyperbolic.

9.2.2. Show that the system

ut = ux 2 vy,

vt = uy + vx

is hyperbolic.

9.2.3. Show that the system
(
u1

u2

)

t

=
(

2 21

1 0

)(
u1

u2

)

xx

+
(

0 1

21 2

)(
u1

u2

)

yy

is parabolic.



9.3 Inhomogeneous Problems 223

9.2.4. Show that the system

ut + vtxx = ux,

utx + vt = vxx

can be put into the form (9.2.1). Determine if the system is well-posed.

9.3 Estimates for Inhomogeneous Problems

We now consider the inhomogeneous initial value problem, Pu = f, to estimate the so-

lution at time t in terms of the initial data and the data f (t, x). We consider a single

partial differential equation, Pu = f, with constant coefficients, that is first order in the

derivative with respect to t. Under the Fourier transform it may be written as

Æut (t, Ë) = q(Ë) Æu(t, Ë) + r(Ë) Æf (t, Ë), (9.3.1)

where the factor of r(Ë) arises from normalizing the equation so that the coefficient of Æut
is 1 (see Exercise 9.3.1). We also require that there are constants q̄ and C1 such that the

well-posedness estimate (9.1.5) holds, i.e.,

Re q(Ë) f q̄

and also

|r(Ë)| f C1. (9.3.2)

The solution of (9.3.1) can be written as

Æu(t, Ë) = eq(Ë)t Æu0(Ë) + r(Ë)

∫ t

0

eq(Ë)(t2s) Æf (s, Ë) ds. (9.3.3)

From this we easily obtain, from (9.3.1) and (9.3.2),

| Æu(t, Ë)|2 f Ce2q̄t

[
| Æu0(Ë)|2 +

∫ t

0

| Æf (s, Ë)|2 ds

]
,

and hence

‖u(t, ·)‖2 f Ce2q̄t

[
‖u0‖2 +

∫ t

0

‖f (s, ·)‖2 ds

]
. (9.3.4)

For a stable finite difference scheme an analogous estimate holds. We prove it now

for one-step schemes. All the one-step schemes we have considered may be written as

Ævn+1(¿) = g(h¿) Ævn(¿) + kF̂ n(¿), (9.3.5)
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where g is the amplification factor and

|F̂ n(¿)| f C
[
| Æf n(¿)| + | Æf n+1(¿)|

]
. (9.3.6)

The solution to (9.3.5) can be written as (see Exercise 9.3.2)

Ævn(¿) = g(h¿)n Æv0(¿) + k

n21∑

$=0

g(h¿)n2$F̂ $(¿). (9.3.7)

We then have by the von Neumann stability estimate (2.2.7) that

| Ævn(¿)|2 f 2

þ
ø|g(h¿)|2n| Æv0(¿)|2 +

∣∣∣∣∣k
n21∑

$=0

g(h¿)n2$F̂ $(¿)

∣∣∣∣∣

2
ù
û

f 2

[
|g(h¿)|2n| Æv0(¿)|2 + k

n21∑

$=0

|g(h¿)|2(n2$)k

n21∑

$=0

|F̂ $(¿)|2
]

f 2

[
(1 + Kk)2n| Æv0(¿)|2 + k

n21∑

$=0

(1 + Kk)2(n2$)k

n21∑

$=0

|F̂ $(¿)|2
]

f 2(1 + Kk)2n

[
| Æv0(¿)|2 + (kn)k

n21∑

$=0

|F̂ $(¿)|2
]

f CT

[
| Æv0(¿)|2 + k

n21∑

$=0

|F̂ $(¿)|2
]
.

Then, by Parseval’s relation and (9.3.6),

‖vn‖2 f CT

(
‖v0‖2 + k

n∑

$=0

‖f $‖2

)
. (9.3.8)

Estimates (9.3.4) and (9.3.8) show that for both the well-posed partial differential

equation and the stable finite difference scheme, the solution depends continuously on the

data. For example, consider the two initial value problems

Pu(1) = f (1), u(1)(0, x) = u
(1)
0 (x),

Pu(2) = f (2), u(2)(0, x) = u
(2)
0 (x).

The difference of the solutions can be estimated in terms of the difference in the data, i.e.,

‖u(1)(t, ·) 2 u(2)(t, ·)‖2 f CT

(
‖u(1)0 2 u

(2)
0 ‖2 +

∫ t

0

‖f (1)(s, ·) 2 f (2)(s, ·)‖2 ds

)
.
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It is essential that a differential equation describing the evolution of a physical system

satisfy such an estimate. This estimate expresses the idea that small changes in the data

result in small changes in the solution at the later times. (See the discussion at the beginning

of section 9.1.) In particular, it shows that errors in the data will be magnified by only a

fixed amount, determined by CT . For finite difference schemes the estimate shows that the

round-off error, which is inherent in all computation, will grow at a limited rate. It is for

this reason that the effects of round-off error are not a major concern in the study of finite

difference schemes for partial differential equations.

Duhamel’s Principle

Solution formulas (9.3.3) and (9.3.7) express Duhamel’s principle, which states that the

solution to an inhomogeneous initial value problem can be regarded as the superposition of

solutions to homogeneous initial value problems. For (9.3.3), consider the homogeneous

initial value problems for (9.3.1) with solutions u(t, Ë; s) that have initial data prescribed

at t = s given by

Æu(s, Ë; s) = r(Ë) Æf (s, Ë).
Then (9.3.3) can be written as

Æu(t, Ë) = eq(Ë)t Æu0(Ë) +
∫ t

0

Æu(t, Ë; s) ds.

Similarly, for (9.3.7) we have

Ævn = gn Æv0 +
n21∑

$=0

Ævn,$,

where Ævn,$ is the solution to the homogeneous initial value problem starting at time level

$ with

Æv$,$ = kF̂ $.

The well-posedness and stability estimates for the inhomogeneous initial value problems

are direct consequences of the estimates for the homogeneous problems.

Exercises

9.3.1. Show that equations (1.1.3) and (1.4.1) may be put in the form (9.3.1).

9.3.2. Show that the general solution to the one-step scheme (9.3.5) is given by (9.3.7).

9.4 The Kreiss Matrix Theorem

In Section 7.1 the stability condition for a one-step scheme for a system was shown to be

as follows: For each T > 0, there is a constant CT such that

‖G(», k, h)n‖ f CT (9.4.1)
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for all n with 0 f nk f T . As for the constants in the estimates for well-posed initial

value problems, we can always take the constant CT in (9.4.1) to have the form

CT = Keat = Keakn

(see Lemma 9.2.5). Thus estimate (9.4.1) is equivalent to

‖ ÞG(», k, h)n‖ f K (9.4.2)

for all n where ÞG = e2akG.

The Kreiss matrix theorem gives several equivalent characterizations of families of

matrices satisfying conditions such as (9.4.2). The theorem considers a family, or set, F, of

M × M matrices. In the context of finite difference schemes, the matrices would depend

continuously on the parameters », k, and h; however, the theorem can be stated as a result

in matrix theory without referring to our intended applications.

Theorem 9.4.1. The Kreiss Matrix Theorem. For a family F of M × M matrices, the

following statements are equivalent.

A: There exists a positive constant Ca such that for all A * F and each nonnegative

integer n,

‖An‖ f Ca .

R: There exists a positive constant Cr such that for all A * F and all complex numbers

z with |z| > 1,

‖(zI 2 A)21‖ f Cr(|z| 2 1)21. (9.4.3)

S: There exist positive constants Cs and Cb such that for each A * F there is a

nonsingular hermitian matrix S such that B = SAS21 is upper triangular and

‖S‖, ‖S21‖ f Cs, (9.4.4a)

|Bii | f 1, (9.4.4b)

|Bij | f Cb min[1 2 |Bii |, 1 2 |Bjj |] (9.4.4c)

for i < j.

H: There exists a positive constant Ch such that for each A * F there is a hermitian

matrix H such that

C21
h I f H f ChI, (9.4.5a)

A7HA f H. (9.4.5b)

N: There exist constants Cn and cn such that for each A * F there is a hermitian

matrix N such that

C21
n I f N f CnI,

Re (N(I 2 zA)) g cn(1 2 |z|)I
for all complex numbers z with |z| f 1.
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U : There exists a positive constant CË such that for each A * F there is a hermitian

matrix U such that

C21
Ë I f U f CËI,

sup
x �=0

|(UAnx, x)|
(Ux, x)

f 1.

The original Kreiss matrix theorem (Kreiss [32]) contained only the first four condi-

tions, A,R, S, and H. The condition U was proved equivalent to the original four condi-

tions by Tadmor [59] and condition N was added by Strikwerda and Wade [58]. LeVeque

and Trefethen [39] showed that condition R implies condition A with Ca f eMCr and

that this is the best possible bound on Ca in terms of Cr .

In some applications it is important to know when the matrices H,N, and U can be

constructed to be (locally) continuous functions of the elements of F. Although this result

can be established for some special families, it has not been established in general.

Proof. We will prove that these conditions are all equivalent by showing that each

condition implies the next one, in the given order, and finally that condition U implies

condition A.

We first show that condition A implies condition R. We have that

(zI 2 A)21 =
>∑

j=0

z2(j+1)Aj

for large values of z. Thus

‖(zI 2 A)21‖ f
>∑

j=0

|z|2(j+1)Ca f Ca(|z| 2 1)21,

which is condition R. The expression (zI 2 A)21 is called the resolvent of A; it is

an analytic matrix-valued function of z, and condition R is often called the resolvent

condition.

The proof that condition R implies condition S is the most difficult portion of the

proof, and we postpone this until the end.

We next show that condition S implies condition H. We construct the matrix H as

S7D2S, where the matrix D is a diagonal matrix whose j th entry is ·M2j , where · is

a positive parameter to be chosen later. Condition (9.4.5b) is then seen to be

A7S7D2SA f S7D2S

or

B7D2B f D2.

Finally, if we set ÞB = DBD21, this condition is

ÞB7 ÞB f I
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or, equivalently,

| ÞBx|2 f |x|2 (9.4.6)

for any vector x in CM . Since B is an upper triangular matrix, we have that the elements

of ÞB are given by

ÞBij = Bij·
j2i .

Thus, by the Cauchy–Schwarz inequality,

| ÞBx|2 =
M∑

i=1

|( ÞBx)i |2 =
M∑

i=1

|
M∑

j=i

Bij·
j2ixj |2

f
M∑

i=1

û
ý

M∑

j=i

|Bij |·j2i |xj |2
þ
ø
û
ý

M∑

j=i

|Bij |·j2i

þ
ø .

Now we consider each portion of this sum, beginning with the sum over j. Using estimate

(9.4.4c), we obtain

M∑

j=i

|Bij |·j2i = |Bii | +
M∑

j=i+1

|Bij |·j2i

f |Bii | + Cb (1 2 |Bii |)
M∑

j=i+1

·j2i

f |Bii | + Cb

·

1 2 ·
(1 2 |Bii |) f 1

(9.4.7)

if · is chosen so that

Cb ·

1 2 ·
f 1. (9.4.8)

With this choice of · we have

| ÞBx|2 f
M∑

i=1

M∑

j=i

|Bij |·j2i |xj |2 =
M∑

j=1

|xj |2
j∑

i=1

|Bij |·j2i .

We next employ an argument similar to (9.4.7). Considering the sum over j we obtain

j∑

i=1

|Bij |·j2i f |Bjj | + Cb·

1 2 ·

(
1 2 |Bjj |

)
f 1.
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Thus if · is chosen to satisfy (9.4.8), then (9.4.6) holds, which is equivalent to condition

(9.4.5b). The choice of · is seen to depend only on Cb. Thus

H = S7D2S f C2
s ·

22M

and, similarly, H g C22
s ·2M, which establishes condition H.

To prove condition N, we start with

0 f (I 2 zA)7 H (I 2 zA)

= H 2 2 Re (HzA) + |z|2A7HA

= 2 Re [H(I 2 zA)] 2 H + |z|2A7HA

f 2 Re [H(I 2 zA)] + (|z|2 2 1)H.

Thus if |z| f 1 and using the bounds on H,

C21
n (1 2 |z|)I f H(1 2 |z|) f H(1 2 |z|2) f 2 Re [H(I 2 zA)]

and condition N holds with N equal to H.

The proof that condition N implies condition U is similar to the proof of the

Halmos inequality given by Pearcy [50]. We begin with two relationships for all com-

plex numbers z,

1 2 zn =
n∏

k=1

(1 2 ·kz),

1 = 1

n

n∑

j=1

n∏

k=1
k �=j

(1 2 ·kz), (9.4.9)

where the ·k are the nth roots of unity.

As purely algebraic relationships, these relationships hold also when z is replaced

by a matrix A. For any vector x and complex number ³, with |³ | = 1, we define

xj =
n∏

k=1
k �=j

(1 2 ·k³A)x.

By (9.4.9) we have that

x = 1

n

n∑

j=1

xj .
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Condition N with z = ³ ·j implies that

0 f 1

n

n∑

j=1

Re
(
N(I 2 ·j³A)xj , xj

)

= 1

n

n∑

j=1

Re
(
N(I 2 ³ nAn)x, xj

)

= Re
(
N(I 2 ³ nAn)x, x

)
.

By choosing ³ so that

Re (³ nN Anx, x) = |(N Anx, x)|,

we obtain

|(N Anx, x)| f (Nx, x).

Thus condition N is satisfied with U equal to N and CË equal to Cn.

The last implication is that condition U implies condition A. We use the following

relations: For a Hermitian matrix S we have

sup
|x|=1

|(Sx, x)| = ‖S‖

and for any matrix B

B = 1

2
(B + B7) 2 i

2
(B 2 B7),

so

‖B‖ f 1

2

∥∥(B + B7)
∥∥ + 1

2

∥∥(B 2 B7)
∥∥ f 2 sup

|x|=1

|(Bx, x)|.

Since the matrix U is positive definite and hermitian, it has a positive definite and

hermitian square root T , with both ‖T ‖ and ‖T 21‖ bounded by C
1/2
Ë . Thus we have

‖An‖ = ‖T 21T AnT 21T ‖ f ‖T 21‖ ‖T ‖ ‖T AnT 21‖

f 2‖T 21‖ ‖T ‖ sup
|x|=1

|(T AnT 21x, x)|

= 2‖T 21‖ ‖T ‖ sup
|x|=1

|(UAnT 21x, T 21x)|

f 2‖T 21‖ ‖T ‖ sup
|x|=1

|(UT 21x, T 21x)|

= 2‖T 21‖ ‖T ‖ f 2CË.
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It remains to prove that condition R implies condition S. We begin this portion of

the proof by assuming that the matrix A is upper triangular. This is permissible by Schur’s

lemma (Proposition A.5 in Appendix A). We may also assume that the diagonal elements

of A are ordered so that

|aii | g |ajj | for i < j ; (9.4.10)

i.e., the eigenvalues are in order of decreasing magnitude. The resolvent of A, which is

Rz(A) = (zI 2 A)21, is also an upper triangular matrix. We also note that any element of

a matrix is bounded by the norm of the matrix.

The ith diagonal element of Rz(A) is (z 2 aii)
21, and this is bounded by

Cr(|z| 2 1)21. It is then immediate that |aii | f 1. We now proceed to construct the matri-

ces B and S recursively, one diagonal at a time, for each diagonal above the main diagonal

of the matrices.

Let rij denote the elements of the matrix Rz(A). Since Rz(A) is the inverse of

zI 2 A, we obtain for j greater than i

[(zI 2 A)Rz(A)]ij = (z 2 aii)rij 2
j∑

k=i+1

aikrkj = 0. (9.4.11)

For j equal to i + 1 we have

(z 2 aii)rij 2 aij rjj = 0.

Therefore, since rjj = (z 2 ajj )
21,

rij = aij

(z 2 aii)(z 2 ajj )
.

Since |rij | f Cr(|z| 2 1)21, we have

|aij | f Cr

|(z 2 aii)(z 2 ajj )|
|z| 2 1

(9.4.12)

for all z such that |z| > 1. If the eigenvalue aii has magnitude of 1/2 or less, then from

(9.4.12), with z equal to 5/2, we obtain

|aij | f Cr

(|z| + 1
2
)2

|z| 2 1
f 6 Cr . (9.4.13)

(Recall that by (9.4.10), |ajj | also has magnitude less than 1/2. )

If |aii | is greater than 1/2 in magnitude, then we set z = t (āii)
21 in (9.4.12), where

t is real and greater than 1, and then take the limit as t approaches 1. We obtain

|aij | f Cr

(1 2 |aii |2) |1 2 āiiajj |
(1 2 |aii |)|aii |

f 4 Cr |1 2 āiiajj |. (9.4.14)
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As in the proof given by Morton and Schecter [45] (see also Richtmyer and Morton [52]),

we have

|1 2 āiiajj | =
∣∣∣1 2 |aii |2 + āii(aii 2 ajj )

∣∣∣

f (1 + |aii |)(1 2 |aii |) + |aii | |aii 2 ajj |

f (1 + 2|aii |)max(1 2 |aii |, |aii 2 ajj |)

f 3 max(1 2 |aii |, |aii 2 ajj |).

Combining this estimate with (9.4.13) and (9.4.14), we obtain

|aij | f 12 Cr max(1 2 |aii |, |aii 2 ajj |).

If the maximum of 1 2 |aii | and |aii 2 ajj | is the latter quantity, we consider

the matrix S(i,j), which is the identity matrix except that the entry in location (i, j) is

aij (aii 2 ajj )
21. The matrix

S(i,j)A(S(i,j))21 = A(i,j)

has a zero in location (i, j). Moreover, the elements of A(i,j) differ from those of A only

in the locations (i′, j ′) with i′ f i and j ′ g j. Taking the product of all S(i,j) formed

in this way—call it S—we have that the matrix

ÞA = SAS21

satisfies

| Þaij | f 12 Cr(1 2 |Þaii |), (9.4.15)

which is (9.4.4c) for j = i + 1. We also have that the norm of S is at most

(1 + 12 Cr)
M21,

since each S(i,j) has norm bounded by 1 + 12 Cr . The matrix ÞA satisfies the resolvent

condition (9.4.3) but with the constant ÞCr equal to ‖S‖ ‖S21‖Cr .

We continue for j = i + $ with $ > 1, assuming that (9.4.15) is satisfied for all

j 2 i less than $. From (9.4.11) we have

0 = (z 2 aii)rij 2
j21∑

k=i+1

aikrkj 2 aij rjj .

So, since rjj is (z 2 ajj )
21,

aij = rij (z 2 aii) (z 2 ajj ) 2
j21∑

k=i+1

aikrkj (z 2 ajj ),
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and so by (9.4.15)

|aij | f Cr

|(z 2 aii)(z 2 ajj )|
|z| 2 1

+ 12 Cr

|z 2 ajj |(1 2 |aii |)
|z| 2 1

.

We may proceed as in the case with j = i + 1. Notice that the constant Cr may

increase at each step of the proof. However, it can always be chosen to depend only on

the value of Cr at the earlier step and on M. This recursive alteration of A terminates

in at most M 2 1 steps, and thus the proof is complete, with B being the result of the

modifications to A and S being the product of all the S(i,j) matrices. This proves that

condition R implies condition S.

Since we have shown that each condition implies the succeeding one, the proof of

the Kreiss matrix theorem is complete.

The Kreiss matrix theorem is of theoretical importance because it relates the usual

concept of stability, condition A, with equivalent conditions that may be useful in different

contexts. It is of limited practical use in determining stability because the verification of

any of the conditions is usually quite as difficult as verifying condition A itself.

It is also notable that the only portion of the theorem that depends on the finite

dimensionality of the linear operators is that involving condition S. The conditions H,N,

and U are all equivalent for families of operators on Hilbert spaces. Condition H states

that in the norm ‖ · ‖H , defined by

‖x‖H = (x,Hx)1/2,

the operator A is a contraction, i.e.,

‖Ax‖H f ‖x‖H .

If this condition is satisfied, we say that A is equivalent to a contraction. It is easy to

see that if A is equivalent to a contraction, with H satisfying (9.4.5a), then A is power

bounded in the original norm; i.e., condition A holds. However, Foquel [19] has shown that

there exist power-bounded operators on an infinite-dimensional Hilbert space that are not

equivalent to a contraction. Thus condition S is an essential part of the finite-dimensional

Kreiss matrix theorem.

Exercises

9.4.1. Determine the resolvent for the M × M matrix

A =

û
üüüüüüý

0 a 0 0 · · · 0

0 0 a 0 · · · 0

0 0 0 a · · · 0
...

...
...

. . .
. . .

0 0 0 0 · · · a

0 0 0 0 · · · 0

þ
ÿÿÿÿÿÿø

for a real number a. Determine constants Ca and Cr for conditions A and R in

Theorem 9.4.1.
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9.4.2. By considering the contour integral

1

2Ãi

∫

?

zn(zI 2 A)21 dz,

where ? is the circle |z| = 1 + (n + 1)21, show that if A satisfies the resolvent

condition (9.4.3), then

‖An‖ f C7(n + 1)

for some constant C7 depending only on Cr and not on A.

9.4.3. Two other conditions that are equivalent to those of the Kreiss matrix theorem are:

M 1 : There is a positive constant C1 such that for each N g 0, each real

value of », and each A in F,

∥∥∥∥∥
1

N + 1

N∑

n=0

Anein»

∥∥∥∥∥ f C1.

M 2 : There is a positive constant C2 such that for each N g 0, each real

value of », and each A in F,

∥∥∥∥∥
2

N + 1

N∑

n=0

(
1 2 n

N

)
Anein»

∥∥∥∥∥ f C2.

Prove directly that condition A implies condition M1, condition M1 im-

plies condition M2, and condition M2 implies condition R. Hint: To prove that

condition M2 implies R, consider the sum

>∑

N=1

rN21
N∑

n=0

(N 2 n)Anein» .

9.4.4. Show that condition M2, of Exercise 9.4.3, is equivalent to condition R for oper-

ators on a Hilbert or Banach space. To prove that condition R implies condition

M2, consider the contour integral

1

2Ãi

∮

?

(
zN/2 2 z2N/2

z1/2 2 z21/2

)2

(zI 2 A)21 dz,

where ? is the circle |z| = 1 + N21. Prove that

1

2Ã

∫

?

∣∣∣∣
zN/2 2 z2N/2

z1/2 2 z21/2

∣∣∣∣
2

d» f 4eN
[
1 + O(N21)

]
.



Chapter 10

Convergence Estimates for
InitialValue Problems

In this chapter we prove estimates for the convergence of solutions of finite difference

schemes. The concept of the order of accuracy of a scheme was presented in Chapter 3,

where it was stated that the order of accuracy of the scheme was related to the order of

accuracy of the solution. Here we provide the proofs for this assertion. We also give a

proof of the Lax–Richtmyer theorem (Theorem 1.5.1).

Estimates are given that show the rate at which the discrete solutions of finite dif-

ference schemes converge to the solution of the differential equation. For simplicity, we

restrict ourselves at first to one-step schemes. Multistep schemes are considered in Section

10.6. Equations second order in the time derivative are considered in Section 10.7. We

also consider only scalar equations; the extension of these results to systems of equations

is straightforward and is left to the exercises.

Only constant coefficient equations are considered in this text. The theorems we give

can be extended to cover equations with variable coefficients, but the extension requires

techniques beyond the scope of this text. Estimates for variable coefficient equations are

proved by Peetre and Thomée [51] and by Wade [67]. Convergence estimates similar to

what we prove here, but using different norms, are given in the lecture notes of Brenner,

Thomée, and Wahlbin [6].

For simplicity we consider only one-dimensional problems. The theorems for higher

dimensional cases are given in the exercises.

10.1 Convergence Estimates for Smooth Initial Functions

We begin by addressing the problem of how to compare discrete functions defined on the

mesh hZ with functions defined on the real line. The truncation operator maps functions

on the real line to functions on the grid, and the interpolation operator maps functions on

the grid to functions defined on the real line. Both operators are defined in terms of the

Fourier transform as defined in Chapter 2.

Definition 10.1.1. The truncation operator T maps functions in L2(R) to functions in

L2(hZ). Given u * L2(R), we have

u(x) = 1:
2Ã

∫ >

2>
eix¿ Æu(¿) d¿,

235



236 Chapter 10. Convergence Estimates for Initial Value Problems

and Tu is defined as

Tum = 1:
2Ã

∫ Ã/h

2Ã/h

eimh¿ Æu(¿) d¿

for each grid point mh * hZ. Alternatively, the Fourier transform of Tu is given by

T̂u(¿) = Æu(¿) for |¿ | f Ã

h
.

Definition 10.1.2. The interpolation operator S maps functions in L2(hZ) to functions

on L2(R). Given v * L2(hZ), we have

vm = 1:
2Ã

∫ Ã/h

2Ã/h

eimh¿ Æv(¿) d¿

and Sv(x) is defined as

Sv(x) = 1:
2Ã

∫ Ã/h

2Ã/h

eix¿ Æv(¿) d¿ (10.1.1)

for each x * R. Alternatively, the Fourier transform of Sv is given by

Ŝv(¿) =
{ Æv(¿) if |¿ | f Ã/h,

0 if |¿ | > Ã/h.

Both of the operators T and S depend on the parameter h. We do not explicitly

show this in the notation in order to keep our notation simple. The operator S is called the

cardinal spline operator; see [55].

Example 10.1.1. Consider the function and transform

u(x) = 1

1 + x2
, Æu(¿) =

√
Ã

2
e2|¿ |.

For this function the truncation operator gives

Tum = 1

2

∫ Ã/h

2Ã/h

eimh¿ e2|¿ | d¿ = 1 2 (21)me2Ã/h

1 + (hm)2
.

The function u(x) and the discrete function Tum are shown in Figure 10.1 for the

case of h = 1. The difference between Tum and u(xm) is especially noticeable at x = 0.

For smaller values of h this difference is harder to see.
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-5 -4 -3 -2 -1 0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

Figure 10.1. An example of the truncation operator.

Another formula for the interpolation operator can be developed by substituting the

formula (2.1.3) for the transform in the integral (10.1.1). We obtain

Sv(x) = 1:
2Ã

∫ Ã/h

2Ã/h

eix¿ Æv(¿) d¿

= h

2Ã

∫ Ã/h

2Ã/h

eix¿
>∑

m=2>
e2im¿vm d¿

= h

2Ã

>∑

m=2>
vm

∫ Ã/h

2Ã/h

eix¿ e2im¿ d¿

=
>∑

m=2>
vm

sin((x 2 mh)Ã/h)

(x 2 mh)Ã/h
.

This formula shows that the interpolant is a superposition of functions using the “sinc” func-

tion sin(t)/t. The interpolation is called cardinal interpolation and is a limit of polynomial

spline interpolation as the degree increases; see [55].

We now consider the numerical solution of partial differential equations by stable

one-step schemes. We consider the differential equation in the form of (9.1.3), i.e., in the

form

Æut = q(Ë) Æu. (10.1.2)

(Second-order equations are considered in Section 10.7.) If the partial differential equation

has initial function u0(x), we take as initial function for the scheme

v0
m = (Tu0)m.
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Although this is not what is done in practice, it is the initial function for the scheme that

gives the simplest estimates. Later we consider the effect of using other initial functions

for the scheme.

We also need to refine the concept of order of accuracy as given in Section 3.1. The

next definition of the order of accuracy of a finite difference scheme also takes account

of the power of the dual variable ¿ in the approximation of ekq(¿) by the amplification

factor. This is needed to quantify the idea of how much smoothness is required of the initial

function so that the order of accuracy of the solutions of the scheme is equal to the order of

accuracy of the scheme. In Theorem 10.1.1 we show that this definition is consistent with

Definition 3.1.2.

Definition 10.1.3. A one-step scheme for a first-order system in the form (10.1.2) with

k = �(h) is accurate of order [r, Ã] if there is a constant C such that for |h¿ | f Ã

∣∣∣∣∣
ekq(¿) 2 g(h¿, k, h)

k

∣∣∣∣∣ f Chr(1 + |¿ |)Ã . (10.1.3)

Note that square brackets are used in Definition 10.1.3 to distinguish this order of

accuracy, i.e., [r, Ã], from the parentheses used in Definition 3.1.1, i.e., (p, q).

Theorem 10.1.1 If a one-step finite difference scheme for a well-posed initial value problem

is accurate of order r according to Definition 3.1.2, then there is a nonnegative integer Ã

such that the scheme is accurate of order [r, Ã] according to Definition 10.1.3.

Example 10.1.2. We illustrate the use of Definition 10.1.1 using the Lax–Wendroff and

Lax–Friedrichs schemes for the one-way wave equation (1.1.1). For each case we take »

constant, i.e., k = »h, and since there are no lower order terms, we may replace the factor

(1 + |¿ |)Ã by |¿ |Ã . We have

ekq(¿) = e2ia»» = 1 2 ia»» 2 a2»2»2

2
+ i

a3»3»3

6
+ O(»4).

For the Lax–Wendroff scheme the amplification factor is

g(»)LW = 1 2 ia» sin » 2 2a2»2 sin2 1

2
»

= 1 2 ia»» 2 a2»2»2

2
+ i

a»»3

6
+ O(»4),

whereas for the Lax–Friedrichs scheme it is

g(»)LF = cos » 2 ia» sin » = 1 2 ia»» 2 »2

2
+ O(»3).
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For the Lax–Wendroff scheme,

k21
∣∣∣e2ia»» 2 g(»)LW

∣∣∣ f k21C1 |» |3 = »21C1 h2|¿ |3,

showing that the scheme is accurate of order [2, 3]. For the Lax-Friedrichs scheme,

k21
∣∣∣e2ia»» 2 g(»)LF

∣∣∣ f k21C2 |» |2 = »21C2 h|¿ |2,

showing that the scheme is accurate of order [1, 2].

We postpone the proof of Theorem 10.1.1 until after we state and prove the main results

of this section. For now we merely point out that for schemes for hyperbolic equations with

» constant, Ã is usually equal to r + 1, and for parabolic equations with µ constant, Ã

is often r + 2; however, these relationships do not hold in general (see Exercises 10.1.4

and 10.1.7).

Notice also that if a scheme is accurate of order [r, Ã], then it is also accurate of

order [r 2 1, Ã 2 1] (see Exercise 10.1.6). Finally, we note that Theorem 10.1.1 requires

the initial value problem for the differential equation to be well-posed but does not require

the scheme to be stable. This last observation is important in proving convergence estimates

for multistep schemes that are initialized with unstable schemes (see Section 10.6).

We now state the main result of this section.

Theorem 10.1.2. If the initial value problem for a partial differential equation of the form

(10.1.2), for which the initial value problem is well-posed, is approximated by a stable one-

step finite difference scheme that is accurate of order [r, Ã] with r f Ã, and the initial

function is Tu0, where u0 is the initial function for the differential equation, then for each

time T there exists a constant CT such that

‖u(tn, ·) 2 Svn‖ f CT h
r‖u0‖H Ã (10.1.4)

holds for all initial data u0 and for each tn = nk with 0 f tn f T and (h, k) in �.

Before beginning the proof of this theorem we make several observations. First

notice that to get the optimal accuracy we must have sufficiently smooth functions. If the

initial function is not in H Ã (the space H Ã is defined in Section 2.1), then the order of

convergence in h will be less than r, as we show in the next section. Second, the choice

of the initial function for the scheme, Tu0, is not natural in actual computation, nor is the

comparison of u with Sv. Later we examine the consequences of using u0(mh) instead

of Tu0(mh) as the initial function and also comparing u(tn, xm) with vnm.

For simplicity of exposition we make two assumptions to reduce the technical details.

We assume that q̄ in (9.1.5) is zero and that the restricted stability condition (2.2.8) is

applicable; i.e., we assume

|etq(¿)| f 1 and |g(h¿)| f 1. (10.1.5)

The proof without these assumptions is left as an exercise (see Exercise 10.1.11).
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Proof of Theorem 10.1.2. To begin, we seek an estimate of the difference between

Svn(x) and u(tn, x). We have by the definition of the amplification factor in Section 2.2

that

vnm = 1:
2Ã

∫ Ã/h

2Ã/h

eimh¿ g(h¿)n Æu0(¿) d¿,

and so

Svn(x) = 1:
2Ã

∫ Ã/h

2Ã/h

eix¿ g(h¿)n Æu0(¿) d¿.

Also, by equation (9.1.4),

u(tn, x) = 1:
2Ã

∫ >

2>
eix¿ eq(¿)tn Æu0(¿) d¿.

The formula for Svn differs from that for u(tn, x) in only two respects: There is g(h¿)n

in place of eq(¿)tn and the interval of integration is [2Ã/h, Ã/h] instead of (2>,>).

We have, therefore,

u(tn, x) 2 Svn(x) = 1:
2Ã

∫ Ã/h

2Ã/h

eix¿ (eq(¿)tn 2 g(h¿)n) Æu0(¿) d¿

+ 1:
2Ã

∫

|¿ |>Ã/h

eix¿ eq(¿)tn Æu0(¿) d¿.

By Parseval’s relation, it follows that

∫ >

2>

∣∣u(tn, x) 2 Svn(x)
∣∣2 dx =

∫ Ã/h

2Ã/h

∣∣∣eq(¿)tn 2 g(h¿)n
∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿

+
∫

|¿ |>Ã/h

∣∣∣eq(¿)tn Æu0(¿)

∣∣∣
2
d¿.

(10.1.6)

The first term on the right-hand side of (10.1.6) measures the error due to the finite

difference scheme and the second term, as we show, is related to the smoothness of the

function u0.

We estimate the first term on the right-hand side of (10.1.6) as follows. Let

z = eq(¿)k.

Then, since tn = nk, we have that

eq(¿)tn 2 g(h¿)n = zn 2 gn = (z 2 g)

n21∑

j=0

zn2j21gj .
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Since |z| f 1 and |g| f 1 by stability, it follows that
∣∣zn 2 gn

∣∣ f |z 2 g| n

or
∣∣∣eq(¿)tn 2 g(h¿)n

∣∣∣ f n

∣∣∣eq(¿)k 2 g(h¿)

∣∣∣ . (10.1.7)

Another estimate that will be useful is
∣∣∣eq(¿)tn 2 g(h¿)n

∣∣∣ f 2, (10.1.8)

which is trivial since |z| and |g| are both at most 1, by (10.1.5).

We now use estimate (10.1.3) together with (10.1.7) in the first integral on the right-

hand side of (10.1.6).

∫ Ã/h

2Ã/h

∣∣∣eq(¿)tn 2 g(h¿)n
∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿

f n2

∫ Ã/h

2Ã/h

∣∣∣eq(¿)k 2 g(h¿)

∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿

f n2C2

∫ Ã/h

2Ã/h

k2h2r(1 + |¿ |)2Ã
∣∣ Æu0(¿)

∣∣2 d¿

f C2t2
nh

2r

∫ Ã/h

2Ã/h

(1 + |¿ |)2Ã
∣∣ Æu0(¿)

∣∣2 d¿ f C2t2
nh

2r‖u0‖2
H Ã ,

(10.1.9)

where ‖u0‖H Ã is as defined in Section 2.1.

We now need only estimate the last term in (10.1.6). To do this we note that the

exponential factor is bounded by (10.1.5), and in the range of the integral we have 1 f
|¿ |h/Ã, so

∫

|¿ |>Ã/h

∣∣∣eq(¿)tn Æu0(¿)

∣∣∣
2
d¿ f

∫

|¿ |>Ã/h

∣∣ Æu0(¿)
∣∣2 d¿

f
(
h

Ã

)2Ã ∫

|¿ |>Ã/h
|¿ |2Ã

∣∣ Æu0(¿)
∣∣2 d¿ f C2h

2Ã‖u0‖2
H Ã .

(10.1.10)

Combining (10.1.6), (10.1.9), and (10.1.10) we obtain the basic estimate

‖u(tn, ·) 2 Svn‖ f C(t)hr‖u0‖H Ã , (10.1.11)

which implies (10.1.4) and proves Theorem 10.1.2.

As we remarked earlier, the choice of initial function for the scheme and the compari-

son of u with Svn in (10.1.4) are not natural in a computational setting. We now consider

the consequences of using u0(mh) instead of Tu0(mh) as the initial function.
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The Evaluation Operator

Given a continuous initial function u0(x) for a partial differential equation, it is natural to

take the values u0(mh) as the discrete initial function for the scheme. Indeed, this is what

has been done in each of the computational examples in this text and in the exercises. This

is a mapping taking functions defined on the real line R to functions defined on the grid

hZ; we call it the evaluation operator and use the symbol E. Thus for a function u(x) the

evaluation operator is defined by

Eum = u(mh).

Notice that the evaluation operator E cannot be defined for all functions in L2(R),

since functions in L2(R) are equivalent if they differ on a set of measure zero (seeAppendix

B). Since the grid hZ is a set of measure zero, the evaluation of L2(R) functions is not

well defined. As we will see, the evaluation operator can be defined for functions that have

some degree of smoothness.

Our first goal is to find the discrete Fourier transform of Eu. We have

Eum = 1:
2Ã

∫ >

2>
eimh¿ Æu(¿) d¿.

To get this in the form of the Fourier inversion formula for a discrete function, the integral

must be over the interval [2Ã/h, Ã/h]; we can do this using the periodicity of eimh¿:

∫ >

2>
eimh¿ Æu(¿) d¿ =

>∑

$=2>

∫ (2Ã$+Ã)h21

(2Ã$2Ã)h21
eimh¿ Æu(¿) d¿

=
>∑

$=2>

∫ Ã/h

2Ã/h

eimh¿ Æu(¿ + 2Ã$h21) d¿

=
∫ Ã/h

2Ã/h

eimh¿

>∑

$=2>
Æu(¿ + 2Ã$h21) d¿.

We conclude that

Êu(¿) =
>∑

$=2>
Æu(¿ + 2Ã$h21). (10.1.12)

Formula (10.1.12) illustrates the idea of aliasing of Fourier modes. In sampling the

function u at the discrete points xm, we are unable to distinguish frequencies that differ

by multiples of 2Ã/h.

We now wish to compare Eu with Tu; both of these operations take functions on R

to functions on hZ. Observe that the Fourier transform of Tu is just the term in (10.1.12)
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with $ equal to 0. We have, therefore, for some positive values of Ã

∣∣Êu(¿) 2 T̂u(¿)
∣∣2 =

∣∣∣∣∣

>∑′

$=2>
Æu(¿ + 2Ã$h21)

∣∣∣∣∣

2

f
( >∑′

$=2>

∣∣∣ Æu(¿ + 2Ã$h21)

∣∣∣
2 ∣∣∣¿ + 2Ã$h21

∣∣∣
2Ã
)

·
( >∑′

$=2>

∣∣∣¿ + 2Ã$h21
∣∣∣
22Ã

)
,

where the prime on the
∑

means the term for $ equal to 0 is not taken in the sum. Since

|¿ | f Ãh21, the second factor can be bounded by

2

>∑

$=1

[
(2$ 2 1)Ãh21

]22Ã
= 2

(
h

Ã

)2Ã >∑

$=1

1

(2$ 2 1)2Ã
= h2ÃC(Ã)2,

which is finite when Ã > 1/2.

We then have

‖Eu 2 Tu‖2
h f C(Ã)2h2Ã

∫ Ã/h

2Ã/h

∑′ ∣∣∣ Æu(¿ + 2Ã$h21)

∣∣∣
2 ∣∣∣¿ + 2Ã$h21

∣∣∣
2Ã

d¿

= C(Ã)2h2Ã

∫

|¿ |gÃ/h

∣∣ Æu(¿)
∣∣2 |¿ |2Ã d¿

f C(Ã)2h2Ã‖DÃu‖2.

We collect this result in a theorem.

Theorem 10.1.3. If ‖DÃu‖ exists for Ã > 1/2, then

‖Eu 2 Tu‖h f C(Ã)hÃ‖DÃu‖.

Theorem 10.1.3 shows that if a function has “more than half a derivative,” i.e., is in

H Ã for Ã > 1/2, then the evaluation operator can be defined. Later we show that it can

also be defined for a special class of functions that are in H Ã for Ã less than 1/2 but not

in H 1/2.

We now consider a stable finite difference approximation for the partial differential

equation (10.1.2) with initial function v0
m for the scheme equal to u0(mh). In addition,

consider the finite difference solution wn
m with w0

m = Tu0(mh). We wish to estimate the

difference between Eunm, which is u(nk,mh), and vnm. We have

‖Eun 2 vn‖h f ‖Eun 2 Tun‖h + ‖Tun 2 wn‖h + ‖wn 2 vn‖h. (10.1.13)

By Theorem 10.1.3 we can estimate the first term on the right-hand side using Ã equal to

r. We have

‖Eun 2 Tun‖h f C(r)hr‖Dru(tn, ·)‖ f CTC(r)h
r‖Dru(t0, ·)‖
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because the initial value problem for the partial differential equation is well-posed.

We can estimate the last term using Theorem 10.1.3 and the stability estimate (1.5.1).

We have, for nk equal to t,

‖wn 2 vn‖h f Ct‖w0 2 v0‖h = Ct‖Tu0 2 Eu0‖h f CtC(r)h
r‖Dru0‖.

We now consider the middle term on the right-hand side of (10.1.13). First we use

Parseval’s relation for discrete functions and then Theorem 10.1.2.

‖Tun 2 wn‖2
h =

∫ Ã/h

2Ã/h

∣∣ Æu(nk, ¿) 2 Æwn(¿)
∣∣2 d¿

=
∫ >

2>

∣∣ Æu(nk, ¿) 2 Ŝwn(¿)
∣∣2 d¿ 2

∫

|¿ |gÃ/h

∣∣ Æu(nk, ¿)
∣∣2 d¿

f ‖u(tn, ·) 2 Swn‖2 f C(tn)h
2r‖u0‖2

H Ã

by (10.1.11). In this way we pass from a norm on the grid to one on the line.

Combining this with Theorem 10.1.2, we obtain the next theorem.

Theorem 10.1.4. If the initial value problem for a partial differential equation of the form

(10.1.2), for which the initial value problem is well-posed, is approximated by a stable one-

step finite difference scheme that is accurate of order [r, Ã] with Ã > 1/2 and r f Ã

and the initial function v0
m is equal to u0(mh), where u0 is in H Ã, then for each positive

time T , there is a constant CT such that

‖Eu(tn, ·) 2 vn‖h f CT h
r‖u0‖H Ã

for each tn = nk with 0 f tn f T and (h, k) in �.

Table 10.1.1 shows the result of the periodic initial value problem

ut + ux = 0

on the interval [21, 1] with initial data u0(x) = sin 2Ãx using the Lax–Wendroff scheme

with » = 0.9 and the error at time 2.7. As shown, for this infinitely differentiable solution,

the convergence rate is order 2 in both the L2 and maximum norms; see Exercise 10.1.10.

Table 10.1.1

Second-order convergence for Lax–Wendroff scheme.

L2 convergence L> convergence

h Error Rate Error Rate

1/10 1.982e–1 1.969e–1

1/20 5.239e–2 1.92 5.223e–2 1.91

1/40 1.324e–2 1.98 1.323e–2 1.98

1/80 3.334e–3 1.99 3.334e–3 1.99

1/160 8.536e–4 1.97 8.543e–4 1.96

Similar results are displayed in Table 3.1.1 for the forward-time central-space and

leapfrog schemes. Results for multistep schemes, such as the leapfrog scheme, are discussed

in Section 10.6.

We now complete this section by proving Theorem 10.1.1.
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Proof of Theorem 10.1.1. This proof is in two parts. In the first part we obtain an

estimate of the form
ekq(¿) 2 g(h¿, k, h)

k
= O(hr) (10.1.14)

for each value of ¿, and then in the second part we prove the existence of the value of Ã.

Since the differential equation is first order in the time differentiation, its symbol

p(s, ¿) is linear in s and may be written as

p(s, ¿) = q0(¿)s + q1(¿).

The value of q(¿) in (10.1.2) is then

q(¿) = 2q0(¿)
21q1(¿).

By Definition 3.1.2 with Ç = eix¿ eq(¿)t or Corollary 3.1.2 with s equal to q(¿), we have

that

pk,h (q(¿), ¿) 2 rk,h (q(¿), ¿) p (q(¿), ¿) = O(hr).

Since q(¿) is the unique root of p(x, ¿), we have p (q(¿), ¿) = 0, and we obtain

pk,h (q(¿), ¿) = O(hr).

Moreover, g(h¿) is the solution to

pk,h

(
k21 ln g(h¿), ¿

)
= k21G(g, h¿) = 0, (10.1.15)

where G(g, h¿) is the amplification polynomial defined in Section 4.2. Thus

pk,h

(
k21 ln g(h¿), ¿

)
2 pk,h (q(¿), ¿) = O(hr).

By the implicit function theorem (see [3] or [8]), this last relation implies that

k21 ln g(h¿) 2 q(¿) = O(hr),

and this gives the formula

g(h¿) = ekq(¿)eO(khr ),

from which we obtain (10.1.14).

We next use the well-posed nature of the initial value problem and the accuracy of the

scheme to prove that a value of Ã exists. We begin with the Taylor series with remainder

for the exponential function for complex variables in the form

ez =
J21∑

j=0

zj

j !
+ zJ

(J 2 1)!

∫ 1

0

(1 2 t)J21etz dt.
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From this we obtain

ekq(¿) =
J21∑

j=0

kjq(¿)j

j !
+ kJ q(¿)J

(J 2 1)!

∫ 1

0

(1 2 t)J21etkq(¿) dt.

We also have that g(») is a ratio of finite trigonometric sums and thus is infinitely differ-

entiable for real values of ». We can expand g(») as a Taylor series in » as

g(») =
I21∑

i=0

» i

i!
g(i)(0) + » I

I !
g(I )(» ′)

or

g(h¿) =
I21∑

i=0

hi¿ i

i!
g(i)(0) + hI ¿ I

I !
g(I )(» ′).

Substituting these expansions for ekq(¿) and g(h¿) into (10.1.14), we obtain

ekq(¿) 2 g(h¿, k, h)

k
=

J21∑

j=0

1

j !
kj21q(¿)j 2

I21∑

i=0

k21hi¿ i

i!
g(i)(0)

+ kJ21q(¿)J

(J 2 1)!

∫ 1

0

(1 2 t)J21etkq(¿) dt 2 k21hI ¿ I

I !
g(I )(» ′) = O(hr).

(10.1.16)

Now, recalling that k = �(h), we can choose J and I large enough so that the two

sums combine to be O(hr). Similarly, kJ21, which is �(h)J21, and k21hI , which is

�(h)21hI , can be made to be O(hr). The value of g(I )(» ′) is then bounded by some

constant, and the integral is also bounded independently of ¿ because the equation is well-

posed. Finally, q(¿) is a rational function of ¿, and so the growth of (10.1.16) in ¿ is at

most polynomial. Thus (10.1.16) is bounded by hr times a constant multiple of (1 + |¿ |)Ã
for some nonnegative integer Ã.

Exercises

10.1.1. Show that the forward-time forward-space scheme (1.3.1) for the one-way wave

equation is accurate of order [1, 2].

10.1.2. Show that the box scheme (3.2.3) for the one-way wave equation is accurate of

order [2, 3].

10.1.3. Show that the forward-time central space scheme for the one-way wave equation

is accurate of order [1, 2].

10.1.4. Show that the forward-time central-space scheme (6.3.1) for the heat equation

(6.1.1) is accurate of order [2, 4] when µ is a constant.
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10.1.5. Show that the backward-time central-space implicit scheme (6.3.3) for the heat

equation is accurate of order [1, 4] if » is constant and of order [2, 4] if µ is

constant.

10.1.6. Show that if a scheme is accurate of order [r, Ã], according to Definition 10.1.3,

then it is accurate also of order [r 2 1, Ã 2 1].

10.1.7. Show that the Lax–Wendroff-like scheme

vn+1
m 2 vnm

k
+ a·0v

n
m 2 a2k

2
·2vnm + vnm = 0

for the equation

ut + a ux + u = 0

is accurate of order [1, 1] when » is held constant.

10.1.8. Show that the scheme

(1 2 ·2)

(
vn+1
m 2 vnm

k

)
= a ·0

(
vn+1
m + vnm

2

)

for the equation

ut 2 utxx = a ux (10.1.17)

is unconditionally stable and accurate of order [2, 3] if » is constant.

10.1.9. Show that the scheme

(1 2 ·2)

(
vn+1
m 2 vnm

k

)
= a ·0v

n
m

for (10.1.17) is unconditionally stable and accurate of order [1, 0] if » is a constant.

10.1.10. Show that if a stable one-step scheme for ut + aux = 0 is accurate of order [r, Ã],

then

|vnm 2 u(tn, mh)| f C(tn)h
r

∫ >

2>
|¿ |Ã | Æu0(¿)| d¿, (10.1.18)

where tn = nk and when the initial function is Tu0. To obtain estimates of

convergence in the L> norm, use the simple inequality

|f (x)| f 1:
2Ã

∫ >

2>
| Æf (¿)| d¿

in place of Parseval’s inequality. Hint: The proof is similar to those in the text

for the L2 results. Note that there is no Parseval’s relation for the L> norm and

that the interpolation operator S is not needed, since vnm and u(tn, mh) can be

compared directly.
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10.1.11. Prove Theorem 10.1.2 under the more general assumptions that

|etq(¿)| f Ct and |g(h¿)| f 1 + Kk

rather than the special case given by (10.1.5).

10.1.12. Prove that the estimate (10.1.4) holds for N -dimensional space.

10.1.13. Prove that for functions in L2(RN ), the evaluation operator and truncation op-

erator satisfy

‖Eu 2 Tu‖h f C(Ã)hÃ‖DÃu‖
for Ã greater than N/2.

10.1.14. Use the matrix identity

Zn 2 Gn =
n21∑

j=0

Zn212j (Z 2 G)Gj

to prove Theorem 10.1.2 for systems of partial differential equations. (See Exer-

cise A.2.9.)

10.2 RelatedTopics

In this section we consider two topics that are related to those covered in the previous

section. First, we prove the assertions made in Section 5.3 about the group velocity of wave

packets. Second, we present the Poisson summation formula, which is useful in many areas

of applied mathematics. The study of these topics serves to give insight into the techniques

of Fourier analysis and the ideas that we use in this chapter.

Group Velocity andWave Packets

We now consider the estimate of the finite difference solution of a wave packet, as given

in Section 5.3. Recall that we chose for our initial function (5.3.1) evaluated at the grid

points, i.e.,

v0
m = (Eu0)m = ei¿0xmEpm.

In Section 5.3 we referred to the function Ep as ph.

The claim in Section 5.3 was that the function v7(tn, x) given in (5.3.4), i.e.,

v7(t, x) = ei¿0(x2³(h¿0)t)p(x 2 ³ (h¿0)t), (10.2.1)

is a good approximation to vnm and, for large values of ¿0, this is a better approximation

to vn than is u(tn, ·). We now justify this claim.

We begin with an estimate of ‖v7(tn, ·) 2 Svn‖:

‖v7(tn, ·) 2 Svn‖ f ‖v7(tn, ·) 2 Þv(tn, ·)‖ + ‖Þv(tn, ·) 2 Svn‖,
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where Þv is defined by (5.3.8), i.e.,

Þv(t, x) = 1:
2Ã

∫ >

2>
ei(Ë+¿0)xe2i(Ë+¿0)³(hË+h¿0)t Æp(Ë) dË . (10.2.2)

First, we estimate the difference between Þv and Svn:

‖ Þv(tn, ·) 2 Svn‖2 =
∫ Ã/h

2Ã/h

| Æp(Ë) 2 Æph(Ë)|2dË +
∫

h|¿ |gÃ

| Æp(Ë)|2dË

= ‖p 2 SEp‖2 f (crh
r‖p‖H r )2

(10.2.3)

for any r greater than 1/2 (see Exercise 10.2.6). This justifies the claim, given after the

definition of Þv in (5.3.8), that the replacement of v by Þv is not a significant error.

We next examine the difference between Þv and v7. We have

‖v7(tn, ·) 2 Þv(tn, ·)‖2 =
∫ >

2>
|eihr(Ë)tn 2 1|2| Æp(Ë)|2dË

from the formulas (5.3.10) and (5.3.11). Moreover, since

r(Ë) = 1

2
Ë2 d2»³(»)

d»2

∣∣∣
»=»7

for some value of »7 and |» | f Ã, we have that

|r(Ë)| f c|Ë|2

for some constant c. Thus

‖v7(tn, ·) 2 Þv(tn, ·)‖2 f c2t2
nh

2

∫ >

2>
|Ë|4| Æp(Ë)|2dË f c2t2

nh
2(‖p‖H 2)

2.

Combining this estimate with (10.2.3) we obtain

‖v7(tn, ·) 2 Svn‖ f C(tn)h‖p‖H 2 . (10.2.4)

This estimate shows that v7 is a good approximation to the solution of the finite difference

scheme.

We now can explain how the first-order approximation in (10.2.4) can be a better

approximation than the higher order approximation (10.1.4) and the related estimates. The

explanation is that the estimate (10.2.4) is essentially independent of ¿0. In the general esti-

mate (10.1.4), if the initial function u0 is a wave packet such as (5.3.1), then ‖(d/dx)Ãu0‖
contains terms proportional to |¿0|Ã‖p‖. Therefore, the quantity hr‖u0‖ÃH will not be

small if h¿0 is not small, whereas h‖p‖H 2 can be small independently of ¿0.
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The Poisson Summation Formula

A very interesting formula related to the topics of this chapter is the Poisson summation

formula. This formula is useful in many areas of applied mathematics, although we will

not need to make explicit use of it. The formula is obtained by considering the evaluation

operator applied to a function and evaluating the Fourier transform of the discrete function

in two ways. We have formula (10.1.12); also, from the definition of the discrete Fourier

transform (2.1.5),

Êu(¿) = 1:
2Ã

>∑

m=2>
e2imh¿u(mh) h

for the Fourier transform of Eu. Equating these two expressions, we have the Poisson

summation formula

1:
2Ã

>∑

m=2>
e2imh¿u(mh) h =

>∑

$=2>
Æu(¿ + 2Ã$h21), (10.2.5)

which relates a sum of the function values to a sum of the Fourier transform values. This

formula is valid whenever both infinite summations are convergent.

One use of the Poisson summation formula arises when u is a slowly decreasing,

smooth function, making the series on the left-hand side of (10.2.5) converge slowly. Then

the transform Æu may be a more rapidly decreasing function, making the series on the right-

hand side converge rapidly, and vice versa. Another use of the summation formula is when

one of the two series is more amenable to obtaining an explicit formula for the summation.

Often, quite difficult sums can be explicitly evaluated in this way.

Example 10.2.1. We illustrate the use of the Poisson summation formula with the func-

tion u(x) = e2ax2/2. The Fourier transform of this function is Æu(Ë) = a21/2e2Ë2/2a, and

applying the Poisson summation formula (10.2.5) with ¿ equal to 0 and h equal to 1 gives

1:
2Ã

>∑

m=2>
e2am2/2 = 1:

a

>∑

$=2>
e2(2$Ã)2/2a

or, if we set b = a/2Ã,

:
b

>∑

m=2>
e2bÃm2 =

>∑

$=2>
e2Ã$2/b.

If b is small, then the sum on the left-hand side will converge slowly, but the sum on the

right-hand side will converge rapidly. Thus the quantity represented by these sums can be

evaluated very efficiently for all values of the parameter b. Notice that this same formula

can be obtained from (10.2.5) by setting h equal to
:

2Ã and ¿ equal to 0.
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Example 10.2.2. We illustrate a second use of the Poisson summation formula with the

function

u(x) =
{

1 2 |x|/a if |x| f a,

0 if |x| > a.

The transform of u is

Æu(Ë) = 1:
2Ã

∫ a

2a

e2iËx

(
1 2 |x|

a

)
dx =

√
2

Ã

∫ a

0

cosËx
(

1 2 x

a

)
dx

= 2

√
2

Ã

sin2 1
2
aË

aË2
.

We apply the Poisson summation formula (10.2.5) with ¿ equal to 0 and h equal to 1,

obtaining

1:
2Ã

∑

|n|fa

(
1 2 |n|

a

)
= 2

√
2

Ã

>∑

$=2>

sin2 a$Ã

4a$2Ã2

or
∑

|n|fa

(
1 2 |n|

a

)
= 1

aÃ2

>∑

$=2>

sin2 a$Ã

$2
= a + 2

aÃ2

>∑

$=1

sin2 a$Ã

$2
.

We can then obtain the explicit representation for this last sum:

>∑

$=1

sin2 a$Ã

$2
= Ã2

2
[(a 2 �a�)(1 2 (a 2 �a�))] ,

where �a� is the greatest integer not larger than a. Thus for 0 f a f 1,

>∑

$=1

sin2 a$Ã

$2
= a(1 2 a)Ã2

2
.

The Poisson summation formula can be used in a similar fashion to evaluate many

other sums.

Exercises

10.2.1. Repeat the computations of Example 5.3.1 and verify the estimate (10.2.4) that

v7(tn, ·) is a better approximation to vn than vn is to u(tn, ·). Compute the norm

of the difference between vn and both v7(tn, ·) and u(tn, ·).
10.2.2. Use the Poisson summation formula to evaluate:

>∑

n=0

1

n2 + 1
and

>∑

n=0

(21)n

n2 + 1
.

Hint: Consider the Fourier transform of e2|x|.
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10.2.3. Use the Poisson summation formula to verify the formula

:
b

>∑

m=2>
(21)me2bÃm2 =

>∑

$=2>
e2Ã($+1/2)2/b.

10.2.4. Given the relation ∫ >

2>

cosËx

cosh x
dx = Ã

cosh(Ã
2
Ë)

,

use the Poisson summation formula to develop an efficient algorithm for computing

the value of the function

C(a) =
>∑

n=0

1

cosh(an)

for 0 < a < >. Demonstrate your algorithm with a computer program. Hint:

∫ >

2>

eiËx

cosh x
dx =

∫ >

2>

cosËx

cosh x
dx.

10.2.5. Use the function

u(x) =

ù
ú
û

1 if |x| < 1,
1
2

if |x| = 1,

0 if |x| > 1

and the Poisson summation formula to prove the relation

>∑

$=2>

sin 2Ã$a

2Ã$
=
{

�a� + 1
2

if a is not an integer,

a if a is an integer.

In the sum the term for $ = 0 is evaluated to be a.

10.2.6. Verify the estimate

‖p 2 SEp‖ f crh
r‖p‖H r

that was used in equation (10.2.3).

10.3 Convergence Estimates for Nonsmooth Initial
Functions

The convergence estimates of Section 10.1 are valid only if the initial function is sufficiently

smooth. Since many applications involve initial functions that are not as smooth as required

for the general estimates of Theorem 10.1.2, it is important to obtain estimates for the case

when the initial functions are not smooth. The estimates of this section give the convergence

rate for the solutions of finite difference schemes with order of accuracy [r, Ã] when the

initial function, u0, has fewer than Ã derivatives in L2(R), i.e., when ‖u0‖H Ã is infinite.



10.3 Estimates for Nonsmooth Initial Functions 253

The estimates given here are for general one-step schemes and first-order equations of the

form (10.1.2) satisfying the restricted stability and well-posedness conditions (10.1.5). In

the next section we show that for parabolic equations and dissipative schemes we can

improve on the results of this section. Results for second-order equations are given in

Section 10.7.

We now modify the proof of Theorem 10.1.2 under the assumption that ‖u0‖H Ã is

infinite and ‖u0‖H Ã is finite for some Ã less than Ã. Notice that the critical estimate

in that proof is given by the estimate (10.1.9). We begin by splitting the first integral in

(10.1.6) into an integral with |¿ | less than · and one with |¿ | greater than ·, where ·

is chosen as Ãh2³ with ³ positive and less than 1.

We then have

‖u(tn, ·) 2 Svn‖2 =
∫ Ã/h

2Ã/h

∣∣∣eq(¿)nk 2 g(h¿)n
∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿

+
∫

|¿ |>Ã/h

∣∣∣eq(¿)nk Æu0(¿)

∣∣∣
2
d¿

=
∫ ·

2·

∣∣∣eq(¿)nk 2 g(h¿)n
∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿

+
∫

·f|¿ |fÃ/h

∣∣∣eq(¿)nk 2 g(h¿)n
∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿

+
∫

|¿ |>Ã/h

∣∣∣eq(¿)nk Æu0(¿)

∣∣∣
2
d¿.

In this last expression we use (10.1.7) and (10.1.3) on the first term, (10.1.8) on the second,

and (10.1.5) on the third to obtain

‖u(tn, ·) 2 Svn‖2 f n2C2

∫ ·

2·

k2h2r(1 + |¿ |)2Ã
∣∣ Æu0(¿)

∣∣2 d¿ + 4

∫

|¿ |g·

∣∣ Æu0(¿)
∣∣2 d¿

f n2C2k2h2r

∫ ·

2·

(1 + ·)2(Ã2Ã)(1 + |¿ |)2Ã
∣∣ Æu0(¿)

∣∣2 d¿

+ 4·22Ã

∫

|¿ |g·

|¿ |2Ã
∣∣ Æu0(¿)

∣∣2 d¿

= t2C2h2r22(Ã2Ã)³(h³ + Ã)2(Ã2Ã)

∫ ·

2·

(1 + |¿ |)2Ã
∣∣ Æu0(¿)

∣∣2 d¿

+ 4Ã22Ãh2Ã³

∫

|¿ |g·

|¿ |2Ã
∣∣ Æu0(¿)

∣∣2 d¿.
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If we choose ³ equal to r/Ã, then both terms have h to the power 2Ãr/Ã; this estimate

gives the following theorem.

Theorem 10.3.1. If a stable one-step finite difference scheme is accurate of order [r, Ã],

with r f Ã, the initial function to the partial differential equation is u0 with ‖DÃu0‖
finite and Ã less than Ã, and the initial function v0

m is Tu0, then the solution vn to the

finite difference scheme satisfies

‖u(tn, ·) 2 Svn‖ f C2h
´‖u0‖H Ã , (10.3.1)

where

´ = Ãr/Ã.

If Ã is greater than 1/2 and the initial function is either Eu0 or Tu0, then in addition

‖Eun 2 vn‖h f C1h
´‖u0‖H Ã . (10.3.2)

Convergence Estimates for Piecewise Smooth Initial Functions

The convergence estimates of Theorem 10.3.1 often cannot be conveniently applied to many

functions that are useful in actual computations. For example, the function

u(x) =

ù
üú
üû

1 if |x| < 1,

1
2

if |x| = 1,

0 if |x| > 1

(10.3.3)

is in H Ã for each Ã less than 1/2, but not in H 1/2 (see Example 10.3.1). Similarly the

functions

u(x) =
{

1 2 |x| if |x| f 1,

0 if |x| g 1
(10.3.4)

and

u(x) =
{

cos2 Ã
2
x if |x| f 1,

0 if |x| g 1
(10.3.5)

are in H Ã for Ã less than 3/2 and 5/2, respectively, but not in H 3/2 or H 5/2, respec-

tively (see Exercises 10.3.1 and 10.3.2). Because the function (10.3.4) is almost but not

quite in H 3/2, it is difficult to see what value of ´ should be used in the estimate (10.3.1).

We now show that we can take Ã equal to the limiting value if the estimate is modified

appropriately.

Each of the functions (10.3.3), (10.3.4), and (10.3.5) satisfy the relation

‖u‖Ã f C(u):
Ã0 2 Ã

, (10.3.6)

where Ã0 is 1/2, 3/2, and 5/2 for the three functions (10.3.3), (10.3.4), and (10.3.5),

respectively, and C(u) depends on u but not on Ã. We demonstrate this only for the

function given by (10.3.3). The demonstration for the other two functions is left as exercises

(Exercises 10.3.1 and 10.3.2).
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Example 10.3.1. For the function (10.3.3) we have

Æu(Ë) =
√

2

Ã

sinË

Ë
,

so, for Ã with 0 f Ã < 1/2,

‖u‖2
H Ã =

∫ >

2>
(1 + Ë2)Ã

2

Ã

sin2 Ë

Ë2
dË f C

∫ >

0

dË

(1 + Ë2)12Ã

= C

2

∫ >

0

1

(1 + ¿)12Ã

d¿

¿1/2
f C

2

(∫ 1

0

d¿

¿1/2
+
∫ >

1

d¿

(1 + ¿)3/22Ã

)

= C

2

(
2 + 1

1
2

2 Ã
22(1/22Ã)

)
f C7 1

1
2

2 Ã
.

Thus (10.3.6) is demonstrated for this function, and we also see that function (10.3.3) is in

H Ã for each Ã less than 1/2.

When the initial function satisfies (10.3.6) we apply Theorem 10.3.1 with Ã equal

to Ã0 2 | ln h|21. First notice that h2(r/Ã)| ln h|21 = e2(r/Ã) ln h| ln h|21 = er/Ã, and so for

´ = Ãr/Ã and ´0 = Ã0r/Ã,

h´ = h´0h2r/Ã| ln h|21 = er/Ãh´0 .

In this way we obtain, from (10.3.1),

‖u(tn, ·) 2 Svn‖ f C2e
r/Ãh´0 | ln h|1/2C(u0).

We state this result formally as a corollary to Theorem 10.3.1.

Corollary 10.3.2. If the initial function u0 satisfies (10.3.6), then estimate (10.3.1) in

Theorem 10.3.1 may be replaced by

‖u(tn, ·) 2 Svn‖ f C′
2h

´0 | ln h|1/2C(u0), (10.3.7)

where ´0 = Ã0 r/Ã.

In computations to check the order of accuracy of solutions, the factor of | ln h|1/2 in

the estimate (10.3.7) is difficult to verify. For the order of accuracy we usually obtain only

the exponent of ´0, and the factor involving ln h is not noticed (see Exercise 10.3.6).
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Evaluation of Piecewise Smooth Functions

In many practical computations the initial function is piecewise differentiable with several

jump discontinuities. As an example, the function (10.3.3) is not in H 1/2, and the eval-

uation operator is not defined for all functions in H 1/2. However, as we will show, the

evaluation operator can be extended to function (10.3.3) and to many other functions of

common occurrence. In this section we show how the results of Theorem 10.1.3 can be

extended to cover these functions.

We begin by considering the function

³ (x) =

ù
üú
üû

0 if x = 0,
1
2
e2x if x > 0,

2 1
2
e2|x| if x < 0.

We will show that even though it is not in H 1/2, the evaluation operator can still be applied

to it. The Fourier transform of ³ is

Æ³ (Ë) = 1:
2Ã

2iË

1 + Ë2

and by Definition 10.1.1 and (10.1.12),

Ê³ (¿) 2 T̂³ (¿) =
>∑′

$=2>
Æ³ (¿ + 2Ã$h21)

= 2i:
2Ã

>∑

$=1

¿ + 2Ã$h21

1 + (¿ + 2Ã$h21)2
+ ¿ 2 2Ã$h21

1 + (¿ 2 2Ã$h21)2

= 2i:
2Ã

>∑

$=1

2¿
[
1 + ¿2 2 (2Ã$h21)2

]
[
1 + (¿ + 2Ã$h21)2

] [
1 + (¿ 2 2Ã$h21)2

] ,

where the prime on the first sum means that the term for $ equal to 0 is not taken in the

sum. Therefore, for ¿ satisfying |¿ | f Ãh21,

|Ê³ (¿) 2 T̂³ (¿)| f
√

2

Ã
|¿ | h2

Ã2

>∑

$=1

(1 + 5$2)

(2$ 2 1)4
f Ch2|¿ |,

and hence

‖E³ 2 T³ ‖2
h f C2h4

∫ Ã/h

2Ã/h

|¿ |2 d¿ = C2h4 2

3

(Ã
h

)3
= C2

0h.

So for the function ³ we have

‖E³ 2 T³ ‖h f C0h
1/2.
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Notice that ³ is not in H 1/2, so this estimate for ³ is stronger than the general result of

Theorem 10.1.3. Also notice that this estimate is valid for translates of the function ³.

Now we extend this result to any function u(x) that is a piecewise differentiable

function except for a finite number of jump discontinuities. That is, there are a finite number

of points x1 < x2 < · · · < xL, such that in each interval (xi, xi+1) the function u(x)

is differentiable. Let [u](xi) be the jump in u at xi, i.e.,

[u](xi) = lim
·³0+

[u(xi + ·) 2 u(xi 2 ·)] .

(The notation · ³ 0+ means that · is restricted to positive values as it tends to 0.) We

take for u(xi) the average of the values on either side, i.e.,

u(xi) = 1
2

lim
·³0

[u(xi + ·) + u(xi 2 ·)] .

Finally, we assume that ∫

|x|>K

|u(x)|2 + |Du(x)|2 dx (10.3.8)

is finite where K is larger than |x1| and |xL|.
We now consider the function

u1(x) =
L∑

i=1

[u](xi)³ (x 2 xi)

and the function u2(x) = u(x) 2 u1(x). Notice that u1 has precisely the same jump

discontinuities as does u; therefore, u2 is continuous and in H 1; see Exercise 10.3.3.

(Recall that u0 is piecewise differentiable.)

‖Eu1 2 Tu1‖h f
L∑

i=1

|[u](xi)| ‖E³ (· 2 xi) 2 T³ (· 2 xi)‖h

f
L∑

i=1

|[u](xi)|h1/2C0.

Using this result for u1 and Theorem 10.1.3 on u2, we obtain

‖Eu 2 Tu‖h f ‖Eu2 2 Tu2‖h + ‖Eu1 2 Tu1‖h

f C(1)h‖Du2‖ +
L∑

i=1

|[u](xi)|h1/2C0 f C7(u) h1/2.

We state this result as a corollary to Theorem 10.3.1.

Corollary 10.3.3. If the initial function u0 of Theorem 10.3.1 is a piecewise differentiable

function except for a finite number of jump discontinuities and if (10.3.8) is finite for u0,

then the estimate (10.3.2) can be replaced by

‖Eun 2 vn‖h f | ln h|1/2h´C(u0),

where ´ = r/(2Ã) and C(u0) depends only on u0.
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Exercise 10.3.6 provides demonstrations of the estimates of Theorem 10.3.1 and

Corollary 10.3.3.

Table 10.3.1 shows the result of the periodic initial value problem for the same equa-

tion but with the initial data

u0(x) =
{

1 2 2|x| if |x| f 1
2
,

0 otherwise

using the Lax–Wendroff scheme for » = 0.9 and the error measured at time 2.7. As

shown, for this solution, for which Ã = 3/2, the convergence rates are order 1 for the L2

convergence and order 2/3 for max-norm convergence (see Exercise 10.3.4).

The results of Table 3.1.2 also illustrate these ideas. There the value of Ã is 3/2; the

rate of convergence for the Lax–Wendroff scheme is 1 and for the Lax–Friedrichs scheme

it is 3/4.

Table 10.3.1

Convergence for the Lax–Wendroff scheme.

L2 convergence L> convergence

h Error Rate Error Rate

1/10 6.603e–2 1.269e–1

1/20 3.347e–2 0.980 8.607e–2 0.560

1/40 1.671e–2 1.002 5.477e–2 0.652

1/80 8.452e–3 0.984 3.485e–2 0.652

1/160 4.295e–3 0.977 2.209e–2 0.658

Exercises

10.3.1. Verify that the relation (10.3.6) holds for the function (10.3.4) with Ã0 equal to

3/2.

10.3.2. Verify that the relation (10.3.6) holds for the function (10.3.5) with Ã0 equal to

5/2.

10.3.3. Show that the function u2 used in the proof of Corollary 10.3.3 is in H 1.

10.3.4. Show that if a stable one-step scheme for ut + aux = 0 is accurate of order [r, Ã],

then

|vnm 2 u(tn, mh)| f C(tn)h
´

∫ >

2>
|¿ |Ã | Æu0(¿)| d¿,

where tn = nk, ´ = rÃ/Ã and when the initial function is Tu0. See Exercise

10.1.10.

10.3.5. Show that if r > Ã, then the value of ´ in estimate (10.3.1) must be Ã.
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10.3.6. Solve the initial value problems for the one-way wave equation ut + ux = 0 on

the interval [21, 1] with periodic boundary conditions up to t = 0.96 Use the

Lax–Wendroff scheme with » = 0.8 and grid spacing h = 1
10
, 1

20
, 1

40
, and 1

80
.

Use the following initial functions:

u0(x) =

ù
üú
üû

1 if |x| < 1
2
,

1
2

if |x| = 1
2
,

0 otherwise;

(a)

u0(x) = cos(Ãx);(b)

u0(x) =
{

cos2(Ãx) if |x| f 1
2
,

0 otherwise.
(c)

Determine the rates of convergence of the numerical solution to the exact solution

as a function of h. Compare the actual rates of convergence with those obtained in

this section. Discuss the results. Note that the convergence rate obtained for (a)

can be quite sensitive to the method of programming.

10.3.7. Repeat the computations of the previous exercise using the Lax–Friedrichs scheme.

10.4 Convergence Estimates for Parabolic Differential
Equations

The estimates of Theorems 10.1.1 and 10.3.1 are fairly sharp for hyperbolic equations

but unnecessarily pessimistic for many schemes for parabolic equations. Because of the

smoothing inherent in parabolic equations, it is reasonable to believe that nonsmooth initial

functions should not seriously degrade the rate of convergence of the finite difference

solution to the solution of the differential equations. Indeed, for dissipative schemes the

convergence rates are much better than those given by Theorem 10.3.1 and Corollaries

10.3.2 and 10.3.3.

Theorem 10.4.1. If a one-step scheme that approximates an initial value problem for a

parabolic equation is accurate of order [r, Ã], for Ã g r + 2 and dissipative of order 2

with µ a constant and with µ = kh22, then for each time T , there is a constant CT

such that for any t with nk = t f T and (h, k) in �,

‖u(t, ·) 2 Svn‖ f CT (1 + t2(Ã21)/2)hr‖u0‖ (10.4.1)

and

‖Eun 2 vn‖h f CT (1 + t2(Ã21)/2)hr‖u0‖. (10.4.2)

Notice that these estimates require only that u0 be in L2(R), which, for our purposes,

places no requirement at all on the smoothness of u0.
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Proof. To obtain the sharper estimates (10.4.1) and (10.4.2), we begin with sharper

estimates than we used in the proof of Theorem 10.3.1. In place of (10.1.5) we use

|etq(¿)| f eKte2c¿2t , (10.4.3)

which holds for parabolic equations (see Definition 9.2.1) and, since µ is constant and the

scheme is dissipative,

|g(h¿)| f
(

1 2 c0 sin2 1
2
h¿

)
(1 + kK) f eKke2c¿2k. (10.4.4)

The values of c and K can be taken to be the same in both (10.4.3) and (10.4.4). In

(10.4.4) the value of |h¿ | is at most Ã.

Using these estimates rather than (10.1.5), we obtain in place of (10.1.7)

|eq(¿)t 2 g(h¿)n| f n|eq(¿)k 2 g(h¿)| max
(
|eq(¿)k|, |g(h¿)|

)n21

f n|eq(¿)k 2 g(h¿)| eKte2c¿2(t2k)

f necÃ
2µ|eq(¿)k 2 g(h¿)| eKte2c¿2t ,

where we have used that ec¿
2k f ecÃ

2µ for |h¿ | at most Ã. Then in place of (10.1.9) we

have

∫ Ã/h

2Ã/h

|eq(¿)t 2 g(h¿)n|2 | Æu0(¿)|2 d¿ f C n2k2h2r

∫ Ã/h

2Ã/h

(1 + |¿ |)2Ã e2c¿2t | Æu0(¿)|2 d¿.

The expression (1 + |¿ |)2Ãe2c¿2t is bounded by a constant, depending on Ã and c, times

(1 + t21/2)2Ã or, equivalently, (1 + t2Ã/2)2 (see Exercise 10.4.3). Thus the preceding

integral is bounded by

C′ t
(

1 + t2
Ã
2

)2
h2r

∫ Ã/h

2Ã/h

| Æu0(¿)|2 d¿ f C′′
(

1 + t2
Ã21

2

)2

h2r

∫ Ã/h

2Ã/h

| Æu0(¿)|2 d¿.

In place of (10.1.10) we have the estimate

∫

|¿ |gÃ/h

|eq(¿)t Æu0(¿)|2 d¿ f
(
h

Ã

)2r

e2Kt

∫

|¿ |gÃ/h

|¿ |2re2c¿2t | Æu0(¿)|2 d¿

f
(
h

Ã

)2r

C e2Kt t2r

∫

|¿ |gÃ/h

| Æu0(¿)|2 d¿

for some constant C. Combining these estimates and using the relation Ã g r + 2, we

have (10.4.1). The estimate (10.4.2) follows easily using the methods of Section 10.1.
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Example 10.4.1. Figure 10.2 shows the initial condition and solution for the equation

ut = uxx for 2 1 f x f 1

at time t = 0.052. The scheme is the forward-time central-space scheme with h = 0.1

and µ = 0.4. Because the scheme is dissipative, the solution is very smooth after only

13 time steps. The solution is also very accurate. The exact solution, which supplies the

boundary values, is

u7(t, x) = 1

4
+ 8

>∑

k=1

sin2( kÃ
4
)

(kÃ)2
e2tÃ2k2

cos(kÃx).

-1 -0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

Figure 10.2. A smooth solution of a dissipative scheme.

Exercises

10.4.1. Solve the initial value problems for the heat equation ut = uxx on the interval

[21, 1] with periodic boundary conditions up to t = 1. Use the explicit forward-

time central-space scheme with µ = 0.4 and grid spacing h = 1/10, 1/20,

1/40, and 1/80, with the following initial functions:

u0(x) =

ù
üú
üû

1 if |x| < 1
2
,

1
2

if |x| = 1
2
,

0 otherwise;

(a)

u0(x) = cos(Ãx).(b)
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The exact solution to (a) is

u(t, x) = 1

2
+ 2

Ã

>∑

k=0

e2t (2k+1)2Ã2 (21)k

2k + 1
cos[(2k + 1)Ãx].

For t = 1 only a few terms are needed to give seven-place accuracy. Show that

the solution is computed to second-order accuracy in the L2 norm.

10.4.2. Solve the initial boundary value problem for ut = uxx on 21 f x f 1 for 0 f
t f 1/2 with initial function given by the function a of Exercise 10.4.1 and using

Dirichlet boundary conditions. The exact solution, from which the boundary values

can be obtained, is the same as in Exercise 10.4.1. Use the Crank–Nicolson scheme

with h = 1
10
, 1

20
, and 1

40
. Compare the convergence behavior in the L2 norm

and the L> norm for the case in which » = 1 with the case in which µ = 10.

10.4.3. Show that the expression (1 + |¿ |)2Ãe2c¿2t is bounded by a constant, depending

on Ã and c, times (1 + t21/2)2Ã and that this is equivalent to (1 + t2Ã/2)2.

10.5 The Lax–Richtmyer EquivalenceTheorem

In this section we prove the Lax–Richtmyer theorem, Theorem 1.5.1, for one-step schemes;

the extension to multistep schemes is discussed in Section 10.6. The definition of conver-

gence given in Section 1.4 is not complete, since the nature of the convergence of the

functions is not specified. We now make the idea of a convergent scheme precise using the

interpolation operator S as defined in Definition 10.1.2.

Definition 10.5.1. A finite difference scheme approximating the homogeneous initial

value problem for a partial differential equation is a convergent scheme if Svn converges

to u(tn, ·) in L2(R), where tn = nk, for every solution u to the differential equation

and every set of solutions to the difference scheme v, depending on h and k, for which

Sv0 converges to u(0, ·) in L2(R) as h and k tend to 0 in the stability region �.

The study of inhomogeneous initial value problems is easily done using the results

for homogeneous problems and Duhamel’s principle, as described in Section 9.3. We now

restate Theorem 1.5.1 for one-step schemes.

Theorem 10.5.1. The Lax–Richtmyer Equivalence Theorem. A consistent one-step

scheme for a well-posed initial value problem for a partial differential equation is convergent

if and only if it is stable.

The proof of this theorem is somewhat similar to the proof of Theorem 10.1.2; how-

ever, here we have much less information about the scheme than we did in Section 10.1.

For example, we do not even assume that the order of accuracy is O(h³) for any positive

³. However, since we are making so few assumptions about the scheme, we are also able

to obtain the equivalence of convergence and stability.
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Proof. We first prove that stability of the scheme implies the convergence of the

scheme. Later we show that an unstable scheme is nonconvergent, which completes the

proof of the theorem.

We prove that stability implies convergence without making the special assumptions

(10.1.5); rather we assume only that there is a constant CT such that

|eq(¿)t | f CT and |g(h¿)n| f CT (10.5.1)

for 0 f t f T and 0 f nk f T and (h, k) in ».

For the first part of the proof we assume that the initial function for the scheme is

Tu0. Then we have

‖u0 2 Sv0‖2 =
∫

|¿ |>Ã/h

| Æu0(¿)|2 d¿,

which converges to zero as h tends to zero by the Lebesgue dominated convergence theorem

(see Proposition B.4.2 in Appendix B). We use consistency to obtain the estimate

ekq(¿) 2 g(h¿)

k
= o(1) in h and k. (10.5.2)

The meaning of the notation o(1) is that for each ¿ the left-hand side of (10.5.2) tends to

zero as h and k tend to zero. The estimate (10.5.2) is obtained as was (10.1.3), with the

replacement of O(hr) by o(1).

We now consider the L2 norm of u(tn, ·) 2 Svn. As in (10.1.6) we have the relation

∫ >

2>

∣∣u(tn, x) 2 Svn(x)
∣∣2 dx

=
∫ Ã/h

2Ã/h

∣∣∣eq(¿)tn 2 g(h¿)n
∣∣∣
2 ∣∣ Æu0(¿)

∣∣2 d¿ +
∫

|¿ |>Ã/h

∣∣∣eq(¿)tn Æu0(¿)

∣∣∣
2
d¿.

(10.5.3)

We consider the right-hand side of (10.5.3) as one integral over R, with the specifi-

cation of the integrand given piecewise. That is, the integrand is the function

Çh(¿) =

ù
üú
üû

∣∣eq(¿)tn 2 g(h¿)n
∣∣2 | Æu0(¿)|2 if |¿ | f Ã

h
,

∣∣eq(¿)tn Æu0(¿)
∣∣2 if |¿ | > Ã

h
.

Furthermore, for each ¿, when h is small enough, i.e., small enough that |¿ | < Ãh21,

the integrand is given as in the first piece. When h and k are both in �, the expression

eq(¿)tn 2 g(h¿)n satisfies

|eq(¿)tn 2 g(h¿)n| f n|eq(¿)k 2 g(h¿)|CT ,

which is essentially the same as (10.1.7) except it uses the more general estimates (10.5.1)

rather than (10.1.5). By (10.5.2) we have the estimate

|eq(¿)tn 2 g(h¿)n| f nkCT o(1) f o(1).
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We conclude that the integrand on the right-hand side of (10.5.3) converges to zero for each

value of ¿ as h and k tend to zero in �. We thus have the set of functions Çh that are

in L1(R) and tend to zero at each point as h and k tend to zero in �.

Before we can conclude that the norms of these functions tend to zero, we need one

more piece of information. This is given by observing that

|eq(¿)tn 2 g(h¿)n|2 | Æu0(¿)|2 f (2CT )
2| Æu0(¿)|2.

This shows that the functions Çh are bounded uniformly by a function in L1(R), namely,

4C2
T | Æu0(¿)|2. By the Lebesgue dominated convergence theorem (see Appendix B), we

conclude that ∫ >

2>
Çh(¿) d¿ =

∫ >

2>
| Æu(tn, ¿) 2 Ŝvn(¿)|2 d¿

converges to zero as h and k tend to zero in �, and thus the scheme is convergent.

We now briefly consider the case where v0 is not equal to Tu0. First, define the grid

function wn, which is the solution to the difference scheme with initial function Tu0. We

then have

‖u(tn, ·) 2 Svn‖ f ‖u(tn, ·) 2 Swn‖ + ‖Swn 2 Svn‖.

The norm of u(tn, ·) 2 Swn converges to zero by our previous result. We have, by the

definition of S and by stability,

‖Swn 2 Svn‖ = ‖S(wn 2 vn)‖ = ‖wn 2 vn‖h

f CT ‖w0 2 v0‖h = CT ‖Tu0 2 v0‖h

f CT ‖u0 2 Sv0‖,

which converges to zero by assumption. This concludes the first part of the proof, showing

that a stable scheme is convergent.

We now prove that a consistent one-step scheme is nonconvergent if it is unstable.

The proof consists of constructing a function u0(x) such that the scheme with initial

function Tu0 does not converge to the solution of the partial differential equation. The

function u0(x) is constructed as the sum of functions wM(x) determined as follows.

If the scheme is unstable, then by Theorem 2.2.1 the estimate

|g(h¿, k, h)| f 1 + Ck

does not hold for any constant C and sufficiently small h and k. Thus for any positive

integer M, there are values of ¿M , kM , and hM such that

|g(hM¿M , kM , hM)| g 1 + MkM (10.5.4)

and |hM¿M | f Ã. Since g(h¿, k, h) is a continuous function, there is a positive number

·M such that

|g(hM¿, kM , hM)| g 1 + 1
2
MkM (10.5.5)
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for |¿ 2 ¿M | f ·M , and moreover we may choose ·M to satisfy

·M f M22

and choose hM and kM less than hM21 and kM21, respectively. We now need a crucial

result, which relies on the consistency of the scheme.

Lemma 10.5.2. If the finite difference scheme is consistent, then the intervals IM = [¿M 2
·M , ¿M + ·M ] can be chosen to be disjoint.

Proof. We prove this lemma by induction on M. For M = 1, there is only one

interval and the assertion is trivial.

Suppose that for some M the interval IM cannot be chosen as disjoint from IN
with N less than M. Let

J =
⋃

N<M

IN

and by our supposition, for any h and k less than hM21 and kM21, respectively, the

estimate

|g(h¿, k, h)| f 1 + Mk (10.5.6)

holds for ¿ /* J. From consistency of the scheme to the equation, it follows from (10.5.2)

that ∣∣∣∣∣
g(h¿, k, h) 2 eq(¿)k

k

∣∣∣∣∣ f C(¿) (10.5.7)

for each ¿ as h and k tend to zero. Since J is a compact set, being the union of a finite

number of closed intervals,

sup
¿*J

C(¿) = C7

exists and is finite. From (10.5.1) we also have that

|eq(¿)k| = |eq(¿)tn |1/n f C
1/n
T f 1 + Kk

for some value of K. These estimates imply, by (10.5.6) for ¿ /* J and (10.5.7) for ¿ * J,

that

|g(h¿, k, h)| f 1 + max(M,C7 + K)k

for h < hM21 and k < kM21, which contradicts our assumption that the scheme is un-

stable. Therefore, our supposition must be false, and there is a ¿M /* J such that (10.5.4)

holds for some hM and kM small enough. Since J is a closed set and g is continuous,

there is an interval [¿M 2 ·M , ¿M + ·M ] disjoint from J such that (10.5.5) holds. This

proves the lemma.

We now continue our construction of the functions wM(x). Define the positive num-

bers ³M by ³2
M·M = M22 and then define the function wM by

ÆwM(¿) =
{
³M if |¿ 2 ¿M | f ·M ,

0 otherwise.
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We define our initial function as the sum of the functions wM . Let u0(x) =
∑>

M=1

wM(x); we will show that u0 is in L2(R). Because the intervals IM are disjoint, we

have that

∫ >

2>
|u0(x)|2 dx =

∫ >

2>
| Æu0(¿)|2 d¿ =

>∑

M=1

∫ >

2>
| ÆwM(¿)|2 d¿

= 2

>∑

M=1

³2
M·M = 2

>∑

M=1

M22 = Ã2

3
,

which shows that u0 is in L2(R).

We now show that the solution of the scheme applied to Tu0 does not converge. Let

vnm be the solution to the scheme with this initial function. Given a time T , choose a time

level n and a value of M such that

T

2
f nkM f T and

CT 2 1

M
f T

8
, (10.5.8)

where CT is the constant bounding eq(¿)t in (10.5.1). We then have

‖Svn 2 u(tn, ·)‖2 g ‖vn 2 Tu(tn, ·)‖2
h =

∫ Ã/h

2Ã/h

|g(h¿)n 2 eq(¿)nk|2| Æu0(¿)|2 d¿ .

For h = hM and ¿ in IM , we have the estimate

|g(h¿)n 2 eq(¿)kn| g |g(h¿)|n 2 CT g (1 + 1
2
MkM)n 2 CT .

Thus

‖Svn 2 u(tn, ·)‖2 g
∫

|¿2¿M |f·M

|g(h¿)n 2 eq(¿)nk|2| Æu0(¿)|2 d¿

g
[(

1 + 1

2
MkM

)n

2 CT

]2

³2
M 2·M

= 2

[
(1 + 1

2
MkM)n 2 CT

M

]2

.

We estimate this last expression using the inequality (1 + x)n g 1 + nx for positive x.

We then have, by (10.5.8),

‖Svn 2 u(tn, ·)‖2 g 2

(
1

2
nkM 2 CT 2 1

M

)2

g T 2

32
�³ 0.

Thus Svn does not converge to u(tn, ·), hence the scheme is nonconvergent. This com-

pletes the proof of the Lax–Richtmyer equivalence theorem.

Notice that the proof we have given shows only that Svn does not converge to

u(tn, ·); in fact the norm of vn must become unbounded as n increases.
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Exercises

10.5.1. State and prove the Lax–Richtmyer theorem for the inhomogeneous initial value

problem. Hint: Use Duhamel’s principle; see Section 9.3.

10.5.2. Using the computation of Exercise 10.4.2, show that in the L> norm the solution

computed with » = 1 does not converge to the exact solution. This is a demon-

stration that the Lax-Richtmyer theorem does not hold in the L> norm when the

initial function for the scheme is Eu0.

10.6 Analysis of Multistep Schemes

In this section we extend the results of the previous sections to multistep schemes. The

primary estimate for Section 10.1 is (10.1.3) and for Section 10.5 it is the similar estimate

(10.5.2). We will show that the convergence estimates for multistep schemes follow from

these results for one-step schemes. For a multistep scheme there is not a unique amplification

factor, and thus estimates (10.1.3) and (10.5.2) cannot be used without some clarification.

We restrict the discussion to schemes for single equations; the results for systems may be

proved in a similar fashion.

The first stage in the reduction of a multistep scheme to a one-step scheme is to

distinguish a special amplification factor.

Theorem 10.6.1. If a multistep scheme is accurate of order r as an approximation to a

partial differential equation in the form (10.1.2), then there is a unique amplification factor

g0(h¿) defined for |h¿ | f »0 for some positive value »0 such that

g0(h¿) = 1 + kq(¿) + o(k) (10.6.1)

as h and k tend to zero. Moreover, there exists a nonnegative integer Ã such that

∣∣∣∣∣
ekq(¿) 2 g0(h¿, k, h)

k

∣∣∣∣∣ f Chr(1 + |¿ |)Ã .

If g0 satisfies this last estimate, the scheme is said to be accurate of order [r, Ã].

Example 10.6.1. As illustrations of this theorem we consider the leapfrog scheme for the

one-way wave equation and the Du Fort–Frankel schemes for the heat equation. By the

formula for the amplification factor for the leapfrog scheme (see (4.1.2)),

g0(h¿) = g+(h¿) = 2ia» sin h¿ +
√

1 2 a2»2 sin2 h¿

= 1 + k(2ia¿) + O(k2) + O(h2).

(10.6.2)



268 Chapter 10. Convergence Estimates for Initial Value Problems

For the Du Fort–Frankel scheme (6.3.6) for the heat equation (6.1.1), we have

g0(h¿) = g+(h¿) =
2bµ cosh¿ +

√
1 2 4b2µ2 sin2 h¿

1 + 2bµ

= 1 + k(2b¿2) + O(k2)

(10.6.3)

when µ is a constant. In (10.6.2) we can take »0, the limit of the range where g0 is

defined, equal to Ã, since |a»| < 1; a similar statement can be made for (10.6.3) if

bµ < 1. However, if bµ g 1, »0 should be chosen so that sin(»0) < (bµ)21. This is

necessary to define g0 uniquely.

Proof. This proof is similar to the first part of the proof of Theorem 10.1.1. If we

set g(h¿) = 1 + kq(¿) + o(k), then

k21 ln g(h¿) = q(¿) + o(1).

Since there is at most one root of G(z, h¿) such that z is 1 when h¿ is zero, the im-

plicit function theorem guarantees the existence of a root, g0(h¿), to G(g, h¿) = 0 such

that k21 ln g0(h¿) = q(¿) + o(1). This is equivalent to (10.6.1). The existence of Ã is

essentially the same as in the proof of Theorem 10.1.1.

The amplification factor g0(h¿) may not represent a one-step scheme, e.g., (10.6.2)

or (10.6.3), but nonetheless it can be used to generate the sequence of functions

Æwn(¿) = g0(h¿)
n Æv0(¿). (10.6.4)

For |h¿ | greater than »0 we can set g0(h¿) equal to zero. We will call the method in

(10.6.4) for generating the functions Æwn(¿) a pseudoscheme. An important observation

is that the results of the previous sections apply to one-step pseudoschemes as well as for

actual schemes. For multistep schemes, the methods of Section 10.1, such as Definition

10.1.3, apply for g0(h¿).

Now consider a multistep scheme for an initial value problem. Let J + 1 be the

number of initial time levels that must be specified to determine the solution. That is,

assume that v0, v1, . . . , vJ must be specified before vn for n > J can be computed by

the scheme.

Let w be the function generated by (10.6.4). By the results of Section 10.1 applied

to the pseudoscheme (10.6.4), we have that

‖u(tn, ·) 2 Swn‖ = O(hr).

Now consider the norm of the difference between u(tn, ·) and Svn:

‖u(tn, ·) 2 Svn‖ f ‖u(tn, ·) 2 Swn‖ + ‖Swn 2 Svn‖

= ‖u(tn, ·) 2 Swn‖ + ‖wn 2 vn‖h.
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We have by the stability definition, Definition 1.5.1, that

‖wn 2 vn‖h f CT

J∑

j=0

‖wj 2 vj‖h = CT

J∑

j=1

‖gj0 Æv0 2 Ævj‖h.

We thus see that to obtain the optimal accuracy of r, we must have that vj approximates

wj to within O(hr). But

Æwj (¿) = g0(h¿)
j Æv0 = ekjq(¿) Æv0(¿) + O(khr)

= eq(¿)tj Æu0(¿) + O(khr).

Thus

Ævj (¿) 2 Æwj (¿) = Ævj (¿) 2 eq(¿)tj Æu0(¿) + O(khr).

To obtain the optimal order of accuracy for the scheme, the initial functions for the

multistep scheme must satisfy

vj = u(tj , ·) + O(hr). (10.6.5)

If the initial time levels are initialized using a one-step scheme with accuracy r ′ and am-

plification factor Þg(h¿), we have Ævj (¿) = Þg(h¿)j Æv0, and requirement (10.6.5) becomes

Þg(h¿)j Æv0(¿) 2 eq(¿)tj Æu0(¿) = O(hr).

Since

Þg(h¿) = eq(¿)k + O(khr
′
),

we see that khr
′

should be O(hr). Thus the initializing scheme may have order of accuracy

less than r and not degrade the overall accuracy. All that is required is that khr
′

be O(hr).

Notice also that the initializing scheme need not be stable.

Theorem 10.6.2. If the initialization of a multistep scheme uses schemes of order of accu-

racy r ′ to compute the initial solution values vj for j from 1 to J such that khr
′

is

O(hr), and the initial data is in H Ã, where [r, Ã] is the order of accuracy of the multistep

scheme, then the order of accuracy of the solution is r.

In particular, the leapfrog scheme may be initialized with the forward-time central-

space scheme, which is first-order accurate, and still be second-order accurate overall.

Similarly, the Du Fort–Frankel scheme with µ constant may be initialized using v1
m equal

to v0
m, a scheme accurate of order 0, and the overall scheme will be second-order accurate.

If the initial data is not in H Ã, the smoothness of the solution is given by the results

of Sections 10.3 and 10.4.
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Exercises

10.6.1. Show that the leapfrog scheme (1.3.4) is accurate of order [2, 3].

10.6.2. Show that the Du Fort–Frankel scheme (6.3.6) is accurate of order [2, 4].

10.6.3. Show that for the implicit multistep scheme (4.2.3)

g0(») = 1

2 2
:

1 2 2ia» sin »

and show that this scheme is accurate of order [2, 3].

10.6.4. Solve the heat equation with the Du Fort–Frankel scheme using the data of Exercise

6.3.10.

(a) Show that the initialization v1
m = v0

m gives second-order accurate solutions

if µ is constant.

(b) Show that if k = h3/2, then the initialization in (a) is accurate of order less

than 2.

10.6.5. Repeat Exercise 10.3.6 using the leapfrog scheme, using the forward-time central-

space scheme to compute the first time step.

10.7 Convergence Estimates for Second-Order
Differential Equations

The proofs for the convergence estimates for schemes approximating second-order equa-

tions are similar to those of first-order equations. We give only a brief discussion with

emphasis on the points of difference between the two types of equations.

The class of equations we consider is that for which the equations can be put in the

form

Æut t + 2a(¿) Æut = b(¿) Æu. (10.7.1)

We assume also that the initial value problem for (10.7.1) is well-posed. That is, we assume

that the two zeros of

q2 + 2a(¿)q 2 b(¿) = 0

satisfy the estimate

Re q±(¿) f q̄,

as discussed in Section 9.1. We have

q±(¿) = 2a(¿) ±
√
a(¿)2 + b(¿).

A further technical assumption that we need is that there is a constant c0 such that

|q±(¿)| f c0|q+(¿) 2 q2(¿)| (10.7.2)
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for all real values of ¿. Inequality (10.7.2) is satisfied for most second-order equations

arising in applications (see Exercise 10.7.2).

We also define the number Ç as the largest value such that

c|¿ |Ç f |q±(¿)| (10.7.3)

for large values of ¿ | and some positive constant c.

We initially restrict ourselves to two-step schemes, which have two amplification

factors, denoted by g+(h¿) and g2(h¿). These correspond to the two roots q+(¿) and

q2(¿) of the symbol.

Corresponding to Definition 10.1.3 and Theorem 10.1.1, we have the next definition

and theorem.

Definition 10.7.1. A two-step scheme for a second-order equation of the form (10.7.1)

with k = �(h) is accurate of order [r, Ã] if there is a constant C such that for |h¿ | f Ã

∣∣∣∣∣
ekq±(¿) 2 g±(h¿, k, h)

k

∣∣∣∣∣ f Chr(1 + |¿ |)Ã . (10.7.4)

Theorem 10.7.1. If a two-step finite difference scheme for a second-order equation with a

well-posed initial value problem is accurate of order r according to Definition 3.1.1, then

there is a nonnegative integer Ã such that the scheme is accurate of order [r, Ã] according

to Definition 10.7.1. Moreover, if Ç is defined by (10.7.3), then

∣∣∣∣∣
ekq±(¿) 2 g±(h¿, k, h)

kq±(¿)

∣∣∣∣∣ f chr(1 + |¿ |)Ã2Ç . (10.7.5)

We do not prove Theorem 10.7.1, since the proof parallels that of Theorem 10.1.1.

The main distinction between the proofs is that for second-order equations, there are the

two roots q±(¿) instead of only the one root as for first-order equations.

The solution to the initial value problem (10.7.1) with initial functions

Æu(0, ¿) = u0(¿) and Æut (0, ¿) = u1(¿)

may be written as

Æu(t, ¿) = eq+(¿)t 2q2(¿) Æu0(¿) + Æu1(¿)

q+(¿) 2 q2(¿)
+ eq2(¿)t q+(¿) Æu0(¿) 2 Æu1(¿)

q+(¿) 2 q2(¿)
. (10.7.6)

For the two-step finite difference scheme, we consider a special solution of the scheme,

which we denote by w. We choose Æw0(¿) equal to T̂u0(¿) and Æw1(¿) so that the solution

is

Æwn(¿) = g+(¿)
n 2q2(¿) Æu0(¿) + Æu1(¿)

q+(¿) 2 q2(¿)
+ g2(¿)

n q+(¿) Æu0(¿) 2 Æu1(¿)

q+(¿) 2 q2(¿)
(10.7.7)
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for h|¿ | f Ã. This special choice of initial function, as in Section 10.1, is convenient in

order to obtain the simplest convergence estimate.

Theorem 10.7.2. If the initial value problem for a second-order partial differential equation

of the form (10.7.1), for which the initial value problem is well-posed, is approximated by

a stable two-step finite difference scheme with the solution (10.7.7), then for each time T

there is a constant CT such that

‖u(tn, ·) 2 Swn‖ f CT h
r(‖u0‖H Ã + ‖u1‖H Ã2Ç ) (10.7.8)

for tn = nk with 0 f tn f T .

Proof. This proof is similar in spirit to that of Theorem 10.1.2. We have, for

h|¿ | f Ã,

Æu(tn¿) 2 Æwn(¿) = (eq+(¿)tn 2 g+(¿)
n)A+(¿) + (eq2(¿)tn 2 g2(¿)

n)A2(¿),

where A±(¿) are the coefficients of gn± in (10.7.6) and (10.7.7). As with (10.1.7) we have

|eq±(¿)t 2 g±(h¿)
n| f n CT |eq±(¿)k 2 g±(h¿)|.

We then have by (10.7.4)

|eq+(¿)k 2 g+(h¿)||A+(¿)| f |q2(¿)|
|q+(¿) 2 q(¿)| |e

q+(¿)k 2 g+(h¿)|| Æu0(¿)|

+ |q+(¿)|
|q+(¿) 2 q2(¿)|

|eq+(¿)k 2 g+(h¿)|
|q+(¿)|

| Æu1(¿)|.

By (10.7.5), this estimate becomes

|eq+(¿)k 2 g+(h¿)||A+(¿)| f Ckhr
[
(1 + |¿ |)Ã | Æu0(¿)| + (1 + |¿ |)Ã2Ç | Æu1(¿)|

]
.

A similar estimate holds for A2(¿). For |¿ | > h21Ã, we have

Æu(tn, ¿) = q+(¿)eq2(¿)t 2 q2(¿)eq+(¿)t

q+(¿) 2 q2(¿)
Æu0(¿) + eq+(¿)t 2 eq2(¿)t

q+(¿) 2 q2(¿)
Æu1(¿),

from which we obtain the estimate

| Æu(tn, ¿)| f Chr(|¿ |r | Æu0(¿)| + |¿ |r2Ç | Æu1(¿)|)

for r less than Ã. These estimates for h|¿ | f Ã and h|¿ | > Ã give estimate (10.7.8).
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Before considering solutions to the finite difference scheme other than those of the

form (10.7.7), we note that

Æu(k, ¿) 2 Ŝw1(¿) = O(khr),

where w1 is given by (10.7.7).

Now let v be any solution to a two-step finite difference scheme approximating the

second-order equation (10.7.1). We let w be the particular solution given by (10.7.7), and

then we have

‖u(tn, ·) 2 Svn‖ f ‖u(tn, ·) 2 Swn‖ + ‖Swn 2 Svn‖.

The first term on the right-hand side is estimated using Theorem 10.7.2, and the second

term is estimated using the stability estimate (8.2.1). We have

‖Swn 2 Svn‖ = ‖wn 2 vn‖h f (1 + n)Ct

1∑

j=0

‖wj 2 vj‖h.

We see that if ‖wj 2 vj‖h is of the order of khr , then we have the estimate ‖u(tn, ) 2
Svn‖ f O(hr).

These observations give us the next theorem.

Theorem 10.7.3. If the initial value problem for a well-posed second-order partial differ-

ential equation of the form (10.7.1) is approximated by a stable finite difference scheme

that is accurate of order [r, Ã] and the initial functions are accurate of order r, then the

solution v satisfies

‖u(tn, ·) 2 Svn‖ f CT h
r(‖u0‖H Ã + ‖u1‖H Ã2Ç ).

The extension to general multistep schemes for second-order differential equations

is similar to that for first-order equations in section 10.6; see Exercise 10.7.6.

If the initial data is not sufficiently smooth, then results similar to Theorem 10.3.1

hold; in particular, we have the following theorem.

Theorem 10.7.4. If a stable multistep finite difference scheme for a second-order equation

is accurate of order [r, Ã], with r f Ã, and the initial functions to the partial differential

equation are u0 and u1 with ‖DÃ0u0‖ and ‖DÃ1u1‖ finite and Ã0 f Ã and Ã1 + Ç f Ã,

then the solution vn to the finite difference scheme satisfies

‖u(tn, ·) 2 Svn‖ f C2h
´ (‖u0‖H Ã0 + ‖u1‖H Ã1 ) , (10.7.9)

where

´ = r

Ã
min(Ã0, Ã1 + Ç) .

The proof proceeds similarly to that of Theorem 10.3.1, with the main difference

being the role of u1. The proof is left to Exercise 10.7.5.
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Exercises

10.7.1. Show that the scheme (8.2.2) for the second-order wave equation is accurate of

order [2, 3] with Ç equal to 1.

10.7.2. Show that the estimate (10.7.2) holds for the three second-order equations (8.1.1),

(8.1.9), and (8.1.11).

10.7.3. Solve the wave equation ut t = uxx for x * [0, 1], with the scheme (8.2.2) using

the initial conditions

u(0, x) = sin x and ut (0, x) = cos x.

Obtain the boundary values from the exact solution u(t, x) = sin(x + t). Demon-

strate by computation that the initialization

v1
m = u(0, xm) + kut (0, xm)

results in a first-order accurate solution, but the initialization (8.2.5) gives a second-

order accurate solution.

10.7.4. Prove the Lax–Richtmyer theorem for second-order equations under the restrictions

|etq±(¿)| f 1 and |g±(»)| f 1.

10.7.5. Prove Theorem 10.7.4 and verify the conclusion with computations using piecewise

smooth functions.

10.7.6. Extend Theorem 10.7.2 to cover multistep schemes for second-order equations.



Chapter 11

Well-Posed and Stable Initial-
BoundaryValue Problems

In this chapter we present the theory pertaining to the well-posedness of boundary conditions

for partial differential equations and stability of boundary conditions for finite difference

schemes. We begin the chapter by reducing the general initial-boundary value problem to

a special form in which the only nonzero data are those associated with the boundary con-

ditions. Then after introducing the Laplace transform, we give a rather general discussion

of the basic formulation of the analysis of boundary conditions. We introduce the basic

ideas of the analysis of boundary conditions for finite difference schemes in Section 11.2

by considering the leapfrog scheme with four boundary conditions and then present the

more general theory in Section 11.3. Section 11.4 deals with the theory of initial-boundary

value problems for hyperbolic and parabolic partial differential equations. The chapter

concludes by presenting the matrix method for analyzing the stability of finite difference

initial-boundary value problems.

11.1 Preliminaries

Consider an initial-boundary value problem for either a partial differential equation or a

finite difference scheme

Pu = f (11.1.1)

on a domain U in Rn with initial function

u(0, x) = u0(x) (11.1.2)

and boundary conditions

Bu = ´ on "U. (11.1.3)

We first assume that there is an extension of equation (11.1.1) and the initial data (11.1.2)

to all of Rn and that the resulting initial value problem is well-posed in the case of the

differential equation or stable in the case of the difference scheme.

Let w be the solution to equation (11.1.1) on Rn satisfying the initial condition

(11.1.2), suitably extended to all of Rn. Writing the solution u to (11.1.1) as w + u′, we

obtain an initial-boundary value problem for u′ on the domain U similar to the original

problem for u except that the data f of (11.1.1) and the initial data u0 for (11.1.2) are

equal to zero. The only nonzero data are the boundary data in (11.1.3).

275
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We now make a further modification, which simplifies the analysis. This is to extend

the time interval from (0,>) to (2>,>). This extension allows for a convenient use

of the Laplace transform in the analysis of the boundary condition.

The next simplification depends on the idea that well-posedness of boundary con-

ditions of partial differential equations is essentially a local property. That is, we need

consider only the differential equation and boundary condition at each boundary point,

and if it is well-posed at each of these points, then the global problem is well-posed. The

proof of this result is beyond this text, but this principle is extremely useful. For a general

domain U with smooth boundary, the analysis of the initial-boundary value problem at

a boundary point x0 at time t0 is reduced to considering the differential equation with

the values of the coefficients fixed at (t0, x0) and also the boundary conditions with their

coefficients evaluated at (t0, x0). The domain U can be replaced by the half-space formed

by the tangent plane to the boundary of U at x0 and the interior normal at x0. In this way

the general analysis of initial-boundary value problems can be reduced to the analysis of

constant coefficient equations on half-spaces. If each of these frozen coefficient problems

is well-posed, then the original problem is well-posed.

Similar results hold for finite difference schemes, although the theory is not as com-

plete as it is for partial differential equations. We consider only one-dimensional problems

for difference schemes, and in this case the stability of an initial-boundary value problem

can be analyzed by considering the pure initial value problem and the two initial-boundary

value problems arising from the two endpoints. As with the well-posedness of partial dif-

ferential equations, the stability of the initial-boundary value problem can be determined

by examining only the frozen coefficient problems.

The Laplace Transform

The Laplace transform is employed with an independent variable, such as time, for which the

directionality is important. For a function u(t) defined for t * R, the Laplace transform

of u is a function Þu of a complex variable s = · + iÇ defined as follows.

Definition 11.1.1. The Laplace transform Þu(s) is equal to the Fourier transform of

e2·tu(t) with dual variable Ç, i.e.,

Þu(s) = 1:
2Ã

∫ >

2>
e2(·+iÇ )tu(t) dt,

where s = · + iÇ. (Note that most definitions of the Laplace transform omit the factor of

(2Ã)21/2; we include it for symmetry with the Fourier transform.)

Based on the Fourier transform, we have the Laplace inversion formula,

u(t) = 1:
2Ã

∫ >

2>
e(·+iÇ )t Þu(· + iÇ ) dÇ

= 1:
2Ã i

∫ ·+i>

·2i>
est Þu(s) ds.

(11.1.4)
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An important result for the Laplace transform is that Þu(s) is an analytic function of the

complex variable s; see Appendix C. Because we are interested in the forward direction

of time, the functions of interest to us will be analytic for · positive. The discrete Laplace

transform is defined in a similar manner.

Definition 11.1.2. The Laplace transform of a discrete function vnm on a grid with spacing

k is defined by

Þv(s) = 1:
2Ã

k

>
∑

n=2>
e2(·+iÇ )nkvn.

Usually we set z = e(·+iÇ )k and, with an abuse of notation, set

Þv(z) = 1:
2Ã

k

>
∑

n=2>
z2nvn.

We have the inversion formula

vn = 1:
2Ã

∫ Ã/k

2Ã/k

esnk Þv(s) dÇ

= 1:
2Ã ik

∮

|z|=e·k

z(n21) Þv(z) dz.
(11.1.5)

There should be no confusion about the use of either s or z as the Laplace transform dual

variable. Notice that the relation Re · g 0 is equivalent to |z| g 1.

Example 11.1.1. As an example of the Laplace transform of a function of t consider

u(t) =
{

1 if t > a,

0 otherwise.

We have

Þu(s) = 1:
2Ã

∫ >

a

e2st dt = 1:
2Ã

e2as

s
.

To check the inversion formula we have the integral

u(t) = 1

2Ãi

∫ ·+i>

·2i>

es(t2a)

s
ds . (11.1.6)

The path of integration is from · 2 i> to · + i>, where the value of · is positive. In

general, the value of · must be such that Þu(s) is bounded for Re s > ·. Since Þu(s) is

an analytic function we can evaluate the integral with contour integration; see Appendix C.

By considering the integral over the curve given by the two sections,

? =
{

· + i³ for 2R f ³ f R,

· + Rei» for 2Ã/2 f » f Ã/2.
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Notice that the integrand of (11.1.6) tends to 0 along the half-circle portion of ? as R

tends to infinity. So, by taking the limit as R tends to infinity, and since the integrand has

no poles inside ?,

0 =
∫

?

es(t2a)

s
ds =

∫ ·+i>

·2i>

es(t2a)

s
ds

and thus u(t) is 0 for t less than a.

For the case with t greater than a we use the curve

? =
{

· + i³ for 2R f ³ f R,

· 2 Rei» for 2Ã/2 f » f Ã/2.

As before, the integrand of (11.1.6) tends to 0 along the half-circle portion of ? as R tends

to infinity, but in this case there is a pole of the integrand inside of ?. Thus

1 = 1

2Ãi

∫

?

es(t2a)

s
ds = 1

2Ãi

∫ ·+i>

·2i>

es(t2a)

s
ds,

and thus u(t) is 1 for t greater than a. The analysis for t equal to a requires some

careful analysis. It can be shown that u(a) = 1/2.

Example 11.1.2. As an example of the Laplace transform for a discrete function, consider

vn =
{

³n if n g N,

0 otherwise

for any nonzero value of ³. The transform is

Þv(z) = 1:
2Ã

k

>
∑

n=N

z2n³n = 1:
2Ã

k

(

³

z

)N
z

z 2 ³
,

for z with |z| > |³|. The Fourier inversion formula is

vn = 1

2Ã i

∮

|z|=e·k

³N

zN2n

1

z 2 ³
dz .

The path of integration is chosen to enclose both the origin and ³. For n greater than or

equal to N, there is only the one pole at ³ and the contour integral gives vn = ³n. For

n less than N there is a pole at 0 in addition to the one at ³. To evaluate the residue at ³

we use the expansion

³N

zN2n

1

z 2 ³
= 2³N21

zN2n

1

1 2 z/³
= 2³N21

>
∑

k=0

zk2N+n

³k
.

The residue at 0 is seen by taking the term with k = N 2 n 2 1 to be 2³n. The sum of

the two residues is 0, thus vn is 0 for n less than N.
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From Parseval’s relations for the Fourier transform, we have equality of the norm of

the function and its transform,

‖u‖2
· =

∫ >

2>
e22·t |u(t)|2 dt =

∫ >

2>
| Þu(· + iÇ )|2 dÇ (11.1.7)

and

‖v‖2
·,k = k

>
∑

n=2>
e22·kn|vn|2 =

∫ Ã/k

2Ã/k

| Þv(· + iÇ )|2 dÇ (11.1.8)

or, equivalently,

‖v‖2
·,k = k

>
∑

n=2>
|z|22n|vn|2 = k21

∮

|z|=e·k

| Þv(z)|2 d», (11.1.9)

where z = e·kei» , i.e., » = Çk. The subscript of · on the norm identifies · as a pa-

rameter. By choosing · to be positive we are specifying that we are considering the

initial-boundary problem for t in the positive direction.

When we consider both time and space dimensions, we have the norms

‖u‖2
· =

∫ >

2>

∫ >

0

∫ >

2>
e22·t |u(t, x, y)|2 dt dx dy

=
∫ >

2>

∫ >

0

∫ >

2>
| Æu(· + iÇ, x, Ë)|2 dÇ dx dË,

where Æu is the transform in both t and y. We also use the norm symbol with single bars

for the norm over the boundary; for example,

|´|2· =
∫ >

2>

∫ >

2>
e22·t |´(t, y)|2 dt dy =

∫ >

2>

∫ >

2>
| Ǽ(· + iÇ, Ë)|2 dÇ dË.

The estimates for well-posed initial-boundary value problems are of the form

‖u‖2
· + |u|2· f C(·)

(

|´|2· + ‖f ‖2
· + ‖u0‖2

)

,

showing that the norms of the solution in the interior and on the boundary are bounded

by the norms of the data ´ on the boundary as in (11.1.3), the data f as in (11.1.1), and

the initial data u0 as in (11.1.2). By the process given earlier, the general problem can be

reduced to the case in which the only nonzero data are the boundary data ´. The estimate

relating the norms of the solution to the boundary data can be used to give the general

estimate, but these arguments are beyond this text.

A General Analysis of Boundary Conditions

Before delving into the particular details of the analysis of boundary conditions, it will be

helpful to make some general comments. The purpose of these comments is to illuminate

the basic ideas of these theories.
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Each boundary value problem, when transformed under the Fourier and Laplace

transforms, gives rise to a set of linear equations, one equation for each boundary condition.

The unknowns to be determined by these equations characterize the solution in the interior

of the domain. The boundary value problem is well-posed or stable if and only if this linear

system can be solved and if the solution can be bounded appropriately by the boundary

data.

To emphasize the basic ideas and to illustrate the approach, we consider first a simple

problem in linear algebra. Given a system of linear equations

Ax = b,

it is a standard result that there is a unique solution to this system if and only if there are no

nontrivial solutions to the system

A· = 0.

If the only solution to this homogeneous equation is the trivial solution, then there is a

constant, namely, ‖A21‖, such that

‖x‖ f ‖A21‖ ‖b‖.

In the theory for boundary conditions we wish to know if there is a constant such that

the solution is bounded in terms of the boundary data. To do this, we need examine only

homogeneous equations, as with the simple case just discussed. Many of the theorems in

the theory of boundary conditions state that if there are no nontrivial solutions to a certain

class of problems, then there is a constant by which the solution to the boundary value

problem is bounded by the boundary data.

We now consider a set of linear equations

A(Ã)x(Ã) = b(Ã), (11.1.10)

where the matrix A(Ã) and data b(Ã) depend continuously on a parameter Ã, which is an

element of an open set, say Ã * (0, 1). There is a solution to equation (11.1.10) for each

value of Ã if and only if there are no nontrivial solutions to the homogeneous problems.

However, if we desire the bound on x(Ã) to be independent of Ã, we must also consider

the homogeneous problem for Ã equal to 0 and to 1. Assuming that A(Ã) is defined for

Ã in [0, 1], if there are no nontrivial solutions to

A(Ã) · = 0

for Ã in the closed set [0, 1], then there is a constant C, independent of Ã, such that

‖x(Ã)‖ f C‖b(Ã)‖

for Ã * (0, 1). For boundary value problems the parameters, such as (s, Ë) or z, are in

open sets, e.g., Re s > 0 or |z| > 1, and it is to be determined whether the solution

can be bounded by the boundary data uniformly, i.e., independently of the parameters. It

is rarely found in practical applications that a boundary condition is ill-posed or unstable
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for values of the parameters in the interior of the parameter set; the nontrivial solutions to

the homogeneous equations usually occur at the boundary of the parameter set. This may

present some difficulties, as we will see, but a consideration of the basic ideas will give

guidance toward handling the difficulties.

In the next two sections we examine the stability of boundary conditions for finite

difference schemes, and in Section 11.4 we examine the well-posedness of boundary con-

ditions for partial differential equations.

Exercises

11.1.1. Compute the Laplace transform for the function

u(t) =
{

e³t if t g 0,

0 if t < 0.

Verify the Laplace inversion formula (11.1.4) for this function.

11.1.2. Compute the Laplace transform for the function

vn =
{

n if n g 0,

0 if n < 0.

Verify the Laplace inversion formula (11.1.5) for this function.

11.1.3. Show that if two discrete functions am and bm are related by am = bm+1, then

the Laplace transforms satisfy Þa(z) = z Þb(z).

11.1.4. Verify Parseval’s relations (11.1.7), (11.1.8), and (11.1.9) for the Laplace transform

by using the Parseval’s relations for the Fourier transform.

11.2 Analysis of Boundary Conditions for the Leapfrog
Scheme

We begin our analysis of boundary conditions for finite difference schemes by considering

the leapfrog scheme for ut 2 aux = 0, with a positive, written as

vn+1
m = vn21

m + a»
(

vnm+1 2 vnm21

)

(11.2.1)

on the region R+, which is the semi-infinite interval [0,>), for 2> < t < >. Notice

that we have changed the sign of the propagation speed from the one-way wave equation

(1.1.1) considered in most other chapters. The differential equation requires no boundary

condition, but the scheme requires a numerical boundary condition at x = 0. We will

examine in detail four boundary conditions for this scheme. This analysis will serve to

motivate the more general discussion of the next section.



282 Chapter 11. Well-Posed and Stable Initial-Boundary Value Problems

The first two boundary conditions are extrapolations to determine vn0 from values

of vn
′

m for m positive, and the second two are one-sided difference approximations to the

differential equation. These boundary conditions are

vn+1
0 =vn+1

1 + ´n+1, (11.2.2a)

vn+1
0 =vn1 + ´n+1, (11.2.2b)

vn+1
0 =vn21

0 + 2a»
(

vn1 2 vn0
)

+ ´n+1, (11.2.2c)

vn+1
0 =vn0 + a»

(

vn1 2 vn0
)

+ ´n+1, (11.2.2d)

where, again, the function ´n+1 is the result of subtracting solutions so that the initial

function is zero.

We begin by transforming scheme (11.2.1) via the Laplace transform in the time

variable to form the resolvent equation (see Exercise 11.1.3)
(

z 2 1

z

)

Þvm = a» ( Þvm+1 2 Þvm21) . (11.2.3)

We wish to obtain solutions to the resolvent equation that are in L2(hZ+) as functions

of xm. The general solution to (11.2.3) is obtained as follows. Replacing Þvm by »m for

m g 0, we obtain the equation

z 2 1

z
= a»

(

» 2 1

»

)

(11.2.4)

for » as a function of z. Equation (11.2.4) has in general two roots »2(z) and »+(z),
which are continuous functions of z. The general solution of (11.2.3) is then given by

Þvm = A»2(z)
m + B»+(z)

m

when »2 and »+ are distinct.

The first significant result is that for |z| > 1, one of the roots, which we denote by

»2(z), satisfies |»2(z)| < 1, and the other root, denoted by »+(z), satisfies |»+(z)| >
1. In particular, this means that the two roots do not cross the unit circle for z larger

than 1 in magnitude. This result is a direct consequence of the stability of the scheme.

The general result is stated in Theorem 11.3.1. We could verify this result by directly

solving equation (11.2.4), essentially a quadratic in », for the two roots »2 and »+. We

will, however, regard equation (11.2.4) as implicitly defining the two functions and avoid

explicitly determining »2(z) and »+(z). As we will see, there are only a few facts we need

regarding these functions, and the information we need can be determined by avoiding the

algebra involved in explicitly computing »2(z) and »+(z). We use this same approach on

more difficult problems in the next section.

Because we are interested only in those solutions of the resolvent equation that are in

L2 (hZ+) when |z| > 1, the general form of Þvm is

Þvm = A(z)»2(z)
m, (11.2.5)

where |»2(z)| < 1 for |z| > 1.
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The coefficient A(z) is to be determined by the transform of the boundary function,
Þ́(z). Substituting from (11.2.5) into the boundary conditions, we obtain

A(z) [1 2 »2(z)] = Þ́(z), (11.2.6a)

A(z) [z 2 »2(z)] =z Þ́(z), (11.2.6b)

A(z)
{

z 2 z21 2 2a»[»2(z) 2 1]
}

=z Þ́(z), (11.2.6c)

A(z) {z 2 1 2 a»[»2(z) 2 1]} =z Þ́(z) (11.2.6d)

for each of the boundary conditions (11.2.2a), (11.2.2b), (11.2.2c), and (11.2.2d), respec-

tively.

The norm of the solution Þvm in L2(hZ+) is given by

‖ Þv(z)‖2 = h

>
∑

m=0

| Þvm(z)|2 = h|A(z)|2
>
∑

m=0

|»2(z)|2m

= |A(z)|2 h

1 2 |»2(z)|2
.

In terms of the function vnm the norm is

‖v‖2
·,h =

∫ Ã/k

2Ã/k

|A(esk)|2 h

1 2 |»2(esk)|2
dÇ,

where s = · + iÇ. For simplicity, we use only the subscript h rather than both h and k

to denote the norm involving both x and t.

To obtain an estimate of the form

‖v‖2
·,h f C|´|2·,h, (11.2.7)

we must substitute the expression giving A(z) as a function of Þ́. For the first two boundary

conditions, i.e., (11.2.2a) and (11.2.2b), we have, from (11.2.2a) and (11.2.2b),

‖v‖2
·,h =

∫ Ã/k

2Ã/k

| Þ́(esk)|2
|1 2 »2(esk)|2

h

1 2 |»2(esk)|2
dÇ (11.2.8a)

and

‖v‖2
·,h =

∫ Ã/k

2Ã/k

|z|2| Þ́(esk)|2
|esk 2 »2(esk)|2

h

1 2 |»2(esk)|2
dÇ, (11.2.8b)

respectively.

These equations show that we must obtain some lower bound on |1 2 »2| for

(11.2.8a) and on |esk 2 »2| for (11.2.8b). Because we choose · positive, we have

that |z| > 1 and, by Theorem 11.3.1, |»2(z)| < 1; therefore, neither of the expressions

|1 2 »2(z)| or |z 2 »2| is zero, but, as k tends to zero, z —which is esk —approaches
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arbitrarily close to the unit circle. Moreover, because »2(z) is a continuous, even analytic,

function of z, we can examine the behavior of »2(z) for k equal to 0, i.e., for |z| = 1.

The behavior for k positive but near to 0 can then be determined by methods such as Taylor

series.

This analysis reduces to checking for nontrivial solutions of the form (11.2.5), which

solve the homogeneous boundary condition. Thus we must check whether there is a »2(z)
such that

A(z) [1 2 »2(z)] = 0 (11.2.9a)

or

A(z) [z 2 »2(z)] = 0 (11.2.9b)

for the two boundary conditions (11.2.2a) and (11.2.2b), respectively.

To analyze boundary conditions (11.2.2a)–(11.2.2d), we first set » = 1 in (11.2.4)

and we easily find that if » = 1, then either z = 1 or z = 21. Conversely, if z = 1 or

z = 21, then » = 1 is a root. This shows us that for z equal to 1, either »2(1) = 1 and

»+(1) = 21, or, alternatively, »2(1) = 21 and »+(1) = 1. To determine if the first of

these cases holds, i.e., if »2(1) = 1, we consider z = 1 + · and let » = 1 + · for small

values of · and ·. If for · > 0 we find that · < 0, then »2(1) is 1, but if instead for

· > 0 we find that · > 0, then it is »+(1) that is 1 and so »2(1) is 21.

κ
+

κ
-

κ
-

κ
+

z 1-1z

-1 -1 11

Figure 11.1. Behavior of »2 and »+ as functions of z.

Substituting z = 1 + · and » = 1 + · in (11.2.4), we obtain

z 2 1

z
= 2· + O

(

·2
)

= a»

(

» 2 1

»

)

= a»
(

2· + O(·2)
)

.

Since a» is positive, we see that · > 0 implies · > 0; thus it is »+(1) that is 1, and by

default »2(1) is 21, as represented in the right-hand image of Figure 11.1.

Similarly, for z = 2(1 + ·) and » = 1 + ·, we find

22· + O
(

·2
)

= a»
(

2· + O(·2)
)

,

and · > 0 implies · < 0. Thus »2(21) = 1 as depicted in the left-hand image of

Figure 11.1. Notice that for z near 21, we have that 1 2 »2(z) = 2· = O(·) = O(|z| 2
1) = O(k·). Thus for boundary condition (11.2.2a) we have

|1 2 »2(z)| g c·k, (11.2.10a)
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and this is the best possible estimate for the denominator of (11.2.8a), being achieved at

Ç = ±Ã/k, i.e., for z near 21.

For boundary condition (11.2.2b) we consider the quantity z 2 »2(z). To see if this

quantity can be zero or close to zero, we substitute » = z in (11.2.4), obtaining

z 2 1

z
= a»

(

z 2 1

z

)

.

Since a» is less than 1, this equation is satisfied only if z 2 1/z is zero, i.e., only if z = 1

or z = 21. As we showed in the preceding analysis, »2(1) = 21 and »2(21) = 1.

Therefore, it cannot be true that |z 2 »2(z)| is zero for |z| g 1. Hence there is a constant

c, independent of k, such that

|z 2 »2(z)| g c. (11.2.10b)

From these estimates we see from (11.2.8a) and (11.2.8b) that the dependence of the

solution on the data is given by

‖v‖2
·,h f 1

c2k2

∫ Ã/k

2Ã/k

|´|2h
1 2 |»2|2 dÇ for (11.2.2a) (11.2.11a)

and

‖v‖2
·,h f c22

∫ Ã/k

2Ã/k

|´|2h
1 2 |»2|2 dÇ for (11.2.2b). (11.2.11b)

It remains to estimate the term h/(1 2 |»2(z)|2) in the two expressions (11.2.11a)

and (11.2.11b). For general schemes, as we will show in Lemma 11.3.2, we have that

1 2 |»2(z)| g c0·k (11.2.12)

for some constant c0. We now show this for the particular case of the leapfrog scheme. We

set z = esk = eiÇ
(

1 + ·k + O(·k)2
)

and consider two cases. Either |»2(z)| = 1 for k·

equal to 0 or |»2(z)| < 1 for k· equal to 0. We need to consider how |»2(z)| depends

on ·k. In the first case set »2(z) = ei×(1 2 ·), and then, from equation (11.2.4),

2i sin Ç + 2·k cos Ç + O(·k)2 = a»
[

2i sin × + 2· cos× + O(·2)
]

. (11.2.13)

We obtain that sin Ç = a» sin ×, and so | sin Ç | f a», from which we conclude that

| cos Ç | g
√

1 2 (a»)2.

Thus we obtain for · from (11.2.13):

· = cos Ç

cos×
·k + O(·k)2 g

√

1 2 (a»)2 ·k + O(·k)2.

For | sin Ç | greater than a», the value of |»2(z)| is strictly less than 1. Therefore, for ·

positive and k in some range 0 < k f k0(·), it follows that (11.2.12) holds; thus, since

» is constant,
h

1 2 |»2(z)|2
f h

1 2 |»2(z)|
f c

·
.
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From (11.2.11a) we obtain the estimate

‖v‖2
·,h f k22

·
c7|´|2·,h (11.2.14a)

for boundary condition (11.2.2a), where c7 is some constant, and from (11.2.11b)

‖v‖2
·,h f c7

·
|´|2·,h (11.2.14b)

for boundary condition (11.2.2b), for some other value of c7.
Estimate (11.2.14b) is of the form of (11.2.7) and shows that boundary condition

(11.2.2b) is stable. However, because the estimate (11.2.10a) and, therefore, the estimate

(11.2.14a) are the best possible estimates, boundary condition (11.2.2a) is unstable. By

considering when the estimate (11.2.10) is achieved, we can choose v and ´ so that

‖v‖2
·,h g ck22|´|2·,h.

For particular small data, i.e., |´|·,h, we can have ‖v‖·,h arbitrarily large, and thus

boundary condition (11.2.2a) is unstable.

We complete this section by analyzing boundary conditions (11.2.2c) and (11.2.2d).

We have that »2(z) is given by equation (11.2.4) for |z| g 1 and, as before, |»2(z)| < 1

for z outside the unit circle. Boundary condition (11.2.2c), by (11.2.5), gives the equation

z 2 z21 = 2a»(»2 2 1) (11.2.9c)

as the equation to be solved if there is to be a nontrivial solution to the homogeneous

boundary value problem. (The numbering of this last equation is chosen to show the

relationship to (11.2.9a) and (11.2.9b).) From (11.2.4) and (11.2.9c) we obtain

z 2 1

z
= 2a»(»2 2 1) = a»

(

»2 2 1

»2

)

.

Since a» is not zero, we have that »2 = 1 is the only solution to this equation. We have

already determined from equation (11.2.4) that »2 is equal to 1 only when z is 21. We see

that z equal to 21 and »2 equal to 1 satisfies equation (11.2.9c), and thus the boundary

condition (11.2.2c) is unstable.

Boundary condition (11.2.2d) gives the equation

z 2 1 = a»(»2 2 1) (11.2.9d)

to be solved for a solution to the homogeneous initial-boundary value problem. Dividing

equation (11.2.4) by (11.2.9d), we obtain for z and »2 not equal to 1,

z + 1

z
= z 2 1/z

z 2 1
= a»(»2 2 1/»2)

a»(»2 2 1)
= »2 + 1

»2
,

which implies that z equals »2. However, our analysis for boundary conditions (11.2.2a)

and (11.2.2b) showed that »2(1) is not equal to 1 when z is 1, nor is »2(z) equal to z

for any other z. Thus there is no solution to (11.2.9d), and therefore boundary condition

(11.2.2d) is stable.
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Figure 11.2. Unstable boundary condition for the leapfrog scheme.

Example 11.2.1. The conclusions of this section are illustrated in plots of the solution of

the one-way wave equation computed with the leapfrog scheme and boundary condition

vn+1
M = 2vn+1

M21 2 vn+1
M22,

which is similar to (11.2.2a) and is unstable; see Exercise 11.2.3. Figure 11.2 shows the

results of using the leapfrog scheme (11.2.1) with a equal to 1 on the interval [0, 1],

with the solution specified at the left-hand endpoint. The exact solution of the differential

equation is u(t, x) = sin 2Ã(x + t). The solution of the finite difference scheme is plotted

with a line connecting the dots at the grid points, and the exact solution is plotted with a

solid line in the figure. The exact solution was also used to initialize the first time-step. The

value of h is 0.02 and » is 0.95. The upper left plot in Figure 11.2 shows the solution

for boundary condition (11.2.2a) at time 1.33. At this time, there is some inaccuracy near

the boundary opposite to that where the numerical boundary condition is applied. This is

evidence of the parasitic mode that propagates in the direction opposite of the true solution.

The upper right graph in Figure 11.2 shows the result of the computation at time 1.90. In

addition to the inaccuracy at the left boundary, there are small oscillations in the solution
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at the right boundary. In the lower plot in Figure 11.2, which shows the solution at time

2.47, it is seen that the solution using the unstable boundary condition has become very

oscillatory. Within a few more time steps the solution becomes much worse. Similar results

are shown in Figure 3.3 of Chapter 3.

By comparison, the use of the more accurate boundary condition (11.2.15b), which

is similar to (11.2.2b), will produce very accurate solutions (see Exercise 11.2.3).

Exercises

11.2.1. Show that the leapfrog scheme (11.2.1) with the boundary condition

vn+1
0 (1 + a») 2 a»vn+1

1 2 vn0 = ´n+1

is stable.

11.2.2. Show that the leapfrog scheme (11.2.1) with the boundary condition

1

2
(vn+1

1 + vn+1
0 2 vn1 2 vn0 ) = a»

2
(vn+1

1 2 vn+1
0 + vn1 2 vn0 ) + ´n+1

is stable.

11.2.3. Based on the results for (11.2.2a) and (11.2.2b), conclude that for the leapfrog

scheme the boundary condition

vn+1
0 = 2vn+1

1 2 vn+1
2 + ´n+1 (11.2.15a)

is unstable and that the boundary condition

vn+1
0 = 2vn1 2 vn21

2 + ´n+1 (11.2.15b)

is stable.

11.2.4. Repeat the computations given in Example 11.2.1 and verify the results. Also use

the boundary condition (11.2.15b) and comment on the improvement this boundary

condition gives.

11.3 The General Analysis of Boundary Conditions

In this section we present the general method for checking the stability of boundary condi-

tions for finite difference schemes. These results were developed in the papers of Gustaffson,

Kreiss, and Sundström [26] and Osher [47], [48], and we will refer to them as the GKSO

theory. In these papers the method is developed for hyperbolic equations and systems,

but the method is applicable, with some minor changes, to more general time-dependent

equations. For simplicity we restrict our discussion to hyperbolic equations for now. See

the book by Gustaffson, Kreiss, and Oliger [25] for another presentation of this theory.
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We consider a scheme defined for all time and for x on the half-space R+, with the

boundary at 0. Let the scheme be

Pk,hv
n
m = Rk,hf

n
m. (11.3.1)

We assume the scheme is stable for the initial value problem and consistent with a hyperbolic

equation or system of partial differential equations. We also assume that there are no lower

order terms for the scheme, so that the restrictive von Neumann stability condition holds

for this scheme. The boundary conditions will be written

Bk,hv
n
0 = ´(tn). (11.3.2)

We assume that system (11.3.1) contains d equations and that each vnm is a vector of

dimension d. As discussed at the beginning of Section 11.1, we need consider only the

homogeneous version of (11.3.1). The definition of a stable finite difference scheme for a

hyperbolic initial-boundary value problem is one in which the following estimate holds:

·‖v‖2
·,h + |v|2·,h f C(·21‖f ‖2

·,h + |´|2·,h),

where the norms with double bars refer to functions defined for x in R+ and t in R, and

the single-bar norms refer to functions of t defined only on the boundary.

The general method begins by transforming in t with the Laplace transform to give

the resolvent equation, which we will write as

ÞPk,h(z) Þvm(z) = 0. (11.3.3)

The general solution of the resolvent equation (11.3.3) is obtained by considering particular

solutions of the form

Þvm(z) = A(z)»m,

where A(z) is a vector of dimension d. Substituting this form of solution in (11.3.3), we

obtain
ÞPk,h(z)A(z)»

m = k21 Þp(z, »)A(z)»m.
The matrix function Þp(z, ») is related to the symbol of Pk,h as defined in Section 3.1 and

to the amplification polynomial defined in Section 4.2 by the relations

Þp(esk, eih¿ ) = kpk,h(s, ¿)

and

Þp(g, ei» ) = G(g, »).

We see that there will be solutions of the particular form only if

det
(

Þp(z, »)
)

= 0, (11.3.4)

where we regard this as an equation for » as a function of z. The vector A(z) is a null

vector of Þp(z, »). Our first important result is the following theorem.
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Theorem 11.3.1. If scheme (11.3.1) is stable, then there are integers K2 and K+ such

that the roots, »(z), of equation (11.3.4) separate into two groups, one with K2 roots and

one with K+ roots. The group of roots denoted by »2,¿(z) satisfy

|»2,¿(z)| < 1 for |z| > 1, and ¿ = 1, . . . , K2,

and the group of roots denoted by »+,¿(z) satisfy

|»+,¿(z)| > 1 for |z| > 1, and ¿ = 1, . . . , K+.

Proof. The proof depends on the relations between Þp and the amplification poly-

nomial. If some » assumed the magnitude of 1 when the magnitude of z was larger than

1, then we may write » = ei» for some real value of », and we have

G(z, ») = Þp(z, ») = 0.

But if the scheme is stable, then z, regarded as a function of », must satisfy the von

Neumann condition, that is, |z| f 1. This contradiction shows that for |z| larger than 1,

the value of |»| cannot be 1. Thus the roots split into two groups, those less than 1 in

magnitude and those greater than 1 in magnitude. This proves the theorem.

As an extension of Theorem 11.3.1 we prove the following lemma, which is important

in proving (11.2.12) for general schemes for hyperbolic equations.

Lemma 11.3.2. If »(z) is a root of the equation (11.3.4) with |»(z)| = 1 for |z| = 1,

then there is a constant C such that

∣

∣|»| 2 1
∣

∣ > C(|z| 2 1).

Proof. The proof depends on the observation that the roots of the amplification

polynomial G(g, »), which are on the unit circle, are simple and that » is an analytic

function of z. Moreover, since |»| is not 1 for |z| larger than 1, it follows from the Taylor

series expansion of » as a function of z that the estimate of the lemma must hold for some

constant.

By Theorem 11.3.1 K2 is independent of z, and we may write the general solution

in L2(R+) of the resolvent equation as

Þvm(z) =
K2
∑

¿=1

³¿(z)A¿(z)»
m
2,¿ (11.3.5)

in the case when all the »2,¿ are distinct. The vectors A¿(z) are particular null vectors

of Þp(z, »2,¿) and the ³¿ are arbitrary scalar coefficients. If the »2,¿ are not distinct,

then the preceding representation will have to be altered to account for the multiplicity of

the root. Since this occurs infrequently, we omit the details of the construction here (see

Example 11.3.2). Note that the functions »2,¿(z) are distinguished by the property that
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they are less than 1 in magnitude for z outside the unit circle, but they are also defined by

continuity for z on the unit circle. When z is on the unit circle, we must take some care

to distinguish between the functions »2,¿ and those functions »+,¿ that may also have

magnitude 1.

Definition 11.3.1. An admissible solution to the resolvent equation is a solution that

is in L2(hZ+) in the case when |z| is larger than 1, and, when |z| is equal to 1, an

admissible solution is the limit of admissible solutions with z greater than 1 in magnitude.

That is, v(z) is an admissible solution if |z| is larger than 1 and v(z) is in L2(hZ+);
or, if |z| is equal to 1, then

v(z) = lim
·³0+

v(z(1 + ·)),

where v(z(1 + ·)) is in L2(hZ+) for each positive value of ·.

Admissible solutions will have the form (11.3.5) when the roots »2,¿ are distinct. It

is easily seen that the set of admissible solutions is a vector space of dimension K2.
The number of boundary conditions necessary for stability must be precisely K2. If

we substitute expression (11.3.5) into the transformed boundary conditions, obtained from

(11.3.2) by applying the Laplace transform,

ÞB Þv0(z) = Þ́(z),

we obtain K2 equations for the K2 coefficients ³¿ . This equation is of the form (11.1.10).

As discussed in Section 11.1, the coefficients ³¿(z) can be determined by these equations,

and the solution can be bounded independently of z only if there are no nontrivial solutions

to the homogeneous equation for z satisfying |z| g 1.

Thus the check for stability of the boundary conditions reduces to checking that there

are no admissible solutions to the resolvent equation that also satisfy the homogeneous

boundary conditions,
ÞB Þv0(z) = 0. (11.3.6)

The basic result is given by the following theorem.

Theorem 11.3.3. The initial-boundary value problem for the stable scheme (11.3.1) for

a hyperbolic equation with boundary conditions (11.3.2) is stable if and only if there are

no nontrivial admissible solutions of the resolvent equation that satisfy the homogeneous

boundary conditions (11.3.6).

The proof of this theorem is not given here. In the generality given by Gustaffson,

Kreiss, and Sundström [26], it applies to schemes for hyperbolic equations with variable

coefficients and uses techniques beyond those of this text.

We also state the corresponding theorem for schemes for parabolic equations. We

restrict ourselves to the case when the finite difference scheme requires no numerical bound-

ary conditions, i.e., when the finite difference scheme requires as many boundary conditions

as does the differential equation.
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Theorem 11.3.4. If the initial-boundary value problem for the stable scheme (11.3.1) to-

gether with boundary conditions (11.3.2) approximates a well-posed initial-boundary value

problem for a parabolic differential equation and the number of boundary conditions re-

quired by the scheme is equal to the number required by the differential equation, then the

initial-boundary value problem is stable if and only if there are no admissible solutions

of the resolvent equation that satisfy the homogeneous boundary conditions (11.3.6) for

|z| g 1 except for z = 1.

The main difference between these theorems is that in Theorem 11.3.4, there is no

need to check for admissible solutions in the case when z is 1. The reason for this is that

the assumption that the differential problem is well-posed removes the need to check at z

equal to 1. There may be solutions to the resolvent equation with z equal to 1 and »2
on the unit circle, but these do not cause instability because of the well-posedness of the

initial-boundary value problem for the partial differential equation.

We now illustrate Theorems 11.3.3 and 11.3.4 by applying them to several schemes

and boundary conditions.

Example 11.3.1. Our first example is for the Crank–Nicolson scheme (3.1.3) for the one-

way wave equation and the quasi-characteristic extrapolation boundary condition (3.4.1),

or, equivalently, the scheme for ut = aux, with a positive, given by

2a»

4
vn+1
m+1 + vn+1

m + a»

4
vn+1
m21 = a»

4
vnm+1 + vnm 2 a»

4
vnm21 (11.3.7)

with boundary condition (11.2.2b).

Corresponding to equation (11.3.4) we obtain

z 2 1

z + 1
= a»

4

(

» 2 1

»

)

. (11.3.8)

This equation is equivalent to a quadratic equation in » and we see that if »(z) is a root,

then so is 21/»(z). Thus, there is one root inside the unit circle and one outside, and by

Theorem 11.3.1 they remain separated for z outside the unit circle. Thus the functions

»2(z) and »+(z) are well defined. An alternate way of deducing that K2 and K+ are

both 1, one that can apply in more general cases (e.g., Example 11.3.2 and Exercise 11.3.5),

is to examine the roots for z near 21 where the left-hand side becomes infinite. If we set

z = 2(1 + ·), then from (11.3.8) we have that one root satisfies

2

·
j a»

4
»

and is therefore outside the unit circle, and the other satisfies

2

·
j 2a»

4

1

»

and is therefore inside the unit circle. Thus K2 and K+ are both 1.
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The boundary condition (11.3.6) resulting from the substitution Þvm = »m2 results in

the equation

z 2 »2(z) = 0.

Since z is restricted to |z| g 1 and »2 is restricted by |»2(z)| f 1, the only way that

equation (11.3.8) can be satisfied is if z = »2(z) = ei» for some real value of ». Substi-

tuting this relation in equation (11.3.8), we obtain

ei» 2 1

ei» + 1
= a»

4
(ei» 2 e2i» )

or

tan 1
2
» = 1

2
a» sin » = a» sin 1

2
» cos 1

2
».

This equation is satisfied if either sin 1
2
» is zero or cos2 1

2
» = (a»)21.

We first check the possibility that sin 1
2
» is zero. This is equivalent to showing that

»2(1) is 1. Notice that for z equal to 1, there is a root » of (11.3.8) equal to 1, but it is must

be determined whether this root is »2(1) or »+(1). As done earlier in analyzing boundary

conditions (11.2.2a) and (11.2.2b) for the leapfrog scheme (see estimates (11.2.10a) and

(11.2.10b)), we set z = 1 + · and » = 1 + ·. We easily obtain from (11.3.8):

·

2
+ O(·2) = a»

2
[· + O(·2)],

and thus we see that it is »+(1) that is 1, and not »2(1). Thus there is no difficulty with

the case when z is 1.

We next consider the situation with

cos2 1
2
» = (a»)21. (11.3.9)

We see immediately that if a» is less than 1, then the boundary condition is stable, since

this equation cannot be satisfied for real values of ». For a» equal to 1, (11.3.9) holds

only for » equal to 0, and as we have already shown, this is not an admissible solution. If

a» is greater than 1, then we set

z = ei»
1 + ·

1 2 ·
and » = ei» (1 + ·),

where we have chosen the form of z to facilitate the algebraic manipulations. Substituting

these expressions into (11.3.8), we obtain

i tan
1

2
»

1 2 i· cot 1
2
»

1 + i· tan 1
2
»

+ O(·2) = a»

2
[i sin » + · cos » 2 ·2ei» + O(·3)],

and hence to within O(·2) and O(·2),

·(1 + tan2 1
2
») = · 1

2
a» cos ».
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Thus, if cos » is positive, then it is »+(z) that is equal to z, and if cos » is negative, then

»2(z) is equal to z and the scheme with the boundary condition is unstable. The condition

that cos » is negative is equivalent to the condition that cos2(»/2) is less than 1/2, and

so by (11.3.9) we see that the scheme is unstable for a» larger than 2. When a» is equal

to 2, then both »2(z) and »+(z) are equal to z, and thus this case is also unstable.

We conclude that the Crank–Nicolson scheme (11.3.7) with boundary condition

(11.2.2b) is stable for a» less than 2 and unstable if a» is greater than or equal

to 2.

Example 11.3.2. Our next example is for the (2, 4) leapfrog scheme

vn+1
m 2 vn21

m

2k
=
(

1 2 h2

6
·2

)

·0u
n
m (11.3.10)

for ut = ux on x g 0. This is the same scheme as (4.1.7). Because this scheme involves

vnm21 and vnm22 to compute vn+1
m , it requires two boundary conditions. This can also be

seen from the equation for the roots of Þp(z, »), which is equivalent to

z 2 z21 = »

6

(

» 2 1

»

)[

8 2
(

» + 1

»

)]

. (11.3.11)

For z very large we see that there are two roots satisfying

z j »

6
(2»2)

so that K+ is 2. There are two roots satisfying

z j »

6
(»22)

so that K2 is 2, and this must be the number of boundary conditions. For our boundary

conditions at m equal to 0 and 1, we take the quasi-characteristic extrapolations

vn+1
0 = 2vn1 2 vn21

2 (11.3.12a)

and

vn+1
1 = 2vn2 2 vn21

3 . (11.3.12b)

Recall that the stability condition for scheme (11.3.10) is

» < »̄ =
(

1 + 1:
6

)21 (:
6 2 3

2

)21/2

(11.3.13)

as shown in Example 4.1.2. (See (4.1.9).)

The general admissible solution to the resolvent equation for the scheme (11.3.10) is

Þvm = ³1(z)»2,1(z)
m + ³2(z)»2,2(z)

m (11.3.14)
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when the two roots are not equal and is of the form

Þvm = ³(z)»2,1(z)
m + ³′(z)m»2,1(z)

m21 (11.3.15)

when »2,1 equals »2,2.

Applying the boundary conditions (11.3.12) to the solution (11.3.14), we obtain the

equations
[

z 2 »2,1(z)
]2
³1 +

[

z 2 »2,2(z)
]2
³2 = 0

and
(

z 2 »2,1(z)
)2
»2,1³1 +

(

z 2 »2,2(z)
)2
»2,2³2 = 0.

There will be a nontrivial solution to this system of equations for ³1 and ³2 only if the

determinant of the system is zero. The determinant is

det

∣

∣

∣

∣

(z 2 »2,1)
2 (z 2 »2,2)

2

(z 2 »2,1)
2»2,1 (z 2 »2,2)

2»2,2

∣

∣

∣

∣

= (z 2 »2,1)
2(z 2 »2,2)

2(»2,2 2 »2,1).

Since we have assumed that the values of the »2 are distinct, we see that the only way that

the determinant can vanish is when at least one of the two functions »2,1 or »2,2 is equal

to z. We may assume that »2,1, which we will now denote as »2(z), is equal to z and,

as we have discussed before, this can only happen when both z and »2 are on the unit

circle, i.e., when z = »2(z) = ei» for some real value of ». Substituting this relation in

(11.3.11), we see that several cases are possible. Either z = »2 = 1, z = »2 = 21, or

1 = »

6

[

8 2
(

»2 + 1

»2

)]

= »

3
(4 2 cos »),

which is equivalent to » and » being related by

cos » = 4 2 3

»
. (11.3.16)

It is not hard to show that the first two cases are not possible, i.e., that »2(1) �= 1 and

»2(21) �= 21. This is left as an exercise (see Exercise 11.3.6). In the third case, the

scheme is unstable if the value of » is determined by (11.3.16). Since the scheme itself is

stable for 0 f » < »̄ (see (11.3.13)), instability can only occur for 3/5 f » < »̄. Notice

that in this case, cos » is negative. For » in this range we check on whether it is a »2
root, or a »+ root which is equal to z. As before, we set

z = ei» (1 + ·) and » = ei» (1 + ·)

and we obtain the equation for · from (11.3.11) as

· = ·
3

»

1 + 4 cos » 2 2 cos2 »

cos »
+ O(·2).
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Since cos » is negative, we have that the root » will be inside the unit circle when z is

outside, i.e., · < 0 when · > 0, only when

1 + 4 cos » 2 2 cos2 » > 0.

This relation is true when | cos » | is greater than the value determined by making this

inequality an equality. This gives a quadratic equation, only one of whose roots has magni-

tude less than 1. When the value of cos » from this equation is set equal to the expression

(11.3.16) we have

cos »0 = 1 2
√

3

2
= 4 2 3

»0
.

We conclude that the boundary condition for this scheme is stable when | cos » | is greater

than | cos »0|, or, equivalently, when » is less than

»0 =
(

1 + 1:
6

)21

.

For » greater than »0, the value of cos » as given by (11.3.16) is greater in magnitude

than cos »0, and the scheme with the boundary conditions (11.3.12) is unstable. As in

the previous cases, when » is equal to »0, then two roots, one a »2 root and one a »+
root, are equal and equal to z. It remains to check that there are no additional admissible

solutions of the form (11.3.15) that satisfy the homogeneous boundary conditions. This is

left as an exercise (see Exercise 11.3.7). Thus the scheme is unstable for » equal to »0.

We conclude that scheme (11.3.10) with boundary conditions (11.3.12) is stable only for

» < »0 =
(

1 + 1:
6

)21

< »̄.

Since »0 j 0.7101 and »̄ j 0.7287, the boundary conditions exclude a rather small range

of values for ».

Figure 11.3 displays the result of computations with the (2, 4) leapfrog scheme with

the boundary conditions (11.3.12) applied on the right-hand side. The exact solution, which

gives the initial condition and left boundary data, is

u(t, x) = sin(2Ã(x 2 t))

and is displayed in the figure as the curve without dots. The top left part of the figure shows

the computation with h = 0.1 and » = 0.7 at time 14. Although the solution is not very

accurate, it is apparently stable. The top right part displays the computation with h = 0.1

and » = 0.72 at time 4.032. The solution is becoming quite poor due to the instability.

The lower part of the figure shows the computation with h = 0.025 and » = 0.7 at time

14 displaying that the solution is quite accurate for smaller values of h for this value

of ».
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Figure 11.3. Stable and unstable boundary conditions.

Example 11.3.3. We consider the heat equation (6.1.1) with the Neumann boundary con-

dition ux = 0 at x = 0. The scheme is the Crank–Nicolson scheme

vn+1
m 2 vnm = bµ

2
·2(vn+1

m + vnm),

and the boundary condition to implement the Neumann condition is

3vn+1
0 2 4vn+1

1 + vn+1
2

2h
= 0.

The equation relating z and » is

z 2 1

z + 1
= bµ

(

» 2 2 + 1

»

)

,

and the boundary condition yields the relation

0 = 3 2 4»2 + »2
2 = (1 2 »2)(3 2 »2).
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From the boundary condition, we see that the only possible solution is with »2 equal

to 1, and the relation between z and » implies that » is 1 only when z is 1. Since

the differential equation with the boundary condition is well-posed by Theorem 11.3.4,

there is nothing further to check. The finite difference equation and boundary condition

are stable.

Exercises

11.3.1. Show that the scheme

3vn+1
m 2 4vnm + vn21

m

2k
=

vn+1
m+1 2 vn+1

m21

2h

for the equation ut = ux on x g 0 with the boundary condition

vn+1
0 2 vn0

k
=

vn1 2 vn0

h

is stable only if » < 5/3. (See also (4.2.3) and Exercise 4.4.3.) Hint: The critical

values are

»2 = 2
√

1 + 4(» 2 1)2 2 1

2»
and z = 22» 2 3 +

√

1 + 4(» 2 1)2

2
.

(See also Exercise 11.3.12.)

11.3.2. Show that the scheme

3vn+1
m 2 4vnm + vn21

m

2k
=

vn+1
m+1 2 vn+1

m21

2h

for the equation ut = ux on x g 0 with the boundary condition

vn+1
0 2 vn0

k
=

vn+1
1 2 vn+1

0

h

is unconditionally stable.

11.3.3. Show for the Lax–Wendroff and Crank–Nicolson schemes for the one-way wave

equation ut + ux = 0 on x g 0, for which the data should be specified at x = 0,

that extrapolation of the solution given by either (11.2.2a) or (11.2.2b) is unstable.

11.3.4. Show that the Crank–Nicolson scheme discussed in Example 11.3.1 with boundary

condition (11.2.2a) is stable.

11.3.5. Show that the (2, 4) Crank–Nicolson scheme

vn+1
m 2 vnm

k
=
(

1 + h2

6
·2

)21

·0

(

vn+1
m + vnm

2

)

for the equation ut = ux on x g 0 with the boundary condition

vn+1
0 = vn1

is stable only for » < 2.
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11.3.6. Show for the (2, 4) leapfrog scheme in Example 11.3.2 that »2(1) is not equal to

1 and »2(21) is not equal to 21.

11.3.7. Show for the (2, 4) leapfrog scheme in Example 11.3.2 that there are no admissible

solutions of the form (11.3.15) that satisfy the homogeneous boundary conditions.

11.3.8. Show that the Du Fort–Frankel scheme (6.3.6) for the heat equation (6.1.1) with

the boundary condition

3vn+1
0 2 4vn+1

1 + vn+1
2

2h
= 0

is a stable approximation to the heat equation with the Neumann boundary condition.

11.3.9. Show that when the Crank–Nicolson scheme for the heat equation (6.1.1) with the

Neumann boundary condition is approximated by the boundary condition

·+

(

vn+1
0 + vn0

2

)

= 0

the initial-boundary value problem is unstable.

11.3.10. Show that the (4, 4) scheme for ut 2 ux = 0,

vn+2
m 2 vn22

m

4k
2
(

1 + h2

6
·2

)21

·0

(

2vn+1
m 2 vnm + 2vn21

m

3

)

= 0,

which was discussed in Example 4.3.3, is unstable with the boundary condition

vn+1
0 = 3vn+1

1 2 3vn+1
2 + vn+1

3 .

Hint: Show that »2(21) = 1.

11.3.11. Show that the (4, 4) scheme of Exercise 11.3.10 is stable with the boundary

condition

vn+1
0 = 3vn1 2 3vn21

2 + vn22
3 .

11.3.12. Demonstrate with a computer program the instability of the boundary condition

given in Exercise 1 using the data u(t, x) = | sin(x + t)| on the interval [0, 1]

for t between 0 and 17, using » equal to 1.7, and the stability of the boundary

condition when » is 1.6 and t between 0 and 16. Use grid spacings of 1/10,

1/20, and 1/40. The boundary condition at x equal to 1 should be that the exact

solution is specified.

11.3.13. Demonstrate the instability discussed in Example 11.3.2 with numerical compu-

tations.
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11.4 Initial-Boundary Value Problems for Partial
Differential Equations

In this section we present the method of determining if boundary conditions for initial-

boundary value problems are well-posed. We give illustrations of the method using several

examples, but we do not give complete proofs of the results.

We present the theory using as an example the parabolic equation

ut = b(uxx + uyy) + f (t, x, y) (11.4.1)

on the region {(t, x, y) : t, y * R, x * R+}. At the boundary we consider the boundary

condition

ux + ³uy = ´(t, y). (11.4.2)

We assume that the constants b and ³ are complex numbers and hence that u is a complex-

valued function. By considering the real and imaginary parts of u, we can replace (11.4.1)

and (11.4.2) by an equivalent system of two equations involving two real-valued functions.

For (11.4.1) to be parabolic we must require that the real part of b be positive.

We begin our analysis by taking the Fourier transform in the variable y and the

Laplace transform in t. We obtain the equation

Æuxx = (b21s + Ë2) Æu 2 b21 Æf (11.4.3)

for the transform Æu(s, x, Ë) of u. The general solution of (11.4.3) that is in L2(R+) as a

function of x is

Æu =Æu0(s, Ë)e
2»x + 1

2»b

∫ >

x

e(x2z)» Æf (x, z, Ë) dz

+ 1

2»b

∫ x

0

e2(x2z)» Æf (s, z, Ë) dz,
(11.4.4)

where

» = (b21s + Ë2)1/2 and Re » > 0.

Recall that the real part of s, i.e., ·, is positive.

The function Æu0(s, Ë) is determined by boundary condition (11.4.2), which, after

transforming, is

Æux + ³iË Æu = Ǽ(s, Ë).

Substituting (11.4.4) in this boundary condition, we have

(2» + i³Ë)

[

Æu0 2 1

2»

∫ >

0

e2z» Æf (s, z, Ë) dz
]

= Ǽ(s, Ë). (11.4.5)

This is a linear equation for the unknown Æu0 much like (11.1.10), where here the parameter

Ã varies over the set {(s, Ë) : Re s > 0, Ë * R}. We see that we can solve for Æu0 only
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if the quantity 2» + i³Ë is not zero. Moreover, we can get a uniform estimate for Æu0 in

terms of Ǽ only if 2» + i³Ë is bounded away from zero.

Let us now determine when 2» + i³Ë is zero. This occurs when

» =
√

b21s + Ë2 = i³Ë,

and since Ë can be either positive or negative, we lose no information if we square both

sides of this relation, obtaining

s = 2b(³2 + 1)Ë2.

This equation can be satisfied for (s, Ë) with Re s g 0 and Ë real only if

Re b(³2 + 1) f 0.

If this is satisfied, then the solution to (11.4.5) cannot be uniformly bounded by the data

in this case. We conclude that the requirement for the boundary condition (11.4.2) to be

well-posed for equation (11.4.1) is

Re b(³2 + 1) > 0. (11.4.6)

There are several things we should point out about this example that apply to more

general problems. First, notice that the function f (t, x, y) does not play a role in deciding

whether or not an estimate exists. Also, if condition (11.4.6) is satisfied, then an estimate

relating u to ´ and f can be obtained.

In general, for a partial differential equation of the form

ut = P("x, "y)u + f (t, x, y) (11.4.7)

for x * R+ and y * Rd with boundary conditions

Bu = ´(t, y) (11.4.8)

on the boundary given by x equal to zero, the procedure to determine the well-posedness

of the boundary conditions is as follows.

First, consider the resolvent equation

[s 2 P("x, iË)] Æu = 0, (11.4.9)

which is an ordinary differential equation for Æu as a function of x. The parameter s is

restricted so that Re s > 0 and Ë * Rd . The boundary condition for Æu is

B Æu = 0. (11.4.10)

Both the resolvent equation (11.4.9) and the boundary condition (11.4.10) are obtained by

applying the Laplace transform in t and the Fourier transform in y to the homogeneous

equation corresponding to (11.4.7) and the homogeneous boundary conditions (11.4.8).

Definition 11.4.1. An admissible solution to the resolvent equation (11.4.9) is a solution

that is in L2(R+) as a function in x in the case when Re s is positive, and, when Re s = 0,

an admissible solution is the limit of admissible solutions with Re s positive. That is,

Æu(s, x, Ë) is an admissible solution if Re s is positive and Æu(s, x, Ë) is in L2(R+). Or,

if Re s is equal to 0, then

Æu(s, x, Ë) = lim
·³0+

Æu(s + ·, x, Ë),

where Æu(s + ·, x, Ë) is an admissible solution for each positive value of ·.
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Theorem 11.4.1. The initial-boundary value problem for differential equation (11.4.7) with

boundary condition (11.4.8) is well-posed if and only if there are no nontrivial admissible

solutions to the resolvent equation (11.4.9) that satisfy the homogeneous boundary condition

(11.4.10).

Theorem 11.4.1 deals with the strongest notion of a well-posed initial-boundary value

problem. The estimates that characterize the well-posedness involve estimates of the so-

lution in the interior of the domain and also L2 estimates of the solution on the boundary

in terms of L2 estimates of the boundary data. For the proof of Theorem 11.4.1, see [9],

[25], or [34].

If we modify the requirement to allow other norms of the solution and data on the

boundary, then some initial-boundary value problems that are ill-posed under Theorem

11.4.1 are well-posed in a weaker sense. This weaker form of the well-posed estimate

occurs frequently for hyperbolic systems. Based on the work of Kreiss [34] and [35], we

have the following theorem.

Theorem 11.4.2. If a nontrivial admissible solution Æu(s0, x, Ë0) to the hyperbolic system

(11.4.9) with Re s0 = 0 and |s0|2 + Ë2
0 �= 0 satisfies the homogeneous boundary condition

(11.4.10) but there is a constant c such that

‖B Æu(s0 + ·, 0, Ë0)‖ g c
:
·‖ Æu(s0, 0, Ë)‖

for · sufficiently small and positive and there are no nontrivial admissible solutions with

Re s > 0 satisfying the homogeneous boundary conditions, then the initial-boundary value

problem is weakly well-posed.

The following example illustrates the use of the two theorems.

Example 11.4.1. We consider the hyperbolic system

(

u1

u2

)

t

=
(

21 0

0 1

)(

u1

u2

)

x

+
(

0 1

1 0

)(

u1

u2

)

y

(11.4.11)

on the domain R+ × R, with boundary condition

u1 + au2 = ´(t, y) (11.4.12)

on x = 0.

The resolvent equation is equivalent to

(

Æu1

Æu2

)

x

=
(

2s iË

2iË s

)(

Æu1

Æu2

)

and the general admissible solution is

(

Æu1

Æu2

)

= ³

(

2iË

» 2 s

)

e2»x, (11.4.13)
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where » =
:
s2 + Ë2, with the convention that Re » g 0.

Substituting the admissible solution (11.4.13) into the homogeneous boundary con-

dition, we have

[2iË + a(» 2 s)]³ = 0,

which has a nontrivial solution for ³ only if

iË = a(» 2 s) = a
(
√

s2 + Ë2 2 s
)

. (11.4.14)

If there is a solution to (11.4.14) with Ë * R and Re s g 0, then the initial-boundary

value problem consisting of the equation (11.4.11) and boundary condition (11.4.12) is ill-

posed; otherwise it is well-posed.

To examine (11.4.14), set s equal to · |Ë| and obtain, after dividing by |Ë|,

±i = a

(

√

· 2 + 1 2 ·

)

or, after multiplying by
√

· 2 + 1 + ·,

√

· 2 + 1 + · = ±ia. (11.4.15)

The mapping taking · to w =
√

· 2 + 1 + · maps the plane given by Re · g 0

onto the domain D = {w : Re w g 0 and |w| g 1}. Therefore, there is a solution to

(11.4.15) with Re · nonnegative if and only if |a| g 1. Conversely, there is no solution

to (11.4.15) with Re · nonnegative if |a| is less than 1.

We conclude that the initial-boundary value problem for (11.4.11) with the boundary

condition (11.4.12) is well-posed in the strong sense only if |a| is less than 1.

If a is 1 or 21, then the initial-boundary value problem is well-posed in the weaker

sense, as we now show. For a equal to 1, we have an admissible solution satisfying the

homogeneous boundary condition when (s0, Ë0) is equal to (i,21) by (11.4.14). All

other solutions are proportional to this solution. In this case, we have from (11.4.13) that

Æu(s0 + ·, x, Ë0) = ³

(

i

» 2 i 2 ·

)

e2»x,

where » =
(

(i + ·)2 + 1
)1/2 =

:
2i· + O(·). Notice that ‖u(s0, 0, Ë0)‖ =

:
2|³|. Sub-

stituting this function in the boundary condition with a equal to 1, we have by (11.4.12)

that
| Æu1 + Æu2| = |³||i + » 2 i 2 ·|

= |³||» 2 ·| = |³|
[
:

2· + O(·)
]

.

By Theorem 11.4.2 boundary condition (11.4.12) with a = 1 is well-posed in the weaker

sense; a similar analysis holds for a equal to 21.
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Example 11.4.2. For our second example we use the system

ut + aux + buy + hx = 0,

vt + avx + bvy + hy = 0,

ht + ahx + bhy + ux + vy = 0,

(11.4.16)

which is obtained by linearizing the shallow water equations around a constant flow;

see [46].

We consider this system on the domain {(x, y) : x g 0, y * R} and consider the

case when the coefficient a satisfies 0 < a < 1. The resolvent equation for this system

can be written as
a Æux + Æhx + s′ Æu = 0,

a Ævx + s′ Æv + iË Æh = 0,

a Æhx + Æux + iË Æv + s′ Æh = 0,

(11.4.17)

where s′ = s + ibË. We first determine » so that there are solutions to (11.4.17) of the

form
( Æu

Æv
Æh

)

=
( Æu0(s, Ë)

Æv0(s, Ë)
Æh0(s, Ë)

)

e2»x

with the real part of » being positive. The equation for » is

0 = det

(

s′ 2 a» 0 2»

0 s′ 2 a» iË

2» iË s′ 2 a»

)

= (s′ 2 a»)
(

(s′ 2 a»)2 + Ë2 2 »2
)

.

Thus the values of » with real part positive are

»0 = a21s′ and »1 =
(

2as′ +
√

s′2 + (1 2 a2)Ë2
)

/(1 2 a2) . (11.4.18)

These two roots are distinct as long as s′ is not equal to |aË|.
The general form of an admissible solution when »0 and »1 are not equal is

( Æu
Æv
Æh

)

= A0

(

iË

»0

0

)

e2»0x + A1

(

»1

2iË

s1 2 a»1

)

e2»1x . (11.4.19)

Since there are two values of » that have positive real parts, there must be two

boundary conditions. For this example we consider the case where both u and v are

specified. The homogeneous boundary condition corresponding to this is Æu = 0 and Æv = 0

at x equal to 0.

From (11.4.19) we obtain that the homogeneous boundary condition are satisfied only

if the equations

A0iË + A1»1 = 0,

A0»0 2 A1iË = 0
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are satisfied. There is a nontrivial solution for A0 and A1 only if

»1»0 = Ë2,

which is equivalent to

s′(2as′ +
√

s′2 + (1 2 a2)Ë2
)

= a(1 2 a2)Ë2.

Rearranging this last equation we have

s′
√

s′2 + (1 2 a2)Ë2 = a
[

s′2 + (1 2 a2)Ë2
]

.

This relation is satisfied either if s′2 + (1 2 a2)Ë2 is zero or if

s′2 = a2
[

s′2 + (1 2 a2)Ë2
]

. (11.4.20)

The expression s′2 + (1 2 a2)Ë2 is zero when s′ is ± i(1 2 a2)1/2Ë. We will consider

this possibility first.

Since for this case we have an admissible solution that satisfies the homogeneous

boundary condition, the initial-boundary value problem is not well-posed in the stronger

sense of Theorem 11.4.2. We now show that it is well-posed in the weaker sense of Theorem

11.4.2. We take s′
0 = i(1 2 a2)1/2 and Ë0 = 1; the other possibilities are equivalent.

We have for this choice of (s0, Ë0) that the admissible solution satisfying the homo-

geneous boundary condition is

a

(

iË0

»0

0

)

e2»0x + (1 2 a2)1/2

(

»1

2iË0

s′
0 2 a»1

)

e2»1x .

Note that »0 = ia21(1 2 a2)1/2 and »1 = 2ia(1 2 a2)21/2.

Replacing s′
0 by s′

0 + · and Ë0 by 1 in (11.4.18) we have

»0 = ia21(1 2 a2)1/2 + a21·

and

»1 = 2ia(1 2 a2)21/2 +
:

2i·(1 2 a2)23/4 + O(·).

The boundary condition for the admissible solution at (s, Ë) equal to (s′
0 + ·, Ë0) is

a

( Æu(s′
0 + ·, 0, Ë0)

Æv(s′
0 + ·, 0, Ë0)

)

=
(

aiË0 + (1 2 a2)1/2»1

a»0 2 (1 2 a2)1/2iË0

)

=
(:

2i·(1 2 a2)1/4 + O(·)

·

)

=
:
·

(:
2i(1 2 a2)1/4 + O(

:
·):

·

)

.
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The norm of the vector ( Æu, Æv, h)T therefore satisfies the condition of Theorem 11.4.2,

and so this boundary condition is well-posed in the weak sense, except that we must still

check the admissible solutions for (11.4.20).

Rearranging (11.4.20), we see that it is satisfied only when s′ is equal to |aË|.
(Recall that Re s is nonnegative.) For these values of s′ and Ë, the values of »0 and »1

are equal, as noted before. Thus the admissible solutions are not of the form (11.4.13) but

rather
( Æu

Æv
Æh

)

= B0

(

0

21

iÃa

)

e2»x + (B1 + xB0)

(

iË

»

0

)

e2»x,

where Ã = sign(Ë) and » = |Ë|. It is easy to check that the only admissible solution with

Æu and Æv equal to zero is the trivial solution, i.e., with B0 and B1 equal to zero.

We conclude that the boundary condition specifying both u and v for the system

(11.4.11) is well-posed in the weak sense.

Exercises

11.4.1. Show that the initial-boundary value problem for the system

ut = uxx + uyy + vxy,

vt = vxx + vyy

for x > 0, y * R with boundary conditions

ux + c1vy = ´1,

vx + c2uy = ´2

at x = 0 is well-posed if and only if

c2(c1 2 1
2
) < 1.

11.4.2. Show that the boundary condition for system (11.4.16) where u + a21h and v are

specified at x = 0 is well-posed when 0 < a < 1. Show that specifying u and

h is an ill-posed boundary condition.

11.4.3. For the system (11.4.16) when 21 < a < 0, show that one boundary condition is

needed and that specifying h is well-posed and specifying v is ill-posed.

11.4.4. Verify for a parabolic system of the form (6.2.1) that the boundary condition of the

form (6.2.4) is well-posed if and only if the matrix T given in (6.2.5) is nonsingular.

11.4.5. Consider the parabolic system

ut = uxx + vxx,

vt = vxx

on x g 0,2> < t < >, with the boundary conditions

ux + a vx = ´1(t),

bu + v = ´0(t).

Using both the method discussed in Exercise 11.4.4 and the method discussed in

this section, show that this initial-boundary value problem is ill-posed if and only

if b
(

a 2 1
2

)

= 1. Demonstrate this behavior with a computer program.
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11.4.6. Show for the hyperbolic system (1.2.2) with 0 < a < b that the boundary condi-

tions
c01u + c02v = ´0(t) at x = 0,

c11u + c12v = ´1(t) at x = 1

are well-posed if and only if they are equivalent to (1.2.4).

11.5 The Matrix Method for Analyzing Stability

Another method that is frequently used to analyze stability of finite difference schemes is

the matrix method. The method considers the total initial-boundary value problem together,

not separating the initial value problem from the boundary conditions as we have done in

Sections 11.2 and 11.3. Because of this it is more difficult to make conclusions about the

results of the matrix method. We introduce the method with an example.

Example 11.5.1. We illustrate the matrix method and its deficiencies by applying it to

the forward-time backward-space scheme (1.3.2) for the one-way wave equation (1.1.1)

on the unit interval. We assume the characteristic speed a is positive and hence that vn0
is specified. Considering the unknowns vnm for m from 1 to M as the components of a

vector V n, we can write the scheme as

V n+1 = CV n + bn, (11.5.1)

where the matrix C has the form

û

ü

ü

ü

ü

ü

ü

ý

1 2 a» 0 0

a» 1 2 a» 0

a» 1 2 a» 0
. . .

. . .
. . .

a» 1 2 a» 0

0 a» 1 2 a»

þ

ÿ

ÿ

ÿ

ÿ

ÿ

ÿ

ø

and bn = (a»vn0 , 0, . . . , 0)′. The solution of this equation can be written as

V n = CnV 0 +
n
∑

j=0

Cn2jbj .

The superscript on V and b is the index for the time level, whereas the superscript on

C indicates the multiplicative power. If » is a constant and the matrix norms ‖Cj‖ are

bounded uniformily for 0 f nk f T , we obtain

h‖V n‖ f CT

û

ýh‖V 0‖ + k

n
∑

j=0

‖V j

0 ‖

þ

ø ,
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where ‖V ‖ =
(

∑M
m=1 |vm|2

)1/2
and V

j

0 is the boundary data at m = 0. This is precisely

the estimate we need to demonstrate the stability of the initial-boundary value problem,

analogous to (1.5.1) with the addition of the boundary data. Moreover, it is not difficult to

see that the boundedness of ‖Cn‖ for 0 f nk f T is necessary and sufficient to obtain

the preceding estimate. We will show that the powers of the matrix C are bounded for 0 f
a» f 1, which agrees with our earlier results that the scheme, together with this boundary

condition, are stable. To do this we first obtain relations between several matrix norms.

The reader may wish to consult Appendix A for the definitions of the norms.

Lemma 11.5.1. For a M × M matrix A,

1:
M

‖A‖1 f ‖A‖2 f (‖A‖1‖A‖>)1/2.

Proof. We prove the right inequality first. It is easy to show that

Ã(B) f ‖B‖

for any norm; therefore,

‖A‖2
2 = Ã(A7A) f ‖A7A‖1

f ‖A7‖1 ‖A‖1

= ‖A‖> ‖A‖1.

For the left inequality we use the fact that ‖v‖1 f
:
M‖v‖2 by the Cauchy–Schwarz

inequality; also, if ‖v‖2 f 1, then ‖v‖2 f ‖v‖1. Hence, by the definition of the norms,

‖A‖2 = sup
‖v‖2f1

‖Av‖2 g sup
‖v‖1f1

‖Av‖2

g 1:
M

sup
‖v‖1=1

‖Av‖1 = 1:
M

‖A‖1.

We now consider the matrices Cn. The element of Cn on the j th lower diagonal is

(

n

j

)

(1 2 a»)n2j (a»)j ,

where we take
(

n
j

)

equal to zero if j is greater than n. Thus, by Proposition A.1.6,

‖Cn‖1 =
M
∑

j=1

(

n

j

)

|1 2 a»|n2j |a»|j

f (|1 2 a»| + |a»|)n,
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where we have equality only if n is less than or equal to M. Lemma 11.5.1 gives us

1:
M

(|1 2 a»| + |a»|)n f ‖Cn‖2

for n f M and, since we also have ‖Cn‖> = ‖Cn‖1,

‖Cn‖2 f (|1 2 a»| + |a»|)n

for all n. If |a»| is a constant, these two inequalities show that a necessary and sufficient

condition for the stability of the finite difference initial value problem is that 0 f a» f 1,

which agrees with the GKSO method given in Section 11.3.

Although the matrix method incorporates both the initial conditions and the boundary

conditions into its analysis, this advantage is offset by the difficulty of analyzing, in general,

matrices such as C and proving the estimates on its powers. This arises because the order

of the matrix increases as h decreases and yet the estimates must be independent of h.

A common misuse of the matrix method is to determine the conditions on C such

that Cn tends to zero or is bounded as n increases without bound and to regard this as

the finite difference stability condition. It is a well-known theorem of matrix analysis that

powers of C ultimately tend to zero if and only if the eigenvalues of C have modulus less

than 1 (see Exercise A.2.12 in Appendix A). Also, Cn is bounded if the eigenvalues of C

are at most 1 in magnitude and those eigenvalues of magnitude 1 are semisimple; i.e., they

correspond to trivial Jordan blocks. For the particular example we have been considering,

the matrices Cn tend to 0 if

|1 2 a»| < 1

and the matrices are bounded if we allow, in addition, that a» = 0. Thus the condition

0 f a» < 2

is the necessary and sufficient condition that ‖Cn‖ is bounded independent of n. The

explanation of the discrepancy between this result and the CFL condition is that for a»

larger than 1 but less than 2, the norms of Cn will increase initially and then ultimately

decay; however, there is no bound on Cn that is independent of M, which is equivalent

to a bound independent of k or h.

Another difficulty with the matrix method is that if we determine by this method that a

scheme with boundary conditions is unstable, there is no easy way of determining whether

the instability is due to the scheme itself or to the boundary conditions. Von Neumann

analysis determines the stability of the scheme alone and is easier to perform than the

matrix method. Although the GKSO analysis of Section 11.3 for the boundary conditions

can be somewhat difficult, it is usually easier than the matrix method. Thus the separation

of the stability analysis into the consideration of the two parts by themselves is, in general,

easier and more informative than is the matrix method.

The analysis for Example (11.5.1) works because matrix C satisfies ‖C‖1 = 1 for

0 f a» f 1, which is related to all the coefficients of the scheme being positive. By Theo-

rem 3.1.4 the matrix method will have ‖C‖1 greater than 1 for any scheme for hyperbolic

equations that is more than first-order accurate; see Exercise 11.5.2. This means that the

matrix method is more difficult to apply for higher order schemes.
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Exercises

11.5.1. Using the method of Section 11.3, show that the forward-time backward-space

scheme for the one-way wave equation (1.1.1) on the unit interval is stable with the

solution specified at the left endpoint and the scheme being applied up to the right

endpoint.

11.5.2. Use Theorem 3.1.4 to show that for any scheme for hyperbolic equations that is

more than first-order accurate, other than the trivial cases given in the theorem,

matrix C, as in (11.5.1), satisfies ‖C‖1 > 1.

11.5.3. Determine conditions under which a matrix of the form

C =

û

ü

ü

ü

ü

ü

ü

ü

ü

ý

0 ´ 0

³ 0 ´

³ 0 ´
. . .

. . .
. . .

³ 0 ´

³ 0 ´

0 ³ 2 ´ 2´

þ

ÿ

ÿ

ÿ

ÿ

ÿ

ÿ

ÿ

ÿ

ø

satisfies ‖C‖1 f 1. Apply this result to the stability of the Lax–Friedrichs scheme

(1.3.5) for the one-way wave equation on the unit interval with the solution specified

at the left endpoint and the quasi-characteristic extrapolation (3.4.1) at the right

endpoint.

11.5.4. Show by using the matrix method that the forward-time central-space scheme for the

heat equation (6.1.1) with the Neumann condition approximated by (6.3.8) is stable

for bµ f 1/2. Also show that this scheme with the Dirichlet boundary condition,

where the solution is specified at the endpoints, is stable for bµ f 1/2.



Chapter 12

Elliptic PartialDifferential
Equations andDifference
Schemes

This chapter is the first of three chapters dealing with elliptic partial differential equations

and finite difference schemes. We start with a survey of important properties of elliptic

equations and the effects caused by boundary conditions. Then we show that finite difference

schemes have properties analogous to those of the differential equations. The following

two chapters are devoted to methods for obtaining the solution of the finite difference

schemes.

12.1 Overview of Elliptic Partial Differential Equations

The archetypal elliptic equation in two spatial dimensions is Poisson’s equation

uxx + uyy = f (x, y) (12.1.1)

in a domain U as illustrated in Figure 12.1. The Laplacian operator is the operator on the

left-hand side of (12.1.1), and we will denote it by '2, i.e.,

'2 = "2

"x2
+ "2

"y2
.

In polar coordinates the Laplacian is given by the formula

'2u = 1

r

"

"r

(

r
"u

"r

)

+ 1

r2

"2u

"»2
.

The homogeneous equation corresponding to (12.1.1) is called Laplace’s equation, i.e.,

'2u = 0. (12.1.2)

The solutions of Laplace’s equation are called harmonic functions and are intimately con-

nected with the area of mathematics called complex analysis (see Ahlfors [2]).

To determine completely the solution of (12.1.1) it is necessary to specify a boundary

condition on the solution. Two common boundary conditions for (12.1.1) are the Dirichlet

condition, in which the values of the solution are specified on the boundary, i.e.,

u = b1 on "U, (12.1.3)

311



312 Chapter 12. Elliptic Partial Differential Equations and Difference Schemes

'2u = f

/

�/

//
�/

/�

/
Figure 12.1

and the Neumann condition, in which the values of the normal derivative are specified on

the boundary, i.e.,
"u

"n
= b2 on "U, (12.1.4)

where "U refers to the boundary of U. Only one boundary condition can be specified at

each point of the boundary, perhaps with (12.1.3) specified on one portion of the bound-

ary and (12.1.4) specified on the remaining portion. Elliptic partial differential equations

together with boundary conditions are called boundary value problems.

To gain a physically intuitive understanding of (12.1.1), we may regard it as describing

the steady-state temperature distribution of an object occupying the domain U. The solu-

tion u(x, y) would represent the steady temperature of the domain U with heat sources and

sinks given by f (x, y). The Dirichlet boundary condition (12.1.3) would represent spec-

ified temperatures on the boundary and the Neumann boundary condition (12.1.4) would

represent a specified heat flux. In particular, the Neumann boundary condition (12.1.4) with

b2 equal to zero would represent a perfectly insulated boundary.

An important observation concerning (12.1.1) with the Neumann condition (12.1.4)

specified on the boundary is that for a solution to exist, the data must satisfy the constraint

∫ ∫

U

f =
∫

"U

b2. (12.1.5)

If the data do not satisfy this constraint, then there is no solution. This relationship is called

an integrability condition and is easily proved by the divergence theorem as follows. We

have, from equation (12.1.1), the divergence theorem, and (12.1.4), that

∫ ∫

U

f =
∫ ∫

U

'2u =
∫

"U

 n ·  'u =
∫

"U

"u

"n
=
∫

"U

b2.

The vector  n is the outer unit normal vector to the boundary "U. The integrability condition

(12.1.5) has the physical interpretation that the heat sources in the region must balance with

the heat flux on the boundary for a steady temperature to exist. Also, the solution to

(12.1.1) with (12.1.4) is determined only up to an arbitrary constant. This has the physical
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interpretation that the average temperature of a body cannot be determined from the heat

fluxes on the boundary and heat sources and sinks alone.

Although Poisson’s equation (12.1.1) is the most common elliptic equation, there are

many other elliptic equations that occur in applications. We now define elliptic equations

more generally.

Definition 12.1.1. The general (quasi-linear) second-order elliptic equation in two di-

mensions is an equation that may be written as

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d(x, y, u, ux, uy) = f (x, y) (12.1.6)

where a, c > 0 and b2 < ac.

Notice that the definition requires that the quadratic form

a(x, y)¿2 + 2b(x, y)¿· + c(x, y)·2

be positive for all nonzero values of (¿, ·) for all values of (x, y) in U.

Other Elliptic Equations

We shall be primarily concerned with second-order elliptic equations, but there are elliptic

equations of any even order. In addition, elliptic equations in three dimensions are very

important in many applications. The biharmonic equation in two space dimensions is

'4u = '2('2u) = uxxxx + 2uxxyy + uyyyy = f. (12.1.7)

There are also elliptic systems such as the Cauchy–Riemann equations

ux 2 vy = 0,

uy + vx = 0
(12.1.8)

and the steady Stokes equations

'2u2 px = f1,

'2v 2 py = f2,

ux + vy = 0.

(12.1.9)

The steady Stokes equations describe the steady motion of an incompressible highly

viscous fluid. The velocity field is given by the velocity components (u, v), and the

function p gives the pressure field. The biharmonic equation (12.1.7) is used to describe

the vertical displacement of a flexible, thin, nearly horizontal plate, subjected to small

vertical displacements and stresses on the boundary.
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The essential property of these equations and systems is that the solutions are more

differentiable than the data. For example, the solution, u, of (12.1.1) has two more deriva-

tives than does f. Similarly, the solution, u, to the biharmonic equation (12.1.7) has four

more derivatives than does the function f. In particular, the solutions to Laplace’s equa-

tion (12.1.2) and the Cauchy–Riemann equations (12.1.8) are infinitely differentiable. This

property—that the solution is more differentiable than the data and that this gain in differ-

entiability of the solution is equal to the order of the differential operator—characterizes an

equation or system of equations as elliptic. (For systems such as (12.1.9) some care has to be

taken in appropriately defining the order; see Douglis and Nirenberg [14].) The ellipticity

of an equation is often expressed in terms of regularity estimates, as we demonstrate in the

next section.

As will be shown in the discussion of regularity estimates, the ellipticity of a single

equation depends on the nonvanishing of the symbol of the differential operator. More

precisely, if P is a differential operator of order 2m, then the operator is elliptic if there

is a constant c0 such that the symbol of P, denoted by p(x, ¿), satisfies

|p(x, ¿)| g c0|¿ |2m (12.1.10)

for values of |¿ | sufficiently large. The symbol of a differential operator is defined as in

Definition 3.1.4, but for elliptic equations the factor of est is not required, since elliptic

equations do not depend on time.

We point out that equations such as

uxx 2 uyy = 0

do not have the property that its solutions are more differentiable than the data. This equation

is the wave equation, discussed in Chapter 8, and it has discontinuous functions in its class

of solutions. It does not satisfy the ellipticity requirement (12.1.10).

Exercises

12.1.1. Verify that if (u, v) is a solution of the Cauchy–Riemann equations (12.1.8), then

u and v also satisfy Laplace’s equation (12.1.2).

12.1.2. Show that second-order elliptic equations according to Definition 12.1.1 satisfy the

condition (12.1.10).

12.1.3. Show that the biharmonic operator in (12.1.7) satisfies the condition (12.1.10).

12.1.4. Show that the elliptic equation with constant coefficients auxx + 2buxy + cuyy +
d1ux + d2uy + eu = f can be transformed to an equation of the form

v¿¿ + v·· + ³ v = g(¿, ·),

where ³ is 1 or 21, using a linear change of coordinates, i.e., (¿, ·) = (x, y)M

for some matrix M, and where

v(¿, ·) = Au(x, y)e³¿+´·

for some constants A, ³, and ´.
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12.2 Regularity Estimates for Elliptic Equations

In this section we prove estimates that show how the smoothness of the solutions of el-

liptic equations depends on the data. We prove these estimates only for equations with

constant coefficients; similar estimates hold for equations with variable coefficients but the

techniques used to prove these estimates are beyond this text. We begin with the constant

coefficient equation

auxx + 2buxy + cuyy + d1ux + d2uy + eu = f (12.2.1)

for (x, y) * R2, and we study this equation using the Fourier transform. We have the

Fourier transform of the solution

Æu(¿1, ¿2) =
1

2Ã

∫ ∫

R2
e2i(x¿1+y¿2)u(x, y) dx dy

and the Fourier inversion formula

u(x, y) = 1

2Ã

∫ ∫

R2
ei(x¿1+y¿2) Æu(¿1, ¿2) d¿1 d¿2

as given in Section 2.1. There is also Parseval’s relation,

∫ ∫

R2
|u(x, y)|2 dx dy =

∫ ∫

R2
| Æu(¿1, ¿2)|2 d¿1 d¿2.

Also note that for nonnegative integers r and s,

∫ ∫

R2

∣

∣

∣

∣

"r+s

"xr"ys
u(x, y)

∣

∣

∣

∣

2

dx dy =
∫ ∫

R2
| ¿ r1 ¿ s2 Æu(¿1, ¿2)|2 d¿1 d¿2

f
∫ ∫

R2
(¿2

1 + ¿2
2 )

r+s | Æu(¿1, ¿2)|2 d¿1 d¿2.

(12.2.2)

Applying the transform to (12.2.1), we obtain

(a¿2
1 + 2b¿1¿2 + c¿2

2 2 id1¿1 2 id2¿2 2 e) Æu = 2 Æf

or

Æu(¿1, ¿2) =
2 Æf (¿1, ¿2)

a¿2
1 + 2b¿1¿2 + c¿2

2 2 id1¿1 2 id2¿2 2 e
. (12.2.3)

By the requirements that b2 < ac and a and c be positive, according to Definition

12.1.1, we have

a¿2
1 + 2b¿1¿2 + c¿2

2 g c0(¿
2
1 + ¿2

2 ) (12.2.4)

for some constant c0, and hence when |¿ |2 = ¿2
1 + ¿2

2 g C2
0 for some value C0,

|a¿2
1 + 2b¿1¿2 + c¿2

2 2 id1¿1 2 id2¿2 2 e| g c1(¿
2
1 + ¿2

2 ) (12.2.5)
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for some positive constant c1. Therefore, from (12.2.3) there is a constant C1 such that

| Æu(¿1, ¿2)| f C1
| Æf (¿1, ¿2)|
(¿2

1 + ¿2
2 )

for ¿2
1 + ¿2

2 g C2
0 . Then by Parseval’s relation and (12.2.2),

∫ ∫

R2
|"s1
x "s2

y u(x, y)|2 dx dy =
∫ ∫

R2
|¿ s1

1 ¿
s2

2 Æu(¿1, ¿2)|2 d¿1 d¿2

=
∫ ∫

|¿ |fC0

|¿ s1

1 ¿
s2

2 Æu(¿1, ¿2)|2 d¿1 d¿2 +
∫ ∫

|¿ |>C0

|¿ s1

1 ¿
s2

2 Æu(¿1, ¿2)|2 d¿1 d¿2

f
∫ ∫

|¿ |fC0

|¿ s1

1 ¿
s2

2 Æu(¿1, ¿2)|2 d¿1 d¿2

+ C2
1

∫ ∫

|¿ |gC0

(¿2
1 + ¿2

2 )
s1+s222| Æf (¿1, ¿2)|2 d¿1 d¿2

f C
2(s1+s2)
0

∫ ∫

R2
| Æu(¿1, ¿2)|2 d¿1 d¿2

+ C2
1

∫ ∫

R2
(¿2

1 + ¿2
2 )

s1+s222| Æf (¿1, ¿2)|2 d¿1 d¿2.

If we use the norms defined by

‖u‖2
s =

∑

s1+s2fs
‖"s1

x "s2
y u‖2

(see Section 2.1), then the preceding estimate leads to

‖u‖2
s+2 f Cs(‖f ‖2

s + ‖u‖2
0). (12.2.6)

Estimate (12.2.6) is called a regularity estimate. It states that if a solution to (12.2.1)

exists in L2, i.e., if ‖u‖0 is finite and the function f has all derivatives of order through

s in L2(R2), then the function u has s + 2 derivatives in L2(R2).

Notice that the relation (12.2.4) is essential to proving the regularity estimate (12.2.6).

A curve on which a¿2
1 + 2b¿1¿2 + c¿2

2 is constant is an ellipse in the (¿1, ¿2) plane. This

is the historical reason for the name elliptic, although now the name is applied to more

general equations. (See the discussion of the origin of the names hyperbolic and parabolic

in Section 8.1.)

The property that characterizes an elliptic equation is that the solution of the equation

is more differentiable than the data and that the increase in differentiability of the solution

is equal to the order of the equation. For a second-order equation the property of ellipticity

is expressed by the regularity estimate (12.2.6). The biharmonic equation and other fourth-

order elliptic equations satisfy analogous estimates, showing that the solution has derivatives
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of order 4 more than the data (see Exercise 12.2.2). Elliptic systems, such as the Stokes

equations, satisfy regularity estimates, but the concept of order must be generalized; see

Douglis and Nirenberg [14].

If equation (12.2.1) holds on a bounded domain U in R2, we can easily obtain an

interior regularity estimate on a subdomain U1 whose boundary is contained in the interior

of U. The interior regularity estimate is

‖u‖2
s+2,U1

f Cs(U,U1)
(

‖f ‖2
s,U + ‖u‖2

0,U

)

. (12.2.7)

This has the same interpretation as (12.2.6), but it gives estimates only in the interior of the

domain. Norms such as ‖f ‖s,U are defined as in Section 2.1 for integer values of s, but

the integration is only over the domain U.

The estimates (12.2.6) and (12.2.7) also hold if the coefficients of (12.2.1) are func-

tions of (x, y), as long as a constant c0 can be found so that (12.2.4) holds for all (x, y).

More sophisticated techniques than those used here must be employed to obtain the esti-

mates when the coefficients are variable. The theory of pseudodifferential operators has

been developed to extend the techniques used here to the situation when the coefficients

are not constant; see, for example, Taylor [61].

Exercises

12.2.1. Prove relation (12.2.4) for equation (12.2.1) from Definition 12.1.1.

12.2.2. For a fourth-order elliptic equation of the form

auxxxx + 2buxxyy + cuyyyy = f

with a and c positive and with b > 2:
ac, prove the regularity estimate

‖u‖s+4 f Cs (‖f ‖s + ‖u‖0) .

12.2.3. Prove (12.2.7) by considering the function Çu, where Ç(x, y) is a smooth cutoff

function such that Ç is 1 on U1 and 0 on the boundary of U. Hint: The function

Çu can be extended to all R2 by setting it to zero off of U and Çu satisfies a

differential equation similar to (12.2.1), but where the right-hand side depends on

u and its first derivatives.

12.3 Maximum Principles

Maximum principles are a very useful set of tools for the study of second-order elliptic

equations. The usefulness of maximum principles is restricted to second-order equations

because the second derivatives of a function give information on the function at extrema.

The next two theorems are expressions of maximum principles.

Theorem 12.3.1. Let L be a second-order elliptic operator defined by LÇ = aÇxx +
2bÇxy + cÇyy; i.e., the coefficients a and c are positive and b satisfies b2 < ac. If a

function u satisfies Lu g 0 in a bounded domain U, then the maximum value of u in

U is on the boundary of U.
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This theorem can be regarded as an extension to two dimensions of the following

result: If a function of one variable has a positive second derivative on a closed interval,

then that function must achieve its maximum value at the ends of the interval. Figure 12.2

shows a cartoon illustrating the idea that if a second-order differential elliptic operator is

positive, then the surface shape is somewhat upwardly concave and the maxima occur at

the boundary. On the other hand, if the operator is negative, then the minima occur at

the boundaries.

Figure 12.2. A cartoon illustrating the maximum principle.

Theorem 12.3.2. If the elliptic equation

auxx + 2buxy + cuyy + d1ux + d2uy + eu = 0

holds in a domain U, with a and c positive and e nonpositive, then the solution u(x, y)

cannot have a positive local maximum or a negative local minimum in the interior of U.

We prove both of these theorems under the assumption that u is in C3. We prove

Theorem 12.3.1 only in the case when Lu is positive, and we prove Theorem 12.3.2 only

in the case when e is negative. The proofs for the general case, when Lu is nonnegative

and e is nonpositive, require a more careful analysis; see Garabedian [23].

Proof of Theorem 12.3.1. If u is any C3 function with a local maximum at

(x0, y0), then the gradient of u is zero at (x0, y0), i.e.,

ux(x0, y0) = uy(x0, y0) = 0.

See the illustration in Figure 12.3. By the Taylor series expansion about (x0, y0), we have

that

u (x0 +)x, y0 +)y) = u (x0, y0)+ 1
2

(

)x2u0
xx + 2)x)y u0

xy +)y2u0
yy

)

+O (max()x,)y))3 .

We use the superscript of 0 to indicate that the functions are evaluated at (x0, y0). Since

u(x0 +)x, y0 +)y) f u(x0, y0) for all sufficiently small values of )x and )y, it

follows that

)x2u0
xx + 2)x)y u0

xy +)y2u0
yy f 0.

Since this expression is homogeneous of degree 2 in )x and )y, we have

³2u0
xx + 2³´u0

xy + ´2u0
yy f 0 (12.3.1)

for all real values of ³ and ´.
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Ω

Figure 12.3. An interior maximum.

We now prove Theorem 12.3.1 for the case when Lu > 0. Applying (12.3.1) twice,

first with ³ =
:
a0 and ´ = b0/

:
a0 and then with ³ = 0 and ´2 = c0 2

(

b0
)2
/a0,

we have

Lu = a0u0
xx + 2b0u0

xy + c0u0
yy

=
(
√

a0
)2

u0
xx + 2

√

a0

(

b0

:
a0

)

u0
xy +

(

b0

:
a0

)2

u0
yy +

(

c0 2 (b0)2

a0

)

u0
yy

f 0.

Since this inequality contradicts the assumption that Lu > 0, Theorem 12.3.1 is

proved.

Proof of Theorem 12.3.2. We prove the theorem only for the case when e(x, y)

is strictly negative. The case when e(x, y) is zero at a maximum requires a more careful

analysis, and we will omit it; see Garabedian [23].

We first conclude from Theorem 12.3.1 that if u has a maximum at (x0, y0), then

Lu cannot be positive there. Thus we have

2Lu(x0, y0) = e(x0, y0)u(x0, y0) g 0.

Since e(x0, y0) is negative, it follows that u(x0, y0) is not positive at an interior local

maximum. Similarly, by considering 2u(x, y), we can show that u is not negative at a

local minimum.

The maximum principle applied to Laplace’s equation (12.1.2) on a domain has the

physical interpretation that for a steady temperature distribution, both the hottest and coldest

temperatures occur at the boundary of the region. This means that harmonic functions,

solutions of Laplace’s equation, have their maximum and minimum values on the boundary

of any domain. Figure 12.4 displays a portion of a surface plot of the harmonic function

x2 2 y2 illustrating the locations of the maximum and minimum values. For any domain

the highest and lowest points of the surface above the domain must occur on the boundary

of the domain. Figure 12.5 is a contour plot of the same function shown in Figure 12.4. The

maximum principle can be used to prove the uniqueness of the solution to many elliptic

equations.
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Figure 12.4. A surface plot of a harmonic function.

Figure 12.5. A contour plot of a harmonic function.

Example 12.3.1. As an example of the application of maximum principles consider the

equation

uxx + uyy 2 u = f (12.3.2)

in a domain U with Dirichlet boundary conditions. Assume that there are two solutions u

and v to (12.3.2) and assume that u is greater than v somewhere in U. Set w = u2 v;
then w satisfies (12.3.2) except with f equal to zero, and w is zero on the boundary.

Since w is positive somewhere in U and is zero on "U, w must have a positive interior
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local maximum. But this contradicts Theorem 12.3.2, and thus equation (12.3.2) has at

most one solution. In fact, (12.3.2) does have a solution if U has a smooth boundary, but

we will not prove this.

Example 12.3.2. As an example of an equation with a nonunique solution, consider

uxx + uyy + 2Ã2u = 0 (12.3.3)

on the unit square with u equal to zero on the boundary. It is easily checked that

u = A sin Ãx sin Ãy

is a solution for any value of A. Also, equation (12.3.3) with u equal to 1 everywhere on

the boundary has no solution.

Exercises

12.3.1. Show that the equation

uxx + uyy 2 eu = f

on a domain U with u equal to zero on the boundary has a unique solution, if a

solution exists. Hint: For two functions u and v, the function (eu 2 ev)/(u2 v)

is positive.

12.3.2. Show that if u satisfies the elliptic equation

auxx + 2buxy + cuyy = 0

on a domain, where the coefficients a, b, and c are constant, then the quantity

u2
x + u2

y takes its maximum on the boundary of the domain.

12.3.3. Prove that if u satisfies the elliptic equation of Exercise 12.3.2 on a domain and

P is a positive definite matrix, then the function

f (x, y) = 1
2
'u(x, y)T P'u(x, y)

takes its maximum on the boundary of the domain. ( 'u is the gradient vector of

u with components "u/"x and "u/"y. )

12.3.4. Show by example that if '4u = 0 in a domain U, then u can have an interior

maximum or minimum. Hint: Consider quadratic functions of (x, y).

12.3.5. Prove that there are no closed contours in the contour plot of a harmonic function.
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12.4 Boundary Conditions for Elliptic Equations

We restrict our discussion of boundary conditions to second-order equations and to the

Dirichlet condition (12.1.3), the Neumann condition (12.1.4), and the more general Robin

condition
"u

"n
+ ³u = b. (12.4.1)

The existence and uniqueness of the solutions of the general second-order elliptic equation

(12.1.6) given boundary conditions of the form (12.1.3), (12.1.4), and (12.4.1) depend on

“global” constraints, such as the integrability condition (12.1.5). For certain equations,

especially (12.1.1), on domains with smooth boundaries, the existence and uniqueness

questions have been answered. With the Dirichlet boundary condition (12.1.3), Poisson’s

equation (12.1.1) has a unique solution, and with the Neumann condition (12.1.4) there

is a unique solution, up to the additive constant, if and only if the integrability condition

(12.1.5) is satisfied. See Section 13.7 for more on solving boundary value problems with

the Neumann boundary condition.

General statements can be made about the local behavior of solutions to (12.1.6) given

the different types of boundary conditions. If a Dirichlet boundary condition is enforced

along a smooth portion of the boundary, then the normal derivative at the boundary will

be as well behaved as the derivative of the boundary data function in the direction of the

boundary. If the boundary data function is discontinuous, then the normal derivative will

be unbounded at discontinuities.

Example 12.4.1. As an example of this last statement, consider Laplace’s equation in the

upper half-plane, i.e., y > 0, with

u(x, 0) =
{

0 if x > 0,

1 if x < 0.

A solution is

u(x, y) = 1

Ã
tan21 y

x
= »

Ã
,

where » is the angle in radians measured from the x-axis. The normal derivative of the

solution along the boundary is the derivative with respect to y. We have

"u(x, y)

"y
= 1

Ã

1/x

1 + (y/x)2
= x

Ã
(

x2 + y2
) .

At the boundary we have the normal derivative

uy(x, 0) = 1

Ãx
,

which is unbounded at the point of discontinuity in the boundary data function. The normal

derivative is unbounded at the point where the tangential derivative of the boundary data is

unbounded.
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Notice also that in the interior of the upper half-plane, the solution and its derivatives

are all well-defined and smooth functions. The behavior of the solution near a point on the

boundary is primarily influenced by the boundary condition and data near that point. The

conditions and data at other boundary points have less effect the further they are away.

If either the Neumann or Robin conditions are enforced along a smooth boundary,

then the solution will be differentiable up to the boundary and the first derivatives will be

as well behaved as the boundary data function.

Example 12.4.2. As an example, again on the upper half-plane, consider the boundary data

"u

"y
(x, 0) =

{

0 if x > 0,

|x|1/2 if x < 0.

Laplace’s equation has the solution

u(x, y) = 2 2
3
r3/2 cos 3

2
»

using the polar coordinates of (x, y). The derivatives are given by

(

"u

"x
,
"u

"y

)

=
(

2r1/2 cos
1

2
», r1/2 sin

1

2
»

)

and we see that the tangential derivative, i.e., "u/"x, has the same qualitative behavior as

the normal derivative.

A serious difficulty occurs at points on the boundary where the boundary conditions

change from Dirichlet to Neumann or Robin type.

Example 12.4.3. Consider Laplace’s equation in the upper half-plane with the boundary

conditions

u(x, 0) = 0 for x > 0 and uy(x, 0) = 0 for x < 0.

This problem has as a solution

u(x, y) = r1/2 sin 1
2
». (12.4.2)

Note that u and its first derivatives are in L2(U) for any bounded domain U in the upper

half-plane whose boundary includes a portion of the real axis around zero. This function

u, however, does not have second derivatives in L2(U) because of their growth near the

origin. The first derivatives are also unbounded, but are in L2(U).
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Example 12.4.4. Similar difficulties arise at reentrant corners. Consider the domain

containing the points (r, »), in polar coordinates, with 0 < r f r0 and 0 < » < 3Ã/2,

see Figure 12.6. Laplace’s equation with the solution equal to zero on the two rays given

by » = 0 and » = 3Ã/2 has the solution

u(x, y) = r2/3 sin 2
3
». (12.4.3)

Again, this function is in L2(U), as are its first derivatives, but its second derivatives

are not.

Notice that the difficulty has nothing to do with the data at the reentrant corner. In

this case the data near the corner is identically zero, but the derivatives are not bounded at

the corner. See Exercise 12.4.2 for reentrant corners with different angles.

O u = 0

u
 =

 0

Figure 12.6. A region with a reentrant corner.

In summary, the solutions of elliptic equations with any of the boundary conditions,

Dirichlet, Neumann, or Robin, will be well behaved near smooth portions of the boundary.

At boundary points where either the boundary conditions change type or the boundary is

not smooth, difficulties in the form of singularities in the solution’s derivatives can occur.

An appreciation for these difficulties is important to understanding the numerical methods

for elliptic equations.

Exercises

12.4.1. Find a function of the form r³ sin ³», with ³ taking the least possible posi-

tive value, that is a solution to Laplace’s equation in the region 0 < r < 1 and

0 < » < 3Ã/2 and that satisfies the given boundary conditions.

(a) u = 0 on » = 0, 0 < r < 1,

u = r³ on » = 3Ã/2, 0 < r < 1.

(b) u = 0 on » = 0, 0 < r < 1,

"u/"n = 0 on » = 3Ã/2, 0 < r < 1.

Compare the behavior of these functions with (12.4.2) and (12.4.3).
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12.4.2. Find solutions comparable to that of Example 12.4.4 on domains with 0 < » < »0

for 0 < »0 < 2Ã. Show that the radial first derivative is unbounded when Ã < »0.

12.5 Finite Difference Schemes for Poisson’s Equation

We begin our discussion of difference schemes for elliptic equations by considering Pois-

son’s equation (12.1.1) in the unit square. In general, one has grid spacings )x and )y

in the two directions. For simplicity, we will usually restrict our discussion to the case of

equal grid spacing in the x and y directions, and denote the grid spacing as h. We use

the index $ for the x direction and the index m for the y direction. A schematic of the

grid is shown in Figure 12.7. The standard central difference approximations for the second

derivatives lead to the difference formula

·2
xv$,m + ·2

yv$,m = f

or, equivalently,

1

h2

(

v$+1,m + v$21,m + v$,m+1 + v$,m21 2 4v$,m
)

= f$,m. (12.5.1)

The difference operator on the left-hand side of (12.5.1) is called the five-point (discrete)

Laplacian. We will use the symbol '2
h to refer to the discrete five-point Laplacians, i.e.,

'2
h = ·2

x + ·2
y .

(l,m)

Figure 12.7. The five grid points involved in the five-point Laplacian.
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We begin our study of finite difference schemes for elliptic equations by obtaining

error estimates for the solution to (12.5.1). In the next two chapters we consider methods

for solving equations such as (12.5.1).

The Discrete Maximum Principle

We can prove a maximum principle for the discrete five-point Laplacian that is analogous

to that for the differential equation.

Theorem 12.5.1. Discrete Maximum Principle. If '2
hv g 0 on a region, then the max-

imum value of v on this region is attained on the boundary. Similarly, if '2
hv f 0, then

the minimum value of v is attained on the boundary.

Proof. We prove the principle only for the case when )x = )y. The condition

'2
hv g 0 is equivalent to

v$,m f 1
4
(v$+1,m + v$21,m + v$,m+1 + v$,m21);

i.e., v$,m in the interior of the region is less than or equal to an average of its four nearest

neighbors. This easily leads to the conclusion that an interior point can be a (local) maximum

only if its four neighbors also have this same maximum value and that the inequality

is actually an equality. This argument then implies that at all grid points, including the

boundary points, v must have the same value. So either there is not a maximum value in

the interior or all points have the same value. This proves the principle when '2
hv g 0.

When '2
hv f 0, by considering '2

h(2v) g 0, this case reduces to the previous case.

This completes the proof of the discrete maximum principle.

The maximum norm on a region U is defined by

‖v‖> = ‖v‖>,U = max |v$,m|,

where the maximum is taken over all points in the region.

The chief tool in our error estimates is the following theorem.

Theorem 12.5.2. If v$,m is a discrete function defined on a grid on the unit square with

v$,m = 0 on the boundary, then

‖v‖> f 1

8
‖'2

hv‖>. (12.5.2)

Proof. Define the function f$,m in the interior of the unit square by

'2
hv$,m = f$,m.

Then, obviously,

2‖f ‖> f '2
hv f ‖f ‖>. (12.5.3)
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To prove the theorem we consider the function

w$,m = 1
4

[

(

x$ 2 1
2

)2
+
(

ym 2 1
2

)2
]

and note that w is nonnegative and

'2
hw = 1.

Thus from (12.5.3) we have

'2
h(v 2 ‖f ‖>w) f 0.

By the discrete maximum principle and this inequality, the function v 2 ‖f ‖>w has its

minimum on the boundary of the square, i.e.,

2‖f ‖>‖w‖>," f v$,m 2 ‖f ‖>w$,m f v$,m,

where ‖w‖>," is the maximum value of |w$,m| for grid points on the boundary of the

square.

Similarly, from (12.5.3) we also obtain

'2
h(v + ‖f ‖>w) g 0,

and by the maximum principle,

v$,m f v$,m + ‖f ‖>w$,m f ‖f ‖>‖w‖>," .

The value of ‖w‖>," is 1/8, and so the preceding two inequalities for v$,m give

‖v‖> f 1

8
‖f ‖> = 1

8
‖'2

hv‖>,

which proves the theorem.

Theorem 12.5.2 leads to the error estimate in the maximum norm for the solution of

(12.1.1) as approximated by (12.5.1).

Theorem 12.5.3. Let u(x, y) be the solution to '2u = f on the unit square with Dirichlet

boundary conditions and let v$,m be the solution to '2
hv = f with v$,m = u(x$, ym) on

the boundary. Then

‖u2 v‖> f ch2‖"4u‖>,

where ‖"4u‖> is the maximum magnitude of all the fourth derivatives of u over the

interior of the square.
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Proof. By using the Taylor series for the central difference approximation to the

second derivative (see Section 3.3), we have that

'2
hu = f +O(h2),

where the O(h2) terms are bounded by

Ch2‖"4u‖>

for some constant C. Thus

‖'2
h(u2 v)‖> f Ch2‖"4u‖>

and u2 v is zero on the boundary. Together with Theorem 12.5.2, this estimate proves

the theorem.

The Nine-Point Laplacian

Another very useful scheme for Poisson’s equation (12.1.1) is the fourth-order accurate

nine-point Laplacian. To derive this scheme we approximate (12.1.1) by

(

1 + )x2

12
·2
x

)21

·2
xu+

(

1 + )y2

12
·2
y

)21

·2
yu = f +O()4),

which gives
(

1 + )y2

12
·2
y

)

·2
xu+

(

1 + )x2

12
·2
x

)

·2
yu

=
(

1 + )x2

12
·2
x

)(

1 + )y2

12
·2
y

)

f +O()4)

=
[

1 + 1

12
()x2·2

x +)y2·2
y)

]

f +O()4).

Rearranging this expression we have the fourth-order accurate scheme

'2
hv + 1

12

(

)x2 +)y2
)

·2
x·

2
yv = f + 1

12

(

)x2·2
x +)y2·2

y

)

f.

In the case with )x = )y = h, this scheme can be written

1

6

(

v$+1,m+1 + v$+1,m21 + v$21,m+1 + v$21,m21

)

+ 2

3

(

v$+1,m + v$21,m + v$,m+1 + v$,m21

)

2 10

3
v$,m

= h2

12

(

f$+1,m + f$21,m + f$,m+1 + f$,m21 + 8f$,m
)

.

(12.5.4)
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Table 12.5.1

Comparison of second-order and fourth-order schemes.

Second-order Fourth-order

h Error Order Error Order

0.100 2.79–5 9.40–9

0.050 7.01–6 1.99 5.85–10 4.01

0.025 1.75–6 2.00 3.66–11 4.00

This scheme is due to Rosser [54], and it satisfies maximum principles and error estimates

similar to the standard five-point Laplacian; see Exercise 12.5.6.

Table 12.5.1 shows the results of computations employing both the second-order

accurate five-point Laplacian (12.5.1) and the fourth-order accurate nine-point Laplacian

(12.5.4) applied to Poisson’s equation on the unit square. (The results were computed

using a preconditioned conjugate gradient method, which is discussed in Section 14.5.)

The exact solution is given by u = cos x sin y and f = 22 cos x sin y. The second and

fourth columns give the errors for the two methods, measured in the L2 norm due to the

difference between the finite difference solution and the solution of the differential equation.

The third and fifth columns display the order of accuracy for each method, as computed

from the approximation that

e(h) = chr ,

where e(h) is the error. Thus

r = log(e(h1)/e(h2))

log(h1/h2)

for two successive errors due to grid spacings h1 and h2. The five-point Laplacian (12.5.1)

is obviously second-order accurate, and the nine-point formula (12.5.4) is obviously fourth-

order accurate. Notice that the error for the fourth-order scheme with h equal to 1/10 is

much smaller than that of the second-order method with h equal to 1/40 . The gain in

accuracy of the nine-point formula is significant compared to the slight increase in work

that it requires.

Schemes for the general second-order elliptic equation (12.2.1) need not satisfy a

maximum principle. For example, if the mixed derivative term in (12.2.1) is approximated

by

·0x·0yv,

then the resulting scheme does not satisfy an obvious maximum principle. If the coefficient

b(x, y) is positive, then the second-order accurate approximation

b
"

"x

"

"y
j 1

2
b
(

·x+·y+ + ·x2·y2
)

will satisfy a maximum principle if b is not too large compared with the coefficients a

and c. Schemes that do not satisfy a maximum principle may have solutions and satisfy

error estimates such as in Theorem 12.5.3; however, the proofs are not as simple as those

just given. We do not need a maximum principle to hold in order to use the scheme.
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Regularity Estimates for Schemes

We can prove discrete regularity estimates for schemes for elliptic equations, as is done for

the differential equation. For example, the scheme

a·2
xv + 2b·0x·0yv + c·2

yv + d1·0xv + d2·0yv + ev = f

has the symbol

p(¿1, ¿2) =2 4
a sin2 1

2
h¿1 + 2b sin 1

2
h¿1 sin 1

2
h¿2 cos 1

2
h¿1 cos 1

2
h¿2 + c sin2 1

2
h¿2

h2

+ id1
sin h¿1

h
+ id2

sin h¿2

h
+ e.

The analogue of the estimate (12.2.5) for the symbol is, with » = h¿1 and Ç = h¿2,

∣

∣

∣
4
a sin2 1

2
» + 2b sin 1

2
» sin 1

2
Ç cos 1

2
» cos 1

2
Ç + c sin2 1

2
Ç

h2
2 id1

sin »

h
2 id2

sin Ç

h
2 e

∣

∣

∣

g c04h22(sin2 1
2
» + sin2 1

2
Ç),

which holds for some positive constant c0, when h is small enough and when »2
1 + »2

2 g
h2C2

0 for some value C0.

The interior regularity estimate that follows from this estimate is

‖u‖2
h,s+2,U1

f Cs

(

‖f ‖2
h,s,U + ‖u‖2

h,0,U

)

. (12.5.5)

The discrete interior regularity estimate can be used to prove the following result.

Theorem 12.5.4. If the elliptic equation Lu = f is approximated by the scheme

Lhv = Rhf on a domain U such that

‖Lhu2 RhLu‖h,s22,U f c0h
r‖u‖s (12.5.6)

and

‖u2 v‖h,0,U f c1h
r‖u‖s (12.5.7)

and U1 is contained in U, then

‖·s+u2 ·s+v‖h,0,U1
f c2h

r‖u‖s,

where c2 depends on the distance between U1 and "U.
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Proof. The discrete function u2 v satisfies the scheme

Lh(u2 v) = Lhu2 Rhf = Lhu2 RhLu

and, by (12.5.5),

‖u2 v‖2
h,s,U1

f Cs22

(

‖Lhu2 RhLu‖2
h,s22,U + ‖u2 v‖2

h,0,U

)

f Cs22h
2r‖u‖2

s ,

from which the theorem follows.

This theorem shows that if the function f is smooth enough, then the divided dif-

ferences of v approximate the divided differences of u to the same order that v itself

approximates u. This is demonstrated in Exercises 13.5.3 and 13.5.4.

At first look, this is a very surprising result. Notice that in general, if a discrete

function v$,m is an approximation to u(x, y) of order hr , then

v$+1,m 2 v$21,m

2h
= "u(x$, ym)

"x
+O(hr21)

because the divided difference divides the error by a factor of h. However, Theorem 12.5.4

implies that when v$,m and u(x, y) are solutions of elliptic equations, then the error term

can be O(hr) rather than O(hr21) The reason is that for elliptic equations the error is

smooth, and a divided difference of the error is again a smooth function.

We look more closely at how Theorem 12.5.4 can be used to obtain approximations

to derivatives of solutions of elliptic equations that are of the same order of accuracy as the

solution itself. Suppose the solutions of a fourth-order accurate scheme satisfy estimates

(12.5.6) and (12.5.7) with r equal to 4. Then
∥

∥

∥

∥

(

1 2 h2

12
·2
x

)

·2
xv 2 "2

xu

∥

∥

∥

∥

h,0,U1

= O(h4)

and
∥

∥

∥

∥

·2
xv 2

(

1 + h2

12
·2
x

)

"2
xu

∥

∥

∥

∥

h,0,U1

= O(h4)

(see formulas (3.3.6) and (3.3.7)). Note, however, that

‖·2
xv 2 "2

xu‖h,0,U1
= O(h2),

since ·2
x is only a second-order accurate approximation to "2

x . These results also apply to

equations with variable coefficients; see Frank [21] or Bube and Strikwerda [7].

By comparison, such results do not hold for solutions of hyperbolic problems. If

vnm is a solution to a second-order accurate scheme for a hyperbolic equation, such as

the one-way wave equation (1.1.1), then, in general, ·0v
n
m is only a first-order accurate

approximation to the first derivative of u.

Also, as was discussed in Section 12.4, the solutions of elliptic equations have, in

general, a loss of regularity at certain boundary points. The implication for finite difference

solutions is that the errors will be largest at these points, such as reentrant corners. Shown

in Figure 12.8 is a contour plot of the error for the solution of Laplace’s equation with

the boundary data given by the exact solution u(r, ») = r2/3 sin( 2
3
»). As the contour plot

shows, the error is concentrated at the reentrant corner.
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Figure 12.8. Contour plot of the error at a reentrant corner.

Exercises

12.5.1. Prove the discrete maximum principle on the unit square for the case with )x not

equal to )y.

12.5.2. Show that on a domain that is contained in a square of side d the analogue of the

estimate (12.5.2) is

‖v‖> f d2

8
‖'2

hv‖>.

12.5.3. Prove the equivalent of Theorems 12.5.1, 12.5.2, and 12.5.3 for the nine-point

scheme (12.5.4).

12.5.4. Consider the domain given by 21 < x < 1 , 21 < y < 1, except for 0 < x < 1 ,

21 < y < 0, i.e., the points in quadrants 1, 2, and 3 with |x| and |y| less than 1.

For this domain prove the estimate

‖v‖> f 5
2
‖'2v‖>

corresponding to Theorem 12.5.2. Hint: Consider w = (x + 1/2)2 + (y 2 1/2)2.
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12.5.5. Using the results of Exercise 12.5.4, prove the analogue of Theorem 12.5.3 for the

domain of Exercise 12.5.4. Why is this theorem nearly useless for computation?

Hint: See Section 12.4.

12.5.6. Show that the nine-point Laplacian (12.5.4) satisfies a discrete maximum principle.

12.5.7. Show that the “diagonal” five-point Laplacian scheme given by

1

2h2

(

v$21,m21 + v$+1,m21 + v$21,m+1 + v$+1,m+1 2 4v$,m
)

= f$,m

does not satisfy a regularity estimate by showing that the symbol of the scheme

p(¿1, ¿2) vanishes for ¿1 and ¿2 equal to Ã/h. (The vanishing of the symbol is

a reflection of the fact that this scheme decomposes into two separate schemes, one

for grid points with $+m being even and the other for $+m being odd.)

12.6 Polar Coordinates

Many applications involving elliptic equations are for domains on which it is natural to use

polar coordinates, and so we now examine the effects of using polar coordinates. Consider

Poisson’s equation on the unit disk

1

r

"

"r

(

r
"u

"r

)

+ 1

r2

"2u

"»2
= f (r, ») (12.6.1)

with 0 f r f 1 and 0 f » f 2Ã. We use a grid as shown in Figure 12.9 with ri = i)R

and »j = j)». We approximate the equation by

1

ri

(

ri+1/2

ui+1j 2 uij

)r
2 ri21/2

uij 2 ui21j

)r

)

1

)r

+ 1

r2
i

uij+1 2 2uij + uij21

)»2
= fij , (12.6.2)

where uij and fij are the grid functions at
(

ri, »j
)

= (i)r, j)») . The grid functions are

periodic in j with period J = 2Ã/)», and u0j is independent of the value of j.

The main new feature of polar coordinates is the condition that must be imposed at the

origin. It is important to realize that any difficulties that arise at the origin are only a result

of the choice of coordinate system and are not reflected in the continuous function u(r, »).

To derive our condition at the origin we integrate equation (12.6.1) over a disk D of

radius ·, obtaining

∫∫

D

f r dr d» =
∫∫

D

1

r

[

"

"r

(

r
"u

"r

)]

+ 1

r2

"2u

"»2
r dr d»

=
∫ 2Ã

0

"u

"r
· d».
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Figure 12.9. A polar grid for a circular domain.

Now choose · equal to )r/2 and approximate this relation by

f (0)

(

)r

2

)2

Ã =
J
∑

j=1

u1j 2 u0

)r

)r

2
)».

Since u0j is independent of j—call this value u0—we have

u0 = 1

J

J
∑

j=1

u1j 2 f (0)

(

)r

2

)2

. (12.6.3)

Using this formula preserves the second-order accuracy of scheme (12.6.2).

For parabolic and hyperbolic equations on a disk, a procedure analogous to the one

that gave rise to (12.6.3) can be used to give accurate difference formulas at the origin.

Exercises

12.6.1. Show that the discrete maximum principle holds for finite difference scheme (12.6.2)

on a disk with formula (12.6.3) used at the origin.

12.6.2. If we denote the finite difference operator on the left-hand side of (12.6.2) by Þ'2
h,

show that the estimate

‖v‖> f 1
4
‖ Þ'2

hv‖>
holds for a disk of radius 1, where the formula (12.6.3) is used at the origin.
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12.7 Coordinate Changes and Finite Differences

Frequently partial differential equations must be solved on domains that are not rectangles,

disks, or other nice shapes. Sometimes it is possible to change coordinates so that a con-

venient coordinate system can be used. To illustrate the techniques and the difficulties, we

will work through a relatively simple example. It is not hard to come up with much more

difficult examples.

Figure 12.10. The trapezoidal region and grid.

We consider Poisson’s equation on the trapezoidal domain given by 0 f x f 1 and

0 f y f (1 + x)/2 and shown in Figure 12.10. We take the new coordinate system

¿ = x, · = 2y

1 + x

so that (¿, ·) in the unit square maps one-to-one with (x, y) in the trapezoid. To change

coordinates we use the differentiation formulas

"

"x
= "

"¿
2 2y

(1 + x)2

"

"·
= "

"¿
2 ·

1 + ¿

"

"·
,

"

"y
= 2

1 + x

"

"·
= 2

1 + ¿

"

"·
.

Using these relations, Poisson’s equation (12.1.1) becomes

u¿¿ 2 ·

1 + ¿
u¿· 2

(

·

1 + ¿
u·

)

¿

+ ·

(1 + ¿)2

(

· u·
)

·
+ 4

(1 + ¿)2
u·· = f (¿, ·) .

(12.7.1)
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If we were to discretize (12.7.1) in this form using second-order accurate central

differences, the matrix arising from the matrix representation would not be symmetric.

Since the iterative solution methods we will study in the next two chapters will work if

the matrix is symmetric, we will show how to modify the equation (12.7.1) to obtain a

symmetric, positive definite matrix. To do this we must get the equation in divergence

form, i.e., in the form
∑

i,j

"

"xi

(

aij
"u

"xj

)

= Þf ,

where (x1, x2) = (¿, ·) and (aij ) is a symmetric matrix at each point (x1, x2). (See

Exercise 12.7.3.) If we multiply (12.7.1) by (1 + ¿), we can collect terms such that

(12.7.1) is equivalent to

[

(1 + ¿)u¿
]

¿
2
(

·u¿
)

·
2
(

·u·
)

¿
+
(

4 + ·2

1 + ¿
u·

)

·

= (1 + ¿) f.

This equation may be discretized on a uniform grid in ¿ and · as

(1 + ¿i+1/2)(ui+1j 2 uij )2 (1 + ¿i21/2)(uij 2 ui21j )

)¿2

2 ·j+1(ui+1j+1 2 ui21j+1)2 ·j21(ui+1j21 2 ui21j21)

4)¿)·

2 ·j (ui+1j+1 2 ui+1j21)2 ·j (ui21j+1 2 ui21j21)

4)¿)·

+
(4 + ·2

j+1/2)(uij+1 2 uij )2 (4 + ·2
j21/2)(uij 2 uij21)

(1 + ¿i))·2

= (1 + ¿i) fij .

(12.7.2)

We now show that the matrix corresponding to this discretization is symmetric. The

matrix is symmetric if the coefficient of u$,m in the equation at grid point (i, j) is the

same as the coefficient of ui,j at ($,m). We check that the coefficient of ui+1j+1 in the

equation at (i, j) is 2
(

·j+1 + ·j
)

/4)¿)·, and this is also the coefficient of uij in the

equation at (i + 1, j + 1). The same is true for all the other nonzero coefficients. Thus

the matrix is symmetric.

To show that the matrix of the equations in (12.7.2) is negative definite, we consider

the operator on the left-hand side of (12.7.2) applied to a grid function Çij that is zero on

the boundaries of the unit (¿, ·) square. Multiplying the operator applied to Ç at (i, j)

by Çij and summing over all (i, j) gives a long expression that we will consider in three

parts. Denote these sums by
∑

¿¿ ,
∑

··, and
∑

¿·. The terms from the second difference

in ¿ are
∑

¿¿

= )¿22
∑

Çij
[

(1 + ¿i+1/2)(Çi+1j 2 Çi21j )2 (1 + ¿i21/2)(Çij 2 Çi21j )
]

= 2)¿22
∑

(

1 + ¿i+1/2

) (

Çi+1j 2 Çij
)2
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by summation by parts. Similarly, the terms from the second differences in · are

∑

··

= 2)·22
∑ 4 + ·2

j+1/2

1 + ¿i

(

Çij+1 2 Çij
)2
.

The sums are over all interior (i, j) values. The sums from the mixed differences are also

treated by summation by parts and become

∑

¿·

= (2)¿)·)21
∑

·j
(

Çi+1j 2 Çi21j

) (

Çij+1 2 Çij21

)

.

To show that the matrix is negative definite, we must show that

2

û

ý

∑

¿¿

+
∑

¿·

+
∑

··

þ

ø g 2C

û

ý

∑

¿¿

+
∑

··

þ

ø g 0

for some positive number C. This is easily done using the inequalities

2 ·j
(

Çi+1j 2 Çi21j

) (

Çij+1 2 Çij21

)

/2)¿)·

f a (1 + ¿i)

(

Çi+1j 2 Çi21j

2)¿

)2

+ 1

a

·2
j

1 + ¿i

(

Çij+1 2 Çij21

2)·

)2

f a

2
(1 + ¿i)

[

(

Çi+1j 2 Çij

)¿

)2

+
(

Çij 2 Çi21j

)¿

)2
]

+ 1

2a

·2
j

1 + ¿i

[

(

Çij+1 2 Çij

)·

)2

+
(

Çij 2 Çij21

)·

)2
]

.

Therefore,

2

û

ý

∑

¿¿

+
∑

¿·

+
∑

··

þ

ø f (1 2 a))¿22
∑

(

1 + ¿i+1/2

) (

Çi+1j 2 Çij
)2

+)·22
∑ 4 2 ·2

j+1/2/a + ·2
j+1/2

1 + ¿i

(

Çij+1 2 Çij
)2
.

If we choose a = 1/2, say, then both sums are nonnegative. Thus the system of difference

equations (12.7.2) has a matrix that is symmetric and negative definite.

This system of equations can be solved by the methods discussed in Chapters 13

and 14.
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Exercises

12.7.1. Consider Poisson’s equation (12.1.1) on the domain given by 0 f x f 1 and

0 f y f H(x). Change coordinates to (¿, ·) given by ¿ = x and · = y/H(x).

Write the scheme in a form that gives a positive definite and symmetric matrix.

12.7.2. Consider Poisson’s equation in polar coordinates (12.6.1) on the domain given

by 0 f r f s(») and 0 f » f 2Ã. Change coordinates to (Ã, Ç) given by

Ã = r/s(») and Ç = ». Write the scheme in a form that gives a positive definite

and symmetric matrix.

12.7.3. Show that by multiplying an elliptic equation of the form

a11(x, y)uxx + 2a12(x, y)uxy + a22(x, y)uyy = f (x, y)

by a function Ç, the resulting equation can be put in divergence form,

∑

i,j

"

"xi

(

Þaij
"u

"xj

)

= Þf ,

with (x1, x2) = (x, y) if and only if the coefficients satisfy

"

"x

þ

ÿ

ÿ

ø

a11

(

"a12

"x
+ "a22

"y

)

2 a12

(

"a11

"x
+ "a12

"y

)

a11a22 2 a2
12

ù

ú

ú

û

+ "

"y

þ

ÿ

ÿ

ø

a12

(

"a12

"x
+ "a22

"y

)

2 a22

(

"a11

"x
+ "a12

"y

)

a11a22 2 a2
12

ù

ú

ú

û

= 0.

Hint: Obtain equations that Ç and its first derivatives must satisfy; then use the

identity

"

"x

(

1

Ç

"Ç

"y

)

= "

"y

(

1

Ç

"Ç

"x

)

.

Conclude that the equation exyuxx + uyy = f (x, y) cannot be put in divergence

form. This equation is used in Example 13.7.2 in Chapter 13.



Chapter 13

Linear IterativeMethods

In this chapter we consider the class of iterative methods known as linear methods, con-

centrating primarily on the class of methods related to successive overrelaxation. These

methods are relatively easy to implement and require minimal computer storage and, for

these reasons, are very widely used in the numerical solution of elliptic equations.

13.1 Solving Finite Difference Schemes
for Laplace’s Equation in a Rectangle

We begin by considering methods for solving Laplace’s equation (12.1.2) in a rectangular

domain. The basic method can be extended to solve general elliptic equations such as

(12.1.6) on general regions, as discussed in Section 12.7.

Consider Laplace’s equation (12.1.2) on the unit square with Dirichlet boundary

conditions (12.1.3). For the finite difference scheme we use the standard second-order

accurate five-point Laplacian with equal grid spacing in the x and y directions. This has

the finite difference formula

v$+1,m + v$21,m + v$,m+1 + v$,m21 2 4v$,m = 0 (13.1.1)

for all interior points (x$, ym). For the Dirichlet boundary condition (12.1.3) we assume

that the values of v$,m in (13.1.1) are given when (x$, ym) is a boundary point. The

Neumann boundary condition is considered in Section 13.7.

Equations (13.1.1) comprise a system of linear equations for the interior values of

v$,m with the boundary v$,m values prescribed. These equations can be written in the

standard matrix notation

Ax = b, (13.1.2)

where the vector x consists of the interior values v$,m and b is composed from the values

of v$,m on the boundary, i.e., the known values.

We could solve (13.1.2) by standard methods for systems of linear equations, such

as Gaussian elimination. However, the matrix A in (13.1.2) is a very sparse matrix and is

often quite large. For example, if the grid spacing in the unit square is N21, then A is

an (N 2 1)2 × (N 2 1)2 matrix, and each row contains at most five nonzero elements. If

N is taken to be about 40, then only about 0.3% of the elements are nonzero. Gaussian

elimination is not efficient for such sparse matrices, and so direct methods such as Gaussian

elimination are not often used to solve (13.1.1). Instead, iterative methods are usually

employed. Because matrix A has a well-defined structure, due to the finite difference

339
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scheme, using a good iterative method is usually more efficient than the use of general

sparse matrix methods for Gaussian elimination.

The Jacobi Method

The first iterative method we will consider is the Jacobi algorithm. It is given by the formula

vk+1
$,m = 1

4

(

vk
$+1,m + vk

$21,m + vk
$,m+1 + vk

$,m21

)

(13.1.3)

for all interior points. This formula describes how we proceed from an initial approximation

v0
$,m to successive approximations vk

$,m. Given the values of vk
$,m for all grid points,

equation (13.1.3) shows how to compute vk+1
$,m at each interior grid point. Having computed

vk+1 for all the grid points, the iterative process can be continued to compute vk+2, and so

on. Of course, throughout the computation the values of vk
$,m on the boundary all remain

at their prescribed values.

The Jacobi algorithm (13.1.3) converges as k increases, and we stop the iterations

when some criterion is satisfied. For example, one criterion would be to stop when the max-

imum value of |vk+1
$,m 2 vk

$,m| taken over all values of ($, m) is less than some prescribed

tolerance.

The Gauss–Seidel Method

The Jacobi algorithm has been described as the slowest of all converging methods; it

certainly is not hard to improve on it. A method that converges twice as fast as (13.1.3) is

the Gauss–Seidel algorithm, given by

vk+1
$,m = 1

4

(

vk
$+1,m + vk+1

$21,m + vk
$,m+1 + vk+1

$,m21

)

. (13.1.4)

In this formula we see that if we proceed through the grid of points in the natural order, then

we do not need to keep two copies of the solution, one for the “old” values at iteration k and

another for “new” values at iteration k + 1. In (13.1.4) we can use immediate replacement;

i.e., when vk+1
$,m is computed it can be stored in the location where vk

$,m was stored. Thus

(13.1.4) uses less storage than (13.1.3) and, as shown in Section 13.3, it is twice as fast.

The natural order of progressing through the grid points is also called the lexicographic

order. It is the order we obtain in programming using two nested loops, the inner loop being

on $ and the outer loop being on m.

The SOR Method

A method that improves on (13.1.4) is successive overrelaxation (SOR), given by

vk+1
$,m = vk

$,m + Ë
[

1
4
(vk

$+1,m + vk+1
$21,m + vk

$,m+1 + vk+1
$,m21) 2 vk

$,m

]

. (13.1.5)

If the parameter Ë is chosen properly, then (13.1.5) can be very much faster than

(13.1.4). Notice that when Ë is equal to 1, then SOR reduces to the Gauss–Seidel algorithm.

SOR also uses immediate replacement.
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In the next sections we analyze each of the preceding methods to determine their

relative rates of convergence. We also present other versions of SOR.

Analysis of General Linear Iterative Methods

There is an extensive literature on iterative methods for solving linear systems of equations,

and we give only an introduction to these methods. More exhaustive discussions are con-

tained in the books by Young [73], Varga [65], Wachpress [67], and Hageman and Young

[29]. The Jacobi, Gauss–Seidel, and SOR methods are particular cases of the general class

of methods called linear iterative methods. The general linear iterative method for solving

a linear system

Ax = b (13.1.6)

involves decomposing the matrix A by writing it as

A = B 2 C (13.1.7)

and then iteratively solving the system of equations

Bxk+1 = Cxk + b. (13.1.8)

Of course, we wish to choose B so that (13.1.8) can be easily solved. As we will

show, the Jacobi, Gauss–Seidel, and SOR methods are different ways of splitting the linear

system for the five-point Laplacian. Since the exact solution satisfies (13.1.6), we obtain

from (13.1.8), the equation for the error,

Bek+1 = Cek

or, equivalently,

ek+1 = B21Cek. (13.1.9)

The matrix B21C is called the iteration matrix for the algorithm.

A necessary and sufficient condition for the error given by (13.1.9) to converge to

zero is that all the eigenvalues of B21C are less than 1 in magnitude. For a matrix M, its

spectral radius Ã(M) is defined by

Ã(M) = max
i

|»i |,

where the »i are the eigenvalues of M; see Appendix A. Thus (13.1.8) is a convergent

method if and only if

Ã
(

B21C
)

< 1.

The quantity Ã
(

B21C
)

is a measure of the error reduction per step of the iteration. Fur-

thermore, the speed of convergence of the method is dependent on the size of Ã(B21C).

If we have two different splittings of A,

A = B1 2 C1

= B2 2 C2

and

Ã
(

B21
2 C2

)

< Ã
(

B21
1 C1

)

,

then the second method, with the smaller spectral radius, converges faster than does the

first.
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Exercises

13.1.1. For a linear system of the form (A1 + A2)x = b, consider the iterative method

(I + µA1) Þx = (I 2 µA2)x
k + µb,

(I + µA2)x
k+1 = (I 2 µA1) Þx + µb,

(13.1.10)

where µ is a parameter. Show that this iterative method can be put in the form

(13.1.8) and determine the iteration matrix for the method. (This method is based

on the ADI method discussed in Section 7.3.)

13.1.2. Show for the system

xj 2 xj+1 = bj for j = 1, . . . , K 2 1,

xK = bK

that the iterative method

xk+1
j = xk

j+1 + bj for j = 1, . . . , K 2 1,

xk+1
K = bK

converges in K steps. Show also that Ã(B21C) is zero.

13.1.3. Prove that a linear iterative method converges in a finite number of steps if and only

if Ã(B21C) = 0.

13.2 Eigenvalues of the Discrete Laplacian

In the analysis of the numerical methods introduced in the previous section we will require

the eigenvalues of the discrete Laplacian operator. In this section we will derive formulas

for these eigenvalues.

The equation for eigenvalues of the discrete Laplacian is

'2v$,m = 2»v$,m,

where v$,m is a grid function that is identically zero on the boundary of the region, but is not

identically zero. We will determine the eigenfunctions and eigenvectors for a rectangular

grid for a region with 0 < x < X and 0 < y < Y. We have )x = X/L, )y = Y/M,

and

v$21,m 2 2v$,m + v$+1,m

)x2
+ v$,m21 2 2v$,m + v$,m+1

)y2
= 2»v$,m (13.2.1)

for all interior points and v$,m equal to zero on the boundaries.

It is important to make a distinction between the eigenvector v̄, which has unknowns

corresponding to the (L 2 1)(M 2 1) interior grid points, and the grid function v, which
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has (L + 1)(M + 1) values corresponding to both the interior and boundary points. Be-

cause we specify that the boundary values of v are zero, we can write the simple formula

(13.2.1). The equations for v̄ are different than (13.2.1) if ($, m) is next to a boundary, in

which case at least one of the terms on the left-hand side of (13.2.1) would not be present.

We begin by looking for solutions of the form

v$,m = A($)B(m), (13.2.2)

where A(·) and B(·) are functions of one integer variable. (Note that it is not clear a priori

that we can obtain such solutions.) By substituting the relation (13.2.2) in (13.2.1) and then

dividing by A($)B(m), we obtain the equation

A($ 2 1) 2 2A($) + A($ + 1)

)x2A($)
+ B(m 2 1) 2 2B(m) + B(m + 1)

)y2B(m)
= 2».

In this relation we see that we have an expression that depends on $ and one that depends

on m and their sum is a value independent of both $ and m. This can only occur if both

of these expressions are actually constant. That is, we have

A($ 2 1) 2 2A($) + A($ + 1) = 22(1 2 ³)A($),

B(m 2 1) 2 2B(m) + B(m + 1) = 22(1 2 ´)B(m)
(13.2.3)

for some complex values ³ and ´ related by

» = 2
1 2 ³

)x2
+ 2

1 2 ´

)y2
.

Since the equation for B(·) is similar to that of A(·), we consider only the equation

for A(·). To solve the equation for A(·), a recurrence relation, we substitute

A($) = · $

in the first equation in (13.2.3). We obtain the quadratic equation

· 2 2 2³· + 1 = 0

for the two values of ·. The two roots are

·± = ³ ±
√

³2 2 1.

Note that ·2 = 1/·+. Thus the equation for A(·) is of the form

A($) = A+· $
+ + A2· $

2

for some constants A+ and A2.
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To determine A+ and A2 and also ³, we consider the boundary conditions for

A(·). These are

A(0) = 0 and A(L) = 0.

The condition A(0) = 0 is satisfied if A+ + A2 = 0, so

A($) = A+(· $
+ 2 · $

2). (13.2.4)

Note that we cannot determine a value for A+ since the equation for A(·) in (13.2.3) is a

homogeneous equation.

The boundary condition A(L) = 0 is equivalent to

A(L) = A+(·L
+ 2 ·L

2) = 0

or
(

·+
·2

)L

= 1.

Also, since ·2 = 1/·+, we have

· 2L
+ = 1.

Thus ·+ (and ·2) is a 2Lth root of unity, i.e.,

·+ = eiÃa/L, (13.2.5)

for some integer a ranging from 0 to 2L 2 1. Since ·2 = 1/·+ we can restrict a so

that 0 < a < L and (13.2.4) gives all of the L 2 1 nontrivial solutions of the equation for

A(·) in (13.2.3).

Moreover,

³ =
1 + · 2

+
2·+

= cos
Ãa

L
for some integer a, 0 < a < L.

Similarly,

´ = cos
Ãb

M
for some integer b, 0 < b < M.

From equation (13.2.3), we have that the eigenvalue corresponding to the pair of

integers (a, b) is

»a,b = 2
1 2 cos Ãa

L

)x2
+ 2

1 2 cos Ãb
M

)y2
= 4

sin Ãa
2L

)x2
+ 4

sin Ãb
2M

)y2
(13.2.6)

for integers (a, b) with 0 < a < L and 0 < b < M. Moreover, also from (13.2.2) and

(13.2.4), we obtain that the corresponding eigenvector is given by

v̄
a,b
$,m = sin

(

a$Ã

L

)

sin

(

bmÃ

M

)

. (13.2.7)

So there are (L 2 1)(M 2 1) eigenvalues, and each corresponds to a distinct eigen-

vector. This shows that the discrete Laplacian has a complete set of eigenvalues and

eigenvectors given by (13.2.6) and (13.2.7), respectively.
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13.3 Analysis of the Jacobi and Gauss–Seidel Methods

In this section we analyze the Jacobi and Gauss–Seidel methods for the five-point Laplacian.

For simplicity of exposition, we restrict to a square with the same spacing in both directions

with )x = )y = h and N points in each direction.

To analyze the Jacobi and Gauss–Seidel methods, we rewrite (13.1.1) as

v$,m 2 1
4
v$21,m 2 1

4
v$,m21 2 1

4
v$+1,m 2 1

4
v$,m+1 = 0 (13.3.1)

for all interior points. If this were written in the form (13.1.2), then all values of v$±1,m

and v$,m±1 that correspond to boundary points would have to be placed on the right-hand

side of the equation. For example, if ($, m 2 1) is a boundary grid point, then instead of

(13.3.1) we have

v$,m 2 1
4
v$21,m 2 1

4
v$+1,m 2 1

4
v$,m+1 = 1

4
v$,m21.

Using the natural ordering of the grid points, we can write (13.3.1) as

Ax = b

with

A = I 2 L 2 U,

where L is a lower triangular matrix and U is an upper triangular matrix.

It is important to realize that the vector x is indexed with pairs of indices corre-

sponding to the grid points v$,m, and the matrix A is indexed with pairs of pairs. In

particular,

A($,m),($,m) = 1, A($,m),($+1,m) = 2 1
4
, A($,m),($21,m) = 2 1

4
,

A($,m),($,m+1) = 2 1
4
, A($,m),($,m21) = 2 1

4

when these elements are defined. All other elements are 0. If the grid spacing is given by

h = 1/N, then the matrices have order K equal to (N 2 1)2.

We now consider the splittings corresponding to the two methods that we are studying

in this section. Notice that the B matrix multiplies the unknowns of iteration k + 1 and

the C matrix multiplies those of index k.

For the Jacobi method we see that

B = I and C = L + U. (13.3.2)

The splitting for the Gauss–Seidel method depends on the order of the unknowns.

We take the order in which the unknowns are updated to be the same as that used in the

vector x. With this proviso, the Gauss–Seidel method has the splitting

B = I 2 L and C = U. (13.3.3)

The matrix decomposition (13.3.2) for the Jacobi method is a restatement of (13.1.3),

which shows that the updated variables, those multiplied by B, are only the diagonal
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elements. The variables evaluated at step k in formula (13.1.3) are those corresponding

to the off-diagonal elements of the matrix. Similarly, the decomposition (13.3.2) for the

Gauss–Seidel method is a restatement of (13.1.4) in which the variables evaluated at step

k + 1 are those corresponding to the elements of the matrix on the diagonal and below.

Notice that the matrix B, being a lower triangular matrix, is easy to invert.

It is important to realize that in the actual implementation of these methods in a com-

puter program, we do not store the matrices A, B, and C. They are all quite sparse and

it is very inefficient to store them as matrices. The matrices are useful in the analysis, but

the implementation can be done without explicit reference to them. That is, a computer im-

plementation should not have an (N 2 1)2 × (N 2 1)2 array for storage of these matrices.

Instead the implementation should use a form such as (13.1.4), in which only the current

values of vk
$,m are stored. There is no reason to store other arrays.

Analysis of the Jacobi Method

To determine the spectral radius of the iteration matrix for each of these methods applied

to the five-point Laplacian, we first find the eigenvalues and eigenvectors of the iteration

matrix for the Jacobi method (13.1.3). That is, we must find a vector v̄ and value µ such

that

µv̄ = (L + U)v̄.

If we represent v̄ as a grid function with indices from 0 to N in each direction, with the

indices 0 and N corresponding to the boundaries, we have

µv$,m = 1
4

(

v$21,m + v$,m21 + v$+1,m + v$,m+1

)

(13.3.4)

for all interior points and v$,m equal to zero on the boundaries.

As mentioned after equation (13.2.1), it is important to make a distinction between the

eigenvector v̄, which has unknowns corresponding to the (N 2 1)2 interior grid points,

and the grid function v, which has (N + 1)2 values corresponding to both the interior and

boundary points. Because we specify that the boundary values of v are zero, we can write

the simple formula (13.3.4). The equations for v̄ are different than (13.3.4) if ($, m) is

next to a boundary, in which case at least one of the terms on the right-hand side of (13.3.4)

would not be present. The use of the grid function v in place of the eigenvector v̄ allows

for a simpler way to write the equations.

Since L + U is an (N 2 1)2 × (N 2 1)2 matrix, there should be (N 2 1)2 eigen-

values and eigenvectors.

Comparing equation (13.3.4) with (13.2.1), we see that the eigenvalues of the Jacobi

method are related to those of the Laplacian by

µ = 1 2 1
4
h2».

So the eigenvalues are

µa,b = 1

2

[

cos

(

aÃ

N

)

+ cos

(

bÃ

N

)]

(13.3.5)
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for 1 f a, b f N 2 1. By equation (13.2.7) the eigenvectors are given by

v
a,b
$,m = sin

(

a$Ã

N

)

sin

(

bmÃ

N

)

. (13.3.6)

This gives all (N 2 1)2 eigenvalues and eigenvectors for the Jacobi iteration matrix. See

also Exercise 13.3.1.

From the formula (13.3.5), we see that

Ã(B21C) = Ã(L + U) = cos
Ã

N
= µ1,1.

Since Ã(L + U) is less than 1, the Jacobi method will converge; however, since Ã(L + U)

is very close to 1, i.e.,

cos
Ã

N
j 1 2 Ã2

2N2
,

we see that the convergence will be slow.

The relationship µN2a,N2b = 2µa,b shows that the nonzero eigenvalues occur in

pairs and that if µ is an eigenvalue, then 2µ is also an eigenvalue. Notice also that the

eigenvalues µa,N2a for a between 1 and N 2 1 are all equal to 0 and these are the only

eigenvalues equal to 0. Thus there are N 2 1 eigenvalues of L + U that are zero, and

consequently there are (N 2 1)(N 2 2) nonzero eigenvalues.

Analysis of the Gauss–Seidel Method

We now consider the Gauss-Seidel method. An eigenvector v̄ of the iteration matrix

(I 2 L)21U with eigenvalue » satisfies

»(I 2 L)v̄ = Uv̄,

or, for the grid function v$,m, we have

»v$,m = 1
4

(

»v$21,m + »v$,m21 + v$+1,m + v$,m+1

)

(13.3.7)

for all interior points and v$,m equal to zero on the boundaries. Notice that the coefficient

» in (13.3.7) multiplies only the variables with superscript of k + 1 in the formula (13.1.4).

In the form (13.3.7) the formula is rather intractable; however, there is a substitution that

reduces the analysis of this case to that of the Jacobi method. If we set

v$,m = »($+m)/2u$,m (13.3.8)

for each nonzero eigenvalue », we obtain, after dividing by »($+m+1)/2,

»1/2u$,m = 1
4

(

u$21,m + u$,m21 + u$+1,m + u$,m+1

)

. (13.3.9)
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By comparing (13.3.9) with (13.3.4), we see that the nonzero eigenvalues » of the

Gauss–Seidel method are related to the eigenvalues µ of the Jacobi method by

»a,b = (µa,b)2 = 1

4

(

cos
aÃ

N
+ cos

bÃ

N

)2

. (13.3.10)

In particular,

Ã[(I 2 L)21U ] = Ã(L + U)2,

which shows that the Gauss–Seidel method converges twice as fast as the Jacobi method

for the five-point Laplacian.

The eigenvalues of the Gauss–Seidel iteration matrix from equation (13.3.10) give

only (N 2 1)(N 2 2)/2 eigenvalues corresponding to the (N 2 1)(N 2 2) nonzero eigen-

values of the Jacobi iteration matrix. An examination of the corresponding eigenvectors

for the Gauss–Seidel method shows that they are given by

v
a,b
$,m = (µa,b)$+m sin

(

a$Ã

N

)

sin

(

bmÃ

N

)

with v
N2a,N2b
$,m = v

a,b
$,m. All other eigenvalues are zero, and they are not semisimple. (See

Appendix A for the definition of a semisimple eigenvalue.)

An alternative way to describe the preceding analysis is to consider the equation

det[»I 2 (I 2 L)21U ] = 0

for the eigenvalues of the Gauss–Seidel iteration matrix. We have the relationship

0 = det[»I 2 (I 2 L)21U ] = det(»I 2 »L 2 U) det(I 2 L)21.

The value of det(I 2 L)21 is 1, since L is strictly lower triangular. We next transform the

matrix »I 2 »L 2 U by a similarity transformation using the diagonal matrix S, where

the ($, m)th entry on the diagonal is »($+m)/2. (Recall that the rows and columns of L,

U, and S, are indexed by the ordered pairs of integers corresponding to the grid indices.)

We then have

S21(»I 2 »L 2 U)S = »I 2 »1/2(L + U)

corresponding to (13.3.9). Thus

det(»I 2 »L 2 U) = det[»I 2 »1/2(L + U)]

= »(N21)2/2 det[»1/2I 2 (L + U)]

= »(N21)2/2
∏

1fa,bfN21

(»1/2 2 µa,b)

= »N(N21)/2
∏

2fa+bfN21

[» 2 (µa,b)2],
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where in the last product we used the facts that µa,N2a is zero for each a and µN2a,N2b =
2µa,b. This last formula confirms our previous conclusion that there are N(N 2 1)/2 zero

eigenvalues and shows that (13.3.10) gives the (N 2 1)(N 2 2)/2 nonzero eigenvalues.

An examination of why the substitution (13.3.8) works shows that the updating of

values in the Gauss–Seidel method can be organized either in the standard lexicographic

order or in the order of increasing values of $ + m. When one updates a value at a grid

point with indices ($, m), the computation involves only points of lower value for the sum

of the indices, the points with “new” values, and points of larger value for the sum of the

indices, the points with “old” values.

The Jacobi method can also be regarded as solving the heat equation

ut = uxx + uyy

until a steady-state solution is reached using forward-time central-space differencing and

)t = 1
4
h2. In general it seems that finding steady-state solutions by solving the correspond-

ing time-dependent equations is less efficient than using special methods for the steady-state

equations. The Gauss–Seidel method can be regarded as a finite difference approximation

for the time-dependent evolution for the equation

ut = uxx + uyy 2 ·(uxt + uyt ),

where )t = 1
2
h2 and · = 1

4
h. The equation should be discretized about (t, x, y) equal

to ((n + 1
2
))t, $h, mh) to obtain (13.1.4).

Methods for Diagonally Dominant Matrices

We now state and prove a theorem about the Gauss–Seidel and Jacobi methods for the

class of diagonally dominant matrices. Many schemes for second-order elliptic equations,

including the five-point Laplacian, give rise to diagonally dominant matrices.

Definition 13.3.1. A matrix is diagonally dominant if

∑

j �=i

|aij | f |aii | (13.3.11)

for each value of i. A row is strictly diagonally dominant if the inequality in (13.3.11)

is a strict inequality and a matrix is strictly diagonally dominant if each row is strictly

diagonally dominant.

By a permutation of a matrix A, we mean a simultaneous permutation of the rows

and columns of the matrix; i.e., aij is replaced by aÃ(i),Ã (j) for some permutation Ã.

Definition 13.3.2. A matrix is reducible if there is a permutation Ã under which A has

the structure
(

A1 O

A12 A2

)

, (13.3.12)

where A1 and A2 are square matrices. A matrix is irreducible if it is not reducible.
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For an arbitrary matrix A the Jacobi iterative method for equation (13.1.1) is

xk+1 = D21((D 2 A)xk + b)

= (I 2 D21A)xk + D21b,
(13.3.13)

where D is the diagonal matrix with the same diagonal elements as A. If A is written as

A = D 2 L 2 U,

where L and U are strictly lower and upper triangular matrices, respectively, then the

Gauss–Seidel method for (13.1.2) is

(D 2 L)xk+1 = Uxk + b. (13.3.14)

Notice that the diagonal dominance of a matrix is preserved if the rows and columns

of the matrix are permuted simultaneously. The Gauss–Seidel method is dependent on the

permutations of the matrix, whereas the Jacobi method is not, and a matrix is reducible if

in using the Jacobi method it is possible to have certain components of xk be zero for all

values of k while x0 is not identically zero (see Exercises 13.3.4 and 13.3.5).

Theorem 13.3.1. If A is an irreducible matrix that is diagonally dominant, with at least

one row being strictly diagonally dominant, then the Jacobi and Gauss–Seidel methods are

convergent.

Proof. We prove the theorem only for the Gauss–Seidel method; the proof for the

Jacobi method is easier. Our proof is based on that of James [31]. We begin by assuming

that there is an eigenvalue of the iteration matrix, », that satisfies |»| g 1. Let x be

an eigenvector of the iteration matrix with eigenvalue », and we normalize x so that

‖x‖> is 1.

Let xi be a component of x with |xi | equal to 1; then we have the series of

inequalities

|»||aii ||xi | =

∣

∣

∣

∣

∣

∣

»

i21
∑

j=1

aijxj +
n
∑

j=i+1

aijxj

∣

∣

∣

∣

∣

∣

f |»|
i21
∑

j=1

|aij ||xj | +
n
∑

j=i+1

|aij ||xj |

f |»|
∑

j �=i

|aij ||xj |

f |»|
∑

j �=i

|aij ||xi | f |»||aii ||xi |.

(13.3.15)

Since the first and last expressions are the same, each inequality in the preceding

sequence must be an equality. This implies that for each j, either |xj | is 1 or aij is zero.

This conclusion follows for each i with |xi | equal to 1.



13.4 Analysis of Point SOR 351

If we permute the indices of A so that the components with |xj | equal to 1 are

placed first and the others, for which |aij | is zero, are last, then the structure of A is of

form (13.3.12). Since A is irreducible, we conclude that |xj | is 1 for each value of j.

By choosing a row that is strictly diagonally dominant, the last inequality of (13.3.15)

is then a strict inequality, which leads to a contradiction. This implies that the assumption

that » satisfies |»| g 1 is false. Therefore, |»| is less than 1 for the iteration matrix, and

the Gauss–Seidel method is convergent.

Exercises

13.3.1. Verify by direct substitution that the eigenvalues and eigenvectors for the Jacobi

iteration matrix are given by (13.3.5) and (13.3.6), respectively.

13.3.2. Determine the eigenvalues of the Jacobi iteration matrix when applied to the “di-

agonal” five-point Laplacian scheme given by

1

2h2

(

v$21,m21 + v$+1,m21 + v$21,m+1 + v$+1,m+1 2 4v$,m

)

= f$,m (13.3.16)

on a uniform grid with )x = )y = h. Hint: The eigenvectors for this Jacobi

method are the same as for the Jacobi method for the usual five-point Laplacian.

The eigenvalues, however, are different.

13.3.3. Verify that zero is not a semisimple eigenvalue of the iteration matrix for the Gauss–

Seidel method for the five-point Laplacian on the unit square.

13.3.4. Show that the Jacobi method (13.3.13) is not affected by a simultaneous reordering

of the rows and columns of a matrix, whereas the Gauss–Seidel method (13.3.14)

is affected. Note that such a permutation is equivalent to applying a similarity

transformation using a permutation matrix P to the matrix A resulting in the

matrix PAP 21.

13.3.5. Show that a matrix is reducible if in using the Jacobi method, it is possible to have

certain components of xk be zero for all values of k while x0 is not identically

zero (see Exercise 13.3.4).

13.3.6. Show that the matrix for the five-point Laplacian on the unit square is irreducible.

13.4 Convergence Analysis of Point SOR

We now analyze the convergence of SOR for the five-point Laplacian as given by (13.1.5).

We have to determine the splitting matrices B and C. As before, B multiplies the un-

knowns at iteration k + 1 and C multiplies those at iteration k. We also have the condition

that A = B 2 C = I 2 L 2 U. After rearranging the formula (13.1.5) and dividing by Ë,

we obtain that the splitting is given by

B = 1

Ë
I 2 L, C = 1 2 Ë

Ë
I + U.
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By the same reasoning used with the other methods, from (13.1.5) we obtain that the

eigenvalues » are given as the solutions to

Ë21 (» + Ë 2 1) v$,m = 1
4

(

»v$21,m + »v$,m21 + v$+1,m + v$,m+1

)

(13.4.1)

for interior grid points, with v$,m = 0 on the boundary. We use the substitution (13.3.8)

for the nonzero eigenvalues, which we used on (13.3.7), obtaining

» + Ë 2 1

Ë»1/2
u$,m = 1

4

(

u$21,m + u$,m21 + u$+1,m + u$,m+1

)

.

From this relation we see that the nonzero eigenvalues for SOR are related to those

of the Jacobi method by
» + Ë 2 1

Ë»1/2
= µ

for each eigenvalue µ of the Jacobi iteration matrix. We rewrite this relationship as

» 2 »1/2Ëµ + Ë 2 1 = 0, (13.4.2)

which is a quadratic equation in »1/2.

First note that the iteration matrix for SOR is nonsingular for Ë not equal to 1. We

have
det B21C = det(Ë21I 2 L)21 det[Ë21(1 2 Ë)I + U ]

= ËK [Ë21(1 2 Ë)]K = (1 2 Ë)K ,

where K is (N 2 1)2, the order of the matrix. In particular, zero is not an eigenvalue of

the iteration matrix for SOR when Ë is not equal to 1.

Equation (13.4.2) relates each eigenvalue of the Jacobi iteration matrix to two eigen-

values of the SOR iteration matrix. Since µa,b = 2µN2a,N2b and there is an ambiguity in

the sign of »1/2, there is actually a one-to-one correspondence between the pair of nonzero

eigenvalues {µa,b, µN2a,N2b} of the Jacobi iteration matrix and the pair of solutions of

equation (13.4.2) with µ equal to µa,b. For µa,b equal to zero, there corresponds the

one eigenvalue » equal to 1 2 Ë. Thus equation (13.4.2) determines the (N 2 1)2 eigen-

values of the SOR iteration matrix from the (N 2 1)2 eigenvalues of the Jacobi iteration

matrix.

Since we wish to have both roots of (13.4.2) less than 1 in magnitude and the product

of the roots is Ë 2 1, we see that a necessary condition for the convergence of SOR is

|Ë 2 1| < 1,

or, equivalently,

0 < Ë < 2. (13.4.3)

This same conclusion is reached for the N 2 1 eigenvalues corresponding to µa,b = 0.

Solving (13.4.2), we obtain

»1/2 = 1
2

[

Ëµ +
√

Ë2µ2 2 4(Ë 2 1)
]

. (13.4.4)
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We choose the nonnegative square root when the square root is real in this formula

so that when Ë equals 1, then » = µ2 for positive µ and » is zero for negative µ. This

correspondence is somewhat arbitrary, but since SOR reduces to the Gauss–Seidel method

for Ë equal to 1, it is useful to relate the eigenvalues in this way.

We now assume, without loss of generality, that µ is positive, and we wish to find

the value of Ë that minimizes the magnitude of »1/2 when »1/2 is real, i.e., when the

quantity inside the square root in (13.4.4) satisfies

Ë2µ2 2 4Ë + 4 =
(

Ëµ 2 2

µ

)2

2 4

(

1

µ2
2 1

)

g 0.

To determine how »1/2 varies as a function of Ë, we take the derivative of (13.4.4):

"

"Ë
»1/2 = 1

2
µ + 1

2
(Ëµ2 2 2)(Ë2µ2 2 4Ë + 4)21/2

= µ

2

[

1 2 2/µ 2 Ëµ
√

(2/µ 2 Ëµ)2 2 4(µ22 2 1)

]

< 0.

Since this derivative is negative, we see that to decrease the size of »1/2 we must increase

Ë. The maximum value of Ë for which »1/2 is real is the root of

Ë2µ2 2 4Ë + 4 = 0 (13.4.5)

that satisfies (13.4.3).

When µ is negative and »1/2 is real, then »1/2 is less than the value of »1/2

corresponding to |µ| and thus does not affect the spectral radius of the iteration matrix.

Since we are ultimately concerned with determining the spectral radius of the iteration

matrix, we need not consider this case in detail.

Now consider the case when »1/2 is complex. Notice that since the polynomial in

(13.4.2) has real coefficients, the two values of » corresponding to µ and 2µ are complex

conjugates of each other. The magnitude of » can be computed from (13.4.4) as follows:

|»| = |»1/2|2 = 1
4

[

Ë2µ2 + 4(Ë 2 1) 2 Ë2µ2
]

= Ë 2 1.

From this relationship we see that to decrease |»| we must decrease Ë. The minimum

value of Ë for which »1/2 is complex is again the root of (13.4.5) satisfying (13.4.3).

We now consider the eigenvalues »(µa,b) for the SOR iteration matrix for all eigen-

values µa,b of L + U. The spectral radius for the SOR iteration matrix is the maximum

magnitude of all the »(µa,b). We wish to choose Ë in order to minimize the spectral

radius.

First, consider Ë very close to 2—so close that

Ë2(µa,b)2 2 4Ë + 4
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is negative for all eigenvalues µa,b. By our previous discussion, all the » corresponding to

nonzero values of µa,b are complex with magnitude equal to Ë 2 1. Those » correspond-

ing to µa,b that are equal to zero have the value 2(Ë 2 1), which means all eigenvalues

have the same magnitude. The spectral radius is therefore Ë 2 1. As we decrease Ë, we

will reach some value Ë7 at which some »(µa,b) that is complex will become real. It is

easy to see that this must happen for µa,b equal to µ̄, the largest eigenvalue of L + U in

magnitude. For Ë less than Ë7, the spectral radius will now increase because "»1/2/"Ë

is negative for » corresponding to µ̄. Thus the optimal choice for Ë is Ë7, where Ë7

satisfies

Ë72µ̄2 2 4Ë7 + 4 = 0

and (13.4.3), which gives the optimal value as

Ë7 = 2

1 +
√

1 2 µ̄2
. (13.4.6)

Since for Laplace’s equation µ̄ = cos Ã/N, the value of Ë7 for Laplace’s equation

is

Ë7 = 2

1 + sin Ã/N

and the spectral radius is

Ã7 = Ë7 2 1 = 1 2 sin Ã/N

1 + sin Ã/N
j 1 2 2Ã

N
.

The behavior of the spectral radius as a function of Ë is displayed in Figure 13.1

for N = 10. The optimal value of Ë is the lowest point on the graph. For Ë larger than

Ë7, the spectral radius is seen to be the linear relation Ã = Ë 2 1. Otherwise, the spectral

radius is obtained from (13.4.4) for µ = µ̄.

0

0.5

1

0 0.5 1 1.5 2

Figure 13.1. The spectral radius Ã as a function of Ë for N = 10.

It is also useful to consider the behavior of all of the eigenvalues of the iteration

matrix for SOR as functions of Ë as Ë increases from 1. For Ë equal to 1, there are

N(N 2 1)/2 eigenvalues that are 0, and the rest are real and located between 0 and 1,

given by (13.3.10). As Ë is taken to be larger than 1, these eigenvalues between 0 and
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1 all decrease in magnitude. Of the eigenvalues that are 0 for Ë equal to 1, N 2 1 of

them become negative for Ë larger than 1 and have the value 1 2 Ë, and the rest become

positive and increase as Ë increases. When an eigenvalue from the group that is decreasing

with Ë coalesces with an eigenvalue from the group that is increasing with Ë, they become

a pair of complex conjugates of magnitude Ë 2 1. The optimal value of Ë is that value

where only two eigenvalues in the interval (0, 1) are real and are equal to each other. This

value is given by (13.4.6).

Figure 13.2. Eigenvalues for Ë = 1.25, 1.35, 1.56, 1.60 with N = 11.

This is illustrated in the plots in Figure 13.2 that show the eigenvalues »a,b as

functions of Ë for N equal to 11. There are 100 eigenvalues in all. For Ë equal to 1.25,

the figure in the upper left shows four real eigenvalues larger than Ë 2 1 and four positive

real eigenvalues less than this value. In addition, there is the real eigenvalue 2Ë + 1 of

multiplicity 10. The other 82 eigenvalues are complex. The arrows at the top and bottom of

the circles show the direction that the eigenvalues move as Ë increases. The eigenvalues
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on the positive real axis move toward the circle of radius Ë 2 1 as Ë increases. The plot

at the upper right shows the positions of the eigenvalues for Ë equal to 1.35. For this case,

there are only two pairs of positive real eigenvalues. As Ë increases through the values

1.25 to 1.35 the magnitude of the largest positive eigenvalue decreases and one pair of

real eigenvalues becomes complex. At 1.56, which is just slightly less than Ë7, there

remain only two positive eigenvalues, and they are very close to Ë 2 1. For Ë equal to

1.60, shown in the lower right plot, all eigenvalues are of magnitude Ë 2 1.

Because of the relationship µa,b = µb,a, which holds if )x = )y, the set of eigen-

values has fewer than (N 2 1)(N 2 2) + 1 elements. If N is even, the set of eigenvalues

has N(N 2 2)/4 + 1 elements, and if N is odd, the set of eigenvalues has (N 2 1)2/4 + 1

elements.

We now examine how the number of iterations for an iterative method to achieve a

certain error tolerance is related to the spectral radius. Suppose an iterative method has

spectral radius Ã and we wish to know how many iterations, I, it will take to reduce the

norm of the error to a certain multiple, ·, of the initial error. From (13.1.9) we see that we

must have

ÃI j ·

or

I j 2 log ·

2 log Ã
.

If Ã is close to 1, then

I j log ·21

1 2 Ã
.

So, for the Gauss–Seidel method, from Ã = (cos(Ã/N))2 j 1 2 Ã2/N2,

I j N2

Ã2
log ·21,

and for SOR with Ë = Ë7,

I j N

2Ã
log ·21.

These formulas show that for the Gauss–Seidel and Jacobi methods, the number of iterations

is proportional to N2, whereas for SOR it is proportional to N. This is why SOR is a

dramatic improvement in efficiency over the Gauss–Seidel method for even small values

of N.

Exercise

13.4.1. Determine the optimal value of Ë for SOR applied to the “diagonal” five-point

Laplacian (13.3.16).
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13.5 Consistently Ordered Matrices

In relating the eigenvalues of the Gauss–Seidel and SOR methods to the eigenvalues of

the Jacobi method, we made use of the fact that if ³ is an eigenvalue of »L + U, then

³»21/2 is an eigenvalue of L + U. (See the discussion relating to (13.3.7) and (13.4.1).)

If L + U has this special property, it is said to be consistently ordered.

Definition 13.5.1. A matrix of the form I 2 L 2 U is consistently ordered if whenever

³ is an eigenvalue of »L + U, then ³»21/2 is an eigenvalue of L + U.

An examination of our analysis shows that we have proved that if I 2 L 2 U is

consistently ordered, then the Gauss–Seidel method will converge if and only if the Jacobi

method converges, and the Gauss–Seidel method will converge twice as fast. We have also

shown that SOR will converge under these conditions, and the optimal value of Ë is given

by (13.4.6). The reader should check that in deriving (13.4.6) we used nothing special about

the matrix I 2 L 2 U other than that it was consistently ordered and that its eigenvalues

are real (see Exercise 13.5.6). Thus we have proved the following theorem.

Theorem 13.5.1. If the matrix A, which is equal to I 2 L 2 U, is consistently ordered

and has real eigenvalues, then the SOR method, given by

(Ë21I 2 L)xk+1 = (Ë21(1 2 Ë)I + U)xk + b,

converges to the solution of Ax = b for all Ë in the interval (0, 2) if and only if the

Jacobi method converges. Moreover, the optimal value of Ë is given by formula (13.4.6),

where µ̄ is the eigenvalue of L + U with largest magnitude.

In case matrix I 2 L 2 U is consistently ordered but with complex eigenvalues,

we can determine those values of Ë for which the SOR method converges, but it is more

difficult to determine the optimal value of Ë.

Theorem 13.5.2. If the matrix A, given by I 2 L 2 U, is consistently ordered, then the

SOR method converges for those values of Ë in the interval (0, 2) that satisfy

(Re µi)
2 +

(

Ë

2 2 Ë

)2

(Im µi)
2 < 1 (13.5.1)

for each eigenvalue µi of L + U. In particular, if |Re µi | < 1 for each µi, then there

is an interval (0, Ë̄) of values of Ë for which SOR converges.

Proof. Let Çi = »
1/2
i . Then equation (13.4.2) can be written

·i = 1

2

(

Çi 2 1 2 Ë

Çi

)

= Ëµi

2
.

We consider the mapping of the complex plane that takes the complex variable Ç to · =
(Ç 2 (1 2 Ë)/Ç)/2. This mapping takes circles in the complex Ç plane to ellipses in the
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complex · plane. The circle |Ç | = |1 2 Ë|1/2 is mapped to the degenerate ellipse given

by

Re · = 0, |Im · | f
:

1 2 Ë

when 0 < Ë < 1 and

Im · = 0, |Re · | <
:

Ë 2 1

when 1 < Ë < 2. In either case the annulus |Ë 2 1|1/2 f |Ç | < 1 is mapped onto the

ellipse
(

Re ·

Ë/2

)2

+
(

Im ·

1 2 Ë/2

)2

< 1. (13.5.2)

For each value of · we obtain two roots; if Ç1 is one root, then Ç2 = (Ë 2 1)/Ç1

is the other root. It is therefore necessary that |Ë 2 1| = |Ç1Ç2| must be less than 1. We

also see that one root, say Ç1, must satisfy |Ë 2 1|1/2 f |Ç1| < 1. If we set · = Ëµi/2

in (13.5.2) we obtain (13.5.1), which proves the first assertion of the theorem. We also see

that if |Re µi | is less than 1 for all µi, then there are values of Ë near 0 that satisfy

(13.5.1). This proves the theorem.

Estimating the Optimal Value of ω

SOR often converges when I 2 L 2 U is not consistently ordered, for example, when

used on more general elliptic equations with variable coefficients. Even though formula

(13.4.6) is not valid, we often find that the optimal Ë is close to 2. In fact, the relation

Ë7 = 2

1 + Ch
(13.5.3)

is often nearly true, where h is some measure of the grid spacing and C is some constant.

This formula is computationally very useful and can be employed as follows. First, for a

coarse grid we find a good estimate for Ë7, the optimal Ë, by experimentation, i.e., by

making several calculations with different values of Ë. Given this Ë7 and h, we can

determine C and then use (13.5.3) to estimate Ë7 for smaller values of h. This formula

can considerably reduce computational effort.

Garabedian [22] showed that the optimal value of Ë for Poisson’s equation on a

domain other than the square can be approximated by

Ë7 j 2

1 + k1h/
:

2
,

where h is the mesh width and k1 is the first eigenvalue of the Laplacian, i.e., the least

positive value k1 such that

'2u + k2
1u = 0

has a nontrivial solution with u equal to zero on the boundary. He also pointed out that

the value of k1 can be estimated from below by the Faber–Krahn inequality

k1 g k7
1

(Ã

A

)1/2
,
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where A is the area of the domain and k7
1 is the first eigenvalue for a circle of radius 1. The

constant k7
1 is the first zero of the Bessel function J0 and is approximately 2.4. Because

the Faber–Krahn inequality is sharp for circular domains and less sharp for elongated and

nonconvex regions, we can estimate k1 as a multiple of k7
1(Ã/A)1/2, the multiplying

factor being determined by experiment. In ways similar to this, we can usually estimate the

optimal value of Ë quite well in situations for which it cannot be explicitly determined.

In estimating the optimal value of Ë, it is important to realize that it is better to

overestimate Ë7 than it is to underestimate. This is because, as shown in Figure 13.1 for Ë

larger than Ë7, the spectral radius varies linearly with Ë, but the derivative with respect

to Ë of »(µ̄) for Ë less than Ë7, as given in (13.4.4), is infinite for the optimal value

of Ë.

Variations of SOR

There are several variations of SOR. The one we have considered is often called point SOR

with natural ordering. One variation is to use a different ordering of the points. If we

update all the points with $ + m equal to an even number, followed by an update of all

those with $ + m equal to an odd number, we have point SOR with checkerboard ordering.

We can also do one iteration of point SOR with natural ordering followed by one

iteration of point SOR with reverse natural ordering. This is called symmetric SOR, or

SSOR.

Line SOR, or LSOR, updates one line of grid points at a time. The formula is

Þv$21,m 2 4 Þv$,m + Þv$+1,m = 2Ë
(

vk
$21,m + vk

$+1,m + vk+1
$,m21 + vk

$,m+1 2 4vk
$,m

)

,

vk+1
$,m = vk

$,m + Þv$,m (13.5.4)

when taking the lines in the usual order. LSOR requires that a tridiagonal system be solved

for each grid line. This extra work is offset by a smaller spectral radius of the iterative

method. Generally it is considered to be faster than point SOR by a factor of
:

2; see

Exercise 13.5.7.

In general, line, or block, SOR is derived by writing the system (13.1.6) as

2
∑

m<j

Ljmxm + Djxj 2
∑

m>j

Ujmxm = bj ,

where each xj is a vector consisting of a subset of all the components of x. The coefficients

Ljm, Ujm, and Dj are matrices of the appropriate sizes. In the usual case xj is the set

of unknowns associated with the j th grid line. The line Jacobi method is given by

xk+1
j = D21

j

(

bj +
∑

m<j

Ljmxk
m +

∑

m>j

Ujmxk
m

)

and the LSOR is given by

xk+1
j = xk

j + ËD21
j

(

bj +
∑

m<j

Ljmxk+1
m +

∑

m>j

Ujmxk
m 2 Djx

k
j

)

,

from which we obtain (13.5.4) for the special case of the five-point Laplacian.
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It is easy to implement a symmetric LSOR method, in which the lines are swept in

the opposite order during each successive iteration. As with point SOR, symmetric LSOR

has a better convergence rate with almost no extra work.

One case where LSOR is useful is in the solution of elliptic equations on domains

with polar coordinate systems (r, »); see Section 12.6 and Exercise 12.7.2. Each “line”

consists of the grid points with fixed value of r. At the center we use formula (12.6.3). The

periodic tridiagonal system for each line can be solved by the methods of Section 3.5 (see

also Exercise 3.5.8). We first update all the points other than the origin; then (12.6.3) can

be used to compute the new value at the origin. In the SOR iterations it appears to be best

to proceed from the boundary of the disk in toward the center. The equation to update the

center value using (12.6.3) is

uk+1
0 = uk

0 + Ë

þ

ø

1

J

J
∑

j=1

uk+1
1j 2 uk

0 2 f (0)

(

)r

2

)2
ù

û .

Implementing SOR Methods

The implementation of SOR methods is quite straightforward, but there are some small

details that should be mentioned. The SOR methods are usually terminated when the

change in the solution is sufficiently small. One usually sets a tolerance and proceeds until

the changes are smaller than that tolerance. Rather than using formula (13.1.5) it is better

to use the two-step procedure

Þvk
$,m = 1

4
(vk

$+1,m + vk+1
$21,m + vk

$,m+1 + vk+1
$,m21) 2 vk

$,m,

vk+1
$,m = vk

$,m + Ë Þvk
$,m,

(13.5.5)

where Þvk
$,m is used to measure the change in the solution per iteration.

Of course, since SOR uses immediate replacement, in the computer implementation

there is no need to index the solution by the index k. Also, the temporary variable Þv$,m

is not stored as an array; it need only be a scalar. Both steps of (13.5.5) are computed at

each grid point before proceeding to the next point. The two-step procedure (13.5.5) is

less sensitive to loss of significance than is the procedure of first using (13.1.5) and then

determining the change by computing the difference between the successive values of v$,m.

The line SOR (13.5.4) is given as a two-step procedure for the same reason. For more details

on the implementation, the reader is referred to Hageman and Young [29].

Here is a section of pseudocode illustrating how to implement the SOR method.

Notice that it requires only the one two-dimensional array v.

Initialize solution

while change > tolerance

change = 0

loop on $

loop on m
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change pt = [v( $ -1,m)+v( $ +1,m)+v( $ ,m-1)+v( $ ,m+1)

-4v( $ ,m)]/ 4.

v( $ ,m) = v( $ ,m) + omega*change pt

change = change + change pt Æ 2
end of loop on m

end of loop on $

change = sqrt( change*h Æ 2
end of while loop

The changes in the solution can be measured by the L2 norm of Þvk, either with or

without the factor of Ë. The L2 norm preferred by the author is

‖ Þvk‖ =
(

∑

$,m

| Þvk
$,m|2 h2

)1/2

. (13.5.6)

The factor of h in the measurement of the norm causes the stopping tolerance to be

relatively independent of the grid size. The results given in the examples in this book use

the norm (13.5.6).

In checking for the optimal value of Ë for a SOR method, it is often found that the

optimal value of Ë to achieve convergence for a given tolerance in the norm (13.5.6) is

close to, but not the same as, that given by formula (13.4.6). One reason for this discrepancy

is that the convergence criteria are different; i.e., the use of (13.5.6) is not a measurement of

the spectral radius that was used in deriving (13.4.6). This discrepancy is of little concern,

since formulas such as (13.4.6) and (13.5.3) can be used to give nearly optimal values

for Ë.

For Poisson problems, the values of f (x, y) at grid points should be computed

once and stored in an array, rather than be computed as needed. For standard computers,

accessing an array element is much faster than a function call and its related computation.

For other information on these and other iterative methods, see the compendium of

numerical methods by Barrett et al. [4].

Exercises

13.5.1. Using the point SOR method, solve Poisson’s equation

uxx + uyy = 22 cos x sin y

on the unit square. The boundary conditions and exact solution are given by the

formula u = cos x sin y. Use the standard five-point difference scheme with h =
)x = )y = 0.1, 0.05, and 0.025. The initial iterate should be zero in the interior

of the square. Comment on the accuracy of the scheme and the efficiency of

the method. Use Ë = 2/(1 + Ãh). Stop the iterations when the changes in the

solution as measured in the L2 norm (13.5.6) are less than 1027. Note: For some

computers the value of 1027 will be too small unless double-precision variables

are used.
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13.5.2. Solve the same problem as in Exercise 13.5.1 but use the fourth-order accurate

finite difference scheme (12.5.4). Comment on the efficiency and accuracy of the

two methods. Even though the matrix for this scheme is not consistently ordered,

the SOR method will converge, as is shown in the next section. A good estimate

for the optimal value of Ë is 2/(1 + Ãh).

13.5.3. Use the results of Exercise 13.5.1 to show that the values of ·0xv and ·2
xv, where

v is the computed solution, are second-order approximations to the corresponding

derivatives.

13.5.4. Use the results of Exercise 13.5.2 to show that the values of the approximations

to the first and second derivatives given by (3.3.3) and (3.3.7) give fourth-order

approximations to the corresponding solutions.

13.5.5. Solve the same equation as in Exercise 13.5.1 but on the trapezoidal domain dis-

cussed in Section 12.7.

13.5.6. Prove Theorem 13.5.1.

13.5.7. Determine the formula for the optimal value of Ë as a function of the grid spacing

for LSOR on the unit square in the case of equal spacing in both directions. Hint:

You will have to use the fact that the natural ordering of the lines is a consistent

ordering and also that the eigenvectors for the line Jacobi method are the same as

for the point Jacobi method. The eigenvalues, however, are different.

13.5.8. Suppose matrix A, given by I 2 L 2 U, is consistently ordered and L + U is

skew with eigenvalues µj . (A skew matrix is one for which ST = 2S.) Show

that SOR is convergent if and only if Ë is in the interval
(

0, 2(1 + ¯́)21
)

, where
¯́ = max |µj | and the optimal value of Ë is given by

Ë7 = 2

1 + (1 + ¯́2)1/2
.

Notice that Ë7 is less than 1.

13.5.9. Show that the fourth-order accurate finite difference scheme (12.5.4) is not consis-

tently ordered with the natural ordering of points. Also show that it is consistently

ordered for LSOR.

13.5.10. Show that the optimal value of Ë for point SOR with the checkerboard ordering

applied to the five-point Laplacian on the unit square is given by formula (13.4.6).

Hint: Show that the checkerboard ordering is a consistent ordering.

13.6 Linear Iterative Methods for Symmetric,
Positive Definite Matrices

We can also analyze linear iterative methods when the matrix A is symmetric and positive

definite. The methods of this section can be applied to many schemes that are not consis-

tently ordered and thus cannot be analyzed by the methods of the previous section. For
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example, the fourth-order accurate nine-point scheme (12.5.4) is not consistently ordered

for point SOR, but the matrix is symmetric and positive definite (see Exercise 13.6.3). On

the one hand, the method of analysis of this section requires less detailed understanding of

the matrix than is required to establish the consistent ordering of A; on the other hand, it

is not apparent how to determine the optimal value of Ë.

It should be pointed out that one need not write out the scheme in matrix form to

determine if the matrix is symmetric. The matrix A representing the scheme is symmetric

when the coefficient multiplying v$′,m′ in the scheme applied at grid point ($, m) is the

same as the coefficient multiplying v$,m in the scheme applied at grid point ($′, m′) for

each of the unknown grid function values.

The main result for symmetric, positive definite matrices is the following theorem.

Theorem 13.6.1. If A is symmetric and positive definite, then the iterative method (13.1.8)

based on the splitting (13.1.7) is convergent if

Re B > 1
2
A (13.6.1)

or, equivalently, that BT + C is symmetric and positive definite, i.e.,

BT + C > 0. (13.6.2)

Proof. We first establish that the two conditions in the conclusion are equivalent.

The matrix Re B is (B + BT )/2, and thus (13.6.1) is equivalent to

BT + B 2 A > 0. (13.6.3)

The defining relation of the splitting (13.1.7) shows that this is equivalent to (13.6.2)

and that BT + C is symmetric.

We now begin the proof. We measure the error in the norm induced by A, i.e.,

‖x‖A = (x, Ax)1/2. In this norm we have the relation

‖ek+1‖A = ‖B21Cek‖A f ‖B21C‖A‖ek‖A

(see Appendix A). If the norm of B21C is less than 1, then the error will decrease at each

iteration and the method will converge. We have that the norm of B21C is given by

‖B21C‖2
A = sup

x �=0

(B21Cx, AB21Cx)

(x, Ax)
= sup

x �=0

(x, CT B2T AB21Cx)

(x, Ax)
.

Thus the condition ‖B21C‖A < 1 is equivalent to CT B2T AB21C < A, and we consider

now the matrix CT B2T AB21C. We have, using relation (13.1.7) to eliminate C,

CT B2T AB21C = (I 2 AB2T )A(I 2 B21A)

= A 2 (AB2T A + AB21A 2 AB2T AB21A).
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Thus we see that CT B2T AB21C < A if and only if

AB2T A + AB21A 2 AB2T AB21A > 0. (13.6.4)

But this last expression can be factored as

AB2T (B + BT 2 A)B21A

or

(B21A)T (B + BT 2 A)B21A.

Thus (13.6.4) is true if and only if (13.6.3) is true, and this implies that ‖B21C‖A is less

than 1 and so the method is convergent. This proves the theorem.

Example 13.6.1. As our first application of Theorem 13.6.1 we consider SOR for a sym-

metric matrix A of the form

A = I 2 L 2 LT . (13.6.5)

Note that L need not be the lower triangular part of A, although in most applications it

is. We have the splitting

B = 1

Ë
I 2 L, C = 1 2 Ë

Ë
I + LT ,

and the condition (13.6.2) is

BT + C = 2 2 Ë

Ë
I > 0.

We conclude that SOR for the matrix (13.6.5) will converge for Ë in the interval (0, 2) if

the matrix A is positive definite.

This result applies to the fourth-order accurate nine-point scheme (12.5.4), which is

not consistently ordered; see Exercise 13.6.3.

Example 13.6.2. For our second application we consider SSOR for a matrix in the form

(13.6.5). For SSOR the splitting is

B = Ë

2 2 Ë

(

1

Ë
I 2 L

)(

1

Ë
I 2 LT

)

,

C = Ë

2 2 Ë

(

1 2 Ë

Ë
I + L

)(

1 2 Ë

Ë
I + LT

)

(13.6.6)

(see Exercise 13.6.1). In this case both B and C are symmetric and

B + C = Ë(2 2 Ë)21
[

Ë22(2 2 2Ë + Ë2)I 2 L 2 LT + 2LLT
]

= Ë(2 2 Ë)21

[

(2 2 Ë)2

2Ë2
I +

(

1:
2
I 2

:
2L

)(

1:
2
I 2

:
2LT

)]

= 2 2 Ë

2Ë
+ Ë

2 2 Ë

(

1:
2

2
:

2L

)(

1:
2

2
:

2L

)T

,

which is positive definite if and only if 0 < Ë < 2.
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As we see from these two examples, this analysis shows rather easily that the iterative

methods will converge for Ë between 0 and 2, but it does not give an indication of the

optimal value of Ë. The method used to prove Theorem 13.6.1 can be refined to give

estimates of the optimal Ë, but we will not pursue this topic. Formula (13.5.3) and the

discussion of that formula should suffice for most applications.

Exercises

13.6.1. Verify that the matrices in (13.6.6) define the splitting for SSOR.

13.6.2. Consider the iterative method (13.1.10) based on the ADI method and assume that

the matrices A1 and A2 are symmetric. Use Theorem 13.6.1 to determine the

values of µ for which the iterative method will converge.

13.6.3. Show that the matrix arising from the fourth-order accurate scheme (12.5.4) is

positive definite when written in the form

10

3
v$,m 2 2

3

(

v$+1,m + v$21,m + v$,m+1 + v$,m21

)

2 1

6

(

v$+1,m+1 + v$+1,m21 + v$21,m+1 + v$21,m21

)

= 2h2

12

(

f$+1,m + f$21,m + f$,m+1 + f$,m21 + 8f$,m

)

.

13.7 The Neumann BoundaryValue Problem

In this section we examine second-order elliptic equations with the Neumann boundary

condition (12.1.4). More specifically, we confine ourselves to equations of the form

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d1(x, y)ux + d2(x, y)uy = f (x, y) (13.7.1)

on a domain U with the boundary condition

"u

"n
= b(x, y) on "U, (13.7.2)

which is the same as (12.1.4). Notice that equation (13.7.1) depends on u only through

its derivatives. As opposed to the Dirichlet boundary value problem for equation (13.7.1),

the solution to (13.7.1) and (13.7.2) is not unique. Indeed, if u is any solution to (13.7.1)

and (13.7.2), then for any constant c the function uc given by uc(x, y) = u(x, y) + c

is also a solution. The solution of this boundary value problem is unique to within the

additive constant; that is, any two solutions differ by a constant (see Exercise 13.7.2). (The

nonuniqueness of the solution of elliptic equations can occur for any type of boundary

condition; see Example 12.3.2.)
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In addition to the solution not being unique, a solution may not exist unless the data, f

and b in (13.7.1), satisfy a linear constraint. For many applications, especially symmetric

problems, we can easily determine the constraint to be satisfied, but for some problems it

may be quite difficult to determine this constraint. For Poisson’s equation (12.1.1) with the

Neumann boundary condition (13.7.2), the constraint on the data is equation (12.1.5).

As an example of an equation for which it is difficult to determine the constraint, we

have

uxx + exyuyy = f

with the Neumann boundary condition (see Exercise 12.7.3). The solutions of this boundary

value problem are unique to within an additive constant, and numerical evidence confirms

that there is a constraint on the data.

The nonuniqueness of the solution of the differential equation boundary value problem

and possible nonexistence of a solution causes some difficulties in obtaining the numerical

solution. A careful examination of the difficulties leads to effective strategies to surmount

them.

We now consider using a finite difference scheme to obtain an approximate solution

of the Neumann problem. As an example, we consider solving the Neumann problem for

the Laplacian on the unit square. Either the five-point Laplacian (12.5.1) or the nine-point

Laplacian (12.5.4) might be used to approximate the differential equation. For the boundary

condition, suitable approximations are

"u

"x
(0, ym) j 23v0m + 4v1m 2 v2m

2)x
= b(0, ym) (13.7.3)

or
"u

"x
(0, ym) j v1m 2 v0m

)x
= b(0, ym). (13.7.4)

The approximation (13.7.3) is second-order accurate, whereas (13.7.4) is first-order

accurate. For each of these methods we obtain one equation for each unknown v$,m,

0 f $, m f N. The linear system can be written as

Ax = b (13.7.5)

as for the Dirichlet boundary conditions, except in this case the vector of unknowns, x,

also contains the components of v$,m on the boundary. Thus, K, the order of the system

(13.7.5), is (N + 1)2.

The nonuniqueness of the solution of the Neumann problem for (13.7.1) implies that

the matrix A in (13.7.5) is singular or nearly singular. Because the solution of (13.7.1)

with the Neumann boundary conditions is unique only up to a constant, most difference

schemes for (13.7.1) and the boundary conditions will also be unique only to within an

additive constant. That is, if x is a solution to (13.7.5), then

A(x + ³x0) = b

is also true, where x0 is the vector all of whose components are 1 and ³ is any real

number. Comparing this equation with (13.7.5), we see that x0 is a null vector of A, i.e.,

Ax0 = 0.
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We will assume that the null space of the matrix A is one-dimensional. (The null

space of a matrix is the linear subspace of vectors z such that Az is the zero vector.) The

matrix A is said to have a (column) rank deficiency of 1. This is a reasonable assumption,

since the null space of the differential operator is also one-dimensional.

A fundamental result of linear algebra is that the row rank of a matrix is equal to

its column rank. Thus there is a nonzero vector y0 such that yT
0 A is the zero vector.

The vector y0 represents the constraint that the data in (13.7.5) must satisfy in order for a

solution to exist. We have

0 = (yT
0 A)x = yT

0 (Ax) = yT
0 b (13.7.6)

if a solution x exists for (13.7.5). If A is symmetric, then y0 may be taken to be x0.

There are two problems concerning constraint (13.7.6). The first is that we may

not know the constraint vector y0, and the second is that the constraint (13.7.6) may not

be satisfied exactly for the known or given data, either because of errors in the physical

data or through truncation errors. One solution to these difficulties is to use only simple

boundary condition discretizations that maintain the symmetry of A, when that is possible.

Unfortunately, this usually results in only first-order accurate boundary conditions (see

Exercise 13.7.1).

If we delete one equation from the linear system (13.7.5) and arbitrarily fix one

component of x, then the resulting system will usually be nonsingular. However, the

accuracy of the solution will depend on which equation is deleted.

An approach that does not single out any particular equation or variable is to use the

concept of a factor space. We consider two vectors v1 and v2 to be equivalent if their

difference, v1 2 v2, is a multiple of the null vector x0. We consider equation (13.7.5) for

solutions in the resulting factor space, which we denote by RK/〈x0〉. If we consider the

data in the factor space RK/〈y0〉, then the system is nonsingular. If we do not know y0,

we can consider the data in RK/〈x0〉, and the system will be nonsingular as long as yT
0 x0

is nonzero (see Exercise 13.7.3). We will assume that yT
0 x0 is nonzero for each system we

discuss.

This abstract reasoning is useful only if it leads to a useful and convenient algorithm.

In this case it does, as we now illustrate. The norm of a vector x in RK/〈x0〉, where x0

is the vector with all components equal to 1, is given by

‖x‖ =
(

K
∑

¿=1

(x¿ 2 x)2

)1/2

,

where x is the average of the components x¿ . The equation being solved is no longer

(13.7.5), but rather

Ax = b 2 ³ x0, (13.7.7)

where ³ is the average of b 2 Ax, i.e., the average residual. When a solution to (13.7.7)

is obtained, the value of ³ is an indication of how closely the data vector b satisfies the

constraint. A nonzero value of ³ can be due either to errors in the data or to the truncation

errors implicit in the use of finite difference schemes.
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We now give formulas for using this method on an elliptic equation. First, we write

the finite difference equation at each grid point ($, m) in the form

v$,m 2
∑

L($,m)($′,m′)v$′,m′ 2
∑

U($,m)($′,m′)v$′,m′ = b$,m,

where L and U refer to the lower and upper triangular parts of the matrix. One sweep of

SOR applied to this system may be described as follows. At each grid point ($, m), the

value of rk
$,m, the update is computed:

rk
$,m =

∑

L($,m)($′,m′)v
k+1
$′,m′ +

∑

U($,m)($′,m′)v
k
$′,m′ 2 vk

$,m + b$,m.

The value of vk+1
$,m is obtained as

vk+1
$,m = vk

$,m + Ërk
$,m.

The iteration continues until the updates are essentially constant, independent of ($, m),

i.e., until ‖r 2 r̄‖, the norm of the update in the factor space, is sufficiently small. To make

the method efficient requires a convenient means of computing the average of the update

and computing ‖r 2 r̄‖.
We now show how to compute both the average of the update and the norm of the

update in the factor space. The algorithm for computing the averages and norms is due to

West [70], who introduced it as an efficient means of computing averages and variances

of statistical quantities. First, the variables rk+1
0 and vk+1

0 , which will accumulate the

average values of the update and v, respectively, are set to zero along with the variables

Rk
0 and V k

0 , which will accumulate the norms of these quantities. It is also convenient to

use the variable J to count the total number of points that have been updated.

At each grid point the accumulators of the norms are computed as

Rk+1
J+1 = Rk+1

J + (rk+1
$,m 2 rk+1

J )2 J

J + 1
,

V k+1
J+1 = V k+1

J + (vk+1
$,m 2 vk+1

J )2 J

J + 1
,

and then the averages are computed:

rk+1
J+1 = rk+1

J +
rk+1
$,m 2 rk+1

J

J + 1
,

vk+1
J+1 = vk+1

J +
vk+1
$,m 2 vk+1

J

J + 1
.

The value of J is then incremented by 1, and the computation proceeds to the next

grid point.
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At the completion of one SOR sweep, the value of J will be equal to the total number

of grid points at which values have been updated, which is K. The value of rk+1
K will be

equal to the average update and vk+1
K will be the average value of vk+1. The norms

‖vk+1 2 v̄k+1‖ =

û

ý

∑

$,m

(vk+1
$,m 2 vk+1)2)x)y

þ

ø

1/2

and

‖rk+1 2 r̄k+1‖ =

û

ý

∑

$,m

(rk+1
$,m 2 rk+1)2)x)y

þ

ø

1/2

will be equal to (V k+1
J )x)y)1/2 and (Rk+1

J )x)y)1/2, respectively. The SOR iterations

can be stopped when ‖rk+1 2 r̄k+1‖ is sufficiently small.

Example 13.7.1. We show results of using the factor space method and the method in

which a specified variable is fixed in Table 13.7.1. The equation being solved is Poisson’s

equation

uxx + uyy = 25 sin (x + 2y)

on the unit square with the normal derivative data being consistent with the solution

u(x, y) = sin (x + 2y) + C. (13.7.8)

The five-point Laplacian was used, and the boundary conditions were approximated

by the second-order approximation (13.7.3).

The finite difference grid used equal grid spacing in each direction. The three different

grid spacings are displayed in the first column of the table. The next columns show the

number of iterations required to obtain a converged solution and the error in the solutions.

Table 13.7.1

Comparison of using factor space or fixing the center value.

Factor method Fixed center value

h Iterations Error* Iterations Error* Error**

0.100 55 3.40–3 95 4.47–3 2.38–2

0.050 93 9.38–4 241 1.13–3 7.70–3

0.025 200 2.47–5 958 2.87–4 2.37–3
7In the factor space L2 norm.
77In the usual L2 norm.

For each method the initial iterate was the grid function, which was identically zero.

Each method was terminated when the appropriate norm of the change in the solution was

less than 1027. This convergence criterion was sufficient to produce results for which the
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error was primarily due to the truncation error. For the factor space method, the iteration

parameter Ë was chosen as 2/(1 + Ãh/
:

2), since Ã is the smallest eigenvalue for the

Laplacian on the square with Neumann boundary conditions.

For the fixed-value method, the value of Ë was 2/(1 + h) for h equal to 1/10,

it was 2/(1 + 1.1h) for h equal to 1/20, and it was 2/(1 + 2h) for h equal to 1/40.

These values give convergence but are not optimal. For this method, the exact value of the

solution was fixed at the center point of the square; the constant in (13.7.8) was chosen so

that u(1/2, 1/2) was zero.

The solutions show the second-order accuracy of the finite difference methods when

measured in the factor space norm. Notice that the error in the factor space norm is signif-

icantly smaller than in the usual L2 norm.

Example 13.7.2. Table 13.7.2 shows the results of using the factor space method on equation

exyuxx + uyy = f (13.7.9)

on the unit square with Neumann boundary data. The values of f and the boundary data

are determined by the exact solution

u(x, y) = e2xy .

The last column gives the average update for the last iteration. It can be seen that the

average update is quite small compared with the error. The results clearly show that the

solution is second-order accurate.

This example is interesting because the integrability constraint is unknown. The

integrability condition is discussed in Section 12.1 and is a linear relationship involving the

boundary data and the data f in equation (13.7.9). The integrability condition must be

satisfied for a solution to exist.

In spite of not knowing the integrability condition, the solution can be computed. The

integrability constraint for this equation is difficult to obtain because this equation cannot

be put into divergence form; see Exercise 12.7.3.

Table 13.7.2

The factor space method for a nonsymmetric equation.

h Iteration Error r̄

0.100 60 2.05–4 1.13–5

0.050 103 5.07–5 1.56–6

0.025 233 1.26–5 1.98–7

If a nonzero constant, say 1, is added to the value of f in (13.7.9), then the integra-

bility condition is not satisfied. This method will compute a solution in the factor space,

but the value of the average update, corresponding to ³ in (13.7.7), will not be small, since

the constraint is not close to being satisfied.



13.7 The Neumann Boundary Value Problem 371

Exercises

13.7.1. Show that the five-point Laplacian and first-order accurate boundary condition

(13.7.4) on the unit square give a symmetric matrix if the equations are scaled

properly.

13.7.2. Using the maximum principle, show that equation (13.7.1) with boundary condition

(13.7.2) has a unique solution to within an additive constant.

13.7.3. Consider a K × K matrix A that is singular with rank deficiency 1 and with

a left null vector y0 and right null vector x0. Show that when considered as a

linear mapping from the factor space RK/〈x0〉 to the factor space RK/〈x0〉, A

is nonsingular if and only if the inner product of x0 and y0 is nonzero.

13.7.4. Solve Poisson’s equation

uxx + uyy = 22Ã2 cos Ãx cos Ãy

on the unit square with the Neumann boundary condition

"u

"n
= 0.

The exact solution is u(x, y) = cos Ãx cos Ãy. Use both the first-order accurate

approximation (13.7.4) and the second-order accurate approximation (13.7.3) to

approximate the boundary conditions. Use equal grid spacing for both directions,

and use grid spacings of 1/10, 1/20, and 1/40. Use Ë = 2/(1 + Ãh/
:

2).

13.7.5. Consider the Jacobi iteration given by the five-point Laplacian on the unit square

given by

vk+1
$,m = 1

4
(vk

$+1,m + vk
$21,m + vk

$,m+1 + vk
$,m21)

for $ = 0, . . . , N and m = 0, . . . , N with grid spacing h equal to N21. The

boundary conditions are used to eliminate the variables v$,m with $ or m less

than 0 or greater than N, with the relations

v21,m = v1,m for m = 0, . . . , N,

v$,21 = v$,1 for $ = 0, . . . , N,

vN+1,m = vN21,m for m = 0, . . . , N,

v$,N+1 = v$,N21 for $ = 0, . . . , N.

Show that the eigenvalues are given by

µa,b = 1

2

[

cos

(

aÃ

N

)

+ cos

(

bÃ

N

)]
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for 0 f a, b f N and the corresponding eigenvectors are

v
a,b
$,m = cos

(

a$Ã

N

)

cos

(

bmÃ

N

)

.

Show that the Jacobi method will not converge in the factor space RK/〈x0〉 in

which x0 is the vector with all components equal to 1. Show also that the Gauss–

Seidel method will converge. This result does not contradict Theorem 13.5.1, since

the Jacobi method in the factor space is not the true Jacobi method.

13.7.6. Show that the optimal value of Ë for point SOR applied to the equations in Exercise

13.7.5 in the factor space is

Ë7 = 2

1 + sin(Ã/2N)
√

1 + cos2(Ã/2N)

j 2

1 + Ãh/
:

2
.

13.7.7. Verify that the following algorithm can be used to compute norms and vector prod-

ucts in the factor space RK/〈x0〉, where x0 is the vector with all components

equal to 1:

Given vectors x and y in RK , let ÃK and ÇK denote the factor space

norms of x and y, respectively, and their inner product will be denoted by ÃK .

The quantities x̄K and ȳK are the averages of x and y, respectively.

The algorithm is: Set Ã0 = 0, Ç0 = 0, Ã0 = 0, x̄0 = 0, ȳ0 = 0. Then for

k from 0 to K 2 1, compute the quantities

x̄k+1 = x̄k + (xk+1 2 x̄k)/(k + 1), ȳk+1 = ȳk + (yk+1 2 ȳk)/(k + 1),

Ãk+1 = Ãk + (xk+1 2 x̄k)
2k/(k + 1), Çk+1 = Çk + (yk+1 2 ȳk)

2k/(k + 1),

Ãk+1 = Ãk + (xk+1 2 x̄k)(yk+1 2 ȳk)k/(k + 1).

Then, at the conclusion of the algorithm,

x̄K =
∑K

j=1 xj/K = x̄, ȳK =
∑K

j=1 yj/K = ȳ,

ÃK =
∑K

j=1(xj 2 x̄)2, ÇK =
∑K

j=1(yj 2 ȳ)2,

ÃK =
∑K

j=1(xj 2 x̄)(yj 2 ȳ).



Chapter 14

The Method of Steepest Descent
and the Conjugate Gradient
Method

In this chapter we consider a class of methods for solving linear systems of equations when

the matrix of coefficients is both symmetric and positive definite. (See Appendix A for the

definitions of these terms.) Although we are interested primarily in the application of these

methods to the solution of difference schemes for elliptic equations, these methods can be

applied to any symmetric and positive definite system. We begin by discussing the method

of steepest descent and then the conjugate gradient method, which can be regarded as an

acceleration of the method of steepest descent. Our approach to the conjugate gradient

method is based on that of Concus, Golub, and O’Leary in [10]. There have been many

variations and extensions of the conjugate gradient method that cannot be discussed here.

A good reference for these additional topics is the book by Hageman and Young [28] and

the compendium of iterative methods by Barrett et al. [4].

14.1 The Method of Steepest Descent

We consider a system of linear equations

Ax = b, (14.1.1)

where matrix A is symmetric and positive definite. As in the previous chapter we will let

K be the order of the matrix. Consider also the function F(y) defined by

F(y) = 1
2

(y 2 x, A(y 2 x)) , (14.1.2)

where x is the solution to (14.1.1) and (·, ·) is the usual inner product on RK . Obviously,

the function F has a unique minimum at y equal to x, the solution of (14.1.1). Similarly,

the function E given by

E(y) = F(y) 2 F(0) = 1
2
(y, Ay) 2 (y, b) (14.1.3)

has a unique minimum at the solution of (14.1.1). Both the method of steepest descent and

the conjugate gradient method are iterative methods that reduce the value of E at each

step until a vector y is obtained for which E(y) is minimal or nearly minimal. In many

373
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applications the function E(y) represents a quantity of significance, such as the energy of

the system. In these cases the solution of (14.1.1) is the state of minimum energy.

We first consider the method of steepest descent. The gradient of the function E(y)

is the vector

G(y) = Ay 2 b = 2r, (14.1.4)

where r is called the residual (see Exercise 14.1.1). Since the gradient of a function points

in the direction of steepest ascent, to decrease the value of the function it is advantageous

to go in the direction opposite of the gradient, which is the direction of steepest descent.

The method of steepest descent, starting from an initial vector x0, is given by

xk+1 = xk + ³kr
k, (14.1.5)

where

rk = b 2 Axk

and ³k is some parameter.

The notation we will use is that lowercase Roman letters will denote vectors and have

superscripts, and Greek letters will denote scalar quantities and have subscripts. The norm

of a vector v will be denoted by |v|, where |v| = (v, v)1/2.

The parameter ³k in (14.1.5) will be chosen so that E(xk+1) is minimal. We have

E
(

xk+1
)

= E
(

xk + ³kr
k
)

= 1
2

(

xk, Axk
)

+ ³k

(

rk, Axk
)

+ 1
2
³2

k

(

rk, Ark
)

2
(

xk, b
)

2 ³k

(

rk, b
)

= E
(

xk
)

2 ³k

(

rk, rk
)

+ 1
2
³2

k

(

rk, Ark
)

.

This expression is a quadratic function in ³k and has a minimum for some value of ³k.

We find the minimum as follows. Setting "E/"³k = 0, we find that ³k given by

³k =
(

rk, rk
)

(

rk, Ark
) = |rk|2

(

rk, Ark
) (14.1.6)

is the value at which E(xk+1) is minimal.

We now derive some consequences of this choice of ³k. From (14.1.5) we have that

rk+1 = rk 2 ³kArk

and so from (14.1.6),

(

rk+1, rk
)

=
(

rk, rk
)

2 ³k

(

rk, Ark
)

= 0, (14.1.7)

showing that consecutive residuals are orthogonal. For this optimal choice of ³k we have

E
(

xk+1
)

= E
(

xk
)

2 1

2

|rk|4
(

rk, Ark
) , (14.1.8)
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showing that E(xk) will decrease as k increases until the residual is zero. Notice also

from the definitions of E
(

xk
)

and rk that

E
(

xk
)

= 1
2

(

A21rk, rk
)

2 F(0)

and hence (14.1.8) is equivalent to

(

A21rk+1, rk+1
)

=
(

A21rk, rk
)

2 |rk|4
(rk, Ark)

.

We now collect the formulas for steepest descent:

xk+1 = xk + ³kr
k, (14.1.9a)

rk+1 = rk 2 ³kArk, (14.1.9b)

³k = |rk|2
(

rk, Ark
) . (14.1.9c)

Notice that to implement the method, we need only one matrix multiplication per step; also,

there is no necessity for storing the matrix A. Often A is quite sparse, as in solving linear

systems arising from elliptic systems of finite difference equations, and we need only a

means to generate the vector Ar given the vector r. Formula (14.1.9b) should be used

instead of the formula rk = b 2 Axk to compute the residual vectors rk. When using

the finite precision of a computer, there is a loss of significant digits when the residual is

computed as b 2 Axk, since the two vectors b and Axk will be nearly the same when k

is not too small. The formula (14.1.9b) avoids this problem.

Although our derivation of the steepest descent method relied on matrix A being

both symmetric and positive definite, we can apply the algorithm (14.1.9) in case A is not

symmetric. The following theorem gives conditions on which the method will converge.

Theorem 14.1.1. If A is a positive definite matrix for which AT A21 is also positive

definite, then the algorithm given by (14.1.9) converges to the unique solution of (14.1.1)

for any initial iterate x0.

Proof. First note that if A is positive definite, then A21 is also positive definite,

and if AT A21 is positive definite, we have that there are constants c0 and c1 such that

c0(x, A21x) f (x, AT A21x) (14.1.10)

and

c1(x, Ax) f (x, x) (14.1.11)

for all vectors x (see Exercise 14.1.2). We now consider
(

rk+1, A21rk+1
)

, where r0 =
b 2 Ax0 and rk+1 depends on rk by (14.1.9b). We have

(

rk+1, A21rk+1
)

=
(

rk, A21rk
)

2 ³k

(

rk, rk
)

2 ³k

(

Ark, A21rk
)

+ ³2
k

(

rk, Ark
)

=
(

rk, A21rk
)

2 ³k

(

rk, AT A21rk
)
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by the definition of ³k. Now using (14.1.11) we have

³k =
(

rk, rk
)

(

rk, Ark
) g c1

and thus, by (14.1.10),

(

rk+1, A21rk+1
)

f
(

rk, A21rk
)

(1 2 c0c1) for k g 0. (14.1.12)

Notice that 1 2 c0c1 is nonnegative, since A21 is positive definite. Therefore,

(

rk, A21rk
)

f
(

r0, A21r0
)

(1 2 c0c1)
k

and thus
(

rk, A21rk
)

tends to zero.

But rk, given by (14.1.9b), is b 2 Axk, as can be shown by induction. Since A21

is positive definite, we have that the vectors rk converge to zero, and because

xk = A21(b 2 rk)

it follows that the vectors xk converge to A21b, which is the unique solution

of (14.1.1).

Corollary 14.1.2. If A is symmetric and positive definite, then the steepest descent method

converges.

The estimate (14.1.12) shows that if the product c0c1 can be taken to be close to

1, then the method of steepest descent will converge quite rapidly. As can be seen from

Exercise 14.1.2, one way of having c0c1 close to 1 is if A is close to being a multiple

of the identity matrix. However, steepest descent can often be quite slow, and this usually

occurs because the residuals oscillate. That is, in spite of (14.1.7), we can have rk+2 be in

essentially the same direction as rk or 2rk.

Because the method of steepest descent is often quite slow, we consider several means

to accelerate it. One method that accelerates steepest descent is the conjugate gradient

method, which is the subject of the next several sections.

Exercises

14.1.1. Using the relation

E(y + z) = E(y) + (z, Ay 2 b) + O(|z|2)

for the function E(y) given by (14.1.3), verify that the gradient of the function

E(y) is G(y) = Ay 2 b, as asserted in (14.1.4).



14.2 The Conjugate Gradient Method 377

14.1.2. Show that the constants c0 and c1 of (14.1.10) and (14.1.11) can be taken to be

c0 = »3

»2
and c1 = 1

»1
,

where »1 and »2 are the greatest eigenvalues and »3 is the least eigenvalue of

1
2
(A + AT ), 1

2
(A21 + A2T ), and 1

2
(A21AT + AA2T ),

respectively.

14.1.3. Consider the matrix

A =
(

1 b

0 2

)

.

(a) Show that A is positive definite if |b| < 2
:

2.

(b) Show that AT A21 is positive definite if |b| < 4/3.

14.1.4. Show that if |b| < 2, then |rk+2| < |rk| when the steepest descent algorithm is

applied to the matrix of Exercise 14.1.3. Conclude that the method converges when

|b| < 2. Hint: Show that if rk =
(

x
y

)

, then

rk+1 =
(

y

2x

)

x(x 2 by)

(x2 + bxy + 2y2)
.

14.1.5. Discuss the relationship between the example of Exercise 14.1.4 and Theorem

14.1.1 when 4/3 f |b| < 2.

14.1.6. Show that the method of steepest descent applied to the matrix of Exercise 14.1.3

does not converge for |b| g 2. Hint: Consider r0 = (³, 1)T , where ³2+
³ 2 1 = 0.

14.1.7. Prove the Cauchy–Schwarz inequality for a symmetric, positive definite matrix A:

(x, Ay) f (x, Ax)1/2(y, Ay)1/2.

Hint: Consider (³x 2 ´y, A(³x 2 ´y)) .

14.2 The Conjugate Gradient Method

The conjugate gradient method can be viewed as an acceleration of steepest descent. We

begin our derivation of the method by writing

xk+1 = xk + ³k

[

rk + ³k(x
k 2 xk21)

]
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for some scalar parameters ³k and ³k. This formula shows that the new change in position,

xk+1 2 xk, is a linear combination of the steepest descent direction and the previous change

in position xk 2 xk21. We rewrite the preceding formula as

xk+1 = xk + ³kp
k,

where

pk = rk + ³k

(

xk 2 xk21
)

= rk + ³k³k21p
k21

= rk + ´k21p
k21.

Combining these formulas we have

xk+1 = xk + ³kp
k, (14.2.1a)

rk+1 = rk 2 ³kApk, (14.2.1b)

pk+1 = rk+1 + ´kp
k, (14.2.1c)

where the parameters ³k and ´k are to be determined. The vector pk is called the search

direction to the kth iteration.

We now wish to determine the parameters ³k and ´k and also determine what p0

should be so that (14.2.1) converges as rapidly as possible. As with steepest descent, we

wish to choose xk+1 so that E
(

xk+1
)

is minimal. To begin we assume that pk is known,

and we choose ³k so that E
(

xk+1
)

is minimized. We have

E
(

xk+1
)

= 1
2

(

xk, Axk
)

+ ³k

(

pk, Axk
)

+ 1
2
³2

k

(

pk, Apk
)

2
(

xk, b
)

2 ³k

(

pk, b
)

= E
(

xk
)

2 ³k

(

pk, rk
)

+ 1
2

³2
k

(

pk, Apk
)

.

By considering the derivative of E(xk+1) with respect to ³k, we obtain that

³k =
(

pk, rk
)

(

pk, Apk
) for k g 0 (14.2.2)

is the optimal value of ³k. Using this value of ³k we have

E
(

xk+1
)

= E
(

xk
)

2 1

2

(

pk, rk
)2

(

pk, Apk
) .

We first consider the case k = 0, where we have complete freedom to choose p0. From

this formula we see that r0 is a good choice for p0, since it will make E
(

x1
)

less E
(

x0
)

.

From now on we will assume p0 = r0; later on we will see other advantages to this choice.

Next we use (14.2.2) with (14.2.1b) to give

(

pk, rk+1
)

=
(

pk, rk
)

2 ³k

(

pk, Apk
)

= 0.
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Then using this relation with (14.2.1c), we have

(

pk+1, rk+1
)

=
(

rk+1, rk+1
)

+ ´k

(

pk, rk+1
)

= |rk+1|2 for k g 0.

Then by our choice of p0 we have

(

pk, rk
)

= |rk|2 for k g 0.

This pattern of alternatively using (14.2.1b) and (14.2.1c) will be used repeatedly in our

analysis of the conjugate gradient method.

With this last relation and (14.2.2) we have that

³k = |rk|2
(

pk, Apk
) , (14.2.3)

which is a convenient formula for computing ³k. We also have that

E
(

xk+1
)

= E
(

xk
)

2 1

2

|rk|4
(

pk, Apk
) .

This formula shows that pk should be chosen so that
(

pk, Apk
)

is minimal, since that

will minimize E
(

xk+1
)

given xk. By (14.2.1c) we see that ´k21 should be chosen to

minimize
(

pk, Apk
)

given pk21. We have

(

pk, Apk
)

=
(

rk, Ark
)

+ 2´k21

(

rk, Apk21
)

+ ´2
k21

(

pk21, Apk21
)

,

and so the optimal choice of ´k21 is

´k21 = 2
(

rk, Apk21
)

(

pk21, Apk21
) for k g 1

or, equivalently,

´k = 2
(

rk+1, Apk
)

(

pk, Apk
) for k g 0. (14.2.4)

Our first conclusion from this formula results from using this formula for ´k with

(14.2.1c). We have

(

pk+1, Apk
)

=
(

rk+1, Apk
)

+ ´k

(

pk, Apk
)

= 0

and so we obtain the important result that

(

pk+1, Apk
)

= 0 for k g 0, (14.2.5)
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which we describe by saying that consecutive search directions are conjugate. Using

(14.2.5) with (14.2.1c), we find

(

pk, Apk
)

=
(

rk, Apk
)

+ ´k21

(

pk21, Apk
)

=
(

rk, Apk
)

,

which we use with (14.2.1b) and (14.2.3) to obtain

(

rk+1, rk
)

=
(

rk, rk
)

2 ³k

(

Apk, rk
)

=
(

rk, rk
)

2 ³k

(

pk, Apk
)

= 0.

(14.2.6)

We now obtain a more convenient formula for ´k than (14.2.4). First, by (14.2.1b)

and (14.2.6),
(

rk+1, rk+1
)

=
(

rk+1, rk
)

2 ³k

(

rk+1, Apk
)

= 2³k

(

rk+1, Apk
)

,

so by (14.2.4) our formula for ´k is

´k = 1

³k

|rk+1|2
(pk, Apk)

= |rk+1|2
|rk|2 .

We now collect the formulas for the conjugate gradient method:

p0 = r0 = b 2 Ax0, (14.2.7a)

xk+1 = xk + ³kp
k, (14.2.7b)

rk+1 = rk 2 ³kApk, (14.2.7c)

pk+1 = rk+1 + ´kp
k, (14.2.7d)

³k = |rk|2
(

pk, Apk
) , (14.2.7e)

´k = |rk+1|2
|rk|2 . (14.2.7f )

The implementation of these formulas in a computer program is discussed in the next

section. We conclude this section with some basic observations about the algorithm.

We see from formulas (14.2.7) that if ´k is small, i.e., if |rk+1| is much less that |rk|,
then pk+1 is essentially rk+1 and the conjugate gradient method is close to the steepest

descent method. If |rk+1| is not much less than |rk|, then the new search direction, pk+1,
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will not be close to the local steepest descent direction, rk+1. Notice that the vectors

rk as defined by (14.2.7c) are equal to the residual b 2 Axk for all values of k; see

Exercise 14.2.1.

Next we prove a very interesting and significant result about the residuals and search

directions for the conjugate gradient method.

Theorem 14.2.1. For the conjugate gradient method (14.2.7), the residuals and search

directions satisfy the relations

(

rk, rj
)

=
(

pk, Apj
)

= 0 for k �= j. (14.2.8)

Proof. We prove this result by induction. First notice that

(

r0, r1
)

= 0

and
(

p0, Ap1
)

= 0

by (14.2.6) and (14.2.5).

Next, assume that

(

r$, rj
)

=
(

p$, Apj
)

= 0 for 0 f j < $ f k.

We wish to show that this holds for all j and $ with 0 f j < $ f k + 1 as well. First,

by (14.2.6) and (14.2.5), we take the case with j equal to k and $ equal to k + 1 :

(

rk+1, rk
)

=
(

pk+1, Apk
)

= 0.

Now assume that j is less than k. By (14.2.7c) and (14.2.7d) we have

(

rk+1, rj
)

=
(

rk, rj
)

2 ³k

(

Apk, rj
)

= 2³k

(

Apk, pj 2 j́21p
j21

)

= 0

since
(

p$, Apj
)

and
(

p$, Apj21
)

are zero by our induction hypothesis. Also, for j less

than k
(

pk+1, Apj
)

=
(

rk+1, Apj
)

+ ´k

(

pk, Apj
)

=
(

rk+1, rj 2 rj+1
)

³21
j

= 0

by the result just proved. This completes the proof of the theorem.
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Theorem 14.2.1 has the following immediate corollary.

Corollary 14.2.2. If the matrix A is a K × K symmetric positive definite matrix, then

the conjugate gradient algorithm converges in at most K steps.

Proof. By Theorem 14.2.1 all the residuals are mutually orthogonal, by (14.2.8).

Thus rK is orthogonal to rk for k = 0, . . . , K 2 1. Since the dimension of the space is

K, rK must be zero, and so the method must be converged within K steps.

This corollary is not often of practical importance, since for an elliptic difference

equation on the square, e.g., the five-point Laplacian (12.5.1) with grid spacing )x =
)y = 1/N the vectors have dimension K = (N 2 1)2, which is quite large. However, it

does turn out that often the conjugate gradient method is essentially converged in far fewer

than K steps. When viewed as an iterative method, it is very effective, the number of

iteration steps being on the order of N (i.e., K1/2 ) for elliptic difference equations. This

is proved in section 14.4.

We have derived the conjugate gradient method by minimizing the quadratic func-

tional E(y) or F(y). Notice that by (14.1.2)

F(y) = 1
2

(y 2 x, A(y 2 x))

= 1
2

(

2A21r, 2r
)

= 1
2

(

r, A21r
)

.

Thus, the conjugate gradient method minimizes the functional (r, A21r) at each step in

the search direction.

Example 14.2.1. Table 14.2.1 displays the results of computations using both the SOR and

conjugate gradient methods to solve for the solution of the five-point Laplacian on the unit

square with Dirichlet boundary conditions. The exact solution of the partial differential

equation was u = ex sin y for 0 f x, y f 1. The finite difference grid used equal grid

spacing in each direction. The three different grid spacings are displayed in the first column

of the table.

For both methods the initial iterate was the grid function that was equal to the exact

solution on the boundary and was zero in the interior of the square. The SOR method was

terminated when the L2 norm of the changes to the solution, given by

Ë

(

∑

$,m

| 1
4
(vn

$+1,m + vn+1
$21,m + vn

$,m+1 + vn+1
$,m21) 2 vn

$,m|2h2

)1/2

,

was less than the tolerance of 1027. The sum is for all interior grid points. The value for

Ë was 2(1 + Ãh)21 for each case.

The conjugate gradient method was also terminated when the norm of the updates

to the solution was less than the tolerance of 1027. The norm of the updates is given

by h³k|pk|. For each method the number of iterations and the norm of the error are given
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Table 14.2.1

Comparison of SOR and conjugate gradient methods.

SOR Conjugate gradient

h Iterations Error Iterations Error Residual

0.100 31 5.52–5 27 5.51–5 1.91–8

0.050 64 1.38–5 54 1.39–5 3.19–8

0.025 122 3.21–6 107 3.48–6 2.59–8

for the three values of h equal to 1/10, 1/20, and 1/40. In addition, the norms of the

residuals are displayed for the conjugate gradient method.

Table 14.2.1 clearly shows for both methods that the number of iterates is proportional

to h21. The table also demonstrates the second-order accuracy of the five-point Laplacian

finite difference scheme. Decreasing the tolerance from 1027 to 1028 and 1029 decreased

the residuals for the conjugate gradient method but did not decrease the errors. This shows

that the error given is primarily due to the truncation error inherent in the finite difference

scheme and is not the error due to the iterative method.

The error shown for h equal to 1/40 for the SOR method actually increased as the

tolerance was reduced from 1027 to 1028. The error shown in the table is due to the

fortuitous circumstance that the iterate at which the method was stopped was closer to the

solution to the differential equation than it was to the true solution to the difference scheme.

When the tolerance was reduced to 1028, the error was essentially that of the conjugate

gradient method.

In doing computations to demonstrate the order of accuracy of schemes and the speed

of iterative methods, we must be careful to distinguish between errors due to the use of

finite difference schemes, i.e., truncation errors, and errors due to the iterative method. The

results shown in Table 14.2.1 were done in double precision to remove the arithmetic errors

due to the finite precision of the computer. Double-precision calculations are often not

needed in practical computations because the arithmetic errors are usually much smaller

than the uncertainty of the data.

Since the conjugate gradient method is more expensive per step than SOR in terms of

both storage and computation time, Table 14.2.1 shows that SOR is more efficient than the

conjugate gradient method for this problem. A major advantage of the conjugate gradient

method is that it can be easily modified to a preconditioned conjugate gradient method, as is

shown in Section 14.5. A second advantage of the conjugate gradient method is that it does

not require the user to specify any parameters, such as the iteration parameter Ë required

by SOR methods.

Exercises

14.2.1. Prove by induction that the vectors rk as defined by (14.2.7) are equal to the

residual b 2 Axk for each k.
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14.2.2. A skew matrix A is one for which AT = 2A. Show that the following algorithm

converges when A is skew and nonsingular:

p0 = 2Ar0,

xk+1 = xk + ³kp
k,

rk+1 = rk 2 ³kApk,

pk+1 = 2Ark+1 + ´kp
k,

³k = |Ark|2/|Apk|2,

´k = |Ark+1|2/|Ark|2.

Hint: Show that ³k and ´k21 minimize |rk|2 at each step. Also show that
(

rk+1, Apk
)

=
(

Ark+1, Ark
)

= 0 for all k.

14.2.3. Show that if A is skew but singular, then with the algorithm given in Exercise

14.2.2, the vectors xk converge to a vector x7 and the vectors rk converge to

r7, such that

r7 = b 2 Ax7

and r7 is a null vector of A. Hint: Show that |rk| converges and that |Ark| f
‖A‖ |rk 2 rk+1| and |rk+1 2 rk|2 = |rk|2 2 |rk+1|2.

14.3 Implementing the Conjugate Gradient Method

We now discuss how to implement the conjugate gradient method using the five-point

Laplacian on a uniform grid as an illustration. We begin by considering (14.2.7) and see

that four vectors of dimension K are required. These are xk, rk, pk, and an additional

vector qk, which is used to store the values of Apk.

We start with an initial iterate x0 and then compute r0 = b 2 Ax0, q0 = Ar0, and

³0 with p0 = r0. Then (14.2.7) becomes

xk+1 = xk + ³kp
k, (14.3.1a)

rk+1 = rk 2 ³kq
k, (14.3.1b)

pk+1 = rk+1 + ´kp
k, (14.3.1c)

qk+1 = Ark+1 + ´kq
k, (14.3.1d)

³k = |rk|2
(

pk, qk
) , (14.3.1e)

´k = |rk+1|2
|rk|2 . (14.3.1f )
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One can avoid using the vectors qk if Apk is computed twice, once for (14.3.1b) and once

for evaluating ³k.

We now show what these formulas become for the example of solving Poisson’s

equation on the unit square with equal spacing in both directions. The vectors will now be

indexed by their grid point indices, and we denote the components of the vector x by the

grid function v$,m. The equations to solve are

2v$+1,m 2 v$21,m 2 v$,m+1 2 v$,m21 + 4v$,m = 2h2f$,m, (14.3.2)

which forms the system of equations Ax = b. Notice that A is positive definite and

symmetric and that the vector b contains both the values h2f$,m and the values of the

solution on the boundary.

First, v0
$,m is given and then r0

$,m is computed in the interior as

r0
$,m = 2h2f$,m + v0

$+1,m + v0
$21,m + v0

$,m+1 + v0
$,m21 2 4v0

$,m,

p0
$,m = r0

$,m,

with |r0|2 also being computed. Then q0
$,m is computed as

q0
$,m = 4r0

$,m 2 r0
$+1,m 2 r0

$21,m 2 r0
$,m+1 2 r0

$,m21 (14.3.3)

and the inner product
(

p0, q0
)

is also computed to evaluate ³0 as |r0|2/(p0, q0). Note

that for Dirichlet boundary data, rk, pk, and qk should be zero on the boundary.

Now begins the main computation loop. First v and r are updated by

vk+1
$,m = vk

$,m + ³kp
k
$,m,

rk+1
$,m = rk

$,m 2 ³kq
k
$,m,

with |rk+1|2 also being computed. Using |rk+1|2, ´k is computed; then p and q are

updated by

pk+1
$,m = rk+1

$,m + ´kp
k
$,m,

qk+1
$,m = 4rk+1

$,m 2 rk+1
$+1,m 2 rk+1

$21,m 2 rk+1
$,m+1 2 rk+1

$,m21 + ´kq
k
$,m,

(14.3.4)

and the inner product (pk+1, qk+1) is computed by accumulating the products pk+1
$,m qk+1

$,m .

Finally, ³k+1 is computed as the ratio |rk+1|2/
(

pk+1, qk+1
)

and k is incremented.

It is important to notice that in the computer code there is no need to use variables

indexed by the iteration counter k. The values of ³k and ´k are not required beyond the

kth iteration, and thus the implementation should use only variables ³ and ´.

A trick can be used to reduce the code that initializes p0 and q0. After v0 and r0

have been computed, set ´ equal to zero and then use the code for formulas (14.3.4) to

compute p0 and q0. This avoids using separate code for (14.3.3) and (14.3.4).
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The conjugate gradient method is terminated when either ³k|pk| or |rk| is suffi-

ciently small. For most systems these two quantities are good indicators of how close the

current iterate xk is to the true solution. As with the general linear methods, e.g., SOR, the

method should be continued until the error in the iteration is comparable to the truncation

error in the numerical method. There is no reason to solve the linear system exactly when

there is intrinsic truncation error due to using finite difference methods.

It should also be pointed out that it is not wise to compute the residual rk as b 2 Axk,

and the formula (14.3.1b) should be used instead. Although rk is mathematically equivalent

to b 2 Axk, when using the finite precision of a computer there is a loss of significant digits

when the residual is computed as b 2 Axk, since the two vectors b and Axk will be nearly

the same and much larger than rk when k is not too small. The formula (14.3.1b) avoids

this problem.

In those cases where the matrix A is ill conditioned, there will usually be a significant

difference between the computed vector rk and the true residual for large values of k.

Nonetheless, the method, as given by (14.3.1), will converge to machine precision even in

the presence of these rounding errors. Of course, one must not set the convergence criteria

smaller than what can be obtained with the machine arithmetic.

Exercises

14.3.1. Use the conjugate gradient method to solve Poisson’s equation

uxx + uyy = 24 cos(x + y) sin(x 2 y)

on the unit square. The boundary conditions and exact solution are given by the for-

mula u = cos(x + y) sin(x 2 y) . Use the standard five-point difference scheme

with h = )x = )y = 0.1, 0.05, and 0.025. The initial iterate should be zero in

the interior of the square. Comment on the accuracy of the scheme and the effi-

ciency of the method. Stop the iterative method when the L2 norm of the change

is less than 1026.

14.3.2. Use the conjugate gradient method to solve Poisson’s equation

uxx + uyy = 22 cos x sin y

on the unit square. The boundary conditions and exact solution are given by

the formula u = cos x sin y. Use the standard five-point difference scheme with

h = )x = )y = 0.1, 0.05, and 0.025. The initial iterate should be zero in the

interior of the square. Comment on the accuracy of the scheme and the efficiency of

the method. Stop the iterative method when the L2 norm of the change is less than

1026. Compare with the results of the SOR method applied to this same equation

(see Exercise 13.5.1).
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14.4 A Convergence Estimate for the Conjugate Gradient
Method

Theorem 14.2.1 shows that the conjugate gradient method will converge in at most K

steps if A is a K × K matrix. However, we will now prove an estimate on the rate of

convergence of the method that shows that the method is often essentially converged after

far fewer than K steps.

Theorem 14.4.1. If A is a symmetric positive definite matrix whose eigenvalues lie in the

interval [a, b], with 0 < a, then the error vector ek for the conjugate gradient method

satisfies

(

ek, Aek
)1/2

f 2

(:
b 2 :

a:
b + :

a

)k
(

e0, Ae0
)1/2

. (14.4.1)

Proof. We begin with the observation based on (14.2.7b) and (14.2.7c) that the resid-

ual after k steps of the conjugate gradient method can be expressed as a linear combination

of the set of vectors {Aj r0} for j from 0 to k. We express this observation as

rk = Rk(A)r0, (14.4.2)

where Rk(») is a polynomial in » of exact degree k (see Exercise 14.4.1). The coefficients

of the polynomial Rk(») depend on the initial residual r0. We will also make use of the

observation that

Rk(0) = 1 (14.4.3)

for all nonnegative integers k. (If A = 0, then by (14.2.7c), rk = r0. )

The error ek on the kth step of the conjugate gradient method is related to the residual

by

rk = Aek. (14.4.4)

Since matrix A commutes with Rk(A), a polynomial in A, we have by (14.4.2) that

A
(

ek 2 Rk(A)e0
)

= 0,

and since A is nonsingular we have

ek = Rk(A)e0. (14.4.5)

We now use Theorem 14.2.1 to establish that

(

ek, Aek
)

=
(

Qk(A)e0, Aek
)

(14.4.6)
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for any polynomial Qk(») of degree k satisfying Qk(0) = 1. Relation (14.4.6) is proved

as follows. Using (14.4.5) and Theorem 14.2.1, we have

(

ek, Aek
)

=
(

ek, rk
)

=

û

ýek +
k21
∑

j=0

³j r
j , rk

þ

ø

for any choice of the coefficients ³j . But we then have, by (14.4.4) and (14.4.5), that

ek +
k21
∑

j=0

³j r
j =

þ

øRk(A) +
k21
∑

j=0

³jARj (A)

ù

ûe0

= Qk(A)e0,

where it is easy to see that, by appropriate choice of the ³j , Qk(») can be any polynomial

of degree k satisfying Qk(0) = 1. This establishes (14.4.6).

We now use the Cauchy–Schwarz inequality for positive definite matrices (see Exer-

cise 14.1.7) to obtain

(

ek, Aek
)

=
(

Qk(A)e0, Aek
)

f
(

Qk(A)e0, AQk(A)e0
)1/2 (

ek, Aek
)1/2

,

from which we obtain

(

ek, Aek
)

f
(

Qk(A)e0, AQk(A)e0
)

. (14.4.7)

We now wish to choose Qk(A) so that the right-hand side of (14.4.7) is as small as possible,

or nearly so. We will actually only estimate the minimum value of the right-hand side. We

begin by using the spectral mapping theorem (see Appendix A). Since the eigenvalues of

A are in the interval [a, b], we have that

(

Qk(A)e0, AQk(A)e0
)

f max
af»fb

|Qk(»)|2
(

e0, Ae0
)

. (14.4.8)

We will choose the polynomial Qk(») so that |Qk(»)| is quite small for » in [a, b]. Recall

that Qk(0) is 1. Based on an understanding of the properties of orthogonal polynomials,

we choose

Qk(») =
Tk

(

b+a22»
b2a

)

Tk

(

b+a
b2a

) ,
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where Tk(µ) is the Tchebyshev polynomial of degree k given by

Tk(µ) =
{

cos(k cos21 µ) if |µ| f 1

[sign(µ)]k cosh(k cosh21 |µ|) if |µ| g 1.
(14.4.9)

See Exercise 14.4.2. Notice that Qk(0) is 1.

For » in the interval [a, b], the value of |b + a 2 2»|/(b 2 a) is bounded by 1 and

|Tk(µ)| for µ * [21, 1] is at most 1; therefore, we have

max
af»fb

|Qk(»)| f
[

Tk

(

b + a

b 2 a

)]21

=
[

cosh

(

k cosh21

(

b + a

b 2 a

))]21

.

As k increases, the value of cosh{k cosh21 [(b + a)/(b 2 a)]} also increases, showing

that
(

ek, Aek
)

decreases with k. To obtain a more useful estimate of this quantity, we set

b + a

b 2 a
= cosh Ã = eÃ + e2Ã

2
.

Solving this equation for eÃ , we have

eÃ =
:

b + :
a:

b 2 :
a
.

(There should be no cause for confusion between eÃ , which is the exponential of Ã, and

ek, which is the kth error vector.)

We then obtain

cosh kÃ = ekÃ + e2kÃ

2
= 1

2

(:
b + :

a:
b 2 :

a

)k
þ

ø1 +
(:

b 2 :
a:

b + :
a

)2k
ù

û

g 1

2

(:
b + :

a:
b 2 :

a

)k

.

Thus we have

max
af»fb

|Qk(»)| f 2

(:
b 2 :

a:
b + :

a

)k

.

This estimate with (14.4.8) gives (14.4.1), which proves Theorem 14.4.1.

Theorem 14.4.1 shows that the conjugate gradient method converges faster when the

eigenvalues of A are clustered together in the sense that a/b is close to 1. Notice also that

the estimate (14.4.1) is independent of simple scaling of the matrix A; i.e., the estimate

is the same for Ax = b and ³Ax = ³b for any positive number ³. For the five-point

Laplacian on the unit square, the value of
(:

b 2 :
a
)

/
(:

b + :
a
)

is 1 2 O(h), as

with SOR, and indeed the two methods are about equal in terms of the number of iterations

required for a solution, as shown in Table 14.2.1 (see Exercise 14.4.3).
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Exercises

14.4.1. Using induction on k, verify relation (14.4.2). You may wish to also show that

pk can be expressed as a polynomial in A multiplying r0.

14.4.2. Verify that the Tchebyshev polynomials Tk(µ) given by (14.4.9) are indeed poly-

nomials of degree k. Hint: Use the formula

cos(k + 1)» = 2 cos(k 2 1)» + 2 cos k» cos »

and a similar formula for cosh(k + 1)» to establish a recurrence relation between

the Tk(µ).

14.4.3. For the five-point Laplacian on the unit square with equal spacing in each direction,

show that
√

a/b is approximately Ãh/2.

14.5 The Preconditioned Conjugate Gradient Method

A technique resulting in further acceleration of the conjugate gradient method is the pre-

conditioned conjugate gradient method. We first discuss this method in some generality

and then examine the particular case of preconditioning with SSOR.

The basic idea of the preconditioned conjugate gradient method is to replace the

system

Ax = b

by

B21AB2T
(

BT x
)

= B21b,

where B21AB2T is a matrix for which the conjugate gradient method converges faster

than it does with A itself. Matrix B is chosen so that computing B2T y and B21y are

easy operations to perform. Note that B21AB2T is symmetric and positive definite when

A is.

According to Theorem 14.4.1, to get faster convergence, we wish to have the eigen-

values of B21AB2T more clustered together than are those of A. Since A is symmetric

and positive definite, there is a matrix C so that A = CCT , and B is usually chosen to

approximate C in some sense. Note also that B need only approximate a multiple of C,

so that B21AB2T is closer to being a multiple of the identity than is A itself.

Consider now the conjugate gradient method applied to

ÞA Þx = Þb,

where

ÞA = B21AB2T , Þx = BT x, Þb = B21b.
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We have from (14.2.7) that

Þxk+1 = Þxk + ³k Þpk,

Þrk+1 = Þrk 2 ³k
ÞA Þpk,

Þpk+1 = Þrk+1 + ´k Þpk,

(14.5.1)

where ³k = |Þrk|2/( Þpk, ÞA Þpk) and ´k = |Þrk+1|2/|Þrk|2.
Now let us rewrite (14.5.1) in terms of the original variables x rather than Þx. Using

xk = B2T Þxk, pk = B2T Þpk, and rk = B Þrk, we have

xk+1 = xk + ³kp
k,

rk+1 = rk 2 ³kApk,

pk+1 = M21rk+1 + ´kp
k,

where M = BBT and

³k =
(

rk, M21rk
)

(

pk, Apk
) , ´k =

(

rk+1, M21rk+1
)

(

rk, M21rk
) .

We see that the effect of the preconditioning is to alter the equation for updating the search

direction pk+1 and to alter the definitions of ³k and ´k. For the method to be effective,

we must easily be able to solve

r = Mz = BBT z

for z. A common choice of B is to take B = ÞL, where ÞL is an approximate lower

triangular factor of A in the sense that

A = ÞL ÞLT + N,

where N is small in some sense.

Preconditioning by SSOR

We now consider SSOR and show how it can be used as a preconditioning for the conjugate

gradient method. We assume that A can be written in the form

A = I 2 L 2 LT .

Notice that the matrix A in (14.3.2) is actually in the form 4(I 2 L 2 LT ), but the scalar

multiple does not affect the conclusions. SSOR is a two-step process given by

vk+1/2 = vk + Ë
(

Lvk+1/2 + LT vk 2 vk + b
)

,

vk+1 = vk+1/2 + Ë
(

Lvk+1/2 + LT vk+1 2 vk+1/2 + b
)

.

(14.5.2)
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We wish to rewrite this in the form M(vk+1 2 vk) = rk. Notice that we can express vk+1 2
vk as a linear function of rk in this way because the construction of vk+1 is linear, and if

rk were zero, then the update vk+1 2 vk would also be zero. It remains to determine the

matrix M and to determine if it has the form ÞB ÞBT .

We rewrite the first step as

vk+1/2 2 vk 2 ËL
(

vk+1/2 2 vk
)

= Ë
(

Lvk + LT vk 2 vk + b
)

= Ërk.

We can therefore write

vk+1/2 = vk + (I 2 ËL)21 Ërk. (14.5.3)

The second step of (14.5.2) can be rewritten as

(

I 2 ËLT
)

vk+1 = (I (1 2 Ë) + ËL) vk+1/2 + Ëb,

and substituting from (14.5.3) we have

(

I 2 ËLT
)

vk+1 = [(1 2 Ë)I + ËL] vk + [(1 2 Ë)I + ËL] (I 2 ËL)21 Ërk + Ëb

or

(

I 2 ËLT
) (

vk+1 2 vk
)

=
(

2ËI + ËL + ËLT
)

vk + Ëb + [(1 2 Ë)I + ËL] (I 2 ËL)21 Ërk

= Ërk + [(1 2 Ë)I + ËL] (I 2 ËL)21 Ërk

= (I 2 ËL)21 [I 2 ËL + (1 2 Ë) I + ËL] rk

= (I 2 ËL)21 (2 2 Ë) Ërk.

We thus have
1

Ë (2 2 Ë)
(I 2 ËL)

(

I 2 ËLT
) (

vk+1 2 vk
)

= rk. (14.5.4)

If we compare expression (14.5.4) with the identity

A
(

v 2 vk
)

= rk,

we see that SSOR can be viewed as an iterative method, which approximates A by the

matrix in (14.5.4). Since the matrix in (14.5.4) is in the form BBT , it is natural to employ

the preconditioned conjugate gradient method with B = (Ë(2 2 Ë))21/2 (I 2 ËL).

It is important to note that if we are going to use SSOR alone to solve the problem,

we would use (14.5.2) with immediate replacement. Formula (14.5.4) is important only

when using SSOR as a preconditioner.
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We now apply this preconditioning matrix to Laplace’s equation in a square. We have

xk+1 = xk + ³kp
k,

rk+1 = rk 2 ³kApk,
(14.5.5)

and

pk+1 = zk+1 + ´kp
k,

where zk+1 is computed using (14.5.4). The computation of zk+1 is implemented as

follows:

Þzk+1
$,m = 1

4
Ë
(

Þzk+1
$,m21 + Þzk+1

$21,m

)

+ Ë (2 2 Ë) rk+1
$,m ,

zk+1
$,m = 1

4
Ë
(

zk+1
$,m+1 + zk+1

$+1,m

)

+ Þzk+1
$,m

(14.5.6)

for all interior points with Þz and z being zero on the boundaries. Notice that the first of

these relations should be executed in the order of increasing indices, and the second should

be done in the order of decreasing indices.

Notice that the quantities z and Þz can occupy the same storage locations. The

parameters for the preconditioned method are computed by the formulas

³k =
(

rk, zk
)

(

pk, Apk
) ,

´k =
(

rk+1, zk+1
)

(

rk, zk
) .

The method of (14.5.6) is a method for solving

(I 2 ËL) Þzk+1 = Ë (2 2 Ë) rk+1,

(

I 2 ËLT
)

zk+1 = Þzk+1.

Other ways of computing zk+1 can also be used. Notice that we have scaled Þz to avoid

taking the square root of Ë(2 2 Ë). We can also dispense with the factor Ë(2 2 Ë), since

it represents only a scaling factor.

To implement the preconditioning requires two more loops than does the regular

conjugate gradient method. The additional loops, given by (14.5.6), are very simple, and

the slight extra effort is more than justified by the substantial increase in speed of the

preconditioned method.

We now collect the formulas for implementing the preconditioned conjugate gradient

method. To initialize the preconditioned conjugate gradient method, we use

p0 = z0 = M21r0,
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as we see from the relations between p0, Þp0, r0, and Þr0. The formulas are:

xk+1 = xk + ³kp
k, (14.5.7a)

rk+1 = rk 2 ³kq
k, (14.5.7b)

zk+1 = M21rk+1, (14.5.7c)

pk+1 = zk+1 + ´kp
k, (14.5.7d)

qk+1 = Azk+1 + ´kq
k, (14.5.7e)

³k =
(

rk, zk
)

(

pk, qk
) , (14.5.7f )

´k =
(

rk+1, zk+1
)

(

rk, zk
) . (14.5.7g)

As with (14.3.1), we can avoid using the vectors qk if Apk is computed twice, once for

(14.5.7b) and once for evaluating ³k in (14.5.7f).

The preconditioned conjugate gradient method can be significantly faster than the

conjugate gradient method. As we can see, it requires only minor modifications to a con-

jugate gradient method to implement a preconditioned conjugate gradient method. The

choice of Ë in the SSOR preconditioner is not as critical as it is in the SSOR method

itself. The spectral radius for the preconditioned conjugate gradient method with the SSOR

preconditioner is 1 2 O
(

N21/2
)

. This is illustrated in Table 14.5.1.

Example 14.5.1. Table 14.5.1 shows the results of solving Poisson’s equation using the point

SOR method, the conjugate gradient method, and the preconditioned conjugate gradient

method, with SSOR as the preconditioner. The exact solution that was calculated was

u = cos x sin y for 0 f x, y f 1. The finite difference grid used equal grid spacing in

each direction. The three different grid spacings are displayed in the first column of the

table. The next columns show the numbers of iterations required to obtain a converged

solution.

For each method the initial iterate was the grid function that was equal to the exact

solution on the boundary and was zero in the interior of the square. Each method was

terminated when the L2 norm of the change in the solution was less than 1027. This

convergence criterion was sufficient to produce results for which the error was primarily

due to the truncation error. For both the SOR method and the SSOR preconditioner, the

value of Ë was 2(1 + Ãh)21. The table shows that the number of iterations for the first two

methods is roughly proportional to h21, whereas for the preconditioned conjugate gradient

method, the number of iterations is proportional to h21/2. These results are similar to those

of Table 14.2.1.

Since the work in one iteration of the SOR method is less than that in one iteration

of the other two methods, it is not appropriate to judge the methods solely on the number

of iterations. The conjugate gradient method involves roughly twice as much work per
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Table 14.5.1

Comparison of the speeds of SOR, the conjugate gradient method,

and the preconditioned conjugate gradient method.

h SOR C.G. P.C.G.

0.100 33 26 12

0.050 60 52 16

0.025 115 103 22

iteration as does point SOR, and the preconditioned conjugate gradient method involves

three to four times as much work as SOR. Thus the preconditioned conjugate gradient

method is faster than SOR for h equal to 1/40, but probably not for the grid spacing

of 1/10. Of course, for even smaller values of the grid spacing h, the preconditioned

conjugate gradient method would be even faster relative to SOR. In terms of computer

storage, the SOR method requires much less storage than the other two methods, but this

is not a significant concern in many scientific computations.

Formulas (14.5.7) show that five vectors are required to implement the preconditioned

conjugate gradient method, as opposed to only four vectors for the conjugate gradient

method. One way of using only four vectors for the preconditioned conjugate gradient

method is to work with Þr = B21r rather than r; see Eisenstat [16]. We then obtain the

algorithm

xk+1 = xk + ³kp
k, (14.5.8a)

Þrk+1 = Þrk 2 ³kB
21qk, (14.5.8b)

pk+1 = B2T Þrk+1 + ´kp
k, (14.5.8c)

qk+1 = Apk+1, (14.5.8d)

³k = |Þrk|2/
(

pk, qk
)

, (14.5.8e)

´k = |Þrk+1|2/|Þrk|2. (14.5.8f )

The results of the calculations of the vectors B21qk and B2T Þrk+1 are stored in the

vector q.

Preconditioning by Approximate Cholesky Factorization

Other preconditioning matrices for the conjugate gradient method can be obtained by ap-

proximating A as ÞL ÞLT for a convenient form of ÞL. A factorization of a matrix as LLT ,

where L is a lower triangular matrix, is called a Cholesky factorization; thus the product
ÞL ÞLT is called an approximate Cholesky factorization of A. As an example of an approx-

imate Cholesky factorization for the matrix for the five-point Laplacian, consider a matrix
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ÞL of the form
(

ÞLv
)

$,m
= av$,m + bv$21,m + cv$,m21, (14.5.9)

where a, b, and c are constants. It is easy to see then that
(

ÞLT v
)

$,m
= av$,m + bv$+1,m + cv$,m+1 (14.5.10)

if we use the natural ordering of the components v$,m in the vector v. We then have, by

(14.5.9) and (14.5.10),
(

ÞL ÞLT v
)

$,m
= a

(

ÞLT v
)

$,m
+ b

(

ÞLT v
)

$21,m
+ c

(

ÞLT v
)

$,m21

= a
(

av$,m + bv$+1,m + cv$,m+1

)

+ b
(

av$21,m + bv$,m + cv$21,m+1

)

+ c
(

av$,m21 + bv$+1,m21 + cv$,m

)

=
(

a2 + b2 + c2
)

v$,m + abv$+1,m + acv$,m+1

+ abv$21,m + acv$,m21 + bcv$21,m+1

+ bcv$+1,m21.

To have ÞL ÞLT approximate A, where A corresponds to the five-point Laplacian, we may

set
a2 + b2 + c2 = 1,

ab = ac = 2 1
4
.

The two terms in ÞL ÞLT v for the terms with subscripts ($ 2 1, m + 1) and ($ + 1,

m 2 1) do not match with terms in the five-point Laplacian. They represent the error

in the approximation of A by ÞL ÞLT .

Solving the equations for a, b, and c we have

a =
√

2 +
:

2

2
,

b = c = 2 1

4a
.

To implement this method it is often convenient to approximate A by ÞLD ÞLT , where D is

a diagonal matrix. For our particular choice of ÞL, D is just a2 times the identity. Using

this choice of ÞL the preconditioned conjugate gradient method is (14.5.5), with (14.5.6)

replaced by

Æzk+1
$,m =

(

Æzk+1
$,m21 + Æzk+1

$21,m + 4rk+1
$,m

)

d,

zk+1
$,m =

(

zk+1
$,m+1 + zk+1

$+1,m

)

d + Æzk+1
$,m ,

(14.5.11)
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Table 14.5.2

Comparison of three preconditioning methods

for the nine-point Laplacian.

h None Cholesky Five-point Nine-point

0.100 28 16 18 16

0.050 57 28 25 23

0.025 112 52 34 32

where

d =
(

2 +
:

2
)21

.

The temporary variable Æz is defined by

Æz = 2
√

2 +
:

2

ÞLT z.

We can try more sophisticated choices for the matrix ÞL. For the discrete Laplacian on

a square, the preceding methods all do quite well. For matrices arising from other problems

we may have to work quite hard to get a good preconditioning matrix.

Example 14.5.2. To solve the difference equations for the fourth-order accurate Poisson’s

equation (12.5.4), we can use preconditioning based on the five-point Laplacian. This is a

simple way to accelerate the solution procedure and it does not affect the accuracy of the

scheme. In fact, using SSOR based on the nine-point Laplacian as the preconditioner with

the nine-point Laplacian does not give a significant improvement over that using SSOR

based on the five-point Laplacian as the preconditioner. This is illustrated in Table 14.5.2.

Table 14.5.2 displays the results of solving Laplace’s equation using the nine-point

Laplacian with the conjugate gradient method and with three different preconditioning

methods. The three preconditioning methods are the approximate Cholesky factorization

(14.5.11) for the five-point Laplacian, the SSOR preconditioning using the five-point Lapla-

cian, and the SSOR preconditioning using the nine-point Laplacian. The exact solution that

was calculated was u = e3x sin 3y for 0 f x, y f 1. The finite difference grid used equal

grid spacing in each direction. The three different grid spacings are displayed in the first

column of the table. The next columns show the number of iterations required to obtain a

converged solution. For each method the initial iterate was the grid function that was equal

to the exact solution on the boundary and was zero in the interior of the square.

Each method was terminated when the L2 norm of the change in the solution was less

than 10210. This convergence criterion was sufficient to produce results for which the error

was primarily due to the truncation error, similar to the results shown in Table 12.5.1. For

both of the SSOR preconditioners, the value of Ë was 2(1 + Ãh)21. The table shows that

the number of iterations for the last two methods is roughly proportional to h21/2. There is

not a significant difference between the last two methods, but the nine-point preconditioner

is better, as would be expected. The approximate Cholesky method based on the five-point

scheme is not as good as the other two methods, but it still offers a significant improvement

over the basic conjugate gradient method.
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As Example 14.5.2 illustrates, a preconditioner based on the five-point Laplacian

may be a good preconditioner for the nine-point Laplacian. The reason for this is that they

are both related to the same partial differential equation. In general, there is a trade-off

between the effort it takes to find a better preconditioner and the perhaps marginal increase

in performance.

Currently, there is an extensive literature on preconditioning methods. For equations

other than those discussed here, one should check the literature to see what methods other

researchers have employed.

Exercises

14.5.1. Repeat the calculations of Exercise 14.3.1, but using the preconditioned conjugate

gradient method with the SSOR preconditioning. Comment on the efficiency of

the method and observe that the number of iterations increases as O(N1/2).

14.5.2. Repeat the calculations of Exercise 14.3.2, but using the preconditioned conjugate

gradient method with the SSOR preconditioning. Comment on the efficiency of

the method and observe that the number of iterations increases as O(N1/2).

14.5.3. Repeat the calculations of Exercise 14.3.1, but using the preconditioned conjugate

gradient method with the approximate Cholesky factorization as the precondition-

ing. Comment on the efficiency of the method and observe that the number of

iterations increases as O(N1/2).

14.5.4. Repeat the calculations of Exercise 14.3.2, but using the preconditioned conjugate

gradient method with the approximate Cholesky factorization as the precondition-

ing. Comment on the efficiency of the method and observe that the number of

iterations increases as O(N1/2).



Appendix A

Matrix andVectorAnalysis

In this appendix we collect results about matrices and vectors that are used throughout the

text. Since many of the applications of linear algebra in the text use vectors with complex

components, we concern ourselves primarily with this case. We denote the set of complex

numbers by C. The proofs of many of the results stated here are included for completeness.

A.1 Vector and Matrix Norms

We may consider a vector, v, as an element of CM , i.e., v = (v1, . . . , vM), where vj ,

the j th component of v, is a complex number. Norms are real-valued functions on vector

spaces that provide a notion of the length of a vector. There are three norms on CM that

we use. The most common norms are the $2 or Euclidean norm,

|v|2 =

û

ý

M
∑

j=1

|vj |
2

þ

ø

1/2

,

the $1 norm,

|v|1 =

M
∑

j=1

|vj |,

and the $>, or maximum, norm,

|v|> = max
1fjfM

|vj |.

Each of these norms satisfy three important properties.

Proposition A.1.1. Each of the norms just given satisfy the following three conditions.

(a) |v| g 0, with equality if and only if v = 0.

(b) |v + w| f |v| + |w|.

(c) |³v| = |³| |v| for ³ * C.

The proof is easy and is omitted.

The three properties in Proposition A.1.1 are those that define a norm. In property (c)

the expression |³| is the absolute value of the complex number ³, and since the absolute

value is a norm on C, the use of the same symbol for absolute value of a number and norm

399
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of a vector should cause no difficulty. We write expressions such as (CM , | · |1) when we

wish to signify which norm is being considered.

The following relations between the norms given earlier are easily proved:

|v|1 f M1/2|v|2,

|v|2 f M1/2|v|>.
(A.1.1)

We let ej denote the vector whose components are all zero except for the j th component,

which is 1.

Matrices and Matrix Norms

An M × N matrix may be defined as a linear map from CN to CM . The (i, j)th com-

ponent of a matrix A will be written as Aij or aij , where aij is defined as the ith

component of Aej . The transpose of an M × N matrix A is the N × M matrix A7,

defined by

(A7)ij = Āji,

where the bar denotes the complex conjugate.

If we consider both CN and CM with norms, then we define the norm of an M × N

matrix A by

‖A‖ = sup
|v|=1

|Av| = sup
v �=0

|Av|

|v|
, (A.1.2)

where, of course, the expression |Av| refers to the norm CM and |v| refers to the norm

on CN . The equivalence of the two expressions in (A.1.2) follows from the linearity of

A and property (c) of Proposition A.1.1. The matrix norm defined in this way satisfies the

properties of Proposition A.1.1 and thus is a norm on the vector space of M × N matrices.

We collect the important properties of matrix norms in the following proposition.

Proposition A.1.2. Let A and B be M × N matrices and let D be an N × P matrix.

Then the following five conditions are satisfied.

(a) ‖A‖ g 0 with equality if and only if A = 0.

(b) ‖A + B‖ f ‖A‖ + ‖B‖.

(c) ‖³A‖ f |³| ‖A‖ for ³ * C.

(d) |Av| f ‖A‖ |v| for all v * CN.

(e) ‖AD‖ f ‖A‖ ‖D‖.

The proofs of these results follow immediately from the definition of the matrix norm

in (A.1.2).

An important consequence of inequality (e) in Proposition A.1.2 is that for a square

matrix A, i.e., one for which M = N, we have

‖An‖ f ‖A‖n. (A.1.3)
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Scalar Products

The $2 norm has several useful properties not shared by the other two vector norms just

given. These properties are a consequence of the $2 norm having an associated scalar

product on CM given by

〈v, w〉 =

M
∑

j=1

vj wj . (A.1.4)

We have

|v|2 = 〈v, v〉1/2

and

4 Re 〈v, w〉 = |v + w|22 2 |v 2 w|22.

We also have

〈v, Aw〉 = 〈A7v, w〉

for the transpose matrix of A. Vectors v and w are said to be orthogonal if

〈v, w〉 = 0.

There is a difference in terminology that should be pointed out here. The scalar

product 〈·, ·〉 is sometimes called a hermitian product, whereas the term scalar product

is used to describe a product like (A.1.4) but without the conjugate on the vj . Also, the

transpose is often called the conjugate transpose or adjoint.

Unitary Matrices

One of the most useful properties of the $2 norm is that there is a large class of matrices

that leave the norm invariant.

Proposition A.1.3. For a square N × N matrix U, the following statements are equiv-

alent.
(a) U7U = I.

(b) |Uv|2 = |v|2 for all v * CN.

Matrices satisfying the conditions of Proposition A.1.3 are said to be unitary. Unitary

matrices whose elements are all real numbers are called orthogonal matrices.

Proof of Proposition A.1.3. In terms of the components of the matrix U, condition

(a) is

N
∑

i=1

uij uik =

{

1 if j = k,

0 if j �= k.

This shows that the rows of U are vectors of unit norm that are orthogonal to each other.
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To prove condition (b) from condition (a), we have

|Uv|2 =

N
∑

i=1

û

ý

N
∑

j=1

uijvj

þ

ø

(

N
∑

k=1

uikvk

)

=

N
∑

j=1

N
∑

k=1

vj

(

N
∑

i=1

uij uij

)

vk

=

N
∑

j=1

|vj |
2 = |v|2,

using the orthogonality of rows of U.

To show that condition 2 implies condition 1, we first take v = ej , the vector whose

only nonzero component is a 1 for the j th component. Then

1 = |ej |
2 = |Uej |

2 =

N
∑

i=1

uij uij

for each j. Second, let v = ej + ³ek for j �= k and ³ a complex number of absolute

value 1; then

2 = |v|2 = |Uv|2 =

N
∑

i=1

|uij + ³ujk|
2

= 2 + 2 Re

(

³

N
∑

i=1

uij uik

)

.

This implies that

Re ³

N
∑

i=1

uij uik = 0

for all values of ³, which means that the complex number given by the summation must

be zero. This proves that condition (a) follows from condition (b).

For both the $1 and $> norms, the class of matrices leaving the norm invariant is

much smaller.

Proposition A.1.4. If P is a matrix such that

|Pv| = |v|

for all vectors v and where the norm is either the $1 or $> norm, then P is a complex

permutation matrix; i.e., there is only one nonzero element in each row and column of P

and each nonzero element has magnitude 1.
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Proof. We give the proof only for the $1 norm; the proof for the $> norm is

similar. First, let v = ej ; then

1 = |Pej | =

N
∑

i=1

|pij |,

so each column of P has norm 1. Next let

v = ej + ³ek,

where |³| = 1 and j �= k. Then

|v| = 2 = |Pv| =

N
∑

i=1

|pij + ³pik| f

N
∑

i=1

|pij | + |pik| = 2.

Thus the preceding inequality must be an equality, i.e., |pij + ³pik| = |pij | + |pik| for

each value of i. But this can be true for ³ equal to 1 and 21 only if either pij or pik is

zero. Therefore, we conclude that pij = 0 if pik �= 0, and vice versa. Since each column

has norm 1, each column has at least one nonzero element, and the proposition is proved.

The $2 norm is similar to the norm on the space L2(hZ) defined in Chapter 1. We

use the notation L2 to refer to norms in which the grid parameter h is used, and use the

notation $2 when h is not used.

Eigenvalues

Associated with every square N × N matrix A are numbers called eigenvalues. An

eigenvalue » is characterized by having A 2 »I be a singular matrix. An eigenvector

associated with the eigenvalue » is a nontrivial vector v such that (A 2 »I)v = 0.

A generalized eigenvector is a nonzero vector such that (A 2 »I)kv = 0 for some

integer k. An eigenvalue » is a simple eigenvalue if any two of its eigenvectors are

multiples of each other. An eigenvalue » is a semisimple eigenvalue if the only vectors

satisfying (A 2 »I)kv = 0 are actual eigenvectors, i.e., satisfy (A 2 »I)v = 0. We denote

the set of eigenvalues of a matrix A by �(A).

An important result using unitary matrices is Schur’s lemma.

Proposition A.1.5. Schur’s Lemma. For each N × N matrix A, there exists a unitary

matrix U such that

U7AU = T

is an upper triangular matrix, i.e.,

Tij = 0 if i > j.
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Proof. Let v1 be an eigenvector of A with unit $2 norm and with eigenvalue t11,

i.e.,

Av1 = t11v1.

The matrix

A(2) = (I 2 v1v
7
1)A

maps the space of vectors orthogonal to v1 into itself. By considering A(2) on the subspace

of vectors orthogonal to v1, we see that A(2) has an eigenvalue t22 and eigenvector v2

of unit norm such that v2 is orthogonal to v1, i.e.,

A(2)v2 = t22v2

or

Av2 = t22v2 + t12v1,

where

t12 = v7
1Av2 = 〈v1, Av2〉.

By setting

A(3) = (I 2 v2v
7
2)A(2),

we may continue the process, obtaining vectors vj with

Avj =

j
∑

i=1

tijvi .

Defining the matrix U as that whose ith column is the vector vi, we have

AU = UT,

where Tij = tij , and so T is upper triangular and U is unitary.

Formulas for Matrix Norms

We now prove some formulas for explicitly evaluating and estimating the matrix norms.

First, we define the spectral radius of a square matrix A to be the largest of the magnitudes

of the eigenvalues, i.e.,

Ã(A) = max
»*�(A)

|»|.

The estimate Ã(A) f ‖A‖ holds for any matrix norm; see Exercise A.2.1.

Proposition A.1.6. If A maps (CM , | · |p) to (CN , | · |p), then

‖A‖ = max
1fjfM

N
∑

i=1

|aij | if p = 1,

‖A‖ = max
1fifN

M
∑

j=1

|aij | if p = >,

and

‖A‖ = Ã(A7A)1/2 if p = 2.
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Proof. For p equal to 1, we have

|Av|1 =

N
∑

i=1

∣

∣

∣

∣

M
∑

j=1

aijvj

∣

∣

∣

∣

f

M
∑

j=1

N
∑

i=1

|aij | |vj |

f max
j

N
∑

i=1

|aij | |v|1.

This shows that ‖A‖ is at most equal to the quantity given in the proposition. We can

prove that equality holds by choosing v = ek, where

N
∑

i=1

|aik| = max
j

N
∑

i=1

|aij |.

We see that

|Aek|1 =

N
∑

i=1

|aik|.

Thus the proposition is proved for p equal to 1.

For p infinite, we have

|Av|> = max
i

∣

∣

∣

∣

∣

∣

M
∑

j=1

aijvj

∣

∣

∣

∣

∣

∣

f max
i

M
∑

j=1

|aij | |vj |

f

û

ýmax
i

M
∑

j=1

|aij |

þ

ø max
j

|vj |,

which shows that ‖A‖ is bounded above by the expression in the proposition. To show

that equality is obtained, we choose k such that

M
∑

j=1

|akj | = max
i

M
∑

j=1

|aij |

and set

vj =

{

0 if akj = 0,

akj/|akj | otherwise.

It is easy to check that

|Av| =

M
∑

j=1

|akj | |v|,

which proves the proposition in this case.
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For the case p equal to 2, we have

|Av|2 = 〈Av, Av〉 = 〈v, A7Av〉,

and by Schur’s lemma there is a unitary matrix U such that

U7A7AU = D

is upper triangular. But D7 = D, and thus D is diagonal. Therefore,

0 f |Av|2 = 〈v, UDU7v〉 = 〈U7v, DU7v〉 = 〈w, Dw〉

for all vectors w.

For a diagonal matrix with di being the ith element on the main diagonal, we have

〈w, Dw〉 =
∑

di |wi |
2,

and so we see that each di is nonnegative; moreover,

|Av|2 f max
i

di |w|2,

and since

|w| = |U7v| = |v|,

we have that

‖A‖2 f max di .

The di are the eigenvalues of A7A; moreover, by choosing w to be an eigenvector

of D whose eigenvalue has maximum magnitude, the proposition is easily proved.

A.2 Analytic Functions of Matrices

We also need to define analytic functions of square matrices. (See Appendix C.) For an

analytic function with power series expansion

f (z) =

>
∑

n=0

an(z 2 z0)
n

around a point z0 in the complex plane, we define f (A) for a square matrix A as

f (A) =

>
∑

n=0

an(A 2 z0I )n.

In particular,

eA =

>
∑

n=0

1

n!
An.
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The convergence of this series is proved in a manner similar to proving that ez exists for

all complex numbers z. We have

‖eA‖ f

>
∑

n=0

1

n!
‖An‖ f

>
∑

n=0

1

n!
‖A‖n f e‖A‖.

Thus the exponential of a matrix is always defined.

We can also define etA as the unique solution to the matrix differential equation

dX

dt
= AX, X(0) = I. (A.2.1)

This equation can also be viewed as a linear ordinary differential equation in the vector

space of matrices. Because linear systems of ordinary differential equations have unique

solutions, etA is the unique solution to (A.2.1) and to the equation

dX

dt
= XA, X(0) = I.

It is important to realize that in general

eBeA �= eAeB �= eA+B .

If A and B commute, i.e., AB = BA, then

eAeB = eA+B .

Another useful formula is

eS21AS = S21 eAS

for any invertible matrix S.

The Spectral Mapping Theorem

The spectral mapping theorem for matrices is the statement that if f is an analytic function

defined on a set containing �(A), then

f (�(A)) = �(f (A)). (A.2.2)

This result is an immediate consequence of the observation that if » is an eigenvalue of

A, then f (») is an eigenvalue of f (A).

Square Roots of Matrices

In our discussion of boundary conditions for parabolic systems we need the following result.

Proposition A.2.1. Let B be an N × N matrix whose eigenvalues »¿, ¿ = 1, . . . , N,

satisfy

Re »¿ > 0.

Then there exists a unique N × N matrix C such that

C2 = B

and whose eigenvalues µ¿, ¿ = 1, . . . , N, satisfy

Re µ¿ > 0.



408 Appendix A. Matrix and Vector Analysis

Proof. Let O be a unitary matrix such that ÞB = OBO7 is an upper triangular

matrix with elements ( Þbij ). The upper triangular matrix ÞC = ( Þcij ) is defined by

ÞC2 = ÞB.

This means that the diagonal elements of ÞC satisfy

Þc2
ii = Þbii,

and we choose Þcii with real part positive. This is possible, since none of the Þbii are

negative real numbers. The off-diagonal elements for j > i satisfy

Þcij ( Þcii + Þcjj ) +

j21
∑

k=i+1

Þcik Þckj = Þbij .

These equations uniquely determine the Þcij , since Þcii + Þcjj is nonzero. Then

C = O7 ÞCO

is the matrix whose existence is asserted in the proposition.

Positive Definite, Hermitian, and Symmetric Matrices

We say a matrix A is positive semidefinite and write A g 0 if 〈v, Av〉 g 0 for all vectors

v. Using this notion, matrices can be given a partial ordering. We say A g B if A 2 B g 0.

The usual rules for an ordering relation hold for this ordering of matrices. For example,

if A g 0, then ³A g 0 for any positive real number ³, and A g 0 and B g 0 imply

A + B g 0. We also define A f B if B g A.

We say a matrix is positive definite and write A > 0 if A g ·I for some positive

number ·. A matrix A is said to be negative definite or negative semidefinite if 2A is

positive definite or positive semidefinite, respectively.

An important class of matrices are those such that A7 = A. These matrices are called

hermitian matrices. For any matrix A we define its real part Re A as 1
2
(A7 + A). Re A

is a hermitian matrix. If all the components of a hermitian matrix are real numbers, then

the matrix is called a symmetric matrix.

Proposition A.2.2. If Re A f cI, then ‖eAt‖2 f ect .

Proof. Let Z(t) = eAt . Then
dZ

dt
= AZ, and so

d

dt

[

Z7(t) Z(t)
]

=

(

dZ

dt

)7

Z + Z7 dZ

dt
= Z7A7Z + Z7AZ

f 2c Z7(t)Z(t).
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This implies
d

dt
[e22ctZ7(t)Z(t)] f 0.

By integrating this inequality, we obtain

e22ctZ7(t)Z(t) 2 I f 0

or, equivalently,

Z7(t)Z(t) f e2ctI.

Therefore,

‖Z(t)‖2 f ect .

Proposition A.2.3. If all the eigenvalues of a matrix A have positive real part, then there

exists a matrix S such that

Re SAS21 g 0.

Proof. By Schur’s lemma,

U AU7 = T

is upper triangular for a suitable unitary matrix U. Let D(·) be a diagonal matrix with

Dii = ·i for i = 1, . . . , M. Then D21T D has elements

·2i tij ·
j = tij ·

j2i .

Therefore, Re 〈 v, D21T Dv〉 = Re
∑M

i=1 tii |vi |
2 + O(·), and for · small enough

Re 〈v, D21T Dv〉 > 0

since each eigenvalue satisfies Re tii > 0. Then

S = D21U

is the desired matrix.

Proposition A.2.4. If the eigenvalues of A satisfy Re »(A) > 0, then there are positive

constants C0 and · such that

‖e2tA‖ f C0e
2·t .

Proof. By Proposition A.2.3 there is a matrix S such that

Re SAS21 > 0.

By Proposition A.2.4

‖e2t ÞA‖ f e2·t .

Since e2tA = S21e2t ÞAS, we have

‖e2tA‖ f ‖S21‖ ‖S‖ e2·t ,

which proves the proposition.
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Exercises

A.2.1. Show that

Ã(A) f ‖A‖

for a square matrix from (CN , | · |) to itself for any vector norm.

A.2.2. If A is an N × M matrix considered as a map from (CN , | · |1) to (CM , | · |>),

show that

‖A‖ = sup
i,j

|aij |.

A.2.3. If B is an N × M matrix considered as a map from (CN , | · |>) to (CM , | · |1),

show that

‖B‖ f

M
∑

i=1

N
∑

j=1

|bij |.

Show that equality holds in this estimate only if

bijbk$ bi$ bkj

is nonnegative for all indices (i, j) and (k, $).

A.2.4. Show that

etAetB = et (A+B)

for all t if and only if A and B commute. Hint: Take the second derivative of

each side.

A.2.5. Show that

sin

[

t

(

0 1

21 0

)]

=

(

0 1

21 0

)

sinh t.

A.2.6. The trace of a square N × N matrix is defined by

Tr(A) =

N
∑

i=1

aii .

It is easy to show that

Tr(CAC21) = Tr(A)

for any invertible matrix C. Show that

det eA = eTr(A),

and thus eA is invertible for every matrix A. Hint: Use Schur’s lemma.
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A.2.7. Show that if S satisfies S7 = 2S, then eS is unitary.

A.2.8. Show that there are 2N solutions to X2 = B if B is a nonsingular N × N matrix.

Show that there are no solutions to X2 =
(

0 1

0 0

)

. Show that there are infinitely

many solutions to X2 =
(

0 0

0 0

)

.

A.2.9. Verify the matrix factorization formula

An 2 Bn =

n21
∑

$=0

An212$(A 2 B)B$. (A.2.3)

A.2.10. Show that if A is an N × N matrix and B is an M × M matrix with Re »i(A) +

Re »j (B) > 0 for every i = 1, . . . , M and j = 1, . . . , N, then the solution to

AX + XB = C

is given by

X =

∫ >

0

e2AtCe2Bt dt.

A.2.11. Prove the spectral mapping theorem given by relation (A.2.2).

A.2.12. Use the relation Ã(An) = Ã(A)n, derived from the spectral mapping theorem, to

prove that

lim
n³>

‖An‖ = 0 if and only if Ã(A) < 1.
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A Survey of RealAnalysis

This appendix is a survey of some basic concepts of real analysis. The selection of topics

is based upon the demands of the text and is not intended to be exhaustive.

B.1 Topological Concepts

One of the most basic concepts of analysis is that of an open set. A set O in Cn is an

open set if for each point x0 in O there is a positive real number ε such that the set

{x : |x 2 x0| < ε} is contained in O. The norm | · | on Cn may be any of the vector

space norms discussed in Appendix A.

A set F is closed if its complement, written > F, is open. A compact set is any

set K such that if K is contained in the union of a collection of open sets, then there is a

finite subcollection of these open sets whose union contains K. In Cn compact sets are

sets that are closed and bounded.

Several important properties of open sets are that the union of any collection of open

sets is open, and the intersection of a finite number of open sets is also open. The empty

set is open by definition.

Afunction f from Cn to Cm is continuous at a point x0 if for each positive number

ε there is a number δ such that |f (x) 2 f (x0)| < ε whenever |x 2 x0| < δ. A function

is continuous if it is continuous at each point in its domain. A continuous function may

also be characterized as one such that f21(O) is an open set for each open set O in Cm,

where f21(O) = {y : f (y) * O}.

B.2 Measure Theory

If {fn}>n=0 is a sequence of continuous functions on Cn such that for each x in Cn the

sequence {fn(x)}>n=0 converges, it need not be that the function f, given by f (x) =
limn³> fn(x), is continuous. The function f (x) is called the pointwise limit of the

sequence {fn}>n=0.

It is useful to consider a class of functions that contains the continuous functions but

also contains pointwise limits of sequences from the class. A very useful class of functions

that has this property is the class of measurable functions.

Before defining a measurable function we must define a measurable set. To do this

we begin with the class of Borel sets. The collection of Borel sets is the collection of sets B

containing all the open and closed sets and also containing any countable union or countable

413
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intersection of sets in B. Note that if the sets A and B are in B, then A\B, which is

{x : x * A and x /* B}, is also in B. The set of Borel sets is an example of a σ -algebra.

A measure is a function that assigns to sets a real number or infinity. The measure of

a set generalizes the notion of the length, area, or volume of the set. For convenience, we

restrict our discussion at this point to the real line. On the real line a Borel measure is a

function µ defined for each interval; the value of µ for an interval (a, b) will be written

as µ(a, b). Except for trivial cases, a measure cannot be defined for all subsets of the real

line; it can, however, be defined for all Borel sets. The basic property satisfied by a measure

is that it be countably additive. This means that if {Mi}>i=1 is a countable collection of

disjoint Borel sets, then

µ

( >
⋃

i=1

Mi

)

=
>
∑

i=1

µ(Mi). (B.2.1)

As a consequence of the countable additivity (B.2.1), it follows that if {Mi}>i=1 is a collection

of Borel sets that satisfy Mi+1 ¦ Mi for each i, then the measure of the intersection

M =
⋂>

i=1 Mi is given by

µ(M) = lim
i³>

µ(Mi).

It can be shown that the countable additivity condition (B.2.1) completely determines the

(Borel) measure if µ(a, b) is defined for each open interval (a, b).

The usual measure on the real line is defined by µ(a, b) = b 2 a. Lebesgue measure

is the completion of this Borel measure; the completion is that if Z is any subset of a Borel

set A and µ(A) is zero, then µ(Z) is defined to be zero also. The σ -algebra formed

from the Borel sets and these sets of measure zero is the collection of Lebesgue measurable

sets. Unless we explicitly state otherwise, we restrict our discussion to Lebesgue measure

in the rest of this appendix.

If F is a monotone increasing function on R, then one can define the measure µF

by

µF (a, b) = F(b) 2 F(a).

This is an example of a Stieltjes measure. If F is continuous and strictly monotone, then

the completion of µF determines the same collection of measurable sets as does Lebesgue

measure.

B.3 Measurable Functions

A measurable function on R is a function f such that f21(a, b) is a measurable set for

each open interval (a, b). This definition is easily seen to be an extension of the concept of

a continuous function; in particular, each continuous function is measurable. As with con-

tinuous functions, the sum and product of measurable functions is also measurable. Among

the important properties of measurable functions is that pointwise limits of a sequence of

measurable functions are measurable. That is, if {fn}>n=1 is a sequence of measurable

functions and f is the pointwise limit of the sequence, i.e.,

f (x) = lim
n³>

fn(x) (B.3.1)
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for each x, then f is also a measurable function. Similarly, the function formed by taking

the pointwise supremum, supn fn(x), is also measurable.

Measurable functions need be defined only to within sets of measure zero. If f and

g are measurable functions, but they differ only on a set of measure zero, then they are

equivalent for most purposes in the theory. Similarly, if the limit (B.3.1) holds for all x

except for x in a set of measure zero, then the function f is still a measurable function.

The convergence (B.3.1) is said to be convergence almost everywhere (a.e.) if it holds for

all x except for those in a set of measure zero.

B.4 Lebesgue Integration

One of the most powerful uses of measurable functions is in the definition of Lebesgue

integration. For any set A the characteristic function of A, χA, is defined by

χA =
{

1 if x * A,

0 if x /* A.

The function χA is a measurable function only if A is a measurable set. A simple function

ϕ is one that can be represented as

ϕ =
N

∑

i=1

αiχAi
(B.4.1)

for a finite number of measurable sets Ai and real numbers αi . The representation is not

unique. For each simple function ϕ represented as in (B.4.1), the integral of ϕ is defined

by
∫

ϕ =
N

∑

i=1

αiµ(Ai)

whenever the sum is defined. (The sum is not defined if there are sets Ai and Aj that have

infinite measure and the corresponding αi and αj have opposite signs.) It is straightfor-

ward to show that the definition of the integral is independent of the representation of the

simple function.

For any nonnegative measurable function f, the integral of f over R is defined by

∫

f = sup
0fϕff

∫

ϕ,

where the supremum is over simple nonnegative functions. For any measurable function

f, the integral is defined by
∫

f =
∫

f+ 2
∫

f2,
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where f = f+ 2 f2 and f+ and f2 are nonnegative measurable functions. The integral

of a measurable function f over measurable set A is defined by

∫

A

f =
∫

f χA.

A function f is said to be integrable if
∫

f is defined.

This definition of the integral gives the same value as the Riemann integral when f

is a continuous function and the set A is a finite interval; thus we may write

∫

(a,b)

f =
∫ b

a

f (x) dx.

The choice of notation for the integral in formulas is arbitrary and will depend on the

particular application.

The basic result relating the integral of a limit of a sequence of measurable function

to the sequence of integrals is Fatou’s lemma. Fatou’s lemma is easily proved using the

basic definitions.

Proposition B.4.1. Fatou’s Lemma. If {fn}>n=1 is a sequence of nonnegative integrable

functions that converges almost everywhere to a measurable function f, then

∫

f f lim inf
n³>

∫

fn.

In Chapter 10 we require the Lebesgue dominated convergence theorem, which relies

on Fatou’s lemma.

Proposition B.4.2. Lebesgue Dominated Convergence Theorem. If {fn}>n=1 is a

sequence of integrable functions that converges almost everywhere to a function f, and if

there is an integrable function F such that |fn| f F for all n, then

∫

f = lim
n³>

∫

fn.

The proof depends on Fatou’s lemma applied to the function sequences {F + fn}>n=1

and {F 2 fn}>n=1.

Functions that take on complex values are measurable if both the real and imaginary

parts are measurable; a similar statement is true for the integrals of such functions.

On Rn, Lebesgue measure is defined by starting with Cartesian products of intervals

and defining the measure as the usual volume of the region.
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B.5 Function Spaces

One advantage of Lebesgue integration over Riemann integration, one that is very important

in the application of this text, concerns the set of functions L2(R) and the Fourier transform.

The space L2(R) consists of those functions such that

‖f ‖L2 =
(∫

|f |2
)1/2

is finite. The quantity ‖f ‖L2 is a norm, which satisfies the properties of Proposition

A.1.1, on the vector space L2(R). Actually, L2(R) is composed of equivalence classes of

functions. Two functions f1 and f2 are equivalent if ‖f1 2 f2‖ is zero.

The Fourier transform of a function f in L2(R) is given by

Æf (ω) = lim
K³>

1:
2π

∫ K

2K

e2iωxf (x) dx.

The Fourier transform, as the pointwise limit of the continuous functions

1:
2π

∫ K

2K

e2iωxf (x) dx,

is a measurable function and, moreover, is also in L2(R). By Parseval’s relation and

the Fourier inversion formula (see Chapter 2), the Fourier transform is a one-to-one and

onto mapping of L2(R) to itself. This statement does not hold if we consider Riemann

integration in place of Lebesgue integration.

Other spaces of functions of some interest in the text are L1(R) and L>(R). The

norms are defined by

‖f ‖1 =
∫

|f |

for L1(R) and

‖f ‖> = ess sup
x

|f (x)|

for L>(R). The essential supremum of |f |, written ess supx |f (x)|, is the infimum of the

supremum of |g(x)| for all measurable functions g that are equal to f almost everywhere.



Appendix C

A Survey of Results from Complex
Analysis

This appendix gives the basic concepts of complex analysis and a few of the principal results

that we need in the text.

C.1 Basic Definitions

A function f is an analytic function in a domain U in the complex domain C if at each

point of U, f has a power series expansion with a nonzero radius of convergence. An

equivalent definition is that f has a derivative, defined by

f ′(z) = lim
·³0

f (z + ·) 2 f (z)

·
, (C.1.1)

at each point z in U. The derivative defined by (C.1.1) must be independent of the way the

complex parameter · tends to zero. If f is written as u + iv, for real functions u and

v, and if · in (C.1.1) is taken alternatively to be real and purely imaginary, we conclude

that f ′ is well defined if and only if u and v satisfy the Cauchy–Riemann equations

"u

"x
(x, y) = "v

"y
(x, y),

"u

"y
(x, y) = 2"v

"x
(x, y),

where z = x + iy. The Cauchy–Riemann equations imply that u and v are harmonic

functions (see Chapter 12). Examples of analytic functions are polynomials, the trigono-

metric functions, the exponential function, and functions built up from them. For example,

compositions of analytic functions are also analytic functions. Specific examples of analytic

functions are the functions given by the expressions

sin z,
cos z

1 + z3
, ln(1 + 2ez5

).

These functions are analytic functions in any region in which they are single valued and

finite. In particular, since ln rei» = ln r + i», the logarithm is analytic only in regions

that exclude the origin and for which the value of » can be well defined. The formula

eiz = cos z + i sin z relating the exponential function with the sine and cosine functions is

a basic result of great significance.

419
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C.2 Complex Integration

Integrals of analytic functions along a curve are defined using either Riemann sums or

Lebesgue integration along the curve. The most important result concerning integrals of

analytic functions is that if ? is a closed curve in a domain U and f is analytic in U,

then the integral of f along ? is zero, i.e.,
∫

?

f = 0.

This result is called Cauchy’s theorem. An equivalent formulation of Cauchy’s theorem is

that if ?1 and ?2 are two curves with the same endpoints, then
∫

?1

f =
∫

?2

f

if the function f is analytic in the region bounded by the two curves. In particular, for n

not equal to 21, we have
∫ b

a

zn dz = bn+1 2 an+1

n + 1

for any two complex numbers a and b.

If f is analytic in a neighborhood of a point z0, except at z0 itself, and f can be

expanded as

f (z) =
>
∑

$=2L

a$(z 2 z0)
$,

then the residue of f at z0 is the coefficient a21. As a consequence of Cauchy’s theorem,

we have
∫

?

f (z) dz = 2Ãia21 (C.2.1)

for any curve ? that winds once around z0 in a counterclockwise direction. This result is

proved by replacing ? by a circle around z0 with small radius. Using the power series of

f, we may explicitly evaluate the integral.

In the special case when L in expansion (C.2.1) is 1, the residue is determined by

a21 = lim
z³z0

(z 2 z0)f (z).

In this case f is said to have a simple pole at z0.

Formula (C.2.1) is the basis of the calculus of residues to evaluate integrals. The

method is defined by the next proposition.

Proposition C.2.1. If f is analytic in the domain U bounded by the simple closed curve

?, except for a finite set of points z1, . . . , zN at which f has residues r1, . . . , rN , then

∫

?

f (z) dz = 2Ãi

N
∑

$=1

r$,

where the curve ? is taken in the counterclockwise direction.
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Example C.2.1. As an example of Proposition C.2.1, we use it to compute the Fourier

transform of the function given by u(x) = (x2 + 1)21. By formula (2.1.1) the Fourier

transform is

Æu(Ë) = 1:
2Ã

∫ >

2>
e2iËx 1

x2 + 1
dx.

To evaluate this integral, first note that the function u(z) = (z2 + 1)21 is analytic in the

whole complex plane except at the two points i and 2i. We first evaluate Æu(Ë) for Ë

positive. We consider the family of curves ?R given by the interval [2R, R] on the real

axis and the arc in the lower half-plane given by Rei» for » in the interval [Ã, 2Ã ]. The

residue of e2iËz(z2 + 1)21 at 2i is given by

lim
z³2i

(z + i)e2iËz

(z2 + 1)
= lim

z³2i

e2iËz

(z 2 i)
= e2Ë

22i
.

When R is larger than 1, then Proposition C.2.1 states that

∫

?R

e2iËz

z2 + 1
dz = 2Ãi

e2Ë

22i
= 2Ãe2Ë.

Moreover, in the limit as R tends to infinity, the value of the integral over the arc tends to

zero, as seen by the estimate

∣

∣

∣

∣

∫ R

2R

e2iËz

z2 + 1
dz

∣

∣

∣

∣

f
∫ 2Ã

Ã

e2ËR| sin » |

R2 2 1
R d».

Since the integrand is bounded and tends to zero pointwise as R tends to infinity, the

Lebesgue dominated convergence theorem (see Appendix B) shows that in the limit the

integral over the arc is zero. Therefore, we obtain

∫ 2>

>

e2iËz

z2 + 1
dz = 2Ãe2Ë.

By reversing the direction of the integration on the real line and dividing by the factor of:
2Ã, we obtain the Fourier transform for Ë positive. A similar analysis, but using an arc

in the upper half-plane, gives the value of Æu for negative values of Ë. The final result is

1:
2Ã

∫ >

2>
e2iËx 1

x2 + 1
dx =

√

Ã

2
e2|Ë|.

See Exercise 2.1.1.

A special case of Proposition C.2.1 is the Cauchy integral formula

f (z) = 1

2Ãi

∫

?

f (· )

· 2 z
d· (C.2.2)
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for any closed curve ? winding once around the point z. If ? is a circle of radius r,

formula (C.2.2) is equivalent to the formula

f (z) = 1

2Ã

∫ 2Ã

0

f (z + rei» ) d». (C.2.3)

From (C.2.3) we obtain the result

|f (z)| f max
|z2· |=r

|f (· )|,

with equality only if f is a constant. This result can be easily extended to prove the

following maximum principle.

Proposition C.2.2. The Maximum Principle. If f is analytic in a bounded set U, then

|f | attains its maximum on the boundary of U.

By applying Proposition C.2.2 to the analytic function ef (z), we can conclude that

the real part of f must also attain its maximum value on the boundary. This leads to an

alternate proof of Theorem 12.3.2 for the special case of Laplace’s equation.

C.3 A Phragmen–Lindelöf Theorem

The next two results are needed in Chapter 6 to prove Theorem 6.3.1. The first of these

is an example of a class of theorems called Phragmen–Lindelöf theorems. The proofs of

these results are an excellent illustration of the power of the methods of complex analysis.

A Phragmen–Lindelöf theorem states that if an analytic function satisfies a weak bound in

some unbounded domain and a stronger bound on the boundary, then the function actually

satisfies the stronger bound throughout the region.

Proposition C.3.1. If f is an analytic function in the quadrant Q1 given by Re z g 0

and Im z g 0 and there are constants K and d such that

|f (z)| f Ked|z| for z * Q1

and

|f (z)| f Ke2|z|2 for both Re z = 0 and Im z = 0,

then, in fact,

|f (z)| f Ke2|z|2 for all z * Q1.

Proof. We begin by considering the function

h(z) =
(

1 + z2eiÇ

n

)n

exp

[

2·

(

z:
i

)³]

f (z),
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where · is any positive number, ³ is between 1 and 2, Ç is an arbitrary real number, and

n is any positive integer. The square root of i is taken to be (1 + i)/
:

2. For the first part

of the proof, the parameters ·, Ç, and n are fixed; later we will vary them as appropriate.

We first use the estimate

|h(z)| f
(

1 + |z|2
n

)n

exp
{

2·|z|³ cos
[

³
(

» 2 Ã

4

)]}

|f (z)|

together with the estimate
(

1 + x

n

)n

f ex

to conclude that on the boundary of Q1

|h(z)| f e|z|2 exp
[

2·|z|³ cos
(

³
Ã

4

)]

Ke2|z|2 f K,

and in the interior of Q1

|h(z)| f Cn|z|2n exp
{

2·
[

|z|³ cos
(

³
Ã

4

)]}

Ked|z|,

where Cn is some constant depending only on n. If |z| is taken large enough, say |z| = R,

then on this arc |h(z)| f K, since the first exponential factor ultimately suppresses the

growth of the other factors.

Thus h(z) is bounded by K on the boundary of the subdomain of Q1, whose

boundary consists of the real and imaginary axes and the circular arc |z| = R. By the max-

imum principle Proposition C.2.2, h is bounded by K in the interior as well. Moreover,

since the value of R was arbitrary, h is bounded by K in all of Q1.

We now fix the value of z and vary · and n. We have

(

1 + z2eiÇ

n

)n

f (z) = exp

[

·

(

z:
i

)³]

h(z),

and by the estimate on h,

∣

∣

∣

∣

(

1 + z2eiÇ

n

)n

f (z)

∣

∣

∣

∣

f K exp
[

·|z|³ cos
(³Ã

4

)]

.

Taking the limit as · tends to zero, we obtain

∣

∣

∣

∣

(

1 + z2eiÇ

n

)n

f (z)

∣

∣

∣

∣

f K.

Next we take the limit as n tends to infinity, obtaining
∣

∣

∣

∣

ez2eiÇ

f (z)

∣

∣

∣

∣

f K

or

|f (z)| f Ke2Re (z2eiÇ).

This estimate holds for all values of Ç, and by choosing Ç so that Re z2eiÇ is equal

to |z|2, we have proved the proposition.
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C.4 A Result for Parabolic Systems

Proposition C.3.1 applied to parabolic systems of equations gives the next proposition about

parabolic systems.

Proposition C.4.1. If u(t, x) is a solution to the parabolic system

ut = Buxx + Aux + Cu

and both u(0, x) and u(T , x) are zero for x > 0, then u(t, x) is identically zero.

Proof. We begin by considering the Fourier transform of u(0, x), which is

Æu(0, Ë) = 1:
2Ã

∫ 0

2>
e2iËxu(0, x) dx

since u(0, x) is zero for x positive. If we set Ë = ³ + i´, where ³ and ´ are real, we

have

Æu(0, Ë) = 1:
2Ã

∫ 0

2>
e2i³xe2|x|´u(0, x) dx.

We see that each component of Æu(0, Ë) is an analytic function of Ë for Im Ë > 0.

Moreover, we can estimate the vector norm of Æu by

‖ Æu(0, Ë)‖ f 1:
2Ã

∫ 0

2>
e2|x|´‖u(0, x)‖ dx

f ‖u(0, ·)‖ 1:
2Ã

(

∫ 0

2>
e22´|x| dx

)1/2

= ‖u(0, ·)‖ 1:
4Ã´

,

so Æu(0, Ë) is bounded for Im Ë = ´ g ´0 > 0. Note that ‖ Æu(0, Ë)‖ denotes the vector

space norm of the function Æu evaluated at (0, Ë), and ‖u(0, ·)‖ denotes the L2 norm of

the function u(0, x). By the assumptions of the theorem, an estimate of the same form as

the preceding also applies to Æu(T , Ë).

We apply these estimates to the Æu( 1
2
T , Ë). We have

Æu( 1
2
T , Ë) = exp

(

(2Ë2B + iËA + C) 1
2
T
)

Æu(0, Ë)

= exp
(

2(2Ë2B + iËA + C) 1
2
T
)

Æu(T , Ë).
(C.4.1)

From the first of these relations we conclude for Ë = ³ + i´0 that

‖ Æu( 1
2
T , Ë)‖ f K1e

2c1³
2
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for some positive constants K1 and c1. Using the second representation for Æu( 1
2
T , Ë),

with Ë = i´ for ´ g ´0, we have that

‖ Æu( 1
2
T , Ë)‖ f K2e

2c2´
2

for some positive constants K2 and c2. Using both representations (C.4.1) shows that

‖ Æu( 1
2
T , Ë)‖ f K3e

d|Ë|

for some constants K3 and d.

Proposition C.3.1, with some adjustment, shows that each component of Æu( 1
2
T , Ë)

satisfies

|u$(
1
2
T , Ë)| f Ke2c|Ë|2

for all Ë with Im Ë g ´0. We now use the Fourier inversion formula (2.1.2) and this

estimate on Æu( 1
2
T , Ë) to show that u( 1

2
T , x) is zero. We have

u( 1
2
T , x) = 1:

2Ã

∫ >+i´

2>+i´

eiËx Æu( 1
2
T , Ë) dË

for any ´ g ´0. (We may replace the path of integration from the real line to the line given

by Im z = ´ because of Cauchy’s theorem.) Therefore,

‖u( 1
2
T , x)‖ f C

∫ >

2>
e´|x|e2c(³2+´2) d³

= C′e´|x|e2c´2

.

By taking ´ arbitrarily large, we conclude that u( 1
2
T , x) is zero for all x, both positive

and negative. By representations (C.4.1) we conclude that u(0, x) is also zero, and hence

that u(t, x) is zero.

Exercises

C.4.1. Show that if |f (z)| is bounded on the boundary of the quadrant Q1, as defined in

Proposition C.3.1, and if |f (z)| f C(1 + |z|m) in the quadrant Q1 for some value

of m, then in fact |f (z)| is bounded in Q1.

C.4.2. Show that Proposition C.4.1 can be extended to Rn, where u(0, x) and u(T , x)

are zero, for x in the half-space x1 g 0.

C.4.3. Use the calculus of residues to verify the formulas given in Exercise 10.2.4. Hint:

Consider the integral over the real line and the line Im z = Ã.

C.4.4. Use the calculus of residues to show that
∫ >

0

x³

x2 + 1
dx = Ã

2 cos 1
2
³Ã

for 0 f ³ < 1. Hint: Consider curves similar to those used in Example C.2.1 and

use the relation x³ = eiÃ³|x|³ for x negative when z³ is defined in the upper

half-plane.
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ADI methods, 172–185, 342

boundary conditions for, 176

implementation of, 177–180

with mixed derivatives, 181

for second-order equations, 202

stability, 177

admissible solution, 291, 301

amplification factor, 48

for multistep scheme, 97, 267

of second-order equations, 193, 271

amplification matrix, 166

amplification polynomial, 103, 123, 245,

289

analytic function, 419

artificial viscosity, 161

backward-time backward-space scheme, 35

backward-time central-space scheme

for the heat equation, 147

for hyperbolic equations, 35, 57

biharmonic equation, 313

block tridiagonal systems, 90

boundary conditions, 275-310

for ADI schemes, 176

analysis of, 279

for elliptic equations, 322

for finite difference schemes, 85, 281

for parabolic equations, 152

box scheme, 57, 77

modified, 78

Brownian motion, 141

Cauchy–Riemann equations, 313

Cauchy–Schwarz inequality, 377

cell Peclet number, 159

cell Reynolds number, 159

CFL condition, 34

Chapman–Kolmogorov equation, 141

characteristics, 2

incoming, 11

outgoing, 11

for systems, 9

for variable coefficients, 5

checkerboard ordering, 359

Cholesky factorization, 395

preconditioning, 395

conjugate gradient method, 377

convergence estimate, 387

implementation, 384

conjugate search directions, 380

conjugate transpose, 401

conservative polynomial, 109

consistent scheme, 25

consistently ordered matrix, 357

continuity of the solution on the data, 205

convection-diffusion equation, 140, 157

convergence estimates

for nonsmooth initial functions, 252–258

for parabolic equations, 259–261

for smooth functions, 235–246

convergent scheme, 23, 262

coordinate changes and schemes, 335

Courant–Friedrichs–Lewy condition, 34

Crank–Nicolson scheme for heat equation,

147

nondissippative, 151

Crank–Nicolson scheme for hyperbolic

equations, 63

adding dissipation to, 123

boundary conditions, 86, 292

modified, 85

order of accuracy, 68

solution of, 88

stability of, 77
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diagonalizable matrix, 3

diagonally dominant matrices, 349

difference calculus, 78–82

Dirichlet boundary condition, 145, 152,

176, 199, 311

dispersion, 125

in higher dimensions, 202

dispersive equation, 190

dissipation, 122

adding to nondissipative schemes, 123

convergence estimates, 259

for parabolic schemes, 146

and smoothness of the solution, 149

Douglas–Rachford method, 175

Du Fort–Frankel scheme, 148, 268

Duhamel’s principle, 32, 225, 262

D’Yakonov scheme, 175

dynamic stability, 59

efficiency of higher order schemes, 101,

181

eigenvalue of a matrix, 403

semisimple, 403

eigenvector, 403

generalized, 403

elliptic equations

boundary conditions, 322

differentiability of the solution, 314

discontinuous boundary data, 322

regularity estimates, 315

energy method, 145, 191

envelope of a wave packet, 130

Euler backward scheme, 57, 75

Euler–Bernoulli equation, 190

scheme for, 195, 200

evaluation operator, 242

and piecewise smooth functions, 256–258

explicit schemes, definition, 34

exponential of a matrix, 214, 406

Faber–Krahn inequality, 358

factor space, 367

finite difference grid, 16

finite Fourier transform, 46

five-point (discrete) Laplacian, 325

Fokker–Planck equations, 140

forward-time backward-space scheme, 17,

47

forward-time central-space scheme, 17

for hyperbolic equations, 17, 51

and smoothing, 55

for the heat equation, 145

forward-time forward-space scheme, 17, 27

Fourier analysis

differentiability of functions, 42

on the integers Z , 38

on the real line, 37

Fourier inversion formula

on the grid, 38

on the integers, 38

multidimensional, 44

on the real line, 37

Fourier series, 38

Fourier transform

of derivatives, 42

in higher dimensions, 44

on the integers, 38

on the real line, 37

fourth-order accurate approximations

of first derivative, 79, 80

of second derivative, 80

fourth-order accurate nine-point Laplacian,

328

frozen coefficient problems, 59, 276

function spaces, L1(R), L2(R),

L∞(R), 417

Gauss–Seidel algorithm, 340

analysis of, 347

and diagonally dominate matrices,

349–351

iteration matrix for, 345

Gaussian elimination, 88, 89, 339

grid, 16

group velocity, 130, 190, 248

Gustaffson–Kreiss–Sundström–Osher

(GKSO) method, 288, 309

Hr, 43, 239, 243

harmonic functions, 311, 319, 419

heat equation, 137

hermitian matrix, 226, 230, 408

Hurwitz polynomial, 117

hyperbolic equation, 1

differentiability of solutions, 2

with variable coefficients, 5
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hyperbolic systems, 3, 166, 217

weakly, 221

implementation of iterative methods, 346

implicit schemes, 34

solution of, 88

initial value problem

analysis of, 205-225

for heat equation, 137

for one-way wave equation, 1

for second-order equations, 187

initial-boundary value problems, 275–310

for hyperbolic schemes, 291

for parabolic schemes, 292

for partial differential equations, 300

initialization

for leapfrog scheme, 18

of multistep schemes, 18, 98, 269

of schemes for second-order equations,

197

integrability condition, 312, 370

interior regularity estimate

for finite difference schemes, 330

for partial differential equations, 315

interpolation operator, 236

irreducible matrix, 349

iteration matrix, 341

Jacobi method, 340

analysis of, 345, 346

for diagonally dominate matrices, 349

iteration matrix for, 345

line Jacobi method, 359

Kreiss matrix theorem, 225–233

L2 norm

on grid, 29, 39

on real line, 38

Laplace transform, 276, 291

of a discrete function, 277

Laplace’s equation, 311

Laplacian operator, 311

Lax–Friedrichs scheme, 17

stability, 51

Lax–Richtmyer equivalence theorem, 32–33

proof, 262–266

for second-order equations, 194

Lax–Wendroff scheme, 61, 70

dispersion, 126

dissipation, 122

modified, 84

for parabolic equations, 162

smallest stencil, 72

stability of, 76

leapfrog scheme for heat equation, 147

leapfrog scheme for hyperbolic

equations, 17, 195, 267

(2,4) explicit, 100

(2,4) implicit, 101

adding dissipation to, 123

dispersion of, 127

initialization, 98

parasitic mode, 99

stability of, 95–97

for ut + auxxx = f, 102

Lebesgue dominated convergence theorem,

264, 416

Lebesgue integration, 415

Lebesgue measure, 414

lexicographic order, 340

linear iterative methods, 341

lower order terms

and stability, 53, 149

and well-posedness of systems, 218

MacCormack scheme, 77

time split, 171

matrix method for analyzing stability, 307

matrix norms, 400

formulas for, 404

maximum principle

for analytic functions, 422

for the discrete five-point Laplacian, 326

for elliptic equations, 317

measurable function, 414

measurable set, 414

Mitchell–Fairweather scheme, 180

monotone schemes, 73

multistep schemes, 18, 30, 95

convergence 24, 267-269

dispersion of, 127

initialization and order of accuracy, 269

as systems, 167
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Neumann boundary condition, 145, 152,

199, 312, 365–370

norms

Hr, 43, 239, 243

L2, 39

for discrete functions, 29

in the factor space, 367

for vectors, 399

numerical boundary condition, 85, 281–288

one-way wave equation, 1

order of accuracy

for homogeneous equations, 69

and initialization of multistep schemes,

269

for multistep schemes, 267

of a scheme, 64

and smoothness of parabolic equations,

149

of the solution, 73

using symbols, 66

parabolic equations, 137

lower-order terms and stability of, 149

schemes for, 145

parabolic systems, 143, 216

parasitic mode, 99

dispersion, 128

Parseval’s relations, 39

Peaceman–Rachford algorithm, 175, 181

boundary conditions, 176

periodic problems, 14

periodic tridiagonal systems, 91

phase error, 126, 203

for multistep schemes, 127

Poisson summation formula, 250

Poisson’s equation, 311

polar coordinates, 333

positive definite matrix for elliptic schemes,

336

iterative method for, 362

preconditioned conjugate gradient method,

390

implementation, 393

pseudoscheme, 268

quasi-characteristic extrapolation, 86, 282,

292, 294

Rayleigh equation, 191, 200

reducible matrix, 349

reentrant corners, 324, 331

regularity estimates, 314, 315, 330

residual, 374

resolvent condition

for finite difference equations, 227, 289

for partial differential equations, 301

restricted stability condition, 50

reverse Lax–Friedrichs scheme, 36, 58

Riemann integral, 416

Robin condition, 322

robustness, 206

Rouché’s theorem, 110

scalar product, 401

Schrödinger equation, 191

Schur polynomial, 108, 109, 125, 198

Schur’s lemma, 403

Schwartz class, 46

search direction, 378

second-order equations, 187

convergence estimates for, 270

stability of, 193

semisimple eigenvalue, 404

Sherman–Morrison formula, 91

simple root, 104

simultaneously diagonalizable, 169

SOR, 340

analysis of, 351

efficiency of, 356

estimating the parameter, 358

implementation, 360

line, 359

and Neumann boundary condition, 368

symmetric, 359

symmetric positive definite matrices, 364

spectral radius, 341, 404

SSOR, 359, 391

preconditioner, 391

stability

for ADI methods, 177

condition, general, 50

definition, 28
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stability (continued)

for initial-boundary value problems, 288

and lower-order terms, 53

for multistep schemes, 105

region, 29

for systems of equations, 165

and variable coefficients, 59

and von Neumann polynomial, 108

steepest descent method, 373

implementation, 375

Stokes equations, 313

strictly nondissipative schemes, 122

successive-over-relaxation (SOR), 340

symbol

of a differential operator, 69, 314

of a finite difference scheme, 69

symbolic calculus, 81

symmetric matrix, 408

for elliptic schemes, 336

symmetric successive-over-relaxation

(SSOR), 391

Tchebyshev polynomial, 389

Thomas algorithm, 88, 174, 177

time split schemes, 170

tridiagonal systems, 88

truncation error, 64

truncation operator, 235

unitary matrix, 401

upwind differencing, 160

variable coefficients, 59, 163, 205, 235,

291, 315, 331

effect on well-posedness, 222

von Neumann analysis

for first-order equations, 47

for second-order equations, 193

von Neumann polynomial, 108, 109, 198

wave equation, 187

in two dimensions, 202

wave packet, 130, 248

frequency of, 130

well-posedness

for initial value problem, 31, 206

initial-boundary value problem, 279

for second-order equations, 190

West’s algorithm, 368


